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Abstract
Imaging inverse problems aim to recover high-dimensional signals from undersam-
pled, noisy measurements, a fundamentally ill-posed task with infinite solutions
in the null-space of the sensing operator. To resolve this ambiguity, prior in-
formation is typically incorporated through handcrafted regularizers or learned
models that constrain the solution space. However, these priors typically ignore
the task-specific structure of that null-space. In this work, we propose Non-Linear
Projections of the Null-Space (NPN), a novel class of regularization that, instead of
enforcing structural constraints in the image domain, promotes solutions that lie
in a low-dimensional projection of the sensing matrix’s null-space with a neural
network. Our approach has two key advantages: (1) Interpretability: by focusing
on the structure of the null-space, we design sensing-matrix-specific priors that
capture information orthogonal to the signal components that are fundamentally
blind to the sensing process. (2) Flexibility: NPN is adaptable to various inverse
problems, compatible with existing reconstruction frameworks, and complemen-
tary to conventional image-domain priors. We provide theoretical guarantees on
convergence and reconstruction accuracy when used within plug-and-play methods.
Empirical results across diverse sensing matrices demonstrate that NPN priors
consistently enhance reconstruction fidelity in various imaging inverse problems,
such as compressive sensing, deblurring, super-resolution, computed tomography,
and magnetic resonance imaging, with plug-and-play methods, unrolling networks,
deep image prior, and diffusion models.

1 Introduction
Inverse problems involve reconstructing an unknown signal from noisy, corrupted, or undersampled
observations, making the recovery process generally non-invertible and ill-posed. This work focuses
on linear inverse problems of the form y = Hx∗ + ω ∈ Rm, where x∗ ∈ Rn is the target high-
dimensional signal, H ∈ Rm×n is the sensing matrix (with m ≪ n), y ∈ Rm represents the
low-dimensional measurements, and ω ∼ N (0, σ2I) is additive Gaussian noise. Numerous imaging
tasks rely on this principle, including image restoration—such as deblurring, denoising, inpainting,
and super-resolution (SR) [21] (structured Toeplitz sensing matrices)—as well as compressed sensing
(CS) [61, 4] (dense sensing matrices) and medical imaging applications like magnetic resonance
imaging (MRI) [36] (undersampled Fourier matrices) or computed tomography (CT) [59] (Radon
matrices). The challenge on the recovery task lies in the ill-posed nature of the inverse problem due
to the non-trivial null-space of the sensing matrix H leading to infinite solutions. Therefore, there
is a need to incorporate a signal prior to the reconstruction framework. Under this idea, variational
approaches formulate the signal estimator as

x̂0 = argmin
x̃

g(x̃) + λh(x̃) (1)

where g(·) is the data fidelity term and h(·) is a regularization function based on some prior of x∗.
*Equal contribution.
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Figure 1:Geometric comparison of subspace–prior learning versus direct reconstruction in aR3 toy example.
(a) In the low–dimensional projection space, the learned mappingG� (y ) trained on points inside the unit circle,
closely matches the true null–space projectionSx � for both training (solid) and test (semi-transparent) inputs,
whereas the direct–reconstruction estimate~x 0 projected intoS is signi�cantly inaccurate.(b) In the original
signal domain, the measurementsHx � = y de�ne two intersecting planes.

One of the most common priors in imaging inverse problems is sparsity, which assumes that images
are compressible in a given basis [4]. Other widely used priors include low-rank structures [17] and
smoothness priors [19]. Additionally, plug-and-play (PnP) priors [55], which traces back its roots
from proximal algorithms [40], where these operators, usually de�ned by analytical models of the
underlying signals [61], are replaced by a general-purpose image denoiser [51]. This approach allows
the integration of classical image denoiser [37] such as BM3D [14], NLM [ 2], RF [16] and current
deep learning (DL) denoisers [62]. The idea behind DL-based denoisers is to train a deep neural
network (DNN) that maps from the noisy observation to the clean image [3, 53, 52, 24, 23]. Another
learning-based approaches are based on the null-space ofH by embedding the sensing operator's
structure directly into learned networks. In particular, Null-Space Networks exploit the decomposition
of a signal into measurement and null-space components, learning a corrective mapping over all null-
space modes to enhance interpretability and accuracy [45]. To improve robustness to measurement
noise, [6] introduced separate range-space and null-space networks that denoise both components
before recombination. Variants of this range–null decomposition have been applied in diffusion-
based restoration [11, 57, 58], GAN-prior methods [56], algorithm-unrolling architectures [5], and
self-supervised schemes [7, 10], consistently leveraging the full null-space projector to achieve
high-�delity reconstructions.

However, existing learned priors typically promote reconstructions that lie within the subspace
spanned by clean training data, without explicitly accounting for the null-space of the sensing
matrix H . While the data �delity termg(~x) enforces consistency with the measurements, it does
not suf�ciently constrain the null-space components of the solution, especially in the presence of
noise, often resulting in suboptimal reconstructions. In this work, we introduce a novel class of
regularization, termedNon-Linear Projections of the Null-Space(NPN), which directly promotes
solutions within a low-dimensional subspace of the null-space ofH that is, within the space of vectors
orthogonal to the rows ofH . Our method identi�es a compact subspace of the null-space by selecting
only the most informative directions and trains a neural network to predict their coef�cients directly
from measurements. By restricting corrections to this learned subspace, we concentrate regularization
on unobserved features most predictive of the true signal. This subspace plays a critical role in
addressing the ill-posedness of inverse problems, where conventional methods often struggle due to
the lack of constraints in directions invisible to the measurement operator. To enable this, we design a
projection matrixS whose rows lie in the null-space ofH , constructed using either orthogonalization
techniques or analytical designs depending on the structure ofH . A neural network is trained to
estimate this null-space projection from the measurementsy , providing a non-linear prior that is both
data-adaptive and model-aware. We further propose a joint optimization framework in which both
the projection matrixS and the network are learned simultaneously, allowing the projection matrix to
adapt during training in a task-speci�c manner.

Our approach offers two key advantages for imaging inverse problems: interpretability and �exibility.
Interpretability: By leveraging a non-linear neural networkG� to learn a projection onto a low-
dimensional subspace within the null-space ofH , we focus on recovering signal components that
lie outside the range of the sensing matrix. Learning this projection, rather than directly estimating
the full signalx � , reduces complexity through dimensionality reduction while maintaining a clear
connection to the geometry of the inverse problem.Flexibility: the learned prior can be readily
incorporated into a wide variety of reconstruction algorithms and image priors that can be adapted
to other imaging inverse problems. To illustrate the interpretability advantage, Figure 1(a) shows
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