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Abstract

Understanding complex systems by inferring trajectories from sparse sample snap-
shots is a fundamental challenge in a wide range of domains, e.g., single-cell
biology, meteorology, and economics. Despite advancements in Bridge and Flow
matching frameworks, current methodologies rely on pairwise interpolation be-
tween adjacent snapshots. This hinders their ability to capture long-range temporal
dependencies and potentially affects the coherence of the inferred trajectories. To
address these issues, we introduce Momentum Multi-Marginal Schrödinger
Bridge Matching (3MSBM), a novel matching framework that learns smooth
measure-valued splines for stochastic systems that satisfy multiple positional con-
straints. This is achieved by lifting the dynamics to phase space and generalizing
stochastic bridges to be conditioned on several points, forming a multi-marginal
conditional stochastic optimal control problem. The underlying dynamics are then
learned by minimizing a variational objective, having fixed the path induced by the
multi-marginal conditional bridge. As a matching approach, 3MSBM learns trans-
port maps that preserve intermediate marginals throughout training, significantly
improving convergence and scalability. Extensive experimentation in a series of
real-world applications validates the superior performance of 3MSBM compared
to existing methods in capturing complex dynamics with temporal dependencies,
opening new avenues for training matching frameworks in multi-marginal settings.

1 Introduction

Transporting samples between probability distributions is a fundamental problem in machine learning.
Diffusion Models (DMs;[Ho et al., 2020, Song et al., 2020]) constitute a prominent technique in
generative modeling, which employ stochastic mappings through Stochastic Differential Equations
(SDEs) to transport data samples to a tractable prior distribution, and then learn to reverse this
process [Anderson, 1982, Vincent, 2011]. However, diffusion models present several limitations,
e.g., the lack of optimality guarantees concerning the kinetic energy for their generated trajectories
[Shi et al., 2023]. To address these shortcomings, principled approaches that stem from Optimal
Transport [Villani et al., 2009] have emerged that aim to minimize the transportation energy of
mapping samples between two marginals, π0 and π1. In this vein, the Schrödinger Bridge (SB;
[Schrödinger, 1931])—equivalent to Entropic Optimal Transport (EOT;[Cuturi, 2013, Peyré et al.,
2019])—has been one of the most prominent approaches used in generative modeling [Vargas et al.,
2021]. This popularity has been enabled by recent remarkable advancements of matching methods
[Lipman et al., 2022, Liu et al., 2022a]. Crucially, these matching-based frameworks circumvent the
need to cache the full trajectories of forward and backward SDEs, mitigate the time-discretization
and "forgetting" issues encountered in earlier SB techniques, and maintain a feasible transport map
throughout training. This renders them highly scalable and stable methods for training the SB [Shi
et al., 2023, Gushchin et al., 2024a, Peluchetti, 2023, Liu et al., 2024, Rapakoulias et al., 2024].
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Table 1: Comparison between our 3MSBM and state-of-the-art multi-marginal algorithms in 1)
simulation-free training, 2) smooth and coherent trajectories and 3) globally optimal coupling.

Simulation-Free Training Smooth Trajectories Global Coupling

DMSB [Chen et al., 2023a] ✗ ✓ ✓
MMFM [Rohbeck et al., 2024] ✓ ✓ ✗
SBIRR [Shen et al., 2024] ✓ ✗ ✗
MMSFM [Lee et al., 2025] ✓ ✗ ✗
Smooth SB [Hong et al., 2025] ✗ ✓ ✓

3MSBM (Ours) ✓ ✓ ✓

Figure 1: Trajectory comparison be-
tween by vanilla SB, and our 3MSBM.

However, many complex real-world scenarios provide sep-
arate measurements at coarse time intervals [Chen et al.,
2023a]. In this case, solving several distinct SB problems
between adjacent marginals and connecting the ensuing
bridges leads to suboptimal trajectories that fail to account
for temporal dependencies or model the dynamics without
discontinuities [Lavenant et al., 2024]. To address this is-
sue, a generalization of the SB problem is considered: the
multi-marginal Schrödinger Bridge (mmSB) [Chen et al.,
2019], in which the dynamics are augmented to the phase
space. Incorporating the velocity and coupling it with the
position leads to smooth trajectories traversing multiple time-indexed marginals in position space
[Dockhorn et al., 2021, Chen et al., 2023a], as illustrated in Figure 1. This approach enables us to
capture the underlying dynamics and better leverage the information-rich data of complex systems
such as cell dynamics [Yeo et al., 2021, Zhang et al., 2024a], meteorological evolution [Franzke et al.,
2015], and economics [Kazakevičius et al., 2021]. This wide applicability of multi-marginal systems
in real-world applications has spurred significant interest in developing algorithms to address these
problems. However, existing methodologies either sacrifice optimality for scalability or vice versa.

