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Abstract

Adam is the de facto optimization algorithm for several deep learning applications,
but an understanding of its implicit bias and how it differs from other algorithms,
particularly standard first-order methods such as (stochastic) gradient descent
(GD), remains limited. In practice, neural networks (NNs) trained with SGD
are known to exhibit simplicity bias — a tendency to find simple solutions. In
contrast, we show that Adam is more resistant to such simplicity bias. First, we
investigate the differences in the implicit biases of Adam and GD when training
two-layer ReLU NNs on a binary classification task with Gaussian data. We
find that GD exhibits a simplicity bias, resulting in a linear decision boundary
with a suboptimal margin, whereas Adam leads to much richer and more diverse
features, producing a nonlinear boundary that is closer to the Bayes’ optimal
predictor. This richer decision boundary also allows Adam to achieve higher test
accuracy both in-distribution and under certain distribution shifts. We theoretically
prove these results by analyzing the population gradients. Next, to corroborate
our theoretical findings, we present extensive empirical results showing that this
property of Adam leads to superior generalization across various datasets with
spurious correlations where NNs trained with SGD are known to show simplicity
bias and do not generalize well under certain distributional shifts.

1 Introduction
Adaptive optimization algorithms, particularly Adam [1], have become ubiquitous in training deep
neural networks (NNs) due to their faster convergence rates and better performance, particularly on
large language models (LLMs), as compared to (stochastic) gradient descent (SGD) [2]. Despite its
widespread use, the theoretical understanding of how Adam works and when/why it outperforms
(S)GD remains limited.

Modern NNs are heavily overparameterized and thus the training landscape has numerous global
optima. As a result, different training algorithms may exhibit preferences or biases towards different
global optima a.k.a. implicit bias. There is extensive prior work on the implicit bias of GD [3, 4, 5, 6],
for both linear and nonlinear models (see Section 5 for a detailed discussion of related work).
However, there is limited work investigating the implicit bias of Adam. Recently, Zhang et al. [7]
showed that for linear logistic regression with separable data, Adam iterates directionally converge to
the minimum ℓ∞-norm solution, in contrast to GD which converges to minimum ℓ2-norm [3]. This
difference between the implicit bias of Adam vs GD in simple linear settings motivates the central
question of this paper:

What is the implicit bias of Adam for nonlinear models such as NNs, and how does
it differ from the implicit bias of (S)GD?

Given the popularity of Adam, surprisingly little is known about the implicit bias of Adam for
training NNs. A notable exception is the recent work Tsilivis et al. [8], which characterized the
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Figure 1: Illustration of the synthetic dataset
considered in this work, and comparison of
the Bayes’ optimal predictor with the decision
boundaries of two-layer NNs trained with
Adam and GD.
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Figure 2: Training with Adam leads to better perfor-
mance across different test set metrics on six bench-
mark datasets with spurious correlations, as compared
to SGD. See Section 4 for details.

late-stage implicit bias of a family of steepest descent algorithms, on homogeneous NNs, in terms of
maximizing an algorithm-dependent geometric margin (ℓ∞ for signGD or Adam without momentum)
and convergence to KKT points. However, the stationary points of the respective margin-maximization
may not be unique. Additionally, this characterization does not relate the implicit bias of the algorithm
with properties of the learned solution, such as the type of features learned, or the complexity of
the decision boundary, which in turn impact its generalization. In particular, in many applications,
NNs trained with SGD are known to exhibit a simplicity bias, that is, they learn simple solutions
[9], which can lead to suboptimal generalization. For example, SGD-trained two-layer NNs rely
on low-dimensional projections of the data to make predictions [10]. This simplicity bias can be
particularly detrimental in the presence of spurious features where it is simpler for NNs trained with
SGD to utilize them to achieve zero training error.* This leads to the question: Does training with
Adam lead to solutions that are resistant to this simplicity bias?

In this paper, we answer these questions in two ways. Theoretically, we show that two-layer ReLU
NNs trained on a Gaussian mixture data setting (see Fig. 1) with SGD exhibit simplicity bias while
training with Adam leads to richer feature learning. Empirically, we demonstrate that training with
Adam can lead to better performance as compared to SGD on various benchmark datasets with
spurious features (see Fig. 2). Our main contributions are as follows.

• We identify a simple yet informative setting with mixture of Gaussians where GD and Adam
exhibit different implicit biases (see Fig. 1). The Bayes’ optimal predictor in this setting is
nonlinear (piecewise linear), and we show — both theoretically and empirically — that while
GD exhibits a simplicity bias resulting in a linear predictor, Adam encourages reliance on richer
features leading to a nonlinear decision boundary, which is closer to the Bayes’ optimal predictor.
We theoretically prove this difference in the implicit bias by analyzing the population gradients
and updates of GD and Adam without momentum (signGD). We also show that this leads to
better test accuracy in distribution as well as across some distribution shifts. Additionally, to
theoretically understand the behaviour of Adam with momentum, we analyze a simpler setting
where the variance of the Gaussians approaches 0, in the infinite width limit. We show that the
decision boundaries learned with signGD and Adam are more nonlinear (and closer to the Bayes’
optimal predictor) than the one learned with GD.

• We conduct extensive experiments on various datasets and show that Adam leads to richer features
that are more robust compared to simpler features learned via SGD, allowing Adam to achieve
higher test accuracy both in distribution and under certain distribution shifts. First, we consider
an MNIST-based task with a colored patch as a spurious feature and show that compared to
SGD, training with Adam leads to a more nonlinear decision boundary, larger margins overall,
and has better generalization on a test set with flipped correlation. Next, we show that Adam
achieves better worst-group accuracy on four benchmark datasets (Waterbirds, CelebA, MultiNLI,
and CivilComments) for subgroup robustness, and better decoded worst-group accuracy on the
Dominoes or MNIST-CIFAR dataset [9], with images from CIFAR and MNIST classes as the
complex/core and simple/spurious features, respectively. Finally, we study the Boolean features

*We remark that simplicity bias may not always be detrimental; for instance, it can be beneficial for in-distribution
generalization (see Appendix C for further discussion). Our focus is characterizing and contrasting the implicit
bias of Adam vs (S)GD in terms of rich vs simple feature learning, not advocating for one to always be better.
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dataset proposed in Qiu et al.[11], and show that training with Adam leads to better core feature
learning as compared to SGD.

2 Setup

We consider a two-layer homogeneous neural network with �xed �nal layer and ReLU activation,
de�ned asf ˆW ; x • �� a—� ˆW x •, wherex >Rd denotes the input,W >Rm � d denotes the trainable
parameters,a >˜ � 1• m are the �nal layer weights, and� ˆ �• �� maxˆ0; �• is the ReLU activation. Let
S �� ˜ˆ x i ; yi •• n

i � 1 denote the set of train samples, where the labely >˜ � 1; 1• . The model is trained
to minimize the empirical riskÂLˆW • �� 1

n P n
i � 1 `ˆ � yi f ˆW ; x i •• , where` denotes a decreasing loss

function. We consider two loss functions, namely logistic loss, where`ˆz• �� logˆ1 � exp̂ z•• , and
correlation or linear loss, where`ˆz• �� z, for z >R. We focus on the following two update rules.

Gradient Descent. The updates for GD with step-size� A 0 at iterationt C 0 are written as
W t � 1 � W t � � G t , whereG t �� ©W

ÂLˆW t • , each row of which is written as:

� 1
n

n

Q
i � 1

`œ
i;t yi ©w j f ˆW t ; x i • � � 1

n

n

Q
i � 1

`œ
i;t aj � œˆw —

j;t x i •ˆ yi x i • ;

where`œ
i;t denotes̀ œ̂� yi f ˆW t ; x i •• for convenience, and� œ̂z• �� 1� z C0� , for z >R.

Adam. The update rule for the Adam optimizer [1] is as follows:

W t � 1 � W t � � M̂ t b ˆV̂t � � 11—•X� 1~2;

whereM̂ t �
M t � 1

1 � � t � 1
1

�
1

1 � � t � 1
1

Š� 1M t � ˆ1 � � 1•G t • is the bias-corrected �rst-moment estimate,

andV̂t �
Vt � 1

1 � � t � 1
2

�
1

1 � � t � 1
2

Š� 2Vt � ˆ1 � � 2•G t b G t • is the bias-corrected second (raw) moment

estimate.� is the numerical precision parameter, which is set as0 for the theoretical results. Also,
b andˆ �•X denote the Hadamard product and power, respectively, andM 0 andV0 are initialized as
zeroes. Note that we can write

M̂ t �
P t

� � 0 � �
1 G t � �

P t
� � 0 � �

1

and V̂t �
P t

� � 0 � �
2 G t � � b G t � �

P t
� � 0 � �

2

:

At each optimization step, the descent direction is different from the gradient direction because
of the entry-wise division with the second (raw) moment. Further, the �rst update step exactly
matches the update of signGD, which uses the sign of the gradientsign ˆG t • instead of directly
using the gradientG t for the update. This is becausêM 0 � G0 andV̂0 � G0 b G0, and hence
ˆM̂ 0 b V̂ X� 1~2

0 • i;j � ˆ G0 • i;j

SĜ0 • i;j S� sign ˆˆ G0• i;j • . Similarly, when the parameters� 1 and� 2 are set as
0, the Adam updates are the same as signGD for everyt C0.

Dataset. Our synthetic dataset is designed to investigate the impact of feature diversity on the
implicit biases of GD and Adam in NN training. It models two classes with differing feature
distributions to emulate real-world scenarios where feature complexity may vary between classes.
See Fig. 1 for an illustration of the dataset. Concretely, each sampleˆx ; y• is generated as follows:

y � Unif ˆ˜ � 1•• ; � � Unif ˆ˜ � 1•• (1)

x1 � N ‰� 1 � � 3
2 � y � 1 � � 3

2 ; � 2
x Ž; x2 � N ‰� ‰y � 1

2 Ž� 2; � 2
y Ž; x j � N ˆ0; � 2

z • ; ¦ j >˜ 3; : : : ; d• :

The �rst two dimensions contain information about the label while the rest are noisy. Our dataset
construction is inspired by the synthetic “slabs” dataset introduced by Shah et al.[9]. While their
approach utilizes slab features to represent non-linearly separable components, we consider Gaussian
features instead. This modi�cation enhances the realism of the synthetic data and facilitates a more
nuanced analysis of the NN training dynamics.

We �rst write the Bayes' optimal predictor for this dataset when using only the signal dimensions as
follows.
Proposition 1 (Bayes' Optimal Predictor). The optimal predictor for the data in Eq.(1) with d� 2 is:

ˆ � 1 � � 3•x1 � � 2
x

� 2
y

� 2x2 � � 2
1 � � 2

3
2 � � 2

2 � 2
x

2� 2
y

� � 2
x logŠ0:5Š1 � expŠ� 2� 2 x 2

� 2
y

••• :
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Figure 3: Evolution of the decision boundary (top row) and the neurons (bottom row) over time, for
GD (left) and Adam (right) with learning rates0:1 and10� 4 over20 000epochs of training a width
100NN with small initialization (the neurons are colored based on the quadrant they were initialized
in) using population gradients (the samples are plotted for illustration purposes) on the Gaussian data
setting (Eq. (1)) with� � 0:3; ! � 2; � � 0:1. GD leads to a linear decision boundary, with neurons
mostly aligned with the directions� � 1; 0� —, while Adam (with� 1 � � 2 � 0:9999) leads to a non-linear
decision boundary, with neurons aligned with three main directions� � 1; 0� —; � 1; 1� —; � 1; � 1� —, which
is closer to the Bayes' optimal predictor.

Since we consider homogeneous NNs (no bias parameter), we make the following assumption on the
data generating process to make the setting realizable,i.e., ensure that the Bayes' optimal predictor
passes through the origin.

