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Abstract

Adam is the de facto optimization algorithm for several deep learning applications,
but an understanding of its implicit bias and how it differs from other algorithms,
particularly standard first-order methods such as (stochastic) gradient descent
(GD), remains limited. In practice, neural networks (NNs) trained with SGD
are known to exhibit simplicity bias — a tendency to find simple solutions. In
contrast, we show that Adam is more resistant to such simplicity bias. First, we
investigate the differences in the implicit biases of Adam and GD when training
two-layer ReLU NNs on a binary classification task with Gaussian data. We
find that GD exhibits a simplicity bias, resulting in a linear decision boundary
with a suboptimal margin, whereas Adam leads to much richer and more diverse
features, producing a nonlinear boundary that is closer to the Bayes’ optimal
predictor. This richer decision boundary also allows Adam to achieve higher test
accuracy both in-distribution and under certain distribution shifts. We theoretically
prove these results by analyzing the population gradients. Next, to corroborate
our theoretical findings, we present extensive empirical results showing that this
property of Adam leads to superior generalization across various datasets with
spurious correlations where NN trained with SGD are known to show simplicity
bias and do not generalize well under certain distributional shifts.

1 Introduction

Adaptive optimization algorithms, particularly Adam [1], have become ubiquitous in training deep
neural networks (NNs) due to their faster convergence rates and better performance, particularly on
large language models (LLMs), as compared to (stochastic) gradient descent (SGD) [2]. Despite its
widespread use, the theoretical understanding of how Adam works and when/why it outperforms
(S)GD remains limited.

Modern NN are heavily overparameterized and thus the training landscape has numerous global
optima. As a result, different training algorithms may exhibit preferences or biases towards different
global optima a.k.a. implicit bias. There is extensive prior work on the implicit bias of GD [3, 4, 5, 6],
for both linear and nonlinear models (see Section 5 for a detailed discussion of related work).
However, there is limited work investigating the implicit bias of Adam. Recently, Zhang et al. [7]
showed that for linear logistic regression with separable data, Adam iterates directionally converge to
the minimum £,-norm solution, in contrast to GD which converges to minimum ¢5-norm [3]. This
difference between the implicit bias of Adam vs GD in simple linear settings motivates the central
question of this paper:

What is the implicit bias of Adam for nonlinear models such as NNs, and how does
it differ from the implicit bias of (S)GD?

Given the popularity of Adam, surprisingly little is known about the implicit bias of Adam for
training NNs. A notable exception is the recent work Tsilivis et al. [8], which characterized the
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Figure 1: Illustration of the synthetic dataset Figure 2: Training with Adam leads to better perfor-
considered in this work, and comparison of mance across different test set metrics on six bench-
the Bayes’ optimal predictor with the decision mark datasets with spurious correlations, as compared
boundaries of two-layer NNs trained with to SGD. See Section 4 for details.

Adam and GD.

late-stage implicit bias of a family of steepest descent algorithms, on homogeneous NN, in terms of
maximizing an algorithm-dependent geometric margin (¢ for signGD or Adam without momentum)
and convergence to KKT points. However, the stationary points of the respective margin-maximization
may not be unique. Additionally, this characterization does not relate the implicit bias of the algorithm
with properties of the learned solution, such as the type of features learned, or the complexity of
the decision boundary, which in turn impact its generalization. In particular, in many applications,
NNs trained with SGD are known to exhibit a simplicity bias, that is, they learn simple solutions
[9], which can lead to suboptimal generalization. For example, SGD-trained two-layer NNs rely
on low-dimensional projections of the data to make predictions [10]. This simplicity bias can be
particularly detrimental in the presence of spurious features where it is simpler for NNs trained with
SGD to utilize them to achieve zero training error.” This leads to the question: Does training with
Adam lead to solutions that are resistant to this simplicity bias?

In this paper, we answer these questions in two ways. Theoretically, we show that two-layer ReLU
NNs trained on a Gaussian mixture data setting (see Fig. 1) with SGD exhibit simplicity bias while
training with Adam leads to richer feature learning. Empirically, we demonstrate that training with
Adam can lead to better performance as compared to SGD on various benchmark datasets with
spurious features (see Fig. 2). Our main contributions are as follows.

* We identify a simple yet informative setting with mixture of Gaussians where GD and Adam
exhibit different implicit biases (see Fig. 1). The Bayes’ optimal predictor in this setting is
nonlinear (piecewise linear), and we show — both theoretically and empirically — that while
GD exhibits a simplicity bias resulting in a linear predictor, Adam encourages reliance on richer
features leading to a nonlinear decision boundary, which is closer to the Bayes’ optimal predictor.
We theoretically prove this difference in the implicit bias by analyzing the population gradients
and updates of GD and Adam without momentum (signGD). We also show that this leads to
better test accuracy in distribution as well as across some distribution shifts. Additionally, to
theoretically understand the behaviour of Adam with momentum, we analyze a simpler setting
where the variance of the Gaussians approaches 0, in the infinite width limit. We show that the
decision boundaries learned with signGD and Adam are more nonlinear (and closer to the Bayes’
optimal predictor) than the one learned with GD.

We conduct extensive experiments on various datasets and show that Adam leads to richer features
that are more robust compared to simpler features learned via SGD, allowing Adam to achieve
higher test accuracy both in distribution and under certain distribution shifts. First, we consider
an MNIST-based task with a colored patch as a spurious feature and show that compared to
SGD, training with Adam leads to a more nonlinear decision boundary, larger margins overall,
and has better generalization on a test set with flipped correlation. Next, we show that Adam
achieves better worst-group accuracy on four benchmark datasets (Waterbirds, CelebA, MultiNLI,
and CivilComments) for subgroup robustness, and better decoded worst-group accuracy on the
Dominoes or MNIST-CIFAR dataset [9], with images from CIFAR and MNIST classes as the
complex/core and simple/spurious features, respectively. Finally, we study the Boolean features

“We remark that simplicity bias may not always be detrimental; for instance, it can be beneficial for in-distribution
generalization (see Appendix C for further discussion). Our focus is characterizing and contrasting the implicit
bias of Adam vs (S)GD in terms of rich vs simple feature learning, not advocating for one to always be better.



dataset proposed in Qiu et fl1], and show that training with Adam leads to better core feature
learning as compared to SGD.

2 Setup

We consider a two-layer homogeneous neural network with xed nal layer and ReLU activation,
de ned asf "W ;x» a— "Wx «, wherex >RY denotes the input¥ >R™ 9 denotes the trainable
parametersa >~ 1™ are the nal layer weights, and™ ¢ max"0; ¢ is the ReLU activation. Let
S T Xi;yi*e[ 1 denote the set of train samples, where the Igbel 1;1¢. The model is trained

to minimize the empirical riskX"W « % Pi' 1" vif "W ;x;ee, where' denotes a decreasing loss
function. We consider two loss functions, namely logistic loss, whieze log”1 exp zes, and
correlation or linear loss, wheréze  z, for z >R. We focus on the following two update rules.

Gradient Descent. The updates for GD with step-sizeA 0 at iterationt C 0 are written as
W, 1 W; Gy, whereG; ©y "W, each row of which is written as:

n n
1 ~e ~ . 1 ~oe C\p,— ~ .
7 Q it YiOw, T WeiXie £Q "ixd TWi XiTyiXie;
i1 i1

where'{? denotes® y;f "W;x;ee for convenience, and®zs 1 zCO,forz>R
Adam. The update rule for the Adam optimizer [1] is as follows:
Wi 1 Wy Mt b A\?t 11_')( 1-2;

M 1 - . . .
ttll 1 7S 1Mt "1 ;G isthe bias-corrected rst-moment estimate,
1 1

: lé 2Vi "1 ,¢Gy b Gy is the bias-corrected second (raw) moment

whereM

Vi1
andV, 1T o1y
estimate. is the numerical precision parameter, which is séd s the theoretical results. Also,
b and” «*X denote the Hadamard product and power, respectivelyiegdndV, are initialized as
zeroes. Note that we can write

t t
M POtith and Y, P o 2th b Gt
P P
01 0 2

At each optimization step, the descent direction is different from the gradient direction because
of the entry-wise division with the second (raw) moment. Further, the rst update step exactly
matches the update of signGD, which uses the sign of the gragient G« instead of directly

using the gradienG; for the update. This is becaulséo Go and\?o Go b Gg, and hence

“Mob \’)OX 1*2-” Sggj s Sign 7" Ggej; «. Similarly, when the parameters and » are set as

0, the Adam updates are the same as signGD for evex.

Dataset. Our synthetic dataset is designed to investigate the impact of feature diversity on the
implicit biases of GD and Adam in NN training. It models two classes with differing feature
distributions to emulate real-world scenarios where feature complexity may vary between classes.
See Fig. 1 for an illustration of the dataset. Concretely, each sampje is generated as follows:

y Unif™ lee:  Unif™ 1 1)
X1 N %is2 y-2 2 27, X, N %%b~Z 2; 5Z; x; N0 Ze;lj>"3:ir50e:

The rst two dimensions contain information about the label while the rest are noisy. Our dataset
construction is inspired by the synthetic “slabs” dataset introduced by Shal{%t &\hile their
approach utilizes slab features to represent non-linearly separable components, we consider Gaussian
features instead. This modi cation enhances the realism of the synthetic data and facilitates a more
nuanced analysis of the NN training dynamics.

