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Abstract

What is the shortest path between two data points lying in a high-dimensional
space? While the answer is trivial in Euclidean geometry, it becomes significantly
more complex when the data lies on a curved manifold—requiring a Riemannian
metric to describe the space’s local curvature. Estimating such a metric, however,
remains a major challenge in high dimensions.

In this work, we propose a method for deriving Riemannian metrics directly
from pretrained Energy-Based Models (EBMs)—a class of generative models that
assign low energy to high-density regions. These metrics define spatially varying
distances, enabling the computation of geodesics—shortest paths that follow the
data manifold’s intrinsic geometry. We introduce two novel metrics derived from
EBMs and show that they produce geodesics that remain closer to the data manifold
and exhibit lower curvature distortion, as measured by alignment with ground-truth
trajectories. We evaluate our approach on increasingly complex datasets: synthetic
datasets with known data density, rotated character images with interpretable
geometry, and high-resolution natural images embedded in a pretrained VAE
latent space. Our results show that EBM-derived metrics consistently outperform
established baselines, especially in high-dimensional settings.

Our work is the first to derive Riemannian metrics from EBMs, enabling data-
aware geodesics and unlocking scalable, geometry-driven learning for generative
modeling and simulation.

1 Introduction

What is the shortest path between two data points in a high-dimensional space? In Euclidean geometry,
the answer is a straight line. But in modern machine learning, where data often lies on unknown
curved manifolds within a high-dimensional space, straight lines slice through regions without data
(see linear interp. in Fig. [I). Capturing the true geometry of data is therefore critical in fields
where distance-based analyses depend on underlying structure, such as vision [1H3], language [4} 5],
biology [6], and cognitive science [[7,8]]. Riemannian geometry offers a principled way to navigate
these spaces by introducing a smoothly varying local metric, the Riemannian metric, which encodes
how space bends and stretches [9]. Within this framework, the shortest path between two points is no
longer a straight line, but a geodesic—a curve that follows the intrinsic curvature of the manifold.
Computing geodesics requires knowing the underlying Riemannian metric, but estimating such a
metric for complex, high-dimensional data remains a major challenge in machine learning.

*Equal contribution.
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A promising strategy for deriving Riemannian metrics is to take a data-driven approach—learning
the metric directly from the data itself. This approach estimates the data density and turns it into
a Riemannian metric that contracts high-density regions and dilates low-density ones, aligning the
geometry with the data manifold [10] (see § [2]for more details). Existing methods, such as kernel-
based estimators [11]], normalizing flows [12]], and density-based constructions [[13]], have succeeded
in low-dimensional settings. However, their performance often degrades in high dimensions, where
sparse local sampling makes it hard to capture reliable geometric structure [14} [15]. Meanwhile,
recent advances in generative Al [[16H18]] have produced models capable of capturing complex data
distributions in high-dimensional spaces with remarkable accuracy. If these models can learn the
data distribution, can they also reveal its underlying geometry?

In this article, we answer affirmatively by Sample:
proposing to derive Riemannian metrics from h Endpoints
pretrained Energy-Based Models (EBMs) [16] Geodesics
19, 20]. EBMs are a flexible class of gen- ; a | Dataset
erative models that define an energy function e -J

E , parameterized by a neural network, as- . " [Trajectory:
signing low energy to likely data points (i.e., N F %‘rs

p (X) Z exp( E (x))).We show that the en- — G
ergy landscape of an EBM encodes a rich geo- \\ GR;F
metric structure and can be leveraged to derive S\

effective Riemannian metrics. Specifically, we - = Lin. Inter

introduce two novel conformal Riemannian met- .
rics—metrics that scale the identity by a pos- n
itive scalar function: Gg proportional to the
energy itself, and G-, , proportional to the in-

verse unnormalized density. We evaluate both
against established alternatives (Grgr [13]]

and [L1]) across datasets of increasing
complexity—from toy distributions with known
geodesics (see §[4.2)), to rotated character images  Figure 1: Geodesics visualization for the URC
where the manifold structure is partially known dataset. Trajectories and samples are projected in
(see §@, and ﬁnally to high—dimensional nat- the PCA space for visualization.

ural images where no ground truth geometry is

available (see §@. Throughout this work, we

adopt the common choice of equipping the data space with a density-based Riemannian metric,
thereby defining the geometry of the manifold in terms of data concentration. We show that EBM-
based metrics yield geodesics that (i) remain closer to the data manifold and (ii) better reflect its
intrinsic curvature (see Fig.|l|for a visualization of the geodesics).