Assumption 1 (Realizability). Let � �� � 2, � �� � 2
x

� 2
y
, ! �� � 1 � � 3

�� C 1. For realizability, � 1 �
�
2 ‰�! � 1

! Žand� 3 � �
2 ‰�! � 1

! Ž.

Here,� denotes the degree of anisotropy of the clusters, and� 1
! corresponds to the slopes of the two

linear components of the optimal predictor.

3 Theoretical Results

In this section, we aim to theoretically analyze GD and Adam and the differences in the learned
solution arising from the update rules. For clarity of exposition we focus on a simple setting.
Speci�cally, in this section, we consider the in�nite sample limit, �xed outer layer weights,d � 2,
and training with correlation or linear loss.As we will see later in Section 4, these algorithms learn
different solutions even when these assumptions are relaxed.

3.1 Gaussian Data
We �rst obtain a closed-form of the population gradient for the Gaussian cluster data as follows. The
proof is included in Appendix A.
Proposition 2 (Population Gradient). Consider the data in Eq.(1) with � x � � y � � z � � . When using
correlation loss, the population gradient for neuronw is written as:

©w
ÂLˆW • � � aEˆ x ;y • � D � 1�w —x C0� yx �

� � a�
4 Š� ˆ � �� —

� �w •� �� � � � ˆ � �� —
� �w •� �� � � 2� ˆ � �� —

0 �w •� �� 0 � Š� ˆ � �� —
� �w • � � ˆ � �� —

� �w • � 2� ˆ � �� —
0 �w •• �w • ;

where � �� �
�

! 2 � 1
2! �� � �� � ! 2 � 1

! 2 � 1 ; 2!
! 2 � 1 ; 0; : : : ; 0�

—
, �� � �� � ! 2 � 1

! 2 � 1 ; � 2!
! 2 � 1 ; 0; : : : ; 0�

—
, �� 0 ��

� � 1; 0; 0; : : : ; 0� —, and� and� denote the normal PDF and CDF, respectively.

Here, �� � , �� � denote the (normalized) mean vectors of the clusters with label1 and �� 0 denotes the
mean of the cluster with label� 1.

Before theoretically analyzing the training dynamics of GD and Adam, we compare them empirically.
Fig. 3 shows the evolution of the decision boundary and the neurons for two-layer NNs trained with
GD and Adam using the population gradients in Proposition 2, as a function of the training epochs. We
observe that for GD (left), all neurons align in direction� � 1; 0� —, and the learned decision boundary
is linear,i.e., the model only relies on the �rst dimension to make predictions. On the other hand, for
Adam (right), neurons converge along three different directions,� � 1; 0� —; 1º

2
� 1; 1� —; 1º

2
� 1; � 1� —, and

the learned decision boundary is piece-wise linear,i.e., the model uses both the signal dimensions.
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We will now prove these results for the two optimizers in Theorem 1 and Theorem 2. First, we
leverage the gradient expression in Proposition 2 to show that gradient descent with in�nitesimal step
size,i.e., gradient �ow (GF) exhibits simplicity bias and learns a linear predictor.
Theorem 1. (Informal) Consider the data in Eq.(1), neurons initialized such thatak � � 1 with
probability 0:5, d � 2, � x � � y � � , and ! A c1 and �

� A c2, wherec1; c2 are constants. Let
w k; ª �� lim t � ª

w k;t

t and �w k; ª �� w k; ª

Yw k; ª Y, for k >�m� . Then, the solution learned by gradient �ow
is: �w k; ª � ak � 1; 0� —.

The proof is included in Appendix A. The main step in the proof is using the relationcos� k;t �
�w —

k;t �w ‡ , where �w ‡ �� � 1; 0� —, and showing that

ak
d cos � k;t

dt � ak _�w —
k;t �w ‡ � ak

_w —
k;t

Yw k;t Yˆ I � �w k;t �w —
k;t • �w ‡ AC ˆ sin � k;t • 2

Yw k;t Y ;

whereC A0 is a constant, for everyt A0. To show this, we use the fact that_w k;t � �© w k;t
ÂLˆW t •

for gradient �ow, and use the population gradient from Proposition 2. Further, using Proposition 2 and
showing thatYw k;t YBcˆ t � 1• for some constantc A0, we prove by contradiction thatsin� k;t � 0
ast � ª , and hencecos� k;t � 1.

Next, we analyze Adam with� 1 � � 2 � 0 (signGD), and show that it learns both features resulting in
a nonlinear predictor.
Theorem 2. (Informal) Consider the data in Eq.(1), neurons initialized such thatak � � 1 with
probability0:5, small initialization scale,d � 2, � x � � y � � , ! Ac andc1 B �

� Bc2, wherec; c1; c2

are constants. Letw k; ª �� lim t � ª
w k;t

t and �w k; ª �� w k; ª

Yw k; ª Y, for k > �m� . Let � 0 denote the
direction ofw k; 0. Then, the solution learned by signGD is:

�w k; ª �

¢̈
¨̈̈
¨̈̈
¦
¨̈̈
¨̈̈
¤̈

1º
2
� 1; 1� — ak A0; sin� k; 0 A0;

1º
2
� 1; � 1� — ak A0; sin� k; 0 @0;

�1; 0� — ak A0; sin� k; 0 � 0;
� � 1; 0� — ak @0:

The proof is included in Appendix A. At a high level, we leverage Proposition 2 to show that at each
t A0, the gradient update in each of the two dimensions is nonzero and signGD updates are in the
direction� sign ˆak • ; sign ˆak sin� k;t •� —. Notably, whenak A0, neurons are either in1º

2
� 1; 1� —or

in 1º
2
� 1; � 1� —direction at each iteration. However, whenak @0, the neurons point to1º

2
� � 1; � 1� —

and 1º
2
� � 1; � 1� —in alternating iterations, leading to convergence in the� � 1; 0� —direction.

These results characterize the direction in which each neuron converges asymptotically. For GF, all
neurons are in the same direction, with exactly half the neurons in� 1; 0� —and� � 1; 0� —directions,
which leads to a linear predictor. In contrast, for signGD, there is a fraction of neurons aligned
in the directions 1º

2
� 1; 1� —and 1º

2
� 1; � 1� —which leads to a piece-wise linear decision boundary.

These results explain the behaviour we observed in Fig. 3. We note that while our theoretical result
considers GF, the continuous time version of GD, it is still predictive of the behaviour we observe
for discrete-time GD with small step-size. We also observe a similar behaviour for Adam vs GD in
Fig. 1, where we consider �nite samples (see Section 4 for details).

Analyzing this setting allows us to conceptually understand how Adam (without momentum) operates
and leads to rich feature learning, while GD exhibits simplicity bias. Importantly, we make no
assumptions regarding the initialization direction of the neural network parameters, ensuring that
any differences observed between Adam and GD arise solely from the inherent characteristics of the
optimization algorithms themselves. Since we analyze the population setting, these results are in the
under-parameterized regime and don't require any lower bound on the network widthm to ensure
overparameterization.

Next, we show that under some conditions on the distribution parameters, the piece-wise linear
predictor learned by Adam (without momentum) obtains a strictly lower test error than the linear
predictor learned by GD. For simplicity, we assume thatm � ª for the following result, so that we
can write the predictor learned by Adam in a piece-wise linear form which is symmetric (with respect
to the �rst dimension), usingpˆsin� k; 0 A 0• � pˆsin� k; 0 @0• � 0:5. However, even with �nitem,
these probabilities concentrate well and we can expect the following to still hold.
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Theorem 3. (Informal) Consider the data in Eq.(1) with d � 2 and! � � ˆ1•, � � � 2
x

� 2
y

> � 1
! 2 ; 1� ,

�
� y

Cc
º

�! , wherec is a constant. Consider two predictors,

Linear: ŷ � sign ˆx1• ,

Piece-wise Linear:̂yœ� œ
sign ˆ3x1 � x2• if x2 C0;
sign ˆ3x1 � x2• if x2 @0:

Then, it holds thatEˆ ŷœx y• � Eˆ ŷ x y• @0.

The proof is included in Appendix A. Note that we consider isotropic distributions (� � 1) for
Theorems 1 and 2, whereas the above result on the test error applies to� >� 1

! 2 ; 1� . This shows that
training with Adam can provably lead to better test accuracy both in-distribution and across certain
distribution shifts.

In the next section, we consider a simpli�ed setting to investigate the effect of setting� 1; � 2 � 1 for
Adam, which is closer to the setting used in practice, where� 1 � 0:9; � 2 � 0:999.

3.2 Toy Data Setting
We consider a simple yet informative setting whered � 2 and� x � � y � 0, which we refer to as the
toy data setting. Speci�cally, the samples are generated as follows:

y � Unif ˆ˜ � 1•• ; � � Unif ˆ˜ � 1•• ; x1 � �
2 ‰y! � 1

! Ž; x2 � � y � 1
2 �: (2)

This setting allows us to characterize the full trajectory of each neuron for the three algorithms,
namely GD, signGD, and Adam (� 1 � � 2 � 1). We now state our main result.
Theorem 4. (Informal) Consider the toy data in Eq.(2), neurons initialized at a small scale, and
c1 @! @c2, wherec1; c2 are constants. Letw k; ª �� lim t � ª

w k;t

t and �w k; ª �� w k; ª

Yw k; ª Y, for k >�m�

andp ��
tan � 1 ! 2 � 1

2!
� . Then, form � ª , the solutions learned by GD, signGD, and Adam are shown

in Table 1, wheres is a constant>�0:72; 1� , the probabilities are over the neurons, and the sign of
the �rst element ofw k; ª is the same assign ˆak • .

GD Adam (� 1 � � 2 � 0) or signGD Adam (� 1 � � 2 � 1)

�w k; ª �

¢̈
¨̈̈
¨̈
¦
¨̈̈
¨̈̈
¤

� 1; 0� — w.p. 1
4 � p

2
� � 1; 0� — w.p. 1

2
1

! 2 � 1 � ! 2 � 1; 2! �
—

w.p. 1
8 � p

4
1

! 2 � 1 � ! 2 � 1; � 2! �
—

w.p. 1
8 � p

4

¢̈
¨̈̈
¨̈̈
¦
¨̈̈
¨̈̈
¤̈

� 1; 0� — w.p. p
� � 1; 0� — w.p. 1

2
1º
2

� 1; 1� — w.p. 1
4 � p

2
1º
2

� 1; � 1� — w.p. 1
4 � p

2

¢̈
¨̈̈
¨̈̈
¨̈̈
¨̈̈
¦
¨̈̈
¨̈̈
¨̈̈
¨̈̈
¤̈

� 1; 0� — w.p. p
� � 1; 0� — w.p. 1

2
1º
2

� 1; 1� — w.p. 1
8 � p

4
1º
2

� 1; � 1� — w.p. 1
8 � p

4
1º

s2 � 1
� s;1� — w.p. 1

8 � p
4

1º
s2 � 1

� s; � 1� — w.p. 1
8 � p

4

Table 1: Solutions learned by different algorithms on the toy dataset (see Theorem 4).

Figure 4: Comparison of the Bayes' opti-
mal predictor and the predictors learned
by two-layer NNs trained with GD,
Adam (� 1 � � 2 � 0) or signGD, and
Adam with � 1 � � 2 � 1 on the toy
dataset (Gaussian dataset with� � 0).

Note thatp @0:5, which implies (from Table 1) that the
fraction of neurons in the direction�1; 0� — is larger for
GD as compared to Adam. Consequently, the decision
boundary learned by Adam is more non-linear. The proof
mainly relies on analyzing the updates of each algorithm,
so we defer it to Appendix A. Fig. 4 shows the decision
boundaries learned by the three algorithms, as mentioned
in Table 1. The predictor learned by Adam is more non-
linear and closer to the Bayes' optimal predictor.