On one end of the spectrum, many recent methods optimize locally between adjacent marginals,
often exhibiting substantial scalability, yet failing to recover the global coupling. For instance, Shen
et al. [2024] propose a simulation-free iterative scheme that solves mmSB by performing trajectory
inference with pairwise bridge optimization. Nevertheless, this pairwise formulation cannot enforce
global trajectory consistency and thus depends on informative priors, limiting practicality in real-
world settings. Similarly, Multi-Marginal Flow Matching [MMFM; Rohbeck et al. [2024]] uses
deterministic cubic-spline interpolation with precomputed piecewise couplings, impairing temporal
coherence and dynamical fidelity. Furthermore, the stochastic counterpart of MMFM [Multi-Marginal
Stochastic Flow Matching [(MMSFM); Lee et al. [2025]] optimizes measured-value splines over
overlapping triplets of marginals, improving on MMFM’s pairwise scheme; however, the lack of
global coupling and the first-order dynamics still limit smooth, temporally coherent trajectories. On
the other hand, methods that solve the mmSB without local approximations can recover the global
coupling but generally scale poorly. Deep Momentum Multi-Marginal Schrödinger Bridge [DMSB;
Chen et al. [2023a]] solves for the global mmSB coupling in phase space using Bregman iterations.
However, it suffers from scalability limitations due to the need to cache full SDE trajectories, leading
to computational bottlenecks, error accumulation, and potential instability. Lastly, modeling the
reference dynamics as smooth Gaussian paths achieved temporally coherent and smooth trajectories
[Hong et al., 2025], though the belief propagation prohibits scaling in high dimensions. Table 1
summarizes the key attributes of these approaches alongside our proposed methodology.

In this work, we introduce Momentum Multi-Marginal Schrödinger Bridge Matching (3MSBM),
a novel scalable matching algorithm that solves the mmSB in the phase space. We lift the dynamics
to phase space and minimize path acceleration, resulting in smooth low-curvature trajectories. This
preserves trends often lost in first-order models—crucial under sparse or irregular observations—and
captures non-linear transitions and inflection points for more realistic interpolation. We begin by
deriving momentum Brownian bridges, yielding closed-form expressions for conditional bridges that
traverse any arbitrary number of marginals. This eliminates the need for costly numerical integrations,
improving efficiency and avoiding error accumulation. The resulting conditional path—optimal under
stochastic optimal control and satisfying all positional marginal constraints—is then held fixed while
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we match a parameterized drift to the prescribed trajectory, enabling simulation-free drift learning.
Iterating these steps converges to the globally optimal mmSB coupling. Algorithmically, our 3MSBM
shares similar attributes with other matching frameworks [Liu et al., 2024], as the model-induced
marginals remain close to the ground truth throughout the optimization, unlike prior mmSB solvers
that align with the targets only at convergence. Empirical results verify the efficiency and scalability
of our framework, handling high-dimensional problems and outperforming state-of-the-art methods
tailored to tackle multi-marginal settings. Our contributions are summarized as follows:

• We propose 3MSBM, a novel matching algorithm for learning smooth interpolation, while
preserving multiple marginal constraints.

• We present a theoretical analysis extending the concept of Brownian Bridges to second-order
systems with the capacity to handle arbitrarily many marginals.

• Unlike prior mmSB methods, e.g. [Chen et al., 2023a], our method enjoys provable stable
convergence and admits a map that satisfies the marginal constraints throughout training.

• Extensive experimentation demonstrates the enhanced scalability of 3MSBM, with respect
to the dimensionality of the input data and the number of marginals.