Overall, our contributions are summarized as follows:

* We propose a novel framework based on pretrained Energy-Based Models (EBMs) to derive
Riemannian metrics. In particular, we introduce two novel conformal metrics Gg and G-, ,
based on the data log-likelihood and data density, respectively.

* We demonstrate that these EBM-derived metrics yield geodesics that remain closer to the data
manifold and better reflect its curvature.

* We show that the proposed EBM-based metrics scale more robustly than prior approaches.

By grounding Riemannian metrics in generative Al, we hope to initiate a new paradigm for under-
standing and navigating the hidden geometry of high-dimensional data spaces.

2 Related Work

The many facets of data geometry: A variety of approaches have been proposed to study the
geometry of data:

* Information Geometry: This historical approach is rooted in the work of Rao [21]] and Amari
[22]. Tt connects statistics and differential geometry by interpreting the Fisher information [23]]
as a Riemannian metric on the manifold of parameters of a statistical model. In contrast, our



work derives Riemannian metrics directly from the data space using the energy or the likelihood
of an EBM.

* Data-Space induced metrics: Closer to our work, this approach estimates Riemannian metrics
directly from samples. The LAND metric [11] derives a local metric tensor from the empirical
covariance of nearby points. The RBF metric [[13] defines a conformal metric using an RBF
network trained as a parametric KDE, learning centres, widths, and weights so its output forms
an unnormalised data density. Both serve as baselines in our study (see § 4.1)) and have recently
been used for geodesic fitting via flow matching [24]. The (unpublished) work of Perone [25]]
was also a key inspiration, proposing to build metrics from the score function of a generative
model—an idea also explored by Diepeveen et al. [26].

* Latent-Space induced metrics: Another line of work uses pullback geometry [27H32]], mapping
the Euclidean metric from a network’s latent space to the data space—typically through the
Jacobian of a VAE encoder [33]. While our method operates in the latent space of a VAE
in high-dimensional settings, the metric is derived from the energy of the EBM and remains
independent of the VAE encoder.

* Generative modeling on a pre-defined manifold: Recent approaches such as flow-based mod-
els [34} 35]] and Schrodinger bridges [36)[37] learn transport paths between distributions, some-
times defined over Riemannian manifolds [38-41]]. These methods assume a known, fixed
manifold geometry (e.g., a hypersphere) and design generative models to operate within that
structure. In contrast, our approach starts from a generative model—an EBM—and derives the
Riemannian metric itself from the model, allowing the geometry to emerge from the data.

For a more detailed review of the related work (including topological data analysis, symmetries,
computer graphics, or metric learning), see Supp. [A]and [42, [14].

Energy-Based Models (EBMs): EBMs, trained via maximum likelihood [16] (see § [3.2), are
particularly well-suited for deriving Riemannian metrics. Their contrastive training, combined with
Langevin dynamics sampling, encourages learning a global energy landscape that assigns meaningful
values across the entire ambient space, including regions far from the data manifold. In contrast,
normalizing flows [43] are limited by their invertible architecture [44, |45]] and tend to perform
poorly on out-of-distribution data [46]], sometimes leaking probability mass outside the support [47].
EBMs trained with diffusion losses [48]] or distilled from diffusion models [49]] generate high-quality
samples, but their energy function depends on a time-indexed noise scale, limiting them to local rather
than global energy landscapes. This makes them unsuitable for defining a consistent Riemannian
metric. Prior work has used the global energy landscape of EBMs trained via maximum likelihood
for trajectory planning in robotics [50], though not in the context of geodesics.