We note that the difference between the predictors learned
by GD and Adam is more signi�cant in the Gaussian
setting, as compared to the toy dataset. The main reason
is that in the toy dataset, there is a larger region where
the gradients are in the�1; 0� —direction, which makes the
decision boundary for signGD more linear, as well as a
larger region where the neurons are only active for one of
� � or � � , which makes the decision boundary for GD more non-linear.
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4 Experimental Results

In this section, we present experimental results across synthetic and real-world datasets showing that
GD exhibits simplicity bias while Adam promotes rich feature learning.

4.1 Gaussian Dataset
We consider the Gaussian data in Eq. (1) in this section, focusing on the�nite sample setting, which is
closer to practice as we train with the binary cross-entropy loss and consider Adam with momentum
parameters� 1 � � 2 � 0:9999, although the results generalize to other values as well. We consider a
small initialization scale and �x the outer layer weights. Speci�cally,w k � N ˆ0; �º

d
• , andak � � 1º

m

for k >�m� , where� is a small constant.

Fig. 1 compares the decision boundaries learned by Adam and GD in the �nite sample setting, with
the Bayes' optimal predictor (for the population version of this setting). We setn � 5000, m � 1000,
� � 0:3; ! � 2; � x � 0:2; � y � 0:15, � � 0:001, and use learning rates0:1 and10� 4 for GD and Adam,
respectively. These results are similar to the population setting and show that the difference in the
implicit bias of Adam and GD is quite robust to the choice of the training setting. For comparable
train loss, the test accuracy of Adam is0:32%more than that of GD in this case. We also �nd that
reducing� increases the accuracy gap: repeating the same experiment with� � 0:25 leads to a gap of
0:595%. These results also generalize to settings whered A 2: with m � 500, d � 20 and� � 0:25,
the gap is0:203%. See Appendix B for additional results.

4.2 MNIST Dataset with Spurious Feature
In this section, we conduct an experiment to provide additional support for our theoretical results. We
construct a binary classi�cation task using14� 14MNIST images, where we inject a2 � 2 colored
patch at the top left corner of the image (to model the simple feature). One class comprises digit
`0' images with a red patch, while the other has digits `1' and `2' with a green patch. We train a
two-layer NN using SGD or Adam. For test samples, we �ip the patch color to check the model's
reliance on the simple feature. We also train a linear model on this task, and measure agreement
between its predictions on the test set with those of the NN trained with Adam/SGD. This serves as
the measure of the complexity of the learned decision boundary. The results are shown in Table 2.
We observe that the NN trained with Adam relies more on the digit features and generalizes better. It
also has a complex/nonlinear decision boundary, as the agreement with the linear predictor is lower
as compared to SGD. In addition, we plot the distribution of the train set margin for the two NNs as
shown in Fig. 5. We observe that the margin for Adam is generally larger compared to SGD. These
results support our theoretical �ndings that SGD learns simpler features compared to Adam.

Test
Accuracy

Agreement w/
Linear Model

SGD 66.6 95.5
Adam 86 84

Table 2: Comparison of test accuracy
and agreement with a linear model for
a two-layer NN trained on MNIST with
spurious correlation.

Figure 5: Distribution of margins of training-set samples
from the MNIST dataset with spurious correlation for a
two-layer NN trained using SGD (left) and Adam (right).

4.3 Dominoes Dataset

Figure 6: Example images
from class� 1 and1 from the
MNIST-CIFAR dataset.

The Dominoes dataset [9, 12], speci�cally MNIST-CIFAR, is a binary
image classi�cation task. It contains images where the top half shows
an MNIST digit [13] from classes̃ 0; 1• , while the bottom half shows
CIFAR-10 [14] images from classes̃automobile, truck• . The MNIST
portion corresponds to simple or spurious features, which are95%
correlated with the label, while the CIFAR portion is the complex or
core feature and is fully correlated. See Fig. 6 for example images
from the dataset and Appendix B for further details.

We de�ne4 groups based on the labels predicted by the core or the
spurious feature. The minority groups correspond to images where the core and spurious features
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disagree, and the majority groups correspond to images where they agree. The groups in the test set
are balanced. The model can rely on the spurious feature to attain good train performance but can
only generalize well on the balanced test set if it learns to use the core feature.

In Table 3, we report the averageoriginal worst-group accuracy on the balanced test set, for a ResNet-
18 model (also see Appendix B, where we include results with ResNet-34 model and99%spurious
correlation). In addition, we report the averagecore-onlyworst-group accuracy on a test set where
the spurious top half of the image is removed and replaced by a black image. This measures how
much of the core features have been learned by the model. Lastly, we also report the averagedecoded
worst-group accuracy, obtained by retraining the last layer of the model using logistic regression to �t
a group balanced validation dataset, and then evaluating on the original test set. This gives a better
evaluation for how much of the core features have been learned in the latent representation. We �nd
that training with Adam leads to a signi�cant gain across all three metrics as compared to training
with SGD.

We also remark that these results (as well as those in Fig. 2) challenge the widely held consensus that
SGD generally performs/generalizes better than Adam on image data [15]. We use ResNet-based
models across the three image datasets and Adam leads to better worst-group accuracy across these
cases. These results show that while SGD could be better for in-distribution generalization, Adam
can be better for generalization under distribution shifts because it promotes richer feature learning.

Optimizer Original Acc. Core-Only Acc. Decoded Acc.

SGD 0:81� 0:38 1:66� 1:79 71:04� 0:63
Adam 14.17� 3:15 20.63� 5:75 84.66� 0:18

Table 3: Training with Adam leads to bet-
ter worst-group accuracy on the original and
core-only test sets, and after decoding, on the
Dominoes (MNIST-CIFAR) dataset (95%spu-
rious correlation), as compared to SGD, for a
ResNet-18 model.

Optimizer Test Acc. Decoded Core Corr. Decoded Spurious Corr.

SGD 89:58� 1:92 0:51� 0:08 0:78� 0:08
Adam 97.87� 0:69 0.87� 0:03 0.36� 0:06

Table 4: Training with Adam leads to better test
accuracy, decoded core, and decoded spurious corre-
lations on the Boolean features dataset, as compared
to SGD, for a three-layer NN.

4.4 Subgroup Robustness Datasets

We consider four benchmark subgroup robustness datasets, namely Waterbirds [16], CelebA [17],
MultiNLI [ 18] and CivilComments [19, 20]. Each of these contains a core feature that is fully
correlated with the label, and a spurious feature that is simpler but has a lower correlation. Waterbirds
contains images of different birds on various backgrounds. The task is to classify whether the bird is
a landbird or awaterbird. The background of the image is eitherland or water, and is spuriously
correlated with the target label. CelebA consists of images of celebrity faces. The task is to classify
whether the hair color isblondeor not blonde, and the gender of the celebritymaleor femaleis the
spurious feature. MultiNLI contains sentence pairs and the task is to predict how the second sentence
relates to the �rst, out of three classes:entailment, neutral, andcontradiction. The spurious features
arenegation wordswhich are often but not always associated with contradiction. The CivilComments
dataset consists of online comments and the task is to predict whether the comment istoxic or
non-toxic. Toxicity is spuriously correlated with the mention of variousdemographic attributesin the
comments, based on gender, race, or religion.

Prior work has shown that simplicity bias can be detrimental to worst-group test performance in
the presence of spurious features [21]. The standard practice is to use SGD for image datasets and
Adam(W) for language datasets. However, since Adam promotes richer feature learning, it should
be more robust to spurious correlations across all datasets. Hence, we compare the performance of
SGD and Adam on these datasets, when �ne-tuning a pretrained BERTbert-base-uncased
model [22] on the language datasets, and an ImageNet-pretrained ResNet-50 [23] model on the
image datasets. To ensure fair comparison, we sweep optimizer-sepci�c hyperparameters, namely
learning rate, momentum, and weight decay (see Appendix B for details). Fig. 2 and Table 13 in
Appendix B show the worst-group and average (group-balanced) accuracies on these datasets when
training with SGD or Adam, based on the best worst-group validation accuracy. We see that training
with Adam leads to signi�cantly better worst-group accuracy as well as (slightly) better average
accuracy compared to training with SGD.
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4.5 Boolean Features Dataset
In this section, we consider the synthetic Boolean features dataset proposed by Qiu et al.[11] to
study feature learning under spurious correlation. The dataset is designed to model the presence
of two types of features: a set of complex core features with dimensiondc that are fully correlated
with the label, and a set of simple spurious features with dimensionds that have correlation strength
� >� 0; 1� with the label. The rest of thedu � d � dc � ds features are uncorrelated with the label. For
our experiments, the core and spurious features are modeled as staircase functions with degreesdc
andds @dc, respectively. Degreed threshold staircase functions for a Boolean inputx >˜ � 1; � 1• d

are de�ned as:

f staircasêx • �� œ
1 if x1 � x1x2 � � � � � x1x2 : : : xd C0;
� 1 otherwise:

We train a three-layer NN using SGD and Adam. We considerd � 50; dc � 8; ds � 1; � � 0:9.
See Appendix B for a formal description of the dataset and further details of the experimental
setting. To measure feature learning, we used the decoded core and spurious correlations [11, 24],
which measure the extent to which the model has effectively learned the core and spurious features.
The decoded core correlation is measured by retraining the last layer of the model using logistic
regression to �t the core function and evaluating its correlations withf c on the uniform distribution,
Ex � Unifˆ˜ � 1;1• d • � f cˆx •sign ˆ f ˆx ••� , wheref is the model. The decoded spurious correlation is
measured similarly by retraining on the spurious function and measuring the correlation withf s on
the test set.

We report the results in Table 4 evaluated at the lowest comparable training loss achieved by both
optimizers. See Appendix B for the training curves and additional results. Adam records signi�cantly
higher average test accuracy and decoded core correlation, as well as lower decoded spurious
correlation. This suggests that Adam's superior performance on the test set can be attributed to richer
feature learning as it encourages the utilization of the core features and forgetting or down-weighting
the spurious features. In contrast, SGD relies heavily on the simple spurious feature.

5 Related Work
In this section, we discuss related work on the implicit bias of GD, simplicity bias of NNs trained
with GD, implicit bias of Adam and adaptive algorithms, and comparison of Adam and (S)GD in
various settings.

Implicit Bias of GD. Since the pioneering studies that identi�ed the implicit bias of linear classi�ers
on separable datasets [25], extensive research has been conducted on the implicit bias of gradient-
based methods for linear models, NNs, and even self-attention models. Wang et al.[26] shows that
GD with momentum exhibits the same implicit bias for linear models trained on separable data as
vanilla GD. Nacson et al.[27], Ji and Telgarsky[28], Ji et al.[29] demonstrate fast convergence (in
direction) of GD-based approaches with adaptive step-sizes to the`2 max-margin predictor. It has
also been shown that multilayer perceptrons (MLPs) trained with exponentially tailed loss functions
on classi�cation tasks, GD or gradient �ow converge in direction to the KKT points of the max-
margin problem in both �nite [30, 31] and in�nite-width [32] networks. Additionally, Phuong and
Lampert[33], Frei et al.[34], Kou et al.[35] analyze the implicit bias of ReLU and Leaky-ReLU
networks trained with GD on orthogonal data, while Mulayoff et al.[36] investigate convergence to
stable minima. Other studies focus on the implicit bias to minimize rank in regression tasks using
squared loss [37, 38, 39]. The recent survey Vardi[40] includes a comprehensive review of related
work. More recently, Tarzanagh et al.[41, 42], Vasudeva et al.[43] studied single-head prompt and
self-attention models with �xed linear decoder and characterized the implicit bias of attention weights
trained with GD to converge to the solution of a hard-margin SVM problem.