2 Preliminaries

2.1 Schrödinger Bridge

The Schrödinger Bridge can be obtained through the following Stochastic Optimal Control (SOC)
formulation, trying to find the unique non-linear stochastic process xt 2 Rd between marginals
π0, πT that minimizes the kinetic energy [Chen et al., 2016]

min
ut,pt

Z T

0

Ept
[kutk2]dt s.t. dxt = utdt + σdWt, x0 � π0, xT � πT (1)

resulting in the stochastic equivalent [Gentil et al., 2017] of the fluid dynamic formulation in OT [Be-
namou and Brenier, 2000]. Specifically, the optimal drift of Eq. (1) generates the optimal probability
path pt of the dynamic Schrödinger Bridge (dSB) between the marginals π0, and πT . More recently,
the advancement of matching algorithms [Gushchin et al., 2024b, De Bortoli et al., 2023] led to the
development of highly efficient and scalable SB Matching algorithms. Representing the marginal
probability path pt as a mixture of endpoint-conditioned bridges, pt =

R
pt|0,T , dπ0,T (x0, xT )

[Léonard, 2013], motivates a two-step alternating training scheme [Theodoropoulos et al., 2024].
The first step entails fixing the coupling π0,T by drawing pairs of samples (x0, xT ) and optimizing
intermediate bridges between the drawn pairs. Subsequently, the parameterized drift uθ

t is matched
given the prescribed marginal path from the previous step, progressively refining the coupling induced
by uθ

t . At convergence, these steps aim to construct a stochastic process whose coupling matches the
static solution of the SB, i.e. π⋆

0,T , and optimally interpolates the coupling (x0, x1) � π⋆
0,T .

2.2 Momentum Multi-Marginal Schrödinger Bridge

The Momentum Multi-Marginal Schrödinger Bridge (mmSB) extends the objective in Eq. (1) to
traverse multiple marginals constraints. Additionally, the dynamics are lifted into second-order,
incorporating the velocity, denoted with vt 2 Rd, along with the position xt. Consequently, the
marginal distributions are also augmented πn := πn(x, v), for n = f0, 1, . . . , Ng, as they de-
pend on both the position xt, and the velocity vt. We define the joint marginal probability path
pt(xt, vt) for t 2 [0, T ], and the position and velocity marginals with qt(x) =

R
pt(x, v)dv, and

ξt(v) =
R
pt(x, v)dx respectively. Application of the Girsanov theorem in the phase space yields the

corresponding multi-marginal phase space SOC formulation [Chen et al., 2019]

u⋆
t =

�
0
a⋆t

�
2 arg min

ut

Z
Ept

[katk2]dt

dmt = Amtdt + utdt + gdWt, xn � qn =

Z
πn(x, v)dvn, n = f0, 1, . . . , Ng,

(2)

where mt = [xt, vt]
| 2 R2d, A =

�
0 1
0 0

�
, and g =

�
0 0
0 σ

�
.
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3 Momentum Multi-Marginal Schrödinger Bridge Matching

We proposeMomentum Multi-Marginal Schrödinger Bridge Matching (3MSBM) , a novel
matching framework, which incorporates the velocity into the dynamics to learn smooth measure-
valued splines for stochastic systems satisfying positional marginal constraints over time. Following
recent advances in matching frameworks, our algorithm solves Eq. (2), separating the problem into
two components: 1) the optimization of the intermediate path, conditioned on the multi-marginal
coupling, and 2) the optimization of the parameterized drift, re�ning the coupling.

3.1 Intermediate Path Optimization

Our analysis begins by formulating a multi-marginal conditional path that satis�es numerous con-
straints at sparse intervals. Speci�cally, we �rst derive the optimal control expression for a phase-space
conditional bridge, conditioned atf �mn g, for n 2 f 0; 1; : : : ; N g. Based on this expression for the
optimal control, we then obtain a recursive formula for the conditional acceleration that interpo-
lates through a set of prescribed positions�xn � qn (xn ). We denote this set of �xed points as
f �xn g := f �x0; �x1; : : : ; �xN g, and the coupling asq(f xn g).

Theorem 3.1(SOC representation of Multi-Marginal Momentum Brownian Bridge (3MBB)). Con-
sider the following momentum system interpolating among multiple marginals

min
a t

Z 1

0

1
2

kat k2dt +
NX

n =1

(mn � �mn ) | R(mn � �mn ) (3)

s.t dmt = Am t dt + ut dt + gdWt ; m0 = �m0 (4)

We de�ne the value function asVt (mt ) := 1
2 mT

t P � 1
t mt + mT

t P � 1
t r t , wherePt , r t are the second-

and �rst-order approximations, respectively. This formulation admits the following optimal control
expressionu?

t (mt ) = � ggT P � 1
t (mt + r t ). For the multi-marginal bridge withf �mn g �xed at f tn g,

for n 2 f 0; 1; : : : ; N g, the dynamics ofPt andr t obey the following backward ODEs

_Pt = APt + Pt AT � � t � T
t ; Pn = ( P � 1

n + + R) � 1; with PN + = 0

_r t = � Ar t ; r n = Pn (P � 1
n + r n + � R �mn )

(5)

wherePn + := lim t ! t +
n

Pt , andr n + := lim t ! t +
n

r t , for t 2 f s : s 2 (t1; t2) _ (t2; t3); � � � g.