3 Method

Notation: Scalars are denoted by plain lowercase (e.g., X), vectors by bold lowercase (e.g., X 2 RP),
and matrices by bold uppercase (e.g., X). Let | be the identity matrix of RP*P. SP_ is the set of
symmetric D D positive definite matrices. Let M be a Riemannian manifold, with tangent space at
X2 M dgnoted T,M. Herein, we assume that M is embedded in a D-dimensional Euclidian space
(M R").

3.1 A primer on Riemannian geometry

A Riemannian manifold (M; G) is a smooth manifold M (i.e., a set locally homeomorphic to RP)
equipped with a Riemannian metric G : M ¥ SP, . G defines a smoothly changing inner product
on the tangent space TX/Vl at each point X 2 M : hu; Viy = uTG(x)v, with u;v 2 TX/Vl [9]. The
length of a curve :[0;1] ¥ M linking two points Xg = (0) and X3 = (1) (X0, X1 2 M), is
measured as: Z,

L()= . h_(1); _(Di dt: ey

In Eq.[1} _(t) denotes the velocity vector of the curve (t), which lies in the tangent space at that
point (i.e., () 2T /‘(’t‘)). The minimizer of Eq. is called a geodesic; it represents the (locally)
shortest path between Xg and X1. In this work, we minimize the kinetic energy functional instead of
the length (see Eq. 2). Although both functionals yield the same geodesics up to a parametrization,



minimizing the kinetic energy functional results in a constant Riemannian speed parameﬁ].ization
This property simpli es optimization and improves numerical stability [9, 13].
Z,

() =argmin E[] s.t. E[]= % : hay, @i ¢ dt )

In the Euclidean casé{= R P, G(x) = | ), Eis equivalent to the kinetic energy of a unit-mass
particle moving along (t), hence the name kinetic energy functional.

To avoid the computational cost of solving Et]q 2 for each new (airx1) at inference time, we
follow [24] and approximate the geodesic with a neural interpolan{with parameters ).

Xt =X o+tx ¢ +2t(11) (XosX1;0): ®)

This parameterization satis es the boundary conditiotis Ex o, X1. =x 1). INEQ[3," serves as

a nonlinear correction to the linear path, allowing the learned path to bend toward the data manifold.
We train a single interpolant network over batches of random endpoint pairs so it can approximate
geodesics between arbitrary points (see Algo. 1). Intuitively, our geodesic interpolant begins with a
straight line between the endpoints and uses a neural network to compute a smooth curvature relative
to this baseline—bending the path toward regions of higher data density, much like pulling a string
taut over a curved surface that re ects the geometry of the data. Unlike Kapusniaf2di]alvho use

full autodifferentiation to compute;. , we opt for nite difference instead. We found this approach
more stable and accurate when using a ne-time discretization.

Although Algo. [1 approximates xjgqrithm 1: Training geodesic interpolant
geodesics for a given metrig, the

trajectories may initially deviate from INPut: Endpoints pairs: (fxg, fx 19), Interp. net.: * ,
the data manifold—especially early  Metric: G, Time steps: T

in training, when they are initialized 9t=+1-» t=[0:1:d]

as straight lines in the ambient spacw@hile training do

However, if (i) the eigenvalues @ Xo fX ogandx, fx 1g ##sample batch of pairs
are large when off-manifold and (i) | Xt =(1 X o+tX 1 +2t(1 t)'  (Xo;X1;1)
small when on-manifold, then the Xy = Xtr1;, X ## nite difference

interpolated pointsx; are progres-
sively drawn toward the manifold S

during optimization [24, [13. In LO =E xoxu > X G(X¢ )xy dt
other words, an effectiv& should ) t=0

penalize off-manifold directions and | Update using gradientr L

encourage paths through high-density

paths, steering the geodesics along true data geometry. This insight suggests that de ning the
metric as a decreasing function of the data probability (&) / p(x) ' 1) can effectively

steer trajectories toward high-density regions. In practice, however, the true data distribution is
unknown and only observed through samples. In this work, we use an EBM to approximate the data
distribution.

dt

3.2 Energy-Based Models

R
Letpw be the true data distribution supported on the manikbldsuch that . pwv (x)dx=1 .In

practice, we do not have accesgtp directly, but only to a nite set of sample3 = fx ;gl; drawn
from it. These samples de ne the empirical distributign, pvhich we use to train our models.