Simplicity Bias of NNs Trained with GD. Kalimeris et al.[44] empirically demonstrate that NNs
trained with SGD �rst learn to make predictions that are highly correlated with those of the best
possible linear predictor for the task, and only later start to use more complex features to achieve
further performance improvement. Shah et al.[9] created synthetic datasets and show that in the
presence of `simple' and `complex' features (linearly separable vs non-linearly separable), (two-
layer) NNs trained with SGD rely heavily on `simple' features even when they have equal or even
slightly worse predictive power than the `complex' features. They also show that using SGD leads to
learning small-margin and feature-impoverished classi�ers, instead of large-margin and feature-dense
classi�ers, even on convergence, which contrasts with Kalimeris et al. [44].
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Implicit Bias of Adam and Other Adaptive Algorithms. Wang et al.[45] show that homogeneous
NNs trained with RMSprop or signGD converge to a KKT point of the`2 max-margin problem,
similar to GD, while AdaGrad has a different implicit bias. Zhang et al.[7] show that linear models
trained on separable data with Adam converge to the` ª max-margin solution. Recently Fan et al.
[46] characterized the implicit bias of steepest descent algorithms for multiclass linearly separable
data. Xie and Li[47] analyze loss minimization with AdamW and show that under some conditions,
it converges to a KKT point of thèª -norm constrained loss minimization.

Adam vs (S)GD. Zhou et al.[48] show that SGD converges to �atter minima while Adam converges
to sharper minima. Andriushchenko et al.[49] show that �atter minima can correlate with better
in-distribution generalization but may not be predictive of or even be negatively correlated with
generalization under distribution shifts. Zou et al.[50] study an image-inspired dataset and show that
CNNs trained with GD can generalize better than Adam. Ma et al.[51] show that adding noise to
lower or higher frequency components of the data can lead to lower or higher robustness of Adam
compared to GD. Kunstner et al.[52] show that the reason why Adam outperforms SGD on language
data is because the performance of SGD deteriorates under heavy-tailed class imbalance,i.e., when
minority classes constitute a signi�cant part of the data, whereas Adam is less sensitive and performs
better. In contrast to their focus on multiple classes and training performance, our work focuses on
generalization in a binary classi�cation setting. Several works [53, 54, 55] also study why Adam
outperforms SGD on attention models or Transformers.

6 Conclusion

In this work, we investigate the implicit bias of Adam and contrast it with (S)GD. NNs trained with
SGD exhibit simplicity bias, whereas we �nd that training with Adam leads to richer feature learning,
making the model more robust to spurious features and certain distribution shifts. We note that richer
feature learning may not always be desirable; for instance, simplicity bias can be bene�cial for better
in-distribution generalization. However, it's important to characterize and contrast the implicit bias of
Adam vs (S)GD in this context. To get a principled understanding, we identify a synthetic data setting
with Gaussian clusters and theoretically show that two-layer ReLU NNs trained with GD or Adam on
this task learn different solutions. GD exhibits simplicity bias and learns a linear predictor with a
suboptimal margin, while Adam leads to richer feature learning and learns a nonlinear predictor that
is closer to the Bayes' optimal predictor. Through theoretical and empirical results, our work adds to
the conceptual understanding of how Adam works and poses important directions for future work,
such as studying the implicit bias of Adam for other architectures, and the effect of weight decay on
simple vs rich feature learning to study the implicit bias of AdamW.
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A Omitted Proofs

The proof for Proposition 1 is as follows.

Proof. The optimal predictor can be found by solving for the following:

1
2 expŠ� ˆ x 1 � � 1 • 2

2� 2
x

� ˆ x 2 � � 2 • 2

2� 2
y

• � 1
2 expŠ� ˆ x 1 � � 1 • 2

2� 2
x

� ˆ x 2 � � 2 • 2

2� 2
y

• � expŠ� ˆ x 1 � � 3 • 2

2� 2
x

� x 2
2

2� 2
y
• :

Simpli�cation yields

0:5Š1 � expŠ� 2� 2 x 2
� 2

y
•• � expŠ� ˆ � 1 � � 3 • x 1

� 2
x

� � 2 x 2
� 2

y
� � 2

1 � � 2
3

2� 2
x

� � 2
2

2� 2
y
• :

Takinglog on both sides and rearranging, we get:

ˆ � 1 � � 3 • x 1

� 2
x

� � 2 x 2
� 2

y
� � 2

1 � � 2
3

2� 2
x

� � 2
2

2� 2
y

� logŠ0:5Š1 � expŠ� 2� 2 x 2
� 2

y
••• :

For isotropic Gaussians, it simpli�es to

ˆ � 1 � � 3•x1 � � 2x2 � � 2
1 � � 2

2 � � 2
3

2 � � 2 log‰0:5‰1 � exp‰� 2� 2 x 2
� 2 ŽŽŽ:

Under realizability, we get

!x 1 � x2 � � � 2

� log‰0:5‰1 � exp‰� 2�x 2
� 2 ŽŽŽ:

A.1 Gaussian Data

We can prove Proposition 2 as follows.

Proof. The population gradient can be simpli�ed as follows.

E�1�w —x C0� yx � � Eˆx Sw —x C0; y � 1; � � 1• Pr� y � 1� Pr� � � 1Sy � 1� Pr�w —x C0Sy � 1; � � 1�

� Eˆx Sw —x C0; y � 1; � � � 1• Pr� y � 1� Pr� � � � 1Sy � 1� Pr�w —x C0Sy � 1; � � � 1�

� Eˆ � x Sw —x C0; y � � 1• Pr� y � � 1� Pr�w —x C0Sy � � 1�

�
1
4

ˆPr�w —x C0Sy � 1; � � 1�Eˆx Sw —x C0; y � 1; � � 1• � Pr�w —x C0Sy � 1; � � � 1�

Eˆx Sw —x C0; y � 1; � � � 1• � 2 Pr�w —x C0Sy � � 1�Eˆx Sw —x C0; y � � 1•• :
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The conditional expectationEˆx œSw —x œC0• can be simpli�ed as follows. Let� œ�� Eˆx œ• . Since we
can writex œ� �w —x œ�w � �w —

Ùx œ�wÙ � � x œ
Y � x œ

Ù, we have

Eˆx œSw —x œC0• � Eˆx œ
YSw

—x œC0• � Eˆx œ
ÙSw —x œC0•

� Eˆ �w —x œ�wSw —x œC0• � Eˆx œ
Ù•

�
w

YwY2
Eˆw —x œSw —x œC0• � Eˆx œ• � Eˆx œ

Y•

� � œ� �w —� œ�w �
w

YwY2
Eˆw —x œSw —x œC0•:

Using a result on the mean of truncated normal distribution from Burkardt[56], and that for a given
w , w —x œis a Gaussian random variable, we have,

Eˆw —x œSw —x œC0• � � w � � w

� ˆ � � w
� w

•

1 � � ˆ � � w
� w

•
;

where� w �� w —� œ, � w �� � YwY. Then, we have

Eˆx œSw —x œC0• � � œ� �
� ˆ � � w

� w
•

1 � � ˆ � � w
� w

•
�w :

Using the above, we can write the population gradient� aE�1�w —x C0� yx � as:

� 0:25aˆp� ˆ � � � � � ˆ � � ; �w j • �w • � p� ˆ � � � � � ˆ � � ; �w • �w • � 2p0ˆ � 0 � � � ˆ � 0; �w • �w •• ;

wherep� �� Pr�w —x C 0Sy � 1; � � 1� � � ˆ � —
� �w
� •, p� �� Pr�w —x C 0Sy � 1; � � � 1� � � ˆ � —

� �w
� •,

p0 �� Pr�w —x C 0Sy � � 1� � � ˆ � —
0 �w
� •, and� ˆ � ; �w • ��

� ˆ �
� — �w

� •

1� � ˆ �
� — �w

� •
�

� ˆ
� — �w

� •

� ˆ
� — �w

� •
(using the facts

that for anyz, � ˆ � z• � � ˆz• and1 � � ˆ � z• � � ˆz•). Simplifying the expression then �nishes the
proof.

Next, we state the full version of Theorem 1 and prove it as follows.

Theorem 5. (Full version of Theorem 1.) Consider the data in Eq.(1), neurons initialized such that
ak � � 1 with probability0:5, d � 2, � x � � y � � , ! C2 and� 0 �� �

� C0:8. Letw k; ª �� lim t � ª
w k;t

t
and �w k; ª �� w k; ª

Yw k; ª Y, for k >�m� . Then, the solution learned by gradient �ow in the in�nite sample
setting with correlation loss is:

�w k; ª � ak � 1; 0� —:

Proof. For neuronj > �m� , let � j;t denote the angle betweenw j;t and thex-axis at iterationt C0.
We drop the subscriptj for convenience. Let�w ‡

GD �� � 1; 0� —. Then,cos� t � �w —
t �w ‡

GD . We want to
see if� t tends to0 with time. Speci�cally, given� >� � �; � � , we want to show thatad cos � t

dt A0. We
have:

ad cos � t
dt � a _�w —

t �w ‡
GD � a _w —

t
Yw t Yˆ I � �w t �w —

t • �w ‡
GD

� a2 �
4Yw t YŠ� ˆ ! 2 � 1•

! 2 � 1 ‰� ˆ � �� —
� �w t • � � ˆ � �� —

� �w t •Ž� 2� � ˆ � �� —
0 �w t • � w t; 1

Yw t Y ‰� ˆ � �� —
� �w t • � � ˆ � �� —

� �w t • � 2� ˆ � �� —
0 �w t •Ž

� w t; 1

Yw t Y ‰� ˆ � ˆ � �� —
� �w t • �� —

� �w t � � ˆ � �� —
� �w t • �� —

� �w t � 2� ˆ � �� —
0 �w t • �� —

0 �w t • � ‰� ˆ � �� —
� �w t • � � ˆ � �� —

� �w t • � 2� ˆ � �� —
0 �w t •ŽŽ•

� a2 ��
4Yw t YŠˆ ! 2 � 1•

! 2 � 1
w 2

t; 2

Yw t Y2 ‰� ˆ � �� —
� �w t • � � ˆ � �� —

� �w t •Ž� 2!
! 2 � 1

w t; 1 w t; 2

Yw t Y2 ‰� ˆ � �� —
� �w t • � � ˆ � �� —

� �w t •Ž� 2
w 2

t; 2

Yw t Y2 � ˆ � �� —
0 �w t ••

� a2 �� sin 2 � t
4Yw t Y Šˆ ! 2 � 1•

! 2 � 1 ‰� ˆ � �� —
� �w t • � � ˆ � �� —

� �w t •Ž� 2!
! 2 � 1

cos � t
sin � t

‰� ˆ � �� —
� �w t • � � ˆ � �� —

� �w t •Ž� 2� ˆ � �� —
0 �w t •• :

The �rst and third terms are always positive, so the sign depends on the second term. We note that
the derivative is0 whenw t; 2 � 0, i.e., � t � 0. This indicates that once� t becomes0, it remains0.
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Also, using the mean value theorem, we can write:

� Š� ˆˆ ! 2 � 1• w t; 1 � 2!w t; 2 •
Yw t Yˆ! 2 � 1• • � � Š� ˆˆ ! 2 � 1• w t; 1 � 2!w t; 2 •

Yw t Yˆ! 2 � 1• • � � ˆc• 4�! sin � t
ˆ ! 2 � 1• ;

for somec >� � ˆˆ ! 2 � 1• w t; 1 � 2!w t; 2 •
Yw t Yˆ! 2 � 1• ; � ˆˆ ! 2 � 1• w t; 1 � 2!w t; 2 •

Yw t Yˆ! 2 � 1• � . Clearly,� ˆc• B � ˆ � • . The second term is

lower bounded by� 8�! 2

ˆ ! 2 � 1• 2 � ˆ � • cos� t . We now consider two cases:

Case 1:� t >� � �; � � ~2� or � t >� � ~2; � � : In this case,cos� t @0, so the second term, and hence the
derivative, is positive.