We rst write the Bayes' optimal predictor for this dataset when using only the signal dimensions as
follows.
Proposition 1 (Bayes' Optimal Predictor) The optimal predictor for the data in E¢L) withd 2is:

~ ° f i g g 3 2| @59_ é 72 2X2 gq0 -
1 3*X1 7 2X2 ? x 109 . exp 2 :

2 2



Figure 3: Evolution of the decision boundary (top row) and the neurons (bottom row) over time, for
GD (left) and Adam (right) with learning rat@s1 and10 * over20 000epochs of training a width
100NN with small initialization (the neurons are colored based on the quadrant they were initialized
in) using population gradients (the samples are plotted for illustration purposes) on the Gaussian data
setting (Eq. (1)) with  0:3;! 2 0:1. GD leads to a linear decision boundary, with neurons
mostly aligned with the directions 1;0 —, while Adam (with 1, 0:9999 leads to a non-linear
decision boundary, with neurons aligned with three main directiodsO —; 1;1 —; 1; 1 —, which

is closer to the Bayes' optimal predictor.

Since we consider homogeneous NNs (no bias parameter), we make the following assumption on the
data generating process to make the setting realizablesnsure that the Bayes' optimal predictor
passes through the origin.

Assumption 1 (Realizability) Let 2,
% 1Zand 3 % 1Z

! L3 C1. For realizability, 1

‘<N‘X N

Here, denotes the degree of anisotropy of the clusters, qh«torresponds to the slopes of the two
linear components of the optimal predictor.

3 Theoretical Results

In this section, we aim to theoretically analyze GD and Adam and the differences in the learned
solution arising from the update rules. For clarity of exposition we focus on a simple setting.
Speci cally, in this section, we consider the in nite sample limit, xed outer layer weights2,

and training with correlation or linear lossAs we will see later in Section 4, these algorithms learn
different solutions even when these assumptions are relaxed.

3.1 Gaussian Data

We rst obtain a closed-form of the population gradient for the Gaussian cluster data as follows. The
proof is included in Appendix A.

Proposition 2 (Population Gradient)Consider the data in Ed1)with x y , . When using
correlation loss, the population gradient for neurenis written as:

OwBWe  aE,.p 1 WX COyx

a8 “we S Twe 27 qwe o ST Twe T TWwe 27 jWeews;
1?21 121,20 .qyenn. - 1210 20 e -
Where - 2| ﬁ, ﬁ'o,...,o 3y ﬁ, ﬁ,o,...,o y 0

1;0;0;:::;0 ,and and denote the normal PDF and CDF, respectively.

Here, , denote the (normalized) mean vectors of the clusters with thhetl ¢ denotes the
mean of the cluster with labell.

Before theoretically analyzing the training dynamics of GD and Adam, we compare them empirically.
Fig. 3 shows the evolution of the decision boundary and the neurons for two-layer NNs trained with
GD and Adam using the population gradients in Proposition 2, as a function of the training epochs. We
observe that for GD (left), all neurons align in directiori; 0 —, and the learned decision boundary

is linear,i.e., the model only relies on the rst dimension to make predictions. On the other hand, for
Adam (right), neurons converge along three different directionk,0 —; % 1,17 % 1, 1 and

the learned decision boundary is piece-wise linear,the model uses both the signal dimensions.



We will now prove these results for the two optimizers in Theorem 1 and Theorem 2. First, we
leverage the gradient expression in Proposition 2 to show that gradient descent with in nitesimal step
size,i.e, gradient ow (GF) exhibits simplicity bias and learns a linear predictor.

Theorem 1. (Informal) Consider the data in E1), neurons initialized such thai 1 with

probability 0:5,d 2, « y ,and! Ac; and - A ¢, wherec;;c, are constants. Let
Wy:a limy a Wtk“ andwy.a vat v, fork > m . Then, the solution learned by gradient ow

iS: Wga ax 1,0

The proof is included in Appendix A. The main step in the proof is using the relatien
wi; w¥, wherew*  1;0 ~ and showing that

“sin g o2

dcos Wy ~
Wi Y !

— w1 — t
A dt a‘k\ALk;tW ak Wi Y Wk;th;t w* AC

whereC AQis a constant, for everyAQ. To show this, we use the fact thak,; © ,, AW e

for gradient ow, and use the population gradient from Proposition 2. Further, using Proposition 2 and
showing thativ,.; YBC't 1e for some constard AO, we prove by contradiction thain . O

ast 2 ,andhenceos : 1

Next, we analyze Adam with; , 0(signGD), and show that it learns both features resulting in
a nonlinear predictor.

Theorem 2. (Informal) Consider the data in Eq1), neurons initialized such thai 1 with
probability 0:5, small initialization scaled 2, y y ,! Acandc, B- B¢y, wherec;c; ¢,
are constants. Letvy.a lim; a Wtk?‘ andwy:a % fork > m . Let o denote the
direction ofw\.o. Then, the solution learned by signGD is:

$ol 1.1~ a AO;sin 0 AD;
Tl 4. — o .
Wie L °5 1, 1 ax AO,s!n k.0 @0;

1,0 — ax AO;sin k.o O;

a L0 ax @o:
The proof is included in Appendix A. At a high level, we leverage Proposition 2 to show that at each

t AQ, the gradient update in each of the two dimensions is nonzero and signGD updates are in the
direction sign “axe;sign “ax sin ¢ - Notably, whera, AQ, neurons are either iﬁLE 1;1 —or

in % 1; 1 —direction at each iteration. However, whap @0, the neurons point te;l—§ 1, 1—
and% 1; 1 —in alternating iterations, leading to convergence in thi 0 —direction.

These results characterize the direction in which each neuron converges asymptotically. For GF, alll
neurons are in the same direction, with exactly half the neuronk h—and 1;0 —directions,

which leads to a linear predictor. In contrast, for signGD, there is a fraction of neurons aligned
in the direction% 11 _and% 1; 1 —which leads to a piece-wise linear decision boundary.

These results explain the behaviour we observed in Fig. 3. We note that while our theoretical result
considers GF, the continuous time version of GD, it is still predictive of the behaviour we observe
for discrete-time GD with small step-size. We also observe a similar behaviour for Adam vs GD in
Fig. 1, where we consider nite samples (see Section 4 for details).

Analyzing this setting allows us to conceptually understand how Adam (without momentum) operates
and leads to rich feature learning, while GD exhibits simplicity bias. Importantly, we make no
assumptions regarding the initialization direction of the neural network parameters, ensuring that
any differences observed between Adam and GD arise solely from the inherent characteristics of the
optimization algorithms themselves. Since we analyze the population setting, these results are in the
under-parameterized regime and don't require any lower bound on the networkwidtensure
overparameterization.

Next, we show that under some conditions on the distribution parameters, the piece-wise linear
predictor learned by Adam (without momentum) obtains a strictly lower test error than the linear
predictor learned by GD. For simplicity, we assume that 2 for the following result, so that we

can write the predictor learned by Adam in a piece-wise linear form which is symmetric (with respect
to the rst dimension), using"sin .o A0 p’sin .o @0 0:5. However, even with nitem,

these probabilities concentrate well and we can expect the following to still hold.



Theorgm 3. (Informal) Consider the data in Eq1) withd 2 and! "le, é > 11,
zZ 7
- Cc T ,wherecis a constant. Consider two predictors,

Linear: ¢ sign "Xy,

. . . sign "3x; Xz if xo CO;

Piece-wise Lineary® ce. :
ece-wise Lineary OeS|gn "3X1 Xpe if Xo @O:

Then, it holds thaE"§*®x ye E ¢ x ye @0.

The proof is included in Appendix A. Note that we consider isotropic distributions () for
Theorems 1 and 2, whereas the above result on the test error applies #; 1 . This shows that
training with Adam can provably lead to better test accuracy both in-distribution and across certain
distribution shifts.

In the next section, we consider a simpli ed setting to investigate the effect of setting 1 for
Adam, which is closer to the setting used in practice, where 0:9; , 0:999

3.2 Toy Data Setting

We consider a simple yet informative setting whédre2and , , 0, which we refer to as the
toy data setting. Speci cally, the samples are generated as follows:
y Unif™ 1es; Unif™ Zee; x; %! 12, x; L 2)
This setting allows us to characterize the full trajectory of each neuron for the three algorithms,
namely GD, signGD, and Adam{ , 1). We now state our main result.
Theorem 4. (Informal) Consider the toy data in E(2), neurons initialized at a small scale, and
c1 @ @cy, wherecy;c; are constants. Let.a  limg a Wf‘ andwy.a % fork > m
112 Y
andp o Then, fom 2 | the solutions learned by GD, signGD, and Adam are shown
in Table 1, wheres is a constant 0:72; 1 , the probabilities are over the neurons, and the sign of
the rst element ofvy.a is the same asign “agxe.