Energy-Based Models (EBMs) provide a exible framework for modeling complex, unnormal-
ized probability distributions—making them particularly well-suited for data concentrated on low-
dimensional manifolds. Here we de ne the energy functior{x) 2 R , parameterized with a neural
network with weights . This energy induces a probability distribution of the form:

z

exp E (x) where Z()= exp E (x) dx )

Z()

?With length xed, the strictly convex enerdy = %
ity—only when the speed v(t) is constant.

p(x)=

Ry

2 L L
o V(Y “dt attains its minimum—by Jensen's inequal-



Our goal is to train the EBM so that approximates the data distributipg . To do so, we minimize
the negative log-likelihood w.r.t to the empirical distributiobj. () = E x p o[ logp (X)].
Although the partition functioZ () is intractable, previous works have shown that the gradient of
this objective can be estimated without computt{g explicitly [51, 52] (see Supp. B.1 for the
demonstration), a loss known as contrastive divergence:

rlue Exepo[E X)) Ex p [E (X)) (5)

wherex* are data samples and are samples drawn from the model distributrusing Langevin
dynamics. We adopt the training procedure I8][ which is known to scale well (see Supp. B for the
full pseudo-code). From this point on, we refer to &s a pre-trained energy function.

EBM can be hard to train in high-dimensional pixel space, especially because of the sampling
procedure$3-55]. For complex tasks, we follow standard practice and operate in the latent space of
a pretrained VAE%6], where all baselines are evaluated for fairness. To improve the EBM training
training stability, we regularize the contrastive divergence loss with a denoising term, which preserves
the global structure of the energy landscape while enhancing convergence—a technique we nd both
effective and broadly applicable.

3.3 EBM-derived Riemannian Metrics

Here, we describe the EBM-derived metries , G-, . For details on the baseline Riemannian

metrics ,Grar , See §4.1. To ensure a fair comparison —and following standard practice in
the eld [42, 57, 58]— all metrics are cast using a shared parametric form:
h(x) + forG ¢ ;
G(x) =
®= (heo+) b oGy, ; Grer

whereh(x) is a metric-speci ¢, positive-de nite function (either scalar, diagonal, or matrix), and

, are calibration constants. These constants are chosen so that the metric scalétte data
manifold and tal0® | in low-density regions This allows fair comparison across metric choices
without introducing signi cant sensitivity to hyperparameter tuning. Further details about the metric
calibration procedure are provided in Supp. C.1. Importantly, all EBM-derived metrics are conformal,
they take the form(x)l , where is a scalar function. In other words, they scale the identity matrix
uniformly in all directions, resulting in isotropic metrics:

G g de nes a Riemannian metric by directly scaling the raw energy of a pretrained EBM. This is
the simplest —yet surprisingly effective—formulation we consider:

Ge(=C E (Q+) I (6)
Intuitively, high-energy (low-density) regions receive a larger metric, penalizing movement away

from the data. Note that Eis an af ne rescaling of the negative log-likelihood loggp.
G 1, leverages the inverse of an unnormalized probability estimate:

Gip ()0=( exp(E  ()+) * & O
Compared tds ¢ |, this metric applies an inverse to a decreasing exponential, forming a strong
barrier against low-density regions. It stays small near the data manifold but rises sharply elsewhere,
acting as a repulsive force. Its key advantages are: (i) a clear probabilistic interpretation via the
unnormalized density, and (ii) direct comparabilityto andGRrgr as they share the same
inverse form.

In the next section, we introduce the baseline Riemannian metrics used for comparison. We also
empirically evaluate their behavior across datasets of increasing complexity, focusing on how they
capture the underlying manifold and shape geodesic paths.

4 Experiments

4.1 Baseline Riemannian Metrics

Grer [13 24 and [17] are established metrics from the Riemannian geometry literature:

3Note that this multiplicative factor amounts to a change of unit, to ensure reasonable scaling of the lengths,
but the induced geodesics are only determined by the ratio = .