Case 2:� t > � � � ~2; � ~2� : In this case,cos� t A 0, so the second term is negative, and we have to
compare its magnitude to the other terms. Using� ˆ � �� —

� �w t • � � ˆ � �� —
� �w t • C1 and �� —

0 �w t C� 1, we
have:

ad cos � t
dt C a2 �� sin 2 � t

4Yw t Y Šˆ ! 2 � 1•
! 2 � 1 � 8! 2 �

ˆ ! 2 � 1• 2 cos� t � ˆ � • � 2� ˆ � � •• :

Sincecos� t B1 and� ˆ � � • A0, the RHS is positive when!
2 � 1
4! C �

� � ˆ � • .

Let Eˆ � 0; ! • �� ! 2 � 1
4! � � 0� ˆ � 0

! 2 � 1
2! • .

dE
d� 0

� � � ˆ � 0
! 2 � 1

2! • � Š� 0
! 2 � 1

2! •
2

� ˆ � 0
! 2 � 1

2! • C0;

when� 0 C 2!
! 2 � 1 . The RHS here is a decreasing function of! for ! C2. The condition becomes

� 0 C0:8.

dE
d! � 1

4 � 1
4! 2 � � 3

0
! 2 � 1

2! ‰1
2 � 1

2! 2 Ž� ˆ � 0
! 2 � 1

2! • � ! 2 � 1
4! 2 Š1 � � 3

0
! 4 � 1

! � ˆ � 0
! 2 � 1

2! •• C0:

SinceE is an increasing function of both! and� , and we can numerically verify thatEˆ0:8; 2• A0,
the result is true for all! C2 and� 0 C0:8.

This shows that for neuronw k , ak
d cos � k;t

dt CC ˆ sin � k;t • 2

Yw k;t Y for some constantC A0.

Next, using Proposition 2, we can show that the gradients are bounded and consequently, the iterate
norm is upper bounded asYw k;t Y B cˆ t � 1•, for some constantc A 0. This givesak

d cos � k;t

dt C

Cœ̂sin � k;t • 2

t � 1 for some constantCœA0.

Next, considerak � 1, and supposecos� k;t stayed below someL @1 for all t. Then,ˆsin� k;t •2 C

1 � L 2 A 0, so d cos � k;t

dt C C œˆ 1� L 2 •
ˆ 1� t • . Integrating both sides, we getcos� k;t � cos� k; 0 C Cœ̂1 �

L 2• logˆ1 � t• , which diverges ast � ª , leading to a contradiction asScoŝ �•SB1. The case where
ak � � 1 follows similarly.

Hence, ast � ª , sin� k;t � 0, and thuscos� k;t � sign ˆak • .

Next, we state the full version of Theorem 2 and prove it as follows.

Theorem 6. (Full version of Theorem 2.) Consider the data in Eq.(1), neurons initialized such that
ak � � 1 with probability0:5, andsupk Yw k; 0Y@� ~2, d � 2, � x � � y � � , ! C2 and0:8 B �

� B 1:5.
Let w k; ª �� lim t � ª

w k;t

t and �w k; ª �� w k; ª

Yw k; ª Y, for k > �m� . Let � 0 denote the direction ofw k; 0.
Then, the solution learned by signGD in the in�nite sample setting with correlation loss is:

�w k; ª �

¢̈
¨̈̈
¨̈̈
¦
¨̈̈
¨̈̈
¤̈

1º
2
� 1; 1� — ak A0; sin� k; 0 A0;

1º
2
� 1; � 1� — ak A0; sin� k; 0 @0;

�1; 0� — ak A0; sin� k; 0 � 0;
� � 1; 0� — ak @0:

Proof. For signGD, we can analyze the gradient expression for anyw :

©w
ÂLˆW • � � a�

4 Š� ˆ � �� —
� �w •� �� � � � ˆ � �� —

� �w •� �� � � 2� ˆ � �� —
0 �w •� �� 0 � ‰� ˆ � �� —

� �w • � � ˆ � �� —
� �w • � 2� ˆ � �� —

0 �w •Ž �w • :
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Speci�cally, the gradient can be in the direction� � 1; 0� —only when�0; 1�©w
ÂLˆW • � 0. We have:

� 0; 1�©w
ÂLˆW • � � a�

4 Š 2!�
! 2 � 1 ‰� ˆ � �� —

� �w • � � ˆ � �� —
� �w •Ž� sin� ˆ � ˆ � �� —

� �w • � � ˆ � �� —
� �w • � 2� ˆ � �� —

0 �w •••

� � a� sin �
4 Š2‰2!�

! 2 � 1 Ž
2

� ˆc• � � ˆ � �� —
� �w • � � ˆ � �� —

� �w • � 2� ˆ � �� —
0 �w •• ;

wherec >� � �� —
� �w ; � �� —

� �w � . Consider the expression in the parenthesis. Assuming! 2 � 1
2! C1, we have:

2‰2!�
! 2 � 1 Ž

2
� ˆc• � � ˆ � �� —

� �w • � � ˆ � �� —
� �w • � 2� ˆ � �� —

0 �w • C2ŠŠ‰2!�
! 2 � 1 Ž

2
� 1• � ˆ 2!�

! 2 � 1 • � � ˆ0••

� 2ŠŠ‰�
� Ž

2
� 1• � ˆ �

� • � � ˆ0•• A0;

whenever�� B1:5 (we can check this numerically, and use the fact that� ˆz• is a decreasing function
of z C0).

Thus, the gradient is only in the� � 1; 0� —direction whensin� � 0, i.e., whenw is in that direction.

Next, we can check if there are neurons in the�0; � 1� —direction. We have:

� 1; 0�©w
ÂLˆW • � � a�

4 Š2� ! 2 � 1
! 2 � 1 ‰� ˆ � �� —

� �w • � � ˆ � �� —
� �w •Ž� 2� � ˆ � �� —

0 �w • � cos� ˆ � ˆ � �� —
� �w • � � ˆ � �� —

� �w • � 2� ˆ � �� —
0 �w ••• :

The expression in the parenthesis is positive as long as� ! 2 � 1
! 2 � 1 � 0:5� C 0:4, or 3! 2 � 1

1:6! C �
� . Let

Eˆ � 0; ! • � � 0 � 1:6!
3! 2 � 1 . We can show that it is an increasing function of both� 0 and! . Since

Eˆ0:8; 2• A0, the result holds for all! C2 and� 0 C0:8.

Based on these calculations, the updates are along� � 1; � 1� —directions, depending on the sign ofa
andsin� . Speci�cally, we have four cases as shown in Table 5 for� t and� t � 1 at anyt.

sign ˆsin� t • sign ˆa• sign ˆ � � 0; 1�©w
ÂLˆW •• sign ˆsin� t � 1•

+ve +ve +ve +ve
+ve -ve -ve -ve
-ve +ve -ve -ve
-ve -ve +ve +ve

Table 5: Different cases for� t and� t � 1 in the analysis of signGD.

Using the small initialization condition, the �rst iterate is dominated by the update direction:w k; 1 �
w k; 0 � � s0, wheres0 � sign ˆ©ÂLˆw k; 0•• , so for each coordinatei , Swk; 1;i SC� � � ~2 � � ~2, hence
w k; 1 is sign-aligned with� s0. Consequently, the next update follows from Table 5, and the argument
proceeds by recursion.

This shows that whenevera A0, the updates for neurons in the �rst/second or third/fourth quadrant
are along�1; 1� —or � 1; � 1� —, respectively. However, whena @0, the updates for neurons in the
�rst/second or third/fourth quadrants alternate between� � 1; � 1� —and� � 1; � 1� —. As a result, at even
iterations, these neurons are close to the� � 1; 0� —direction (but may not be exactly aligned due to the
initialization). However, in the limitt � ª , these neurons converge in this direction.

We state the full version of Theorem 3 and prove it below.

Theorem 7. (Full version of Theorem 3.) Consider the data in Eq.(1) with d � 2 and! > �2; 12� ,

� � � 2
x

� 2
y

>� 1
! 2 ; 1� , �

� y
C0:8

º
�! . Consider two predictors,

Linear: ŷ � sign ˆx1• ,

Piece-wise Linear:̂yœ� œ
sign ˆ3x1 � x2• x2 C0;
sign ˆ3x1 � x2• x2 @0:

Then, it holds thatEˆ ŷœx y• � Eˆ ŷ x y• @0.
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Proof. Linear: ŷ � sign ˆax1 � bx2• . Piece-wise Linear:̂yœ� œ
sign ˆax1 � bx2• x2 C0;
sign ˆax1 � bx2• x2 @0:

.

Eˆ ŷ x y• � 1
4

<@@@@>
�

’

”
�

� ‹
a
2 ‹ �! �

1
! • � b•

� y
º

a2 � � b2

“

•
� �

’

”
�

� ‹
a
2 ‹ �! �

1
! • � b•

� y
º

a2 � � b2

“

•

=AAAA?
� 1

2 �
’

”
�

�
a
2 ‹ �! �

1
! •

º
� � y

“

•
:

Whena � 1; b � 0, we get:

Eˆ ŷ x y• � 1
2 �

’

”
�

� ‹ �! �
1
! •

2� y
º

�

“

•
� 1

2 �
’

”
�

� ‹ �! �
1
! •

2� y
º

�

“

•
:

Considering the non-isotropic case, whena � 3; b � 1, we have:

Eˆ ŷœx y• @1
2 � ‹ � �º

9� � 1� y

3�! 2 � 3� 2!
2! • � � Š� 3�º

�� y

�! 2 � 1
2! •

Ô� Eˆ ŷœx y• � Eˆ ŷ x y• @1
2 � ‹ � �º

9� � 1� y

3�! 2 � 3� 2!
2! • � 1

2 � Š� 3�º
�� y

�! 2 � 1
2! • � 1

2 � Š� �º
�� y

�! 2 � 1
2! •

� 1
2 ‹ � ‹ � �º

9� � 1� y

3�! 2 � 3� 2!
2! • � � Š �º

�� y

�! 2 � 1
2! • � � Š 3�º

�� y

�! 2 � 1
2! •• � � 0:5Eˆ � 0; �; ! • ;

where� 0 �� �
� y

. We can analyze the �rst derivatives:

dE
d! � � 0

2! 2 Š� 3ˆ �! 2 � 1•º
9� � 1

� ˆ � 0º
9� � 1

3�! 2 � 3� 2!
2! • � ˆ �! 2 � 1•º

� � ˆ � 0º
�

�! 2 � 1
2! • � 3ˆ �! 2 � 1•º

� � ˆ 3� 0º
�

�! 2 � 1
2! ••

� � 0 ˆ �! 2 � 1•
2! 2

º
� � ˆ � 0º

�
�! 2 � 1

2! • Š1 � 3
º

�º
9� � 1

expŠ� � 2
0

8! 2 ˆ ˆ 3�! 2 � 3� 2! • 2

9� � 1 � ˆ �! 2 � 1• 2 •
� • � 3ˆ �! 2 � 1•

ˆ �! 2 � 1• expŠ� � 2
0 ˆ 9ˆ �! 2 � 1• 2 � ˆ �! 2 � 1• 2 •

8! 2 � ••

� � 0 ˆ �! 2 � 1•
2! 2

º
� � ˆ � 0º

�
�! 2 � 1

2! • Š1 � 3
º

�º
9� � 1

expŠ� � 2
0 ˆ � ˆ 3�! 2 � 3� 2! • 2 � ˆ 9� � 1•ˆ �! 2 � 1• 2 •

8�! 2 ˆ 9� � 1• • � 3ˆ �! 2 � 1•
ˆ �! 2 � 1• expŠ� � 2

0 ˆ 2� 2 ! 4 � 2� 5�! 2 •
2! 2 � •• :