GD Adam(; 2 0)orsignGD Adam(; 2 1)

$10- W.p.p

10— wp.: 2 ;?1;0— W.p.p . Lo~ w.p.
P40 w.p. 3 SL0T  wp.3 :% 11 wp.: ©
Wit r 12 o T owpl o2 FL 11T wpl B i 11T wpl o ®
oA 12 L2 T wpd 2 GeB L1T wp i 5 iedos1T wpg §

to 1 . — 1
=S 17 wpg §

a
Table 1: Solutions learned by different algorithms on the toy dataset (see Theorem 4).

Note thatp @0:5, which implies (from Table 1) that the
fraction of neurons in the directiorl; 0 —is larger for

GD as compared to Adam. Consequently, the decision
boundary learned by Adam is more non-linear. The proof
mainly relies on analyzing the updates of each algorithm,
so we defer it to Appendix A. Fig. 4 shows the decision
boundaries learned by the three algorithms, as mentioned
in Table 1. The predictor learned by Adam is more non-
linear and closer to the Bayes' optimal predictor.

We note that the difference between the predictors learned
by GD and Adam is more signi cant in the Gaussiakigure 4: Comparison of the Bayes' opti-
setting, as compared to the toy dataset. The main reaswl predictor and the predictors learned
is that in the toy dataset, there is a larger region whdrg two-layer NNs trained with GD,
the gradients are in the; 0 —direction, which makes theAdam ( 1 2 0) or signGD, and
decision boundary for signGD more linear, as well asfalam with ; 2 1 on the toy
larger region where the neurons are only active for oneddtaset (Gaussian dataset with 0).

or , which makes the decision boundary for GD more non-linear.

6



4 Experimental Results

In this section, we present experimental results across synthetic and real-world datasets showing that
GD exhibits simplicity bias while Adam promotes rich feature learning.

4.1 Gaussian Dataset

We consider the Gaussian data in Eq. (1) in this section, focusing onitasample settingwhich is

closer to practice as we train with the binary cross-entropy loss and consider Adam with momentum
parameters; , 0:9999 although the results generalize to other values as well. We consider a
small initialization scale and x the outer layer weights. Speci cally, N "0; =, anday ol

m
fork > m , where is a small constant.

Fig. 1 compares the decision boundaries learned by Adam and GD in the nite sample setting, with
the Bayes' optimal predictor (for the population version of this setting). Wa se500Q m 100Q

03! 2 x 02 , 015  0:001 and use learning rat@l and10 * for GD and Adam,
respectively. These results are similar to the population setting and show that the difference in the
implicit bias of Adam and GD is quite robust to the choice of the training setting. For comparable
train loss, the test accuracy of Adanmi82% more than that of GD in this case. We also nd that
reducing increases the accuracy gap: repeating the same experiment witk25 leads to a gap of
0:595% These results also generalize to settings whek@: withm 500 d 20and  0:25,
the gap i90:203% See Appendix B for additional results.

4.2 MNIST Dataset with Spurious Feature

In this section, we conduct an experiment to provide additional support for our theoretical results. We
construct a binary classi cation task usind 14 MNIST images, where we injecta 2 colored

patch at the top left corner of the image (to model the simple feature). One class comprises digit
0" images with a red patch, while the other has digits "1' and "2' with a green patch. We train a
two-layer NN using SGD or Adam. For test samples, we ip the patch color to check the model's
reliance on the simple feature. We also train a linear model on this task, and measure agreement
between its predictions on the test set with those of the NN trained with Adam/SGD. This serves as
the measure of the complexity of the learned decision boundary. The results are shown in Table 2.
We observe that the NN trained with Adam relies more on the digit features and generalizes better. It
also has a complex/nonlinear decision boundary, as the agreement with the linear predictor is lower
as compared to SGD. In addition, we plot the distribution of the train set margin for the two NNs as
shown in Fig. 5. We observe that the margin for Adam is generally larger compared to SGD. These
results support our theoretical ndings that SGD learns simpler features compared to Adam.

Test Agreement w/
Accuracy Linear Model
SGD 66.6 95.5
Adam 86 84

Table 2: Comparison of test accuracy

and agreement with a linear model for

atwo-layer NN trained on MNIST with Figure 5: Distribution of margins of traininget samples

spurious correlation. from the MNIST dataset with spurious correlation for a
two-layer NN trained using SGD (left) and Adam (right).

4.3 Dominoes Dataset

The Dominoes datased,[12], speci cally MNIST-CIFAR, is a binary

image classi cation task. It contains images where the top half shows

an MNIST digit [L3] from classe$ 0; 1+, while the bottom half shows

CIFAR-10 [14] images from classésautomobile, truck. The MNIST

portion corresponds to simple or spurious features, whicl9ate

correlated with the label, while the CIFAR portion is the complex or

core feature and is fully correlated. See Fig. 6 for example ima . ;

from the dataset and Appendix B for further details. %i%ﬁaié Elx;rgglferzolrr: ?r?ees

We de ne4 groups based on the labels predicted by the core or MNIST-CIFAR dataset.
spurious feature. The minority groups correspond to images where the core and spurious features



disagree, and the majority groups correspond to images where they agree. The groups in the test set
are balanced. The model can rely on the spurious feature to attain good train performance but can
only generalize well on the balanced test set if it learns to use the core feature.

In Table 3, we report the averageginal worst-group accuracy on the balanced test set, for a ResNet-

18 model (also see Appendix B, where we include results with ResNet-34 mod@désspurious
correlation). In addition, we report the average-onlyworst-group accuracy on a test set where

the spurious top half of the image is removed and replaced by a black image. This measures how
much of the core features have been learned by the model. Lastly, we also report the deecalpel
worst-group accuracy, obtained by retraining the last layer of the model using logistic regression to t

a group balanced validation dataset, and then evaluating on the original test set. This gives a better
evaluation for how much of the core features have been learned in the latent representation. We nd
that training with Adam leads to a signi cant gain across all three metrics as compared to training
with SGD.

We also remark that these results (as well as those in Fig. 2) challenge the widely held consensus that
SGD generally performs/generalizes better than Adam on imaged#@taNe use ResNet-based

models across the three image datasets and Adam leads to better worst-group accuracy across these
cases. These results show that while SGD could be better for in-distribution generalization, Adam
can be better for generalization under distribution shifts because it promotes richer feature learning.

Optimizer  Original Acc. Core-Only Acc. Decoded Acc. Optimizer TestAcc. Decoded Core Corr. Decoded Spurious Corr.

SGD 0:81 ¢:38 1:66 1.79 7104 ¢:63 SGD 8958 1.92 0:51 .08 0:78 .08
Adam 14.17 3.15 20.635:75 84.66 .18 Adam 97.87 0:69 0.87 003 0.36 0:06

Table 3: Training with Adam leads to beffable 4: Training with Adam leads to better test
ter worst-group accuracy on the original aratcuracy, decoded core, and decoded spurious corre-
core-only test sets, and after decoding, on tla¢ions on the Boolean features dataset, as compared
Dominoes (MNIST-CIFAR) datase®5%spu- to SGD, for a three-layer NN.

rious correlation), as compared to SGD, for a

ResNet-18 model.

4.4 Subgroup Robustness Datasets

We consider four benchmark subgroup robustness datasets, namely Watérdjir@elebA [17],
MultiNLI [ 18] and CivilComments 19, 20]. Each of these contains a core feature that is fully
correlated with the label, and a spurious feature that is simpler but has a lower correlation. Waterbirds
contains images of different birds on various backgrounds. The task is to classify whether the bird is
alandbird or awaterbird The background of the image is eithand or water, and is spuriously
correlated with the target label. CelebA consists of images of celebrity faces. The task is to classify
whether the hair color isBlondeor not blonde and the gender of the celebrityaleor femaleis the
spurious feature. MultiNLI contains sentence pairs and the task is to predict how the second sentence
relates to the rst, out of three classemntailmentneutral andcontradiction The spurious features
arenegation wordsvhich are often but not always associated with contradiction. The CivilComments
dataset consists of online comments and the task is to predict whether the comutoit ds
non-toxic Toxicity is spuriously correlated with the mention of variaesnographic attributes the
comments, based on gender, race, or religion.

Prior work has shown that simplicity bias can be detrimental to worst-group test performance in
the presence of spurious featur@4§][ The standard practice is to use SGD for image datasets and
Adam(W) for language datasets. However, since Adam promotes richer feature learning, it should
be more robust to spurious correlations across all datasets. Hence, we compare the performance of
SGD and Adam on these datasets, when ne-tuning a pretrained BERDase-uncased

model P2] on the language datasets, and an ImageNet-pretrained ResN&#}30ddel on the

image datasets. To ensure fair comparison, we sweep optimizer-sepci ¢ hyperparameters, namely
learning rate, momentum, and weight decay (see Appendix B for details). Fig. 2 and Table 13 in
Appendix B show the worst-group and average (group-balanced) accuracies on these datasets when
training with SGD or Adam, based on the best worst-group validation accuracy. We see that training
with Adam leads to signi cantly better worst-group accuracy as well as (slightly) better average
accuracy compared to training with SGD.