, also known as the LAND metrid [l], is a nonparametric Riemannian metric that adapts
to the local geometry of the dataset. Around each pojittestimates a Gaussian distribution by
weighting all data points fxglY, according to their distance to x:

=(diagth(x))+ 1) ! sth? (x)= x9 x 0)2exp L; 2'”

i=1

(8)

Here,h®) (x) measures the local variance along dimengioneighted by a Gaussian kernel with
bandwidth . is the only diagonal (i.e., non-conformal) metric we consider, allowing it to
model local anisotropy. While exible and model-free, LAND has practical drawbacks: it requires
the full dataset at inference, is sensitive to the choice, @nd can behave non-smoothly near sharp
neighborhood transitions (see Supp. C.2 for examples).

G ggr is a conformal Riemannian metric in whibhs a weighted sum of Radial Basis Functions
(RBFs) centered on K cluster centroidsifgf., computed via K-means [13]:

X
Gree()=( he)+) 1 I, h(x)= Wi exp % kkx R k2

k=1
The weightswy are trained so thdt(x) 1 on the data manifold, and is set from inter-cluster
distances (see Supp. C.3). This yields a smooth, ef cient approximation of the data geometry and
scales better than LANCRH]. However, it may miss ne-grained structure, especially in regions of
complex or uneven density. Like other methods based on Euclidean distance (and K-means), it
suffers from the curse of dimensionality. Its accuracy depends ory, and centroid placement
(illustrated in Supp. C.3).

The scaling constants () are introduced to ensure consistent dynamic range across metrics and have
minimal impact on convergence or geodesic quality; the number of discretization $tepsd0) is

chosen as a trade-off between ef ciency and accuracy, consistent with prior work. We evaluate

Ge ,Grer ,and on three datasets of increasing complexity. Circular Mixture of Gaussians
offers full control and ground-truth geodesics. The rotated characters dataset is higher-dimensional
but still allows quantitative evaluation. Animal Faces is made of higher-dimensional images but with
no ground truth. This progression tests metric performance as data complexity grows. The code to
reproduce all our experiments is availabldtps://github.com/VictorBoutin/RiemannEBM

4.2 Circular Mixture of Gaussians

We consider two toy datasets built using a mixture of Gaussians arranged along a semicircle. In the
rst, called Uniform Circular Gaussians (UCG), the Gaussian components have equal weights (see
Fig. 2a). In the second, Weighted Circular Gaussians (WCG), the weights are non-uniform, with
higher density near the center of the arc, as re ected by the contour intensity shown in Fig. 2c. For
both datasets, we have access to the closed-form probability distribution of the data, ggnoted
(see Supp. D.1 for details pf, ). We rst train an Energy-Based Model (EBM) on each dataset to
derive the metric& ¢ andG -, (see Supp. D.2 for training details). Then, we apply Algo. 1 to
both datasets using all Riemannian metrics described above. Additionally, we include two baseline
Riemannian metrics derived directly from the true distributign:p

Gg, ()= logp M)+ and G 1, )=( P m)+) * | 9)

Eq. 9 uses calibration constantsand , computed as in other metrics. Some geodesics obtained for
the 6 different metrics are shown in Fig. 2a and Fig. 2c for the UCG and WCG datasets, respectively.
We refer the reader to Supp. D for details on network architectures and hyperparameters.

To evaluate geodesic quality, we uselg,wo evaluation metrics. The rst is the accumulated probability

along the geodesic patpy ( ?) = thl pu (Xt 2). It measures how closely the trajectory

aligns with the data manifold — the higher the better. The second is the RMSE to a baseline
geodesic computed using the true distributign, matched by metric type (e.d5e vs. Gg, ).

All quantitative results are averaged o000 geodesics with distinct endpoints (See Fig. 2b

and d).Gg achieves the highest accumulated probability, indicating closest alignment with the data
manifold, whileG 1, yields the lowest RMSE to its baseline—best approximating the ground-truth
geodesic. Both EBM-based metrics consistently outperform other methods across evaluation criteria.