This is positive when the following two conditions hold:

ˆ � ˆ3�! 2 � 3 � 2! •2 � ˆ9� � 1•ˆ �! 2 � 1•2• � � ˆ9� 2! 4 � 9 � 4! 2 � 18�! 2 � 12! � 12�! 3• � ˆ9� � 1•ˆ � 2! 4 � 1 � 2�! 2•

� � 2ˆ12! 3 � ! 4• � � ˆ6! 2 � 12! • � 1 A0;

when� C � ˆ 3! � 6• �
»

ˆ 3! � 6• 2 � ˆ 12! � ! 2 •
ˆ 12! 2 � ! 3 • � � ˆ 3! � 6• �

º
8! 2 � 24! � 36

ˆ 12! 2 � ! 3 • A 0 since! B 12. � B 1 implies

12! 3 � ! 4 � 6! 2 � 12! � 1 C0. Since� 0 C0:8
º

�! , and! >�2; 12� , we have:

1 � 3
º

�º
9� � 1

expŠ� � 2
0 ˆ � 2 ˆ 12! 3 � ! 4 • � � ˆ 6! 2 � 12! • � 1•

8�! 2 ˆ 9� � 1• • � 3ˆ �! 2 � 1•
ˆ �! 2 � 1• expŠ� � 2

0 ˆ 2� 2 ! 4 � 2� 5�! 2 •
2! 2 � •

C1 � 3º
10

expŠ� 0:82 79
80 • � 3143

145 expŠ� 0:82 54
2 • A0:

Next, we compute the derivative wrt� 0.
dE
d� 0

� 1
2! Š� 3�! 2 � 3� 2!º

9� � 1
� ˆ � 0º

9� � 1
3�! 2 � 3� 2!

2! • � ˆ �! 2 � 1•º
� � ˆ � 0º

�
�! 2 � 1

2! • � 3ˆ �! 2 � 1•º
� � ˆ 3� 0º

�
�! 2 � 1

2! ••

� ˆ �! 2 � 1•
2!

º
� � ˆ � 0º

�
�! 2 � 1

2! • Š1 �
º

� ˆ 3�! 2 � 3� 2! •º
9� � 1ˆ �! 2 � 1•

expŠ� � 2
0 ˆ � 2 ˆ 12! 3 � ! 4 • � � ˆ 6! 2 � 12! • � 1•

8! 2 � ˆ 9� � 1• • � 3ˆ �! 2 � 1•
ˆ �! 2 � 1• expŠ� � 2

0 ˆ 2� 2 ! 4 � 2� 5�! 2 •
8! 2 � ••

Since�! 2 C1,

1 �
º

� ˆ 3�! 2 � 3� 2! •º
9� � 1ˆ �! 2 � 1•

expŠ� � 2
0 ˆ � 2 ˆ 12! 3 � ! 4 • � � ˆ 6! 2 � 12! • � 1•

8! 2 � ˆ 9� � 1• • � 3ˆ �! 2 � 1•
ˆ �! 2 � 1• expŠ� � 2

0 ˆ 2� 2 ! 4 � 2� 5�! 2 •
2! 2 � •

C1 � 3º
10

! 2 � 1� 2! ~3
! 2 � 1 exp̂ � 0:82 79

80 • � 3 ! 2 � 1
! 2 � 1 exp̂ � 0:82 54

2 • C1 � 3º
10

13
9 exp̂ � 0:82 79

80 • � 35
3 exp̂ � 0:82 54

2 • A0:

Next, we compute the derivative wrt� .
dE
d� � � 0

4! Š� 51�! 2 � 6! 2 � 2! � 3
ˆ 9� � 1•

º
9� � 1

� ˆ � 0º
9� � 1

3�! 2 � 3� 2!
2! • � ˆ �! 2 � 1•

�
º

� � ˆ � 0º
�

�! 2 � 1
2! • � 3ˆ �! 2 � 1•

�
º

� � ˆ 3� 0º
�

�! 2 � 1
2! ••

� � 0 ˆ �! 2 � 1•
4!�

º
� � ˆ � 0º

�
�! 2 � 1

2! •Š1� �
º

� ˆ 51�! 2 � 6! 2 � 2! � 3•
ˆ 9� � 1•

º
9� � 1ˆ �! 2 � 1•

expŠ� � 2
0 ˆ � 2 ˆ 12! 3 � ! 4 • � � ˆ 6! 2 � 12! • � 1•

8! 2 � ˆ 9� � 1• •

� 3ˆ �! 2 � 1•
ˆ �! 2 � 1• expŠ� � 2

0 ˆ 2� 2 ! 4 � 2� 5�! 2 •
8! 2 � •• :

The expression in the parenthesis is lower bounded as:

1 � 1
103~2

57! 2 � 2! � 3
! 2 � 1 exp̂ � 0:82 79

80 • � 3143
145 exp̂ � 0:82 54

2 • C1 � 1
103~2

57ˆ 144• � 21
145 exp̂ � 0:82 79

80 • � 3143
145 exp̂ � 0:82 54

2 • A0:
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A.2 Toy Data

We can write the Bayes' optimal predictor in the toy setting as follows.

We consider three datapointsˆx ; y•: ˆ� � � 3; 0� —; � 1•, ˆ� � 1; � 2� —; 1• andˆ� � 1; � � 2� —; 1•, where
� 1; � 2; � 3 A0. The optimal predictor can be found by solving the following:

minˆ
»

ˆx1 � � 1•2 � ˆx2 � � 2•2;
»

ˆx1 � � 1•2 � ˆx2 � � 2•2• �
¼

ˆx1 � � 3•2 � x2
2:

Solving this gives a piecewise linear function:

ˆ � 1 � � 3•x1 � � 2x2 � � 2
1 � � 2

2 � � 2
3

2 ; x2 A0

ˆ � 1 � � 3•x1 � � 2x2 � � 2
1 � � 2

2 � � 2
3

2 ; x2 B0:

In the realizable setting, this is:

!x 1 � x2 � 0; x2 A0
!x 1 � x2 � 0; x2 B0:

We now state the full version of Theorem 4, followed by the proof.

Theorem 8(Full version of Theorem 4). ConsiderYw k YB ��
8! ˆ ! 2 � 1• ˆˆˆ 3! 2 � 1•ˆ ! 2 � 1• � 4! 2• ,

ˆ4! 2 � ˆ ! 2 � 1•2• , 8!
� ˆ2! � 1 � ! 2•• and1 � 2º

3
@! 2 @3� 2

º
2. Let �w k; ª ��

lim t � ª
w k;t

t
Ylim t � ª

w k;t

t Y
, for

neuronk >�m� andp ��
tan � 1 ! 2 � 1

2!
� . Then, form � ª , the solutions learned by GD, signGD, and

Adam are as shown in Table 6,

GD Adam (� 1 � � 2 � 0) or signGD Adam (� 1 � � 2 � 1)

�w k; ª �

¢̈
¨̈̈
¨̈
¦
¨̈̈
¨̈̈
¤

� 1; 0� — w.p. 1
4 � p

2
� � 1; 0� — w.p. 1

2
1

! 2 � 1 � ! 2 � 1; 2! �
—

w.p. 1
8 � p

4
1

! 2 � 1 � ! 2 � 1; � 2! �
—

w.p. 1
8 � p

4

¢̈
¨̈̈
¨̈̈
¦
¨̈̈
¨̈̈
¤̈

� 1; 0� — w.p. p
� � 1; 0� — w.p. 1

2
1º
2

� 1; 1� — w.p. 1
4 � p

2
1º
2

� 1; � 1� — w.p. 1
4 � p

2

¢̈
¨̈̈
¨̈̈
¨̈̈
¨̈̈
¦
¨̈̈
¨̈̈
¨̈̈
¨̈̈
¤̈

� 1; 0� — w.p. p
� � 1; 0� — w.p. 1

2
1º
2

� 1; 1� — w.p. 1
8 � p

4
1º
2

� 1; � 1� — w.p. 1
8 � p

4
1º

s2 � 1
� s;1� — w.p. 1

8 � p
4

1º
s2 � 1

� s; � 1� — w.p. 1
8 � p

4

Table 6: Solutions learned by GD, signGD and Adam (see Theorem 4).

wheres is a constant between0:72and1. In each case, the sign of the �rst element ofw k; ª is the
same assign ˆak • .

Proof. Let z �� ˆx ; y•, andz1 �� � �
2 � ! � 1

! ; 0� , z2 �� �
2 � ! � 1

! ; 2� , z3 �� �
2 � ! � 1

! ; � 2� . De�ne three
setsS1; S2; S3 asS1 �� ˜ z >S � x1 @0• , S2 �� ˜ z >S � x2 A0• , S3 �� ˜ z >S � x2 @0• .

First iteration. We �rst analyze the gradients at the �rst iteration. Consider different cases where
w —

k; 0x C0 depending on different samplesx . Table 7 lists the population gradients depending on
which samples contribute to the gradient. See Fig. 7 for an illustration. Note that� � tan � 1 � 2

� 1
�

tan � 1 2!
! 2 � 1 , and �

2 � � � tan � 1 ! 2 � 1
2! .
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SetS s.t. w —
k; 0x A0 Pop. GradientEz� D � yx Sx >S� Prob. of suchw k

S2 8 S3
1
2 � � 1; 0� — tan � 1 ! 2 � 1

2!
�

S2
1
4 � � 1; � 2� —

�
2 � tan � 1 ! 2 � 1

2!
2�

S1 8 S2
1
4 � � 1 � 2� 3; � 2� —

�
2 � tan � 1 ! 2 � 1

2!
2�

S1
1
2 � � 3; 0� — tan � 1 ! 2 � 1

2!
�

S3 8 S1
1
4 � � 1 � 2� 3; � � 2� —

�
2 � tan � 1 ! 2 � 1

2!
2�

S3
1
4 � � 1; � � 2� —

�
2 � tan � 1 ! 2 � 1

2!
2�

Table 7: Population gradients and corresponding proba-
bilities depending on the region of initialization of the
neurons.

Figure 7: An illustration of the toy
dataset and the setS such thatw —

k; 0x A
0 depending on the region of initializa-
tion.

Using the population gradients in Table 7, the updates for the different algorithms, are written as:

GD: w k; 1 � w k; 0 �
ak ��

4

¢̈
¨̈̈
¨̈̈
¨̈̈
¨̈̈
¨̈̈
¨̈̈
¨̈̈
¦
¨̈̈
¨̈̈
¨̈̈
¨̈̈
¨̈̈
¨̈̈
¨̈̈
¤̈

� ! 2 � 1
! ; 0� — w.p.

tan � 1 ! 2 � 1
2!

�

� ! 2 � 1
! ; 0� — w.p.

tan � 1 ! 2 � 1
2!

�

� ! 2 � 1
2! ; 1� w.p. 1

4 �
tan � 1 ! 2 � 1

2!
2�

� ! 2 � 1
2! ; � 1� w.p. 1

4 �
tan � 1 ! 2 � 1

2!
2�

� 3! 2 � 1
2! ; 1� — w.p. 1

4 �
tan � 1 ! 2 � 1

2!
2�

� 3! 2 � 1
2! ; � 1� — w.p. 1

4 �
tan � 1 ! 2 � 1

2!
2�

;

signGD/Adam: w k; 1 � w k; 0 � ak �

¢̈
¨̈̈
¨̈̈
¨
¦
¨̈̈
¨̈̈
¨̈
¤

� 1; 0� — w.p. 2
tan � 1 ! 2 � 1

2!
�

� 1; 1� — w.p. 1
2 �

tan � 1 ! 2 � 1
2!