4.5 Boolean Features Dataset

In this section, we consider the synthetic Boolean features dataset proposed by Qjlldttal.
study feature learning under spurious correlation. The dataset is designed to model the presence
of two types of features: a set of complex core features with dimemkitmat are fully correlated
with the label, and a set of simple spurious features with dimertkidhat have correlation strength
> 0;1 withthe label. Therestofthd, d d. ds features are uncorrelated with the label. For
our experiments, the core and spurious features are modeled as staircase functions witldgegrees
andds @d., respectively. Degree threshold staircase functions for a Boolean imput™ 1; 1e¢
are de ned as:
1 ifxy XiXo X1X2:::Xq CO;
1 otherwise

We train a three-layer NN using SGD and Adam. We consitler50;d.  8;ds  1; 0:9.

See Appendix B for a formal description of the dataset and further details of the experimental
setting. To measure feature learning, we used the decoded core and spurious corréljtihs [

which measure the extent to which the model has effectively learned the core and spurious features.
The decoded core correlation is measured by retraining the last layer of the model using logistic
regression to t the core function and evaluating its correlations Wthn the uniform distribution,

Ex uni~ 1:1.¢. Tc Xesign"f "xes , wheref is the model. The decoded spurious correlation is
measured similarly by retraining on the spurious function and measuring the correlatidn with

the test set.

f staircase X ®

We report the results in Table 4 evaluated at the lowest comparable training loss achieved by both
optimizers. See Appendix B for the training curves and additional results. Adam records signi cantly
higher average test accuracy and decoded core correlation, as well as lower decoded spurious
correlation. This suggests that Adam's superior performance on the test set can be attributed to richer
feature learning as it encourages the utilization of the core features and forgetting or down-weighting
the spurious features. In contrast, SGD relies heavily on the simple spurious feature.

5 Related Work

In this section, we discuss related work on the implicit bias of GD, simplicity bias of NNs trained
with GD, implicit bias of Adam and adaptive algorithms, and comparison of Adam and (S)GD in
various settings.

Implicit Bias of GD.  Since the pioneering studies that identi ed the implicit bias of linear classi ers
on separable datase®], extensive research has been conducted on the implicit bias of gradient-
based methods for linear models, NNs, and even self-attention models. Wanlg &} sthows that

GD with momentum exhibits the same implicit bias for linear models trained on separable data as
vanilla GD. Nacson et a[27], Ji and Telgarsky28], Ji et al.[29] demonstrate fast convergence (in
direction) of GD-based approaches with adaptive step-sizes tg thax-margin predictor. It has

also been shown that multilayer perceptrons (MLPs) trained with exponentially tailed loss functions
on classi cation tasks, GD or gradient ow converge in direction to the KKT points of the max-
margin problem in both nite 30, 31] and in nite-width [32] networks. Additionally, Phuong and
Lampert[33], Frei et al.[34], Kou et al.[35] analyze the implicit bias of ReLU and Leaky-RelLU
networks trained with GD on orthogonal data, while Mulayoff e{2®] investigate convergence to
stable minima. Other studies focus on the implicit bias to minimize rank in regression tasks using
squared loss3y7, 38, 39]. The recent survey VardilO] includes a comprehensive review of related
work. More recently, Tarzanagh et fd.1, 42], Vasudeva et a[43] studied single-head prompt and
self-attention models with xed linear decoder and characterized the implicit bias of attention weights
trained with GD to converge to the solution of a hard-margin SVM problem.

Simplicity Bias of NNs Trained with GD. Kalimeris et al[44] empirically demonstrate that NNs
trained with SGD rst learn to make predictions that are highly correlated with those of the best
possible linear predictor for the task, and only later start to use more complex features to achieve
further performance improvement. Shah ef@].created synthetic datasets and show that in the
presence of ‘simple' and “complex’ features (linearly separable vs non-linearly separable), (two-
layer) NNs trained with SGD rely heavily on “simple’ features even when they have equal or even
slightly worse predictive power than the “complex’ features. They also show that using SGD leads to
learning small-margin and feature-impoverished classi ers, instead of large-margin and feature-dense
classi ers, even on convergence, which contrasts with Kalimeris et al. [44].



Implicit Bias of Adam and Other Adaptive Algorithms. Wang et al[45] show that homogeneous

NNs trained with RMSprop or signGD converge to a KKT point of thanax-margin problem,
similar to GD, while AdaGrad has a different implicit bias. Zhang efglshow that linear models
trained on separable data with Adam converge to thenax-margin solution. Recently Fan et al.

[46] characterized the implicit bias of steepest descent algorithms for multiclass linearly separable
data. Xie and L{47] analyze loss minimization with AdamW and show that under some conditions,

it converges to a KKT point of the: -norm constrained loss minimization.

Adamvs (S)GD. Zhou et al[48] show that SGD converges to atter minima while Adam converges

to sharper minima. Andriushchenko et [@l9] show that atter minima can correlate with better
in-distribution generalization but may not be predictive of or even be negatively correlated with
generalization under distribution shifts. Zou et[&D] study an image-inspired dataset and show that
CNNs trained with GD can generalize better than Adam. Ma ¢5&].show that adding noise to
lower or higher frequency components of the data can lead to lower or higher robustness of Adam
compared to GD. Kunstner et §2] show that the reason why Adam outperforms SGD on language
data is because the performance of SGD deteriorates under heavy-tailed class imbealawben
minority classes constitute a signi cant part of the data, whereas Adam is less sensitive and performs
better. In contrast to their focus on multiple classes and training performance, our work focuses on
generalization in a binary classi cation setting. Several wotk p4, 55 also study why Adam
outperforms SGD on attention models or Transformers.

6 Conclusion

In this work, we investigate the implicit bias of Adam and contrast it with (S)GD. NNs trained with
SGD exhibit simplicity bias, whereas we nd that training with Adam leads to richer feature learning,
making the model more robust to spurious features and certain distribution shifts. We note that richer
feature learning may not always be desirable; for instance, simplicity bias can be bene cial for better
in-distribution generalization. However, it's important to characterize and contrast the implicit bias of
Adam vs (S)GD in this context. To get a principled understanding, we identify a synthetic data setting
with Gaussian clusters and theoretically show that two-layer ReLU NNs trained with GD or Adam on
this task learn different solutions. GD exhibits simplicity bias and learns a linear predictor with a
suboptimal margin, while Adam leads to richer feature learning and learns a nonlinear predictor that
is closer to the Bayes' optimal predictor. Through theoretical and empirical results, our work adds to
the conceptual understanding of how Adam works and poses important directions for future work,
such as studying the implicit bias of Adam for other architectures, and the effect of weight decay on
simple vs rich feature learning to study the implicit bias of AdamW.
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A Omitted Proofs
The proof for Proposition 1 is as follows.

Proof. The optimal predictor can be found by solving for the following:

2

- 2 2 - 2 - 2 -
1 S X1 o1° X2 2 1 S X111 X2 2° S X1 3° X
5 EXpS —5 2 77 2 expsS —; 2 77 " expsS —5 2 >

2
2

<N

Simpli cation yields

& & 2 X s X X 2z 2
0:5S1 expS #-- expS % % 1 33 223,
Takinglog on both sides and rearranging, we get:
"1 3°Xa 2X2 : 3 : N5 S & 2 2Xo .
—— B 5% 5% 10gD5SL expS =Fieee :
X y X y y
For isotropic Gaussians, it simpli es to
~ 133 2 2 %2 5353
1 3°X1 2X2 % Iog%B:S%’I: exp%o#ZZZ

Under realizability, we get

IX 1 Xo  —log%:5%h expY%e2X2277

A.1 Gaussian Data

We can prove Proposition 2 as follows.

Proof. The population gradient can be simpli ed as follows.

E1wxCOyx FEx®xCOy 1, 1Pry 1FPr 1y 1 PrwxCO0§y 1, 1

E'x®™x COy 1 lePry 1Pr 19 1 PrwxCO0y 1; 1
E x®% xCOy 1Pry 1PrwxCO0§y 1

%“Pr wxC0y 1, 1Ex®xCOy 1, 1o PrwxCO0y 1, 1
Ex®%xCOy 1, le 2Prwx CO0§Y 1E XS X COy lee:

15



The conditional expectatiof™x “Bv—x “CQ0e can be simpli ed as follows. Let ® E"x%. Since we
canwritex® wx%W wgx%y x§ x§ we have

E'X®X®C0 EXJHXFCO0 ExJ X*COe
EwXxWSXFC0 Exe

W Ewx®BXECo E'x% E"xJ
Y Y2

w
® \— — — o -
w— S WVYZE“W X "B X FCOe:

Using a result on the mean of truncated normal distribution from Bur&€dt and that for a given
w, wx%s a Gaussian random variable, we have,

Ew X X%0  w 1A77WW;
where , w— % YwY. Then, we have
Ex®x*C0 = 1A77WWW:

Using the above, we can write the population gradieaE 1 w—x CO yx as:

0:25a°p ~ ToSwjewe p -t Toswewe 2pp" o T oosWewes;
wherep PrwxCO0y 1, 1 ~~¥.p PrwxCOy I 1 QL
pp PrwxCO0y 1 %, and " we AA%W f‘: (using the facts
that ;or anyz, = z+ “zeandl <~ ze "ze). Sim;)Iifyin;l.e exprgsi;)n then nishesDthe
proof.