Our 3MBB presents a natural extension of the well-established concept of the momentum Brownian
Bridge [Chen and Georgiou, 2015]. For the derivation of the multi-marginal bridge, we apply
the dynamic programming principle, recursively optimizing acceleration in each segment while
accounting for subsequent segments via the intermediate constraints, as illustrated in Figure 2.
The termsPn + , andr n + capture the in�uence of the subsequent segment through the intermediate
constraintsPn , r n , which serve as terminal conditions for the corresponding ODEs of the next
segment. Importantly, from the terminal conditions in Eq. (5) it is implied thatr t —and hence the
optimal controlu?

t —would depend on all subsequent pinned points aftert f �mn : tn � tg, as shown
explicitly, in the acceleration formulation derived in the next proposition.

Proposition 3.2. LetR =
�

1
c 0
0 c

�
. At the limit whenc ! 0, the solution of 3MBB (Th. 3.1) admits

a closed-form expression on every segment; in particular, fort 2 [tn ; tn +1 ):

a?
t (mt jf �xn +1 : tn +1 � tg) = Cn

1 (t)(x t � �xn +1 ) + Cn
2 (t)vt + Cn

3 (t)
NX

j = n +1

� j �x j ; (6)

wheref �xn +1 : tn +1 � tg signi�es the bridge is conditioned on the set of the ensuing points,� j are
static coef�cients andCn

1 (t); Cn
2 (t); Cn

3 (t) are time-varying coef�cients speci�c to each segment.
The proof, the de�nitions for these functions, and the� j coef�cient values are left for Appendix B.2.

The expression in Eq. (6) provides a recursive formula to compute the optimal conditional bridge
for the segmentt 2 [tn ; tn +1 ). Notice that the linear combination

P N
j = n +1 � j x j captures the

dependence of each segment on all next pinned points aftert f �mn +1 : tn +1 � tg.
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Figure 2: Visualization of the Dynamic Principle.Pt , r t in Eq. (5) are solved backward, propagating
the in�uence of future pinned points in preceding segments, through the intermediate constraints.

Remark3.3. Importantly, the expression for the acceleration in Eq. (6) explicitly shows that the
optimal bridge does not need to converge to prede�ned velocities�vn at the intermediate marginals.

Figure 3: Bridge materializa-
tions among 3 pinned points.

As c ! 0 in the intermediate state costs, the constraints on the joint
variable �mn shift to ensure the trajectory reaches the conditioned�xn
at timetn , without explicitly prescribing any velocities at the inter-
mediate points, consistent with the principles of Bridge Matching.

Example - Bridge for 3 marginals To obtain the stochastic bridge
of Eq. (3) between two marginals, i.e.,N = 2 , we consider the
same value function approximation as in Th. 3.1, admitting the same
optimal control lawu?

t (mt ) = � gg| P � 1
t (mt + r t ). For simplicity,

let us assumet0 = 0 , t1 = 1 , andt2 = 2 . From Prop. 3.2, we obtain
the following solution for conditional acceleration.

(
a?(mt j; �x2) = 3

( t � 2) 2 (�x2 � x t ) � 3
2� t vt ; t 2 [1; 2)

a?(mt j �x1; �x2) = 30� 18t
( t � 1) 2 (3 t � 7) (x t � �x1) + 12( t � 2)

( t � 1)(3 t � 7) vt + 6
(3 t � 7) (�x2 � �x1); t 2 [0; 1)

(7)

Notice that in the segmentt 2 [0; 1), the� coef�cients of the linear combination
P 2

n =1 �x j in Eq. (6)
are found to be:� 1 = � 1; � 2 = 1 , whereas fort 2 [1; 2] the sole coef�cient is� = 0 . Appendix
B.2 presents more examples of conditional accelerations with more marginals. demonstrating the
dependency of the functionsCn

1 (t); Cn
2 (t); Cn

3 (t), along with the� j coef�cient values on the number
of the following marginals. Figure 3 depicts different materializations between 3 pinned points,
illustrating the convergence of the bridges to the conditioned points.