�

� 1; � 1� — w.p. 1
2 �

tan � 1 ! 2 � 1
2!

�

:

Second iteration.Next, we use these updates to analyze the second iteration. Tables 8 to 10 include
the updates at the second iteration for GD, signGD and Adam, respectively, where we use the
conditions on! and the (small) initialization scale. Speci�cally, the small initialization scale helps
ensure that the gradient and the corresponding updated neuron are in the same region (in terms of
which samples contribute to the gradient for the next iteration). Using the condition on! , the updates
in rows 5 and 7 of Table 8 remain in the direction of the pointsz2 andz3, respectively, whereas those
in rows 9 and 11 get along the direction of� 1; 0� —.

Based on the updates in Table 8, we can write the GD iterate at any timet A1 as:

w k;t � w k; 1 � �� ˆ t � 1•
4

¢̈
¨̈̈
¨̈̈
¨̈̈
¨̈̈
¦
¨̈̈
¨̈̈
¨̈̈
¨̈̈
¤̈

� ! 2 � 1
! ; 0�

—
w.p. 1

4 �
tan � 1 ! 2 � 1

2!
2�

� � ! 2 � 1
! ; 0�

—
w.p. 1

2

� ! 2 � 1
2! ; 1�

—
w.p. 1

8 �
tan � 1 ! 2 � 1

2!
4�

� ! 2 � 1
2! ; � 1�

—
w.p. 1

8 �
tan � 1 ! 2 � 1

2!
4�

:
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4ˆw k; 1 � w k; 0•~ˆ�� • Prob. SetS s.t. w —
k; 1x A0 4sign ˆak •Ez� D � 1�w —

k; 1x C0� yx �~�

� ! 2 � 1
! ; 0� — tan � 1 ! 2 � 1

2!
2� S2 8 S3 � ! 2 � 1

! ; 0� —

� � ! 2 � 1
! ; 0� — tan � 1 ! 2 � 1

2!
2� S1 � � ! 2 � 1

! ; 0� —

� ! 2 � 1
! ; 0� — tan � 1 ! 2 � 1

2!
2� S2 8 S3 � ! 2 � 1

! ; 0� —

� � ! 2 � 1
! ; 0� — tan � 1 ! 2 � 1

2!
2� S1 � � ! 2 � 1

! ; 0� —

� ! 2 � 1
2! ; 1�

�
2 � tan � 1 ! 2 � 1

2!
4� S2 � ! 2 � 1

2! ; 1� —

� � ! 2 � 1
2! ; 1�

�
2 � tan � 1 ! 2 � 1

2!
4� S1 � � ! 2 � 1

! ; 0� —

� ! 2 � 1
2! ; � 1�

�
2 � tan � 1 ! 2 � 1

2!
4� S3 � ! 2 � 1

2! ; � 1� —

� � ! 2 � 1
2! ; � 1�

�
2 � tan � 1 ! 2 � 1

2!
4� S1 � � ! 2 � 1

! ; 0� —

� 3! 2 � 1
2! ; 1� —

�
2 � tan � 1 ! 2 � 1

2!
4� S2 8 S3 � ! 2 � 1

! ; 0� —

� � 3! 2 � 1
2! ; 1� —

�
2 � tan � 1 ! 2 � 1

2!
4� S1 � � ! 2 � 1

! ; 0� —

� 3! 2 � 1
2! ; � 1� —

�
2 � tan � 1 ! 2 � 1

2!
4� S2 8 S3 � ! 2 � 1

! ; 0� —

� � 3! 2 � 1
2! ; � 1� —

�
2 � tan � 1 ! 2 � 1

2!
4� S1 � � ! 2 � 1

! ; 0� —

Table 8: Population gradients at the second iteration for GD.

w k; 1 � w k; 0 Prob. 4Ez� D � 1�w —
k; 1x C0� yx �~� w k; 2 � w k; 1

� � 1; 0� — tan � 1 ! 2 � 1
2!

� � ! 2 � 1
! ; 0� — � � 1; 0� —

� � � 1; 0� — tan � 1 ! 2 � 1
2!

� � ! 2 � 1
! ; 0� — � � � 1; 0� —

� � 1; 1� —
�
2 � tan � 1 ! 2 � 1

2!
2� � ! 2 � 1

2! ; 1� — � � 1; 1� —

� � � 1; 1� —
�
2 � tan � 1 ! 2 � 1

2!
2� � ! 2 � 1

! ; 0� — � � � 1; 0� —

� � 1; � 1� —
�
2 � tan � 1 ! 2 � 1

2!
2� � ! 2 � 1

2! ; � 1� — � � 1; � 1� —

� � � 1; � 1� —
�
2 � tan � 1 ! 2 � 1

2!
2� � ! 2 � 1

! ; 0� — � � � 1; 0� —

Table 9: Population gradients at the second iteration for SignGD (Adam,� 1 � � 2 � 0).

Based on the updates in Table 9, we can write the signGD iterate at any timet as:

w k;t � w k; 0 � �t

¢̈
¨̈̈
¨̈̈
¨̈̈
¨̈̈
¨̈̈
¨̈̈
¨̈
¦
¨̈̈
¨̈̈
¨̈̈
¨̈̈
¨̈̈
¨̈̈
¨̈̈
¤

� 1; 0� — w.p.
tan � 1 ! 2 � 1

2!
�

� � 1; 0� — w.p.
tan � 1 ! 2 � 1

2!
�

� 1; 1� — w.p. 1
4 �

tan � 1 ! 2 � 1
2!

2�

� 1; � 1� — w.p. 1
4 �

tan � 1 ! 2 � 1
2!

2�

� � 1; 1~t� — w.p. 1
4 �

tan � 1 ! 2 � 1
2!

2�

� � 1; � 1~t� — w.p. 1
4 �

tan � 1 ! 2 � 1
2!

2�

:
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w k; 1 � w k; 0 4gk; 0~ �̂� • Prob. 4Ez� D � 1�w —
k; 1x C0� yx �~� w k; 2 � w k; 1

� � 1; 0� — � ! 2 � 1
! ; 0� — tan � 1 ! 2 � 1

2!
2� � ! 2 � 1

! ; 0� — � � 1; 0� —

� � � 1; 0� — � � ! 2 � 1
! ; 0� — tan � 1 ! 2 � 1

2!
2� � ! 2 � 1

! ; 0� — � � � 1º
2

2! 2
»

ˆ ! 2 � 1• 2 � ˆ ! 2 � 1• 2
; 0� —

� � 1; 0� — � ! 2 � 1
! ; 0� — tan � 1 ! 2 � 1

2!
2� � ! 2 � 1

! ; 0� — � � 1º
2

2! 2
»

ˆ ! 2 � 1• 2 � ˆ ! 2 � 1• 2
; 0� —

� � � 1; 0� — � � ! 2 � 1
! ; 0� — tan � 1 ! 2 � 1

2!
2� � ! 2 � 1

! ; 0� — � � � 1; 0� —

� � 1; 1� — � ! 2 � 1
2! ; 1�

�
2 � tan � 1 ! 2 � 1

2!
4� � ! 2 � 1

2! ; 1� — � � 1; 1� —

� � � 1; 1� — � � ! 2 � 1
2! ; 1�

�
2 � tan � 1 ! 2 � 1

2!
4� � ! 2 � 1

! ; 0� — � �º
2
� ˆ ! 2 � 1•~2� ˆ ! 2 � 1•»

ˆˆ ! 2 � 1•~2• 2 � ˆ ! 2 � 1• 2
; 1� —

� � 1; � 1� — � ! 2 � 1
2! ; � 1�

�
2 � tan � 1 ! 2 � 1

2!
4� � ! 2 � 1

2! ; � 1� — � � 1; � 1� —

� � � 1; � 1� — � � ! 2 � 1
2! ; � 1�

�
2 � tan � 1 ! 2 � 1

2!
4� � ! 2 � 1

! ; 0� — � �º
2
� ˆ ! 2 � 1•~2� ˆ ! 2 � 1•»

ˆˆ ! 2 � 1•~2• 2 � ˆ ! 2 � 1• 2
; � 1� —

� � 1; 1� — � 3! 2 � 1
2! ; 1� —

�
2 � tan � 1 ! 2 � 1

2!
4� � ! 2 � 1

2! ; 1� — � � 1º
2

4! 2
»

ˆ 3! 2 � 1• 2 � ˆ ! 2 � 1• 2
; 1� —

� � � 1; 1� — � � 3! 2 � 1
2! ; 1� —

�
2 � tan � 1 ! 2 � 1

2!
4� � ! 2 � 1

! ; 0� — � �º
2
� 1 2:5! 2 � 1:5»

ˆˆ 3! 2 � 1•~2• 2 � ˆ ! 2 � 1• 2
; 1� —

� � 1; � 1� — � 3! 2 � 1
2! ; � 1� —

�
2 � tan � 1 ! 2 � 1

2!
4� � ! 2 � 1

2! ; � 1� — � � 1º
2

4! 2
»

ˆ 3! 2 � 1• 2 � ˆ ! 2 � 1• 2
; � 1� —

� � � 1; � 1� — � � 3! 2 � 1
2! ; � 1� —

�
2 � tan � 1 ! 2 � 1

2!
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Table 10: Population gradients at the second iteration for Adam,� 1 � � 2 � 1.

Based on the updates in Table 10, we can write the Adam iterate at any timet as follows:
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t � ª iterations. Based on the analysis above, we can computelim t � ª
w k;t

t for each algorithm.

For GD, we have:
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For Adam with� � 0 or signGD, we have:
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For Adam with� � 1, using the results in Appendix A.3, we have:
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wherem1; : : : ; m5 are constants that satisfy0:935 B m1 B 1, 0:923 B m2 B 1, 0:84 B m3 B 1,
0:72Bm4 B1, 0:98Bm5 B1. Takings � m4 and normalizing each direction then �nishes the proof.

A.3 Auxiliary Results

Lemma 1. Given a constantr A 0 and functionf r ˆx• � x � 1� r»
x ˆ x � 1� r 2 •

, wherex C 1, it holds that

f œ
r ˆx• C0 whenx C1� r . Further, whenx >N, the minima occurs at eitherx � 1� 
 r � or x � 2� 
 r � ,

and it holds that:

min ‹ 
 r � � r»
ˆ 1� 
 r �•ˆ
 r � � r 2 •

; 1� 
 r � � r»
ˆ 2� 
 r �•ˆ 1� 
 r � � r 2 •

• B f r ˆx• B1:

The result can be obtained by examining the derivative off r ˆx• with respect tox, so we omit the
proof.
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Further, givenr 1 �� ! 2 � 1
! 2 � 1 , r 2 �� ! 2 � 1

! 2 � 1 � 1~r 1, r 3 �� 0:5r 1, r 4 �� 3! 2 � 1
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º

5
2 ,

it holds that:

0:4472Br 1 @1; 1 Br 2 @2:236; 0:2236Br 3 @0:5; 3 Br 4 B5:4721; 1:2236Br 5 B1:5:

Alternately, for a speci�c value of! , we can compute these exactly. For instance, when! � 2,
r 1 � 0:6, r 2 � 1:6667, r 3 � 0:3, r 4 � 4:3333, r 5 � 1:3.

Also, we can simplify the lower bound onf r ˆx• as follows:
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We can use this to obtain the exact lower bounds for the aforementioned intervals:

min
r
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0:9238; 1 Br @2:236;
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0:9802; 1:2236Br B1:5:

When! � 2, cˆ r 1• � 0:9713, cˆ r 2• � 0:9681, cˆ r 3• � 0:8803, cˆ r 4• � 0:7808, cˆ r 5• � 0:9936.