Next, we state the full version of Theorem 1 and prove it as follows.
Theorem 5. (Full version of Theorem 1.) Consider the data in Ef), neurons initialized such that

ax  lwith probability0:5,d 2, x y ,! C2and ¢ - CO8. Letwya lim; a W%
andwy.a \m v, fork > m . Then, the solution learned by gradient ow in the in nite sample

setting with correlation loss is:

Wga ag 1,07

Proof. For neurorj > m , let j; denote the angle betweer); and thex-axis at iteratiort CO.
We drop the subscrigtfor convenience. Lew &, 1,0 — Then,cos ; w;w¢, . We want to

see if | tends to0 with time. Speci cally, given > ; , we want to show thai“'cl‘j;5 t AO. We
have:
adeer awiwh, agsy | wiwpwgp
2 < ~1 2 . ~ _ ~ o ~ ~ _ X ~ o ~ _ ~ o ~
fwyslif %o Wie WieZ 2 oWee gk %o Wie Wee 2 oWieZ
%%OA - Wi Wy - TWie W 2 - O_Wt‘ O_Wt' %o0" "W - “Wie 2 - O_Wt°ZZ°
2 VA[Z 1e Wz. ~ _ ~ _ ~ 21 Wi 1 Wy ~ _ ~ _ ~ Wz. ~ _
:WVtYS T2 1 thtzw %o Wie Wt°Z ﬁﬁ %o Wie Wt-Z Zwv‘itzw OWt"
a®?  sin? & 2 1 %0~ “Wie - W o7 2! cos %0 " W e ~ “WieZ 2 - Wi e
v Yy “J1z 1 ° t t 12 1sin  °° Wt Wt oWeee:

The rst and third terms are always positive, so the sign depends on the second term. We note that
the derivative i©® whenw, O0,i.e, { 0. Thisindicates that once becomed), it remains0.
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Also, using the mean value theorem, we can write;

& T2 lewgs 2w goe, & 1% lewys 2W oo, A 4l sin .
i Yo YT 2 1. 2 Y Y12 1 C =7 1.
T2 Lewpg 2W pae. T2 Lewg g 2w g ge ~ ~ .
for somec > o YA, T : WY T T . Clearly, "ce B ~ . The second term is

2 ~ .
lower bounded by =& ,2712 * cos . We now consider two cases:

Casel:;> ; ~2 or > ~2; :lInthiscasecos ; @0, so the second term, and hence the
derivative, is positive.

Case 2: > ~2; ~2:Inthis casecos ; AQ, so the second term is negative, and we have to
compare its magnitude to the other terms. Usifig ~wqe " "wieCland jw;C 1,we
have:

d cos a’? sin? | &
a L C LS

2
4w Y 2

1 ,silzcostA- 2 " e

Sincecos { Bland ~ < A0, the RHS is positive whei% C- " .

LetE™ ojle 1 o " olate
gio AO!%' SO!;l'ZAOzI *+ CO;
when ¢ CI2 7. The RHS here is a decreasing functiori ofor ! C2. The condition becomes
o CO:8.
i 3t gl oyt S oyt co

SinceE is an increasing function of bothand , and we can numerically verify th&"0:8;2e A0,
the result is true for all C2and o CO0:8.

This shows that for neuromy, a, 2% & CcC S'” % for some constar® AO.

dt Y e Y

Next, using Proposition 2, we can show that the gradients are bounded and consequently, the iterate
norm is upper bounded a#vy: YB 't 1, for some constart A 0. This glvesakm C

Coes"‘tikl" for some constarE®A0.

Next, considery 1, and supposeos i stayed below some @1 for all t. Then,”sin 2C

1 L2A0, so dcojt k. C Cofll tL.z'. Integrating both sides, we gebs ;  €0S .o CC®1

L2elog"1 te, whichdivergesas 2 ,leading to a contradiction &o0s *SB 1. The case where
ax  1follows similarly.

Hence,as 2 ,sin ¢ 0, andthusos y; sign "axe. O

Next, we state the full version of Theorem 2 and prove it as follows.

Theorem 6. (Full version of Theorem 2.) Consider the data in EL), neurons initialized such that
ay 1 with probability 0:5, andsup, Yw.oY@ ~2,d 2, « y ,! C2and0:8B - B15.
Letwia  limg o "< andwya % fork > m . Let o denote the direction af/y.o.
Then, the solution learned by signGD in the in nite sample setting with correlation loss is:

_‘?% L1~  a AO;Sin o AD;
é 1, 1~ ax AO;sin o @D,
Wy:a .
i ,0_ ax AO;sin .o O
a L0~ ax @0:

Proof. For signGD, we can analyze the gradient expression fomany

AW &S " “we S Twe 27 qWe o %o~ TWe T Twe 27 jweZws:
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Speci cally, the gradient can be in the directionl; 0 —only when 0;1 ©,, A*W .+ 0. We have:

0:1 ©, AW e &S5 —-%" Twe T TweZ sin " Twe T TWe 27 gWee
%32%&—122 "o T Twe T TWe 27 GWes;

wherec>  ~w; ~w . Consider the expression in the parenthesis. Assurﬁoé'ﬁé C1, we have:

2%4—7 "o T Twe © Twe 27 qweC28%E 7 10 "Z e 0e
28867 1o "—e "0 AC;

whenever- B 1.5 (we can check this numerically, and use the fact thia® is a decreasing function
of z C0).
Thus, the gradient is only in the 1;0 —direction whersin 0, i.e,, whenw is in that direction.

Next, we can check if there are neurons in tAe 1 —direction. We have:

1;0©WI§\AW- e iz—i%o“ TWe  ° TweZ 2 ° Gwe cosT T Twe T Twe

The expression in the parenthesis is positive as Iongi{;s% 0.5 CO04, or 312; 1 C-. Let

E” oil* o 325. We can show that it is an increasing function of botghand! . Since
E~0:8;2+ AQ, the result holds forall C2and o CO:8.

Based on these calculations, the updates are alohig 1 —directions, depending on the signaf
andsin . Speci cally, we have four cases as shown in Table 5 faand ; ; at anyt.

sign “sin (¢ sign"ae sign” 0;1©WE\AW-- sign “sin ¢ 1

+ve +ve +ve +ve
+ve -ve -ve -ve
-ve +ve -ve -ve
-ve -ve +ve +ve

Table 5: Different cases fog and ; 1 in the analysis of signGD.

Using the small initialization condition, the rst iterate is dominated by the update direatign:

W0  So, Wheresy sign “©B‘Wk;o-- , so for each coordinaie Svy.1,; C ~2 -2, hence
W1 is sign-aligned with sg. Consequently, the next update follows from Table 5, and the argument
proceeds by recursion.

This shows that whenevarA 0, the updates for neurons in the rst/second or third/fourth quadrant
are along 1;1 —or 1; 1 7, respectively. However, wheam @O0, the updates for neurons in the
rst/second or third/fourth quadrants alternate betweety 1 —and 1; 1 — Asaresult, at even
iterations, these neurons are close to thi& 0 —direction (but may not be exactly aligned due to the
initialization). However, in the limit @ | these neurons converge in this direction. O

We state the full version of Theorem 3 and prove it below.

Theorem 7. (Full versiog of Theorem 3.) Consider the data in Ef.withd 2and! > 2,12,
2

-4 > 1.1 - C0:8 T . Consider two predictors,
270

Linear: ¢ sign "xje,
Piece-wise Linearg® a9n A3X1 X2* X2 CO;
sign 3Xl Xo® X2 @):

Then, it holds thaE"§®x ye E"¢ x y* @D.