3.2 Bridge Matching for Momentum Systems

Subsequently, following the optimization of the 3MBB, we match the parameterized accelerationa�
t ,

given the prescribed conditional probability pathp(mt jf �xn : tn � tg), induced by the acceleration
a?(mt jf �xn : tn � tg). Given that the 3MBB is solved for each set of pointsf xn g, we can marginalize
to construct the marginal pathpt .

Proposition 3.4. Let us de�ne the marginal pathpt as a mixture of bridgespt (mt ) =R
pt jf �x n g(mt jf �xn : tn � tg)dq(f xn g), wherept jf �x n g(mt jf �xn : tn � tg) is the conditional proba-

bility path associated with the solution of the 3MBB path in Eq 6. The parameterized acceleration
that satis�es the FPE prescribed by thept is given by

at (t; m t ) =
1
pt

Z
at jf �x n gpt jf �x n g(mt jf �xn : tn � tg)dq(f xn g) (8)

This suggests that the minimization of the variational gap to matcha�
t givenpt is given by

min
�

Eq( f x n g) Ept jf �x n g [
Z 1

0
kat jf �x n g � a�

t k2dt] (9)

Matching the parameterized drift given the prescribed pathpt leads to a more re�ned coupling
q(f xn g), which will be used for the conditional path optimization in the next iteration. The linearity
of the system implies that we can ef�ciently samplemt = [ x t ; vt ], 8t 2 [0; T], from the conditional
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Algorithm 1 Momentum Multi-Marginal Schrödinger Bridge Matching (3MSBM)

1: Input : Marginalsq(x0); q(x1); : : : ; q(xN ), R; �; K; T
2: Initialize a�

t , q(f xn g) := q(x0) 
 q(x1) 
 � � � 
 q(xN ), andv0 � N (0; I )
3: repeat
4: for j = 0 to J do
5: Calculateat jf �x n g using Eq. (6) fort from 0 to T
6: vN  sdeint (x0; v0; at jf x n g]; �; K; T )
7: Calculateat jf �x n g using Eq. (6) fort from T to 0
8: v0  sdeint (xN ; vN ; at jf �x n g; �; K; T )
9: end for

10: Updatea�
t , from Eq. (9) usingat jf �x n g

11: Sample newx0; x1; : : : ; xN from a�
t

12: until converges

probability pathpt jf �x n g = N (� t ; � t ), as the mean vector� t and the covariance matrix� t have
analytic solutions [Särkkä and Solin, 2019]. More explicitly, we can constructmt through

mt =
�
X t
Vt

�
=

�
� x

t
� v

t

�
+

�
L xx

t � 0
L xv

t � 0 + L vv
t � 1

�
; where� 0; � 1 � N (0; Id) and L t =

�
L xx

t L xv
t

L xv
t L vv

t

�

(10)

Figure 4: Iterative propagation of dynamics using the
optimal conditional acceleration to approximate the ve-
locity pro�le � n (vn jxn ) at the intermediate marginals.

where L t is computed following the
Cholesky decomposition of the covariance
matrix. The expressions for the mean vec-
tor and the covariance matrix are in Ap-
pendix C. We conclude this section on a
theoretical analysis of our methodology
converging to the unique multi-marginal
Schrödinger Bridge solution by iteratively
optimizing Eq. (3), and Eq. (9).

Convergence We establish the convergence of our alternating scheme — between interpolating
path optimization and the coupling re�nement — to the unique mmSB solution. Let us denote withP
the path measure associated with the learned dynamics, and withPi the path measure of the learned
dynamics at thei th iteration of our algorithm.

Theorem 3.5. Under mild assumptions, our iterative scheme admits a �xed point solutionP?, i.e.,
KL( Pi jP?) ! 0, and in particular, this �xed point coincides with the uniquePmmSB.

We provide an alternative claim to the convergence proof in [Shi et al., 2023]. We establish conver-
gence to the global minimizer, based on optimal control principles and the monotonicity of the KL
divergence, expressing Eq. (2) as a KL divergence, due to the Girsanov Theorem [Chen et al., 2019].