Lemma 2. The sumf ˆx• �� P x
� � 1

1º
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º
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º
x � 1.

Proof. To establish the bounds forf ˆx•, we can compare the sum to the corresponding integral. We
have:
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Combining both inequalities and using Using the fact that
º

x � 1 C
º

x �nishes the proof.

B Additional Experiments and Details of Settings

Figure 8: Comparison of the decision bound-
aries learned by GD and Adam with the Bayes'
optimal predictor (dashed green) across three set-
tings of our synthetic setup (details in the text).

All experiments in this section were performed on
an internal cluster with NVIDIA V100 and P100
GPUs with 32GB memory each.

We list the licenses under which various datasets
used in this work were released as follows. All the
datasets are publicly available. MNIST is released
under the CC BY-SA 3.0 license. CIFAR-10 is
released under the MIT license. The code to gen-
erate the Waterbirds dataset is released under the
MIT license. The creators of the CelebA dataset
encourage its use for non-commercial research
purposes only, but do not mention a license name.
MultiNLI is released under the ODC-By license.
CivilComments is released under the CC BY-NC 4.0 license.
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B.1 Gaussian Dataset

Additional Results. In this section, we discuss additional results for the Gaussian dataset. Across
all settings, we consider full-batch GD with a learning rate of0:1 and Adam with a learning rate
of 10� 4 and� 1 � � 2 � 0:9999. We setm � 500; � � 0:01; ! � 2 for the results in this section. In
the �nite sample setting, we considerd � 100andˆ � x ; � y ; � z • � ˆ0:2; 0:15; 0:01•. Whenn � 5000,
� � 0:2, Adam achieves0:618%better test accuracy than GD. Whenn � 30000, � � 0:25, the gap is
0:521%. In the population setting, we considerd � 10, � � 0:3, ˆ � x ; � y ; � z • � ˆ0:1; 0:1; 0:01• and
Adam achieves0:292%better test accuracy than GD. The decision boundaries learned by GD and
Adam in these three cases are shown in Fig. 8(a), (b), and (c), respectively. In Fig. 3, the test accuracy
of Adam is0:55%more than that of GD.

Figure 9: Comparison of the deci-
sion boundaries learned by GD and
Adam with the Bayes' optimal predic-
tor (dashed green) with batch size50.

Effect of Stochasticity. We repeated the experiment
in Fig. 1 with batch size50 to see the effect of
stochasticity/mini-batch training. The results are shown
in Fig. 9. We observe that the decision boundary learned
by Adam is more nonlinear than SGD and closer to Bayes'
optimal predictor. However, the decision boundary learned
by mini-batch Adam is less nonlinear as compared to full-
batch Adam.

B.2 MNIST Dataset with Spurious Correlation.

Training Details. We train a two-layer NN with width
64 using Adam or SGD with learning rates10� 3 and0:1, respectively, using batch size64. The
network is initialized as follows. Hidden layer weights are initialized with small-scale random
initialization, speci�cally from Gaussian distribution with� � 0:001~

º
d, whered is the input

dimension. Final layer weights are initialized as� 1~
º

m with equal probability and kept �xed, where
m is the hidden dimension. We train using BCE loss till the loss reaches5e� 3.

B.3 Dominoes Dataset

Dataset. The Dominoes dataset [9, 12] is composed of images where the top half of the image
shows an MNIST digit [13] from class˜ 0; 1• , while the bottom half shows an image from other
image datasets such as MNIST, Fashion-MNIST or CIFAR-10. In our case, we use CIFAR-10 [14]
images from classes̃automobile, truck• , which is the MNIST-CIFAR dataset. Fig. 1 in Qiu et al.
[11] demonstrates how the MNIST-CIFAR dataset is generated as well as more example images.

Training Details. We train both a randomly-initialized ResNet-18 and ResNet-34 model for up to
500epochs or until convergence using a batch size of 32, weight decay10� 5, initial learning rates
10� 3 for SGD and10� 4 for Adam, and a cosine annealing learning rate scheduler. We average results
across5 random seeds. The groups in the test set are balanced.

Additional Results. Following Kirichenko et al.[24], we generate datasets with spurious correlation
strengths of99%and95%between the spurious features and the target label, while the core features
are fully predictive of the label. We report the �nal average worst-group accuracies for each correlation
strength and optimizer in Table 11 and Table 12 for ResNet-18 and ResNet-34, respectively. In both
cases, training with Adam leads to signi�cantly better metrics.

Method 99%correlation 95%correlation
Original Acc. Core-Only Acc. Decoded Acc. Original Acc. Core-Only Acc. Decoded Acc.

SGD 0:00� 0:00 0:00� 0:00 60:42� 7:06 0:81� 0:38 1:66� 1:79 71:04� 0:63
Adam 0:20� 0:28 0:41� 0:55 71:37� 1:67 14:17� 3:15 20:63� 5:75 84:66� 0:18

Table 11: Worst-group accuracies for original accuracy, core-only accuracy, and decoded accuracy
for a ResNet-18 model trained using SGD and Adam.

B.4 Subgroup Robustness Datasets

Training Details. Following Sagawa* et al.[16], for the image datasets, we use the Pytorch
torchvision implementation of ResNet50 [23] which is pre-trained on the ImageNet dataset, and
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Method 99%correlation 95%correlation
Original Acc. Core-Only Acc. Decoded Acc. Original Acc. Core-Only Acc. Decoded Acc.

SGD 0:16� 0:09 0:00� 0:00 47:60� 8:55 0:24� 0:22 0:00� 0:00 59:25� 3:94
Adam 0:08� 0:11 3:32� 2:97 69:11� 3:26 9:60� 4:19 18:31� 5:32 82:68� 1:00

Table 12: Worst-group accuracies for original accuracy, core-only accuracy, and decoded accuracy
for a ResNet-34 model trained using SGD and Adam.

for the language-based datasets, we use the Hugging Facepytorch-transformers implemen-
tation of the pre-trained BERTbert-base-uncased model [22]. We report test results for the
epoch/hyperparameter setting with the highest worst-group accuracy on the validation set.

Main Results. We use batch size512 for Waterbirds and MultiNLI and1024for CelebA and
CivilComments. The results are averaged over �ve independent runs for the image datasets and four
independent runs for the language datasets. We �ne-tune until convergence, which takes7 epochs
on the language datasets,5 epochs on CelebA and100epochs on Waterbirds. Fig. 10 shows the
hyperparameters (learning rate, weight decay and momentum parameters) considered for the two
optimizers across these datasets and the worst-group test accuracies at the last �ne-tuning epoch.
Fig. 2 and Table 13 show the �nal results. For Adam, we �nd that lower values of� 1; � 2 (compared
to the default̂ 0:9; 0:999•) are generally better: the best values for each of them are10� 8 or 0:5,
across the four datasets.

Figure 10: Hyperparameter sweep for SGD and Adam optimizers on four benchmark datasets for
subgroup robustness, showing worst-group test accuracy at the last �ne-tuning epoch. We sweep the
momentum parameters (� for SGD,� 1; � 2 for Adam), learning rate (� ), and weight decay (� ).

Results with Smaller Batch Sizes. Here, following Liu et al.[57], we use a batch size of128for
the image datasets and32 for the language datasets. The results are averaged over four independent
runs, and presented in Table 14. We used the default momentum values for Adam in this setting, but
tuned the learning rate and weight decay.
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Optimizer Waterbirds CelebA MultiNLI CivilComments
Average Worst-group Average Worst-group Average Worst-group Average Worst-group

SGD 86:9� 1:09 74:35� 3:26 93:74� 0:27 67:56� 1:81 81:12� 0:22 65:92� 2:26 86:68� 0:18 62:89� 1:24
Adam 87:91� 0:52 76:04� 2:04 90:89� 1:70 77:22� 8:22 81:99� 0:32 71:18� 2:74 85:73� 0:58 66:25� 3:05

Table 13: Comparison of average and worst-group test accuracy on four benchmark datasets for
subgroup robustness, using larger batch sizes: Adam outperforms SGD. See Section 4 and Appendix B
for details.

For the image datasets, we use SGD with momentum0:9 and set the learning rate as10� 3 for
Waterbirds and10� 4 for CelebA and the weight decay as10� 4 for both datasets. For Adam, tried
learning rates̃10� 5; 10� 4• and weight decays̃10� 6; 10� 4• for both datsets. We use learning rate
and weight decay of10� 5 and10� 6 for Waterbirds, and10� 4 and10� 4 for CelebA for the �nal results.

For the language datasets, we tried the following settings. For Adam, we tried learning rates
˜ 10� 5; 2 � 10� 5• for both datasets. For SGD, we set the learning rate as10� 3 and tried momentum
values̃ 0; 0:9• . For both optimizers, we tried weight decays˜ 0; 10� 3• . For the �nal results, we set
weight decay as0 across all cases and use a learning rate of10� 5 for Adam for both datasets. The
SGD-momentum is set as0:9 for MultiNLI and 0 for CivilComments.

Consistent with the results using larger batch size, we �nd that even with smaller batch sizes, Adam
attains better worst-group test accuracy and comparable average test accuracy compared to SGD, as
shown in Table 14. However, we observe that the gains are smaller for image datasets and larger for
language datasets in this setting.

Optimizer Waterbirds CelebA MultiNLI CivilComments
Average Worst-group Average Worst-group Average Worst-group Average Worst-group

SGD 85:74� 0:34 71:95� 0:94 93:73� 0:32 67:64� 3:09 80:17� 0:78 54:38� 1:59 72:99� 1:68 43:72� 4:22
Adam 86:33� 1:09 73:44� 2:57 94:10� 1:11 68:19� 2:66 81:78� 0:16 67:21� 1:93 83:71� 0:98 69:64� 2:18

Table 14: Comparison of average and worst-group test accuracy on four benchmark datasets for sub-
group robustness, using smaller batch sizes: Adam outperforms SGD. See Section 4 and Appendix B
for details.

B.5 Boolean Features Dataset

Dataset. Formally, letdc; ds >N be the number of core and spurious features respectively,du >N
be the number of independent features that are independent of the label, and letd �� dc � ds � du be
the total dimension of the vector. For somex >˜ � 1; � 1• d, denotexc >˜ � 1; � 1• dc , xs >˜ � 1; � 1• ds ,
andxu >˜ � 1; � 1• du to be the coordinates ofx that correspond to the core, spurious, and independent
features respectively. Let� >� 0; 1� be the strength of the spurious correlation. De�ne two Boolean
functions:

f c � ˜ � 1; � 1• dc � ˜ � 1; � 1• ; f s � ˜ � 1; � 1• ds � ˜ � 1; � 1•

Next, we de�ne the distributionsDsame, Ddiff , andD� . De�ne Dsameto be the uniform distribution
over the set of points iñ� 1; � 1• d where the core and spurious features agree:

Dsame�� Unif ‰™x >˜ � 1; � 1• d � f cˆxc• � f sˆxs•žŽ

Similarly de�ne Ddiff as the uniform distribution over˜ � 1; � 1• d where the core and spurious features
disagree:

Ddiff �� Unif ‰™x >˜ � 1; � 1• d � f cˆxc• x f sˆxs•žŽ

Lastly, de�neD� as the distribution where with probability� , a sample is drawn fromDsame, and
otherwise a sample is drawn fromDdiff .

Details of Hyperparameters. We use a width20 NN with Leaky ReLU activation with0:01
negative slope and train with cross-entropy loss. We use10000training samples and5000test
samples drawn from a data distribution whered � 50; du � 41, training for 80000epochs. We

consider normal initialization with� � 0 and� �
¼

2
in_features. For each optimizer, we did a sweep

across various learning rates and picked the best performing learning rate. The results are reported
after averaging across 5 random seeds.
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