18
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. S . . . sign "ax; bxge X CO;
Proof. Linear:§ sign "ax; bx*. Piece-wise Lineag® oe.g e 2 2 .
sign "ax; bxpe Xo @O0:
’ a l. “« ’ a l. _u_ y a ;.“
E"yxy. 1 <2<0! i be <2<D! i by é 1 2;: i
4 ” y a2 b2 . ” y a2 b2 ° 2 ” y .
Whena 1;b 0, we get:
y 1 “ 1 1 “
1 <! I 1 <! Ind
" 2 o = o -
nyy. 2 » 2y . 2 A
Considering the non-isotropic case, wten 3;b 1, we have:
1 31 232 & o3 121
EYXy @ < o," 2 Stz
A 1 31 2321 1 & o3 121 1 & 121
O FEy*%ys E¢xys@; I S . 1 So*y ot 1 Sciy Lo
1, ( o 31232, &So L 21, &3 121, (oBE" I e
2 95 1, 2! S T2 AT : 0y »
where ¢ —. We can analyze the rst derivatives:
y
dE Oésa!zl' “o 0 3!232!. ”102 1. "00!21. 3A!021' ~ 0!2100
ar 212 9 1 3 1 2 = o = T2
o
121 s 121, & 3~ & 2A"31 232042 12 1.2 3121 & 27901 2 1.2 0y 2 1.2
Grot= L3Sl 5= expS g% 9 1 * STz expsS - 8z
)
S 2 1e o 121 & 3 & 2773123204279 151 2 1.2 312 1 & 22214251 %
= tEogr Sl 5 expS ¢ 81 279 1. ¢ ST 8XPS
This is positive when the following two conditions hold:
S t312 3 2062 79 10102 12 "9 214 9 412 1812 120 121 3. "9 15 214 1 21
1203 1% telZ 120 1AQ;
» o
~31 o ~31 2 ~121 | 2. - . 812 241 36 . . .
when Cc 28 Alz?;'zelL 12 ! 8 06512! 28!!3.24! % A0since! B12 B 1 implies

1223 14 62 120 1CO.Since o C0O:8 T ,and! > 2;12, we have:

3 & 27271213 14 612 120 1e 312 1. & 2214251 2%
1 =5=expsS = 81 779 1. * STz eXPS 5 *
& 0:8279 143 & 0:8254 .
Cl1 °—T0exps 50 31z EXPS =5 AC
Next, we compute the derivative wrp.
dE 1& 316232 ~g o 312832, 1%l g0t %1, FhLZPl o ~zer’ia,
do, 2 9 1 9 1 21 = — 2 = -2
o
I O L 31232 & 27 %1218 1% tel? 121 1e 312 .
o= kSl 511z 1 exps 812 "9 1. * T 7.
Since! 2C1,
o
31 232 s 37 %1218 1% tEl? 121. 1. 31?1 s 22%1% 251 %
1 5171 7 1 exps 81z "9 1 * STz expsS 212

| 2 |~ ~ 082 2 ~ .2 ~ a2
Cl o 37# exp 0-88079. 3: 5 iexp 0'82540 Cl 03 13 exp M. 3% ex

10 !'?1 70 9 80

Next, we compute the derivative wrt

p

expS 22 214 2 51 2

8! 2

~ 0:82254. AO:

LS *Oé 51! 261)272! 3 "o o0 3! 232!0 A!DZ 1 ~oo0 ! 21. 3A!02 1 ~3 0! 21..
d a “9 1. 9 1 9 1 21 = =2 = -2
o
~p 2 2 ~ — 2 2 L 2~ 2~ 3,4 ~pp 2
0l 2L ag ! 201 510 2 612 21 3e & 271218 14 cel? 121e 10
41 - -2 Sl "9 1¢ 9 1°! 2 1e 20 82 "9 1. ¢
312 1. 272214 251 2.
7 5. EXPS—"— oo
The expression in the parenthesis is lower bounded as:
1 5712 21 3 ~ 0:8279 143 ~ 0:8°54 1 577144- 21 ~ 0:8279 143 A
1 =z 8XPp “g5 31z eXp 7 *Cl @z &XP Tg o 3 eXp
O
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A.2 Toy Data

We can write the Bayes' optimal predictor in the toy setting as follows.

We consider three datapoints;ys: = 3,07 1¢," 1; 2 51eand”™ 1; » 71+, where
1; 2; 3 AO0. The optimal predictor can be found by solving the following:
» » Yo
min® X1 1°2 "Xz 2% "X1 102 "Xz 0% "Xy 3?2 X3

Solving this gives a piecewise linear function:

- N
SN}

1 3°X1  2Xa +—=2—2%; X2 A0

N

Nivo Nlon
o N

"1 3*X1 2Xo =22, X2 BO:

In the realizable setting, this is:

IX1 X2 0; x2A0
IX1 X2 0; x,BO:

We now state the full version of Theorem 4, followed by the proof.

Theorem 8(Full version of Theorem 4)Considerfv YB g~ 3! 2 1712 1o 41 %
. Wit
lim ¢ *

o
T4z t1? 12 8721 1 1 Zeandl 2 @%@ 2 2 Letwys W—ﬂwﬁn—Y,for
imy a t

11?1
neuronk > m andp all Then, fom 2 | the solutions learned by GD, signGD, and
Adam are as shown in Table 6,

GD Adam (1 2 0)orsignGD Adam (1 2 1)

w.p. p

¢ 10— wp. 2 B ¢ 10— w.p.p B w.p. 3
5507 w.p. 1 515,07 w.p. 1 wp.s §
Wice I - 1 j ol - i o — 1 p
’ R LY A R wp.1 B S 1 wp.l
orig 12 L2 wpl b 5L 1T wpg o § 1517 wplo®
s; 17 wp.z B

a2
Table 6: Solutions learned by GD, signGD and Adam (sese %heorem 4).

wheres is a constant betwedh 72 and1. In each case, the sign of the rst elemeningf= is the
same asign "age.

Proof. Letz “x;ys,andzy 5! 1;0,Z, 5! 1;2,zZ3 5! &, 2.Denethree

setsSy:S;:SzasS;  "z>S X, @0¢,S; “z>S X, A0+, S; “z>S X, @Oe.
Firstiteration. We rst analyze the gradients at the rstiteration. Consider different cases where
Wi oX COdepending on different samplgs Table 7 lists the population gradients depending on

which samples contribute to the gradient. See Fig. 7 for an illustration. Note th&n * —j

1 2 1121
tan * 7, and5 tan = 5.
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SetS S.L WX AO Pop. GradienE, p yx& >S Prob. of suchwy

1 _ tan 1!27,1
$285; 3 1.0 :
15
1 . _ 5 tan © o
Sz 7 12 2 — =
1121
— 5 tan -
S18S; 123 2 2 2
tan ! 21
S 1 50— 2
1 . _ 7 tan 1= o 1
S38S; 7 1 23 2 :
NEE
1 . _ -5 tan T
Ss 7 1 2 —

Figure 7: An illustration of the toy
Table 7: Population gradients and corresponding proba- dataset and the s8tsuch thatv, ., x A
bilities depending on the region of initialization of the 0 depending on the region of initializa-
neurons. tion.

Using the population gradients in Table 7, the updates for the different algorithms, are written as:

¢ 1121
I 2 tan -
10— wp. ——2—
121
2 tan *
10— wp —2—
1121
12 1. 1 T
. Ak o1 W.p. 3 2
GD: Wk.1 Wk ,': 129
4 12 1. 1 1 tan
E T W.p. 3 2
1! 1
o321 — 1 BT
T2 1 W.p. 7 2,
I 1
ez a4 — g n P
oy 1T wp.g 2
2
¢ _ tan ! !2| 1
1,0 W.p. 2—=—
i 2
i : I tan ! - .
signGD/Adam: Wy.1 Wyo 8k P11 W.p.% 21
i 2
i _ q tan? !2, 1
ol 17 wp.3 -

Second iteration.Next, we use these updates to analyze the second iteration. Tables 8 to 10 include
the updates at the second iteration for GD, signGD and Adam, respectively, where we use the
conditions ol and the (small) initialization scale. Speci cally, the small initialization scale helps
ensure that the gradient and the corresponding updated neuron are in the same region (in terms of
which samples contribute to the gradient for the next iteration). Using the conditibntbe updates

in rows 5 and 7 of Table 8 remain in the direction of the port®indz 3, respectively, whereas those

in rows 9 and 11 get along the direction 40 —

Based on the updates in Table 8, we can write the GD iterate at any Ahes:

121
121.4 ; ftan? A
] ,O Wp 2 2 -
2
L0 wpeg
Wit Wi et S _ oy 1121
il 1. 1 w.p 1 an 2!
i 21 =8 4
o 2
o _ 1! 1
o121, 1 fn "
o 2l ¢ 1 W.p. g 4



LWi1 Wi~ ® Prob. SeS S.t.wy X A0 4signax*E, p 1 W1 X COyx ~
Z
12 1.0 — tanl!z!1 S,8Ss 121.9—
o 2, T
1?2 1.0 — tanl!z!1 s, 121.9—
[ 2, T
!2'1_0_ tan 12!2!1 S,85S; !211.0_
I ) 1
|2|1;0_ tan 12!2!1 S, |2|1;0_
121
127, 7 tan T 12 1.4 —
I 2 o Sz 1
121 *tanl'lzL 129
5 ,l 2 a 2! Sl : ,O_
121 Etanl!;l 12 1, _
s 1 7 '2' Ss = 1
129 = tan ! Il 121
.2! : 1 2 4 2! Sl : ,O_
312 1.4 — Etanl!;l 12 1.4 —
sl 41!2-1 S, 8S3 —=:0
3!22I 1.9 — 2 ta”4 21 S, '2| 1.0—
' 121
3!22| 1. — 7 ta”Al 2 S,8S; *1.0—
' 121
3!22I 1.9 — 2 ‘a“41 2! S, 7!2' 1.0—
Table 8: Population gradients at the second iteration for GD.
Wi1 Wgo Prob. 4E; p 1w, X COYX ~  Wygp Wi
4
po— el Lo 1,0~
tan 11 12 q
10— -2 =0~ 10—
= tan 1121 12 q
11— 22 1 11—
121 )
11— 2 ‘a”; 21 12 1.0— 1,0~
121 ’
1’ 1— 5 tanz1 50 !;]__ 1— 1’ 1—
121 )
;1- 2o 12 1.0— 1,0 —

- 2 |
Table 9: Population gradients at the second iter

ation for SignGD (Adam, , 0).