3.3 Training Scheme

A summary of our training procedure is presented in Alg. 1. The �rst step of our alternating
matching algorithm is to compute the conditional multi-marginal bridge, �xing the parameterized
couplingq� (f xn g) and sampling collections of pointsf �xn g � q� (f xn g). Furthermore, the initial
velocity distributionv0 � � 0(v) =

R
� 0(x; v)dx is needed, which is unknown in practice for most

applications. To address this, following [Chen et al., 2023a], we initialize the velocityv0 � N (0; I )
and iteratively propagate the dynamics with the conditional acceleration in Eq. (6) for the given
samples (lines 4-9in Alg. 1). This approximates the true conditional distribution� n (vn jxn ) via
Langevin-like dynamics. Notably, this process requires only a few iterations (at most� 10 iterations
in our experiments), and does not involve backpropagation, thus adding negligible computational
cost even in high dimensions. This iterative propagation yields the optimal conditional acceleration
in Eq. (6), which induces the optimal conditional path. Solving the 3MBB for every set off �xn g
enables us to marginalize and construct the marginal pathpt . Subsequently, we �x the marginal path
and match the parameterized accelerationa�

t (t; m t ) minimizing the variational objective in Eq. (9).
This optimization induces a re�ned joint distributionq� (f xn g), by propagating the dynamics through
the augmented SDE in Eq. (2), which will be used in the �rst step of the next training iteration.
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Figure 5: Trajectory comparison on LV among
SBIRR, MMFM, Smooth SB, and our 3MSBM.

Figure 6: Trajectory comparison on GoM among
SBIRR, MMFM, Smooth SB, and our 3MSBM.

Table 2: Mean and Standard Deviation SWD distances over 5 seeds at the left-out marginals, and
average SWD from the rest points belonging to the training set on the LV data for MIOFlow, SBIRR,
MMFM, Smooth SB, and 3MSBM (Lower is better).

Method SWDt1 SWDt3 SWD t5 SWDt7 Rest SWD
MIOFlow 1.53� 0.13 1.49� 0.09 1.22� 0.07 1.46� 0.06 0.93� 0.04
SBIRR 0.17� 0.03 0.16� 0.03 0.24� 0.03 0.48� 0.05 0.18� 0.02
MMFM 0.21� 0.02 0.25� 0.02 0.39� 0.03 0.57� 0.05 0.22� 0.01
DMSB 0.64� 0.06 0.67� 0.06 0.98� 0.07 0.63� 0.04 0.43� 0.04
Smooth SB 0.29� 0.03 0.18� 0.02 0.11� 0.02 0.37� 0.03 0.23� 0.02
3MSBM 0.23� 0.02 0.13� 0.01 0.15� 0.02 0.36� 0.03 0.18� 0.02

4 Experiments

We empirically validate the computational and performance bene�ts of our method. The simulation-
free training scheme of our algorithm suggests that we avoid costly numerical simulations and
approximation errors, consistent with bene�ts observed by prior matching methods [Shi et al., 2023,
Liu et al., 2024]. For this reason, our algorithm is capable of preserving high scalability while
maintaining accuracy, as demonstrated in the experiments below. We evaluate the performance of
3MSBM on synthetic and real-world trajectory inference tasks, such as Lotka-Volterra (Sec. 4.1),
ocean current in the Gulf of Mexico (Sec. 4.2), single-cell sequencing (Sec. 4.4), and the Beijing air
quality data (Sec. 4.3). We compare against state-of-the-art methods explicitly designed to incorporate
multi-marginal settings, such Deep Momentum Multi-Marginal Schrödinger Bridge (DMSB; Chen
et al. [2023a]), Schrodinger Bridge with Iterative Reference Re�nement (SBIRR; Shen et al. [2024]),
smooth Schrodinger Bridges (smoothSB; Hong et al. [2025]), and Multi-Marginal Flow Matching
(MMFM; Rohbeck et al. [2024]), and against one additional Neural ODE-based method: MIOFlow
[Huguet et al., 2022], using the same metric in all datasets: the Sliced Wasserstein Distance (SWD).
Additional results for these tasks—with more metrics and baselines—are provided in Appendix E.