To test how different metrics behave when the density varies along the data manifold, we switch

6



a) Geodesics on UCG b) Geodesics evaluation on UCG
pm ( 7) RMSE

Metric ™) #)
Gg,, 0:79 -
Gl:PM 0:77 -

"G 0:78  0:12
Gip 0:73 0.10
77777777 0:60  0:38
GRrBE 0:61 0:39
¢) Geodesics on WCG d) Geodesics evaluation on WCG
. pm ( 7) RMSE

Metric ™) #)
Gg,, 0.67 -
G1=p,, 0.73 -

G 0.67 018
Gip 0.67 0.14
77777777 0.65 034
Grer 0.47 2.2

Figure 2: Geodesics on UCG and WCG datasets. (a, ¢): Some geodesics obtained on UCG (a) and
WCG (c), for6 different Riemannian metrics. The contour plots represent the energy landscape given
by logp wm . (b, d) Quantitative evaluation of geodesics on UCG (b) and WCG (d). We report (i)
the accumulated probability along the geodesic (the higher the better) and ii) RMSE between each
geodesic and its corresponding baseline (&g, for Gt , andGi-,, forG.., , and

Grar ). See Supp. D.3 for the 2- error.

from the uniformly populated UCG semicircle to the
Weighted Circular Gaussian (WCG), whose samples clus-
ter near the arc's centre. As shown in Fig. 3, log-based met-
rics Ge , Gg, ) accentuate the manifold curvature more
thanl=pbased ones{-, , Grer ,  Gizpy )
producing larger steps in high-density regions. This is
becauselogp diverges ap ! 0 , amplifying distortions
and speed variations.

4.3 Rotated Characters

We use an image dataset of seven rotated, non-symmetric

characters in two variants: Uniform Rotated Characters

tated Characters (BRC), concentrated rigaiin this sub- the WCG dataset. Log-based metrics
section, all computations are done in Bi¥edimensional (G. andGg, ) produce sharper vari-

latent space of a regularized autoencoder trained witQhns, re ectﬁﬂng stronger sensitivity to

triplet loss, ensuring that small angular differences yielgbnsity curvature.

short latent distances. This setup provides a unique middle

ground: although the underlying Riemannian metric is

unknown, we can treat the smooth in-plane rotation between two instances of the same character as a
proxy for the ground-truth geodesic. Thanks to the triplet loss, the latent space is structured so that
nearby points correspond to slight rotations of the same character, making the shortest path between
two orientations a meaningful approximation of the true geodesic in the task-relevant transformation
space. Separate EBMs and interpolant networks are trained for each dataset variant. Full experimental
details (datasets, architectures, and hyperparameters) are provided in Supp. E.



a) b)

2
Metric D-RMSE RMSE

I_ *) )

inear

interp 2.96 3.52

- Geg 011« 0.40
Gi=p 0.14 0.44

"Giano 0.66 2.39
Grar 0.36 0.86

Figure 4: Geodesics on the URC dataset. (a) Geodesics computed with different Riemannian metrics,
projected into pixel space for visualizatiof.zrgr and often deviate from the intended
path, sometimes drifting toward other characters (e.g., the letter F). (b) Quantitative evaluation using
two metrics: (i)D-RMSE, which measures proximity to the dataset manifold, and {RMSE,

which measures the deviation from an ideal smooth rotation. See Supp. E.6 for the 2- error.

In Fig. 4a, we visualize geodesics computed on the URC dataset, projected back into
pixel space (see Supp. E.5 for additional results on both

URC and BRC). EBM-based metric§ ¢ andG;-, )

yield smooth rotations that preserve character identity,

while Grgr and especially often deviate from

the intended trajectory. To illustrate these failures, Fig. 1

shows all geodesics projected into PCA space for a case in-

volving the letter F. While5 = andG .-, remain onthe

manifold of rotated F instances, linear interpolation cuts

through low-density regions, an@ggr and

drift toward other character classes. To quantify this, we

use two metricsD-RMSE, which measures the average

distance from each geodesic point to its nearest neighbor

in the dataset—lower values indicate better adherence to

the data manifold; and-RMSE, which evaluates how_. . L
closely the geodesic follows an ideal smooth rotation Bg9ure 5: Step size along geodesics in
tween endpoints. All results are averaged ovgpo0 he WCG dataset. Log-based metric
geodesics with random endpoint orientations. As sholfe ) Produces sharper variations, re-
in Fig. 4b, EBM-based metrics consistently outperforrfCting stronger sensitivity to density
others;Grsr performs reasonably well, while curvature.

shows large deviations on both metrics. Overall, these results suggest that EBM-based metrics scale
more effectively to high-dimensional data than alternative approaches.