Based on the updates in Table 9, we can write the signGD iterate at any disne

¢ tan 1! ‘1
51,0 w.p. —2—
i 121
tan 1-
i 14,07 wp.—2—
i 12 q
i _ tan ! -
L L1 w.p. 2
Wit Wgo T KRR
T _ . tan 57
1 1 W.p. 7 7
 tan ! !2, 1
1,1+ w.p. 7 7
. tan '’ L
. - 1 21
o 1, 1+ w.p. 3 >



W1 Wgo 49i.0~" Prob. 4E, p 1wax CO yx ~ W2 W1
Z
1,0 — 1 1.09— tan * o * 1.0 1,0~
’ | 1 2 1 1 ]
121
L 12 1. tanl'z! 12 1.~ — 1 212 .0 —
1;0 —0 5 —0 %»—WO
o 12 1.~ tanl!;l 12 1.~ — ol 212 0 —
1,0 0 2 0 37 m’o
o 12 1.4 tanl!;1 12 1.~ o
1,0 —0 7= —0 1;0
! 2 4 [
2 = tan ! 12
11— 12 1.9 2 2! 2 1.9 — 11—
' 2l 4 2l ’
2
11— 12 1.9 Etanllzgl 1> 1.09— 0 1212 012 1. 1 —
) 21 1 4 P 2 TUZ 1e2ef 12 a2
1. l_ !2 1. 1 ftan 1!;Il !2 1 1— l 1_
’ 2 4 2 ,
2
11— 12 1. 1 itanllzgl 121.0_ o “12 102 12 1 1—
! 2t 4 [ 2 12 fe~De? “12 162
1 — 312 1.4 — Etanll;l 12 1.4 — ol 42 4
L1 2! 1 4 ] 2! 1 T2 7312 1.2 712 1.2’1
11— 3121.1_ §Ian1!;l 12 1.4 — o 2512 1.5 o1 =
g 21 T 0 2 7 T2 122 12 12’
1121
- 3121, 4 — 3 tn " 121 — 1 41 2 -
1’ 1 21 1 4 21 1 075 312 1e2 "1 2 2! 1
11— 3% 1. 91— gtanl'zll 12 1.4 — o 2:512 15 R —
' 2t 4 ! ’0 2 312 1e~2e2 "1 2 142’ 1
Table 10: Population gradients at the second iteration for Adam, , 1.

Based on the updates in Table 10, we can write the Adam iterate at ant/aisrfellows:

¢
5107
ol 121" 101?1e o
h 12 102 7 1012 162
ol A!21AA1-”!A2 .
12 1.2~ 1012 1.2
0
L1
ol 5 P12 101’1 g
- 12 1e~202 ~ 1o 12 a2’
1 1
T B U B Ul L LR
- 12 1e~2e2 ~ 1o 12 a2’
ol , 371" 1012 1 .4
TT312 1.2 7 1012 1.2
o1 7312 1e2 0 1012 1. ,1_
- 312 le~2e2 ~ 1e°12 142
ol L 31217 1512 1. 1
Tt312 1.2 © 1512 1.2
a1 312 12 1012 g 1
o 7312 122 7 1012 1.2
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t 2 iterations. Based on the analysis above, we can compute W% for each algorithm.
For GD, we have:

¢ 2 — tan T 1 ’ 1
N N 1 21
i ! .0 W.p. 4 2
12 1.4 1
_— S0 wp g
lim e 2y
t a t 4r — tan 11
HE | 1. 1 2!
. | w.p. &
i 21 1 8 4
2
_ 1! 1
P2 g, 1 tan 21
o 21 ¢ 1 W.p. 3 4

For Adam with 0 or signGD, we have:

¢ tan 1: 21
£ 1,07 wp. ——2—
.q— 1
i W . 1,0 w.p. 5 L
ta t P 1— wpl T
: a2y
B . = . tan '’ !2, 1

For Adam with 1, using the results in Appendix A.3, we have:

¢ tan ! !; 1
o -0 !
i 1;0 W.p. 7
. _ tan ! |27|1
mq;0 w.p. 272
! 1
i tan !
o 0 2!
i mo,; 0 w.p. 7
tan 1L
-0 2!
1,0 w.p. > ,
i _ . tan? !2| L
lim W . Ll W.p. g 2
a t 1 1! 1
t 1 1 1 tan 21
o s T
. tan? L
0 1 2!
ms3; 0 wW.p. Z 7
i L tan 1171
i 1 ]
: my; 1 W.p. 3 7
i ; tan 11
o . - 1 2!
i oMy, 1 w.p. 3 7
1 tan ! ! 1
" -0 2!
o] m5,0 Wp Z 2

0:72Bmy4 B1,0:98Bms B1. Takings my4 and normalizing each direction then nishes the proof.
O

A.3 Auxiliary Results

Lemma 1. Given a constant A 0 and functionf,”~xe »% wherex C 1, it holds that

f ®xes COwhenx C1 r. Further, wherx >N, the minima occurs ateither 1 r orx 2 r
and it holds that:

min ¢ »—" " S e Bf,"x* B1:
1 re r r2e 2 re 1l r r2e

The result can be obtained by examining the derivativig Gks with respect tok, so we omit the
proof.

24



o

. 2 2 2 =
Further, givers {53,123 141,r3 O05r;,rs 35t rs 053 and! C12,

it holds that:
0:4472Br; @1; 1Br, @2:236 0:2236Br; @0:5; 3Brs B5:4721 1:2236Brs B1:5:

Alternately, for a speci ¢ value of , we can compute these exactly. For instance, when2,
ri 06,r; 1.6667r; 0:3,rs 43333r5 13

Also, we can simplify the lower bound dn”xe as follows:

¢ 0@ a

P21 r2e’
”—322* lae,
c’re  min« LI : 1rr . T%; 20@_@2 3:
LT et 2 3@ e
»655: 4@ @
0 e 5@ @8

We can use this to obtain the exact lower bounds for the aforementioned intervals:

$0.9354 0:4472Br @L;
£0:9238 1Br @:236
mrin Cre ,0:8443 0:2236Br @0:5;
£0:724Q0 3Br B5:4721,
50:9802 1:2236Br B1:5:

When! 2,crqe 0:9713Croe  0:968], CAI'03' 0:8803 c“r4-0 0:7808 c'rse 0:9936
Lemma?2. The sunf xe P* ;L satises2 X 2Bf°x+B2 X L

Proof. To establish the bounds fof x, we can compare the sum to the corresponding integral. We

have:
X x 1 1 0_
f’xe Q 2=Cs O —dn 2 x 1 2

X 1 x 1 o o
f’xXe Q 2=Bl1l g °9=dn 1 2 x 2 2 x I
o o
Combining both inequalities and using Using the factthat 1 C X nishes the proof. O

B Additional Experiments and Details of Settings

All experiments in this section were performed on
an internal cluster with NVIDIA V100 and P100
GPUs with 32GB memory each.

We list the licenses under which various datasets
used in this work were released as follows. All the
datasets are publicly available. MNIST is released
under the CC BY-SA 3.0 license. CIFAR-10 is
released under the MIT license. The code to gen-

erate the Waterbirds dataset is released underggsure 8: Comparison of the decision bound-

MIT license. The creators of the CelebA datas es learned by GD and Adam with the Baves'
encourage its use for non-commercial researgh® d oy Y
gtlmal predictor (dashed green) across three set-

purposes only, but do not mention a license name. ; o
MultiNLI is released under the ODC-By licens {ings of our synthetic setup (details in the text).

CivilComments is released under the CC BY-NC 4.0 license.
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B.1 Gaussian Dataset

Additional Results. In this section, we discuss additional results for the Gaussian dataset. Across
all settings, we consider full-batch GD with a learning rat®:dfand Adam with a learning rate
of 10 4 and ; > 0:9999 We setm 500, 0:0L;! 2 for the results in this section. In
the nite sample setting, we considdr 100and™ ; y; .+ ~0:2;0:150:01s. Whenn 500Q

0:2, Adam achieve®:618%better test accuracy than GD. When 3000Q 0:25, the gap is
0:521% In the population setting, we considgr 10, 03, x; y; z* ~0:1,0:1;0:01 and
Adam achieve®:292%better test accuracy than GD. The decision boundaries learned by GD and
Adam in these three cases are shown in Fig. 8(a), (b), and (c), respectively. In Fig. 3, the test accuracy
of Adam is0:55% more than that of GD.