4.1 Lotka-Volterra

We �rst consider a synthetic dataset generated by the Lotka–Volterra (LV) equations [Goel et al.,
1971], which model predator-prey interactions through coupled nonlinear dynamics. The generated
dataset consists of 9 marginals in total; the even-numbered indices are used to train the model (i.e.,
t0; t2; t4; t6; t8), and the remainder of the time points are used to assess the ef�cacy of our model
to impute and infer the missing time points. In this experiment, we benchmarked 3MSBM against
MIOFlow, SBIRR, MMFM, DMSB, and Smooth SB. Performance was evaluated using the SWD
distance to the validation marginals to measure imputation accuracy, and the SWD distance to the
training marginals to assess how well each method preserved the observed data during generation.
The results in Table 2 and Figure 5 show that 3MSBM outperforms the baseline models in inferring
the marginals at the missing points, yielding the lowest deviation from most left-out marginals, while
also generating trajectories which preserve the training marginals more faithfully, as shown by the
lower average SWD distance over the remaining points belonging to the training set. Additional
results—with more metrics and baselines—are provided in Appendix E.2.
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Table 3: Mean and SD over 5 seeds for SWD distances on the GoM for MIOFlow, SBIRR, MMFM,
DMSB, Smooth SB, and 3MSBM (Lower is better).

Method SWDt1 SWD t3 SWDt5 SWDt7 Rest SWD
MIOFlow 0.83� 0.06 0.34� 0.03 1.23� 0.09 0.96� 0.06 0.19� 0.03
SBIRR 0.15� 0.03 0.11� 0.02 0.11� 0.03 0.09� 0.04 0.13� 0.04
MMFM 0.23 � 0.04 0.25� 0.08 0.10� 0.03 0.19� 0.04 0.14� 0.03
DMSB 0.22� 0.02 0.54� 0.04 0.39� 0.02 0.28� 0.04 0.09� 0.03
Smooth SB 0.17� 0.02 0.14� 0.04 0.10� 0.02 0.13� 0.02 0.08� 0.01
3MSBM 0.14� 0.02 0.14� 0.02 0.08� 0.01 0.06� 0.01 0.05� 0.01

Table 4: Mean and SD over 5 seeds for SWD distances on the Beijing air quality data for MMFM,
DMSB, and 3MSBM (Lower is better).

Method SWDt2 SWD t5 SWDt8 SWDt11 Rest SWD
MMFM 17.51� 2.41 23.94� 1.97 32.56� 2.96 39.98� 3.59 30.25� 2.17
DMSB 21.10� 2.65 21.92� 1.78 35.53� 3.82 35.75� 4.13 33.42� 2.42
3MSBM(ours) 17.70� 1.93 9.78� 1.58 22.23� 3.64 32.23� 3.76 21.25� 1.63

Table 5: Mean and SD over 5 seeds for the MMD and SWD on Embryoid Body (EB) dataset for
SBIRR, MMFM, DMSB, and 3MSBM (Lower is better).

Method MMDt1 SWDt1 MMD t3 SWDt3 Rest MMD Rest SWD
SBIRR 0.71� 0.08 0.80� 0.06 0.73� 0.06 0.91� 0.05 0.47� 0.05 0.66� 0.07
MMFM 0.37� 0.02 0.59� 0.04 0.35� 0.04 0.76� 0.04 0.22� 0.02 0.52� 0.07
DMSB 0.38� 0.04 0.58� 0.06 0.36� 0.07 0.54� 0.06 0.14� 0.03 0.45� 0.04
3MSBM(ours) 0.18� 0.01 0.48� 0.04 0.14� 0.04 0.38� 0.03 0.11� 0.02 0.36� 0.05

4.2 Gulf of Mexico

Subsequently, we evaluate the ef�cacy of our model to infer the missing time points in a real-world
multi-marginal dataset. The dataset contains ocean-current snapshots of the velocity �eld around a
vortex in the Gulf of Mexico (GoM). It includes a total of 9 marginals, with even-indexed time points
(i.e., t0; t2; t4; t6; t8) used for training, and the remaining are left out to evaluate the model's ability
to impute and infer missing temporal states. For this experiment, we compared our 3MSBM against
MIOFlow, SBIRR, MMFM, DMSB, and Smooth SB. The metrics used to evaluate performance
were: SWD distance from the left-out points, and the mean of SWD distance from the training points,
capturing how well the generated trajectories of each algorithm preserve the marginals that comprised
the training set. Figure 6 shows that 3MSBM generates smoother trajectories with more accurate
recovery of the left-out marginals. In comparison, SBIRR produces