As in the previous section, we examine how different metrics in uence a geodesic's ability to follow

the manifold's curvature. We focus on the BRC dataset, where orientations are biased toward 0°,
creating sharper curvature near that region. To assess this, we decode the orientation at each time
step along geodesics connecting xed endpoints. As shown in Fig. 5, geodesicsiundestate

signi cantly faster near 0° than those under-, andGrggr , re ecting stronger sensitivity to

density variations.

At rst glance, it may seem counterintuitive that trajectories following the geodesics move faster in
high-density regions. However, this is consistent with minimizing the kinetic erieigyeq.2, which
enforces constant Riemannian speed (i.e., the quantt}jj ;) is preserved along the trajectory)
but not a constant Euclidean speed (i.e., jj_(1)jj is not constant). Since EBM-derived metrics assign
lower Riemannian cost in high-density regions, maintaining constant Riemannian speed requires
moving faster in Euclidean terms through these regions. The faster rotation near 0°, observed in
Fig.5 and Fig. 3, thus re ects the lower Riemannian cost of traveling through high-density regions.
These results con rm and extend our previous ndings: metrics based on energy (i.e., proportional to
log p) more effectively capture the curvature of the data manifold.



4.4 Animal Faces

We now evaluate our method on the Animal Faces High Quality (AFHQ) dat8letsing the latent

space of the pretrained Stable Diffusion v1 VAB]J (latent dimension4 16 16 ). AnEBMis

trained to model the distribution of latent codes, and Algo. 1 is used to compute geodesics between a
cat and a dog representation. We compare the resulting paths to two baselines: (i) linear interpolation
and (ii) spherical interpolation (slerpd@], which is known to better preserve the structure of VAE
latent spaces under Gaussian priors (see Supp. F.6). Full experimental details are in Supp. F.

Fig. 6 illustrates geodesics computed in the latent space of a pretrained VAE and projected back into
image space (see F.5 for additional samples as well as samples for  and linear interpolation).
Qualitatively, we observe that geodesics computed withthe, metric best adhere to the data
manifold. TheG: metric also shows noticeable improvements over the other metrics. Despite
extensive tuning rge  and produce trajectories only slightly better than linear interpola-
tion—suggesting these parametric metrics struggle to scale in high dimensions, consistent with prior
ndings [11, 13].

Figure 6: Geodesics on the AFHQ dataset. Each block shows an interpolated trajectory between
two animal images (cats and dogs), projected back into image space for visualization. We compare
geodesics computed with two EBM-based metries-(, , G ), a parametric RBF-based metric
(Grer ), and spherical interpolation (slerp). Results using , linear interpolation, and
additional examples are provided in Supp. F.5.

To quantitatively assess geodesic quality, we report FID Metric FID (#)
scores §1] in Table 1, computed oves0; 000trajectories Linear interp.  42.47
that interpolate from randomly chosen cat images to ran- Slerpinterp.  32.67
domly chosen dog images. The results are consistentwith -~~~ G2~~~ ~ = 20.79 ~
qualitative observationss .-, andGg yield the low- Gip 16.47
est FIDs, followed by the model-free slerp baseline, then --7--"----~ 39.17
GReF , and linear interpolation. Note that the G rer 37.08

FID measures how aligned individual samples are with the

training distribution—on-manifold alignment—but doe$able 1: FID along geodesics for differ-

not assess whether the full trajectory respects the true meamt-Riemannian metrics. FID is com-

ifold curvature. Unfortunately, AFHQ lacks ground-trutiputed at each trajectory point to assess

geometry for such evaluation. on-manifold alignment. See Supp. F.4
for the 2- error.

5 Conclusion

In this work, we use pretrained Energy-Based Models (EBMs) to derive conformal Riemannian
metrics,Gg¢ andG,-, , and we compare them to established alternatives (, [11] and
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