Effect of Stochasticity. We repeated the experiment
in Fig. 1 with batch size50 to see the effect of
stochasticity/mini-batch training. The results are shown
in Fig. 9. We observe that the decision boundary learned
by Adam is more nonlinear than SGD and closer to Bayes'
optimal predictor. However, the decision boundary learned
by mini-batch Adam is less nonlinear as compared to full-

batch Adam. Figure 9: Comparison of the deci-
sion boundaries learned by GD and
B.2 MNIST Dataset with Spurious Correlation. Adam with the Bayes' optimal predic-

tor (dashed green) with batch sizé.
Training Details. We train a two-layer NN with width
64 using Adam or SGD with learning ratd® * and0:1, respectively, using batch sif&. The
network is initialized as follows. Hidden layer weights are initialized with small-scale random
initialization, speci cally from Gaussian distrikution with  0:001~ d, whered is the input
dimension. Final layer weights are initialized ab- m with equal probability and kept xed, where
m is the hidden dimension. We train using BCE loss till the loss reabhes3.

B.3 Dominoes Dataset

Dataset. The Dominoes datase®,[12] is composed of images where the top half of the image
shows an MNIST digit13] from class™0; 1+, while the bottom half shows an image from other
image datasets such as MNIST, Fashion-MNIST or CIFAR-10. In our case, we use CIFAR}10 [
images from classésautomobile, truck, which is the MNIST-CIFAR dataset. Fig. 1 in Qiu et al.
[11] demonstrates how the MNIST-CIFAR dataset is generated as well as more example images.

Training Details. We train both a randomly-initialized ResNet-18 and ResNet-34 model for up to
500epochs or until convergence using a batch size of 32, weight déayinitial learning rates

10 2 for SGD and10 # for Adam, and a cosine annealing learning rate scheduler. We average results
across random seeds. The groups in the test set are balanced.

Additional Results. Following Kirichenko et al[24], we generate datasets with spurious correlation
strengths 0D9% and95% between the spurious features and the target label, while the core features
are fully predictive of the label. We report the nal average worst-group accuracies for each correlation
strength and optimizer in Table 11 and Table 12 for ResNet-18 and ResNet-34, respectively. In both
cases, training with Adam leads to signi cantly better metrics.

Method B 99%correlation o 95%correlation
Original Acc. Core-Only Acc. Decoded Acc. Original Acc. Core-Only Acc. Decoded Acc.
SGD 0:00 0.00 0:00 0.00 60:42 7.06 0:81 o:38 1:66 1.79 71:.04 o.63
Adam 0:20 o:28 0:41 o:55 7137 1.67 14:17 3.15 20:63 5.75 84:66 o.18

Table 11: Worst-group accuracies for original accuracy, core-only accuracy, and decoded accuracy
for a ResNet-18 model trained using SGD and Adam.

B.4 Subgroup Robustness Datasets

Training Details. Following Sagawa* et al[16], for the image datasets, we use the Pytorch
torchvision implementation of ResNet5@§] which is pre-trained on the ImageNet dataset, and
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Method o 99%correlation o 95%correlation
Original Acc. Core-Only Acc. Decoded Acc. Original Acc. Core-Only Acc. Decoded Acc.
SGD 0:16 .09 0:00 ¢.00 47:60 g.55 0:24 o.22 0:00 .00 59:25 3.94
Adam 0:08 .11 3:32 5.97 6911 3.06 9:60 4:19 1831 5.3 82:68 1.00

Table 12: Worst-group accuracies for original accuracy, core-only accuracy, and decoded accuracy
for a ResNet-34 model trained using SGD and Adam.

for the language-based datasets, we use the Huggingoytareh-transformers implemen-
tation of the pre-trained BERBert-base-uncased model 22]. We report test results for the
epoch/hyperparameter setting with the highest worst-group accuracy on the validation set.

Main Results. We use batch sizB12 for Waterbirds and MultiNLI andL.024 for CelebA and
CivilComments. The results are averaged over ve independent runs for the image datasets and four
independent runs for the language datasets. We ne-tune until convergence, which ¢glcehs

on the language datasefsepochs on CelebA antD0 epochs on Waterbirds. Fig. 10 shows the
hyperparameters (learning rate, weight decay and momentum parameters) considered for the two
optimizers across these datasets and the worst-group test accuracies at the last ne-tuning epoch.
Fig. 2 and Table 13 show the nal results. For Adam, we nd that lower values pf, (compared

to the defaulf 0:9; 0:999) are generally better: the best values for each of themi@r&or 0:5,

across the four datasets.

Figure 10: Hyperparameter sweep for SGD and Adam optimizers on four benchmark datasets for
subgroup robustness, showing worst-group test accuracy at the last ne-tuning epoch. We sweep the
momentum parameters for SGD, ;; , for Adam), learning rate (), and weight decay ().

Results with Smaller Batch Sizes. Here, following Liu et al[57], we use a batch size @R8for

the image datasets aB@ for the language datasets. The results are averaged over four independent
runs, and presented in Table 14. We used the default momentum values for Adam in this setting, but
tuned the learning rate and weight decay.
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Optimizer Waterbirds CelebA MultiNLI CivilComments
Average  Worst-group  Average  Worst-group ~ Average  Worst-group  Average  Worst-group
SGD 86:9 1.09 74:35 3.6 9374 427 6756 1.81 81:12 o.22 6592 .06 86.68 .18 62:89 1.04
Adam 8791 .52 76:04 5.04 90:89 1.70 77:22 g.22 81:99 .32 71:18 5.74 85.73 o:58 66:25 3.05

Table 13: Comparison of average and worst-group test accuracy on four benchmark datasets for
subgroup robustness, using larger batch sizes: Adam outperforms SGD. See Section 4 and Appendix B
for details.

For the image datasets, we use SGD with momerfitBrand set the learning rate a 3 for
Waterbirds and.0 # for CelebA and the weight decay &8 “ for both datasets. For Adam, tried
learning rate§10 °;10 4 and weight decays10 ;10 #« for both datsets. We use learning rate
and weight decay of0 ° and10 © for Waterbirds, and0 # and10 # for CelebA for the nal results.

For the language datasets, we tried the following settings. For Adam, we tried learning rates
~10 ;2 10 5 for both datasets. For SGD, we set the Iearnin% ratBdasand tried momentum
values™0; 0:9+. For both optimizers, we tried weight decay 10 °«. For the nal results, we set
weight decay a across all cases and use a learning rate0ot for Adam for both datasets. The
SGD-momentum is set &9 for MultiNLI and 0 for CivilComments.

Consistent with the results using larger batch size, we nd that even with smaller batch sizes, Adam
attains better worst-group test accuracy and comparable average test accuracy compared to SGD, as
shown in Table 14. However, we observe that the gains are smaller for image datasets and larger for
language datasets in this setting.

Optimizer Waterbirds CelebA MultiNLI CivilComments
Average  Worst-group  Average  Worst-group  Average  Worst-group  Average  Worst-group
SGD 8574 0:34 7195 0:94 9373 0:32 67.:64 3:09 80:17 0:78 54:38 1:59 72:99 1:68 4372 4:22
Adam 86:33 1.09 7344 ,.57 94:10 1.1 6819 566 8178 016 67:21 1.93 8371 o.98 69:64 ;.15

Table 14: Comparison of average and worst-group test accuracy on four benchmark datasets for sub-
group robustness, using smaller batch sizes: Adam outperforms SGD. See Section 4 and Appendix B
for details.

B.5 Boolean Features Dataset

Dataset. Formally, letd.; ds >N be the number of core and spurious features respecttyeyN

be the number of independent features that are independent of the label,énddet ds dy be

the total dimension of the vector. For some™ 1; 19 denotex, >~ 1; 1e% x¢ >~ 1; 1e9,
andx, >~ 1; 1% to be the coordinates af that correspond to the core, spurious, and independent
features respectively. Let> 0;1 be the strength of the spurious correlation. De ne two Boolean
functions:

fo ~ 1 1e% 71 de; fg 7 L 1e% 71 1e

Next, we de ne the distributionB same Dgit, andD . De ne Dgameto be the uniform distribution
over the set of points it 1; 1¢9 where the core and spurious features agree:

Deame Unif%of™>" 1; 19 . "Xco o Xg02Z

Similarly de ne Dy as the uniform distribution ovér 1; 1% where the core and spurious features
disagree:

Dair~ Unif %>~ 1; 109 £ "Xco X f5 X022
Lastly, de neD as the distribution where with probability, a sample is drawn frorDs4me and
otherwise a sample is drawn froDn .

Details of Hyperparameters. We use a widti20 NN with Leaky RelLU activation witt0:01
negative slope and train with cross-entropy loss. We1@#00training samples an8000 test
samples drawn from a data distribution Whelrg4 50;d, 41, training for80000epochs. We

consider normal initialization with 0 and ms For each optimizer, we did a sweep

across various learning rates and picked the best performing learning rate. The results are reported
after averaging across 5 random seeds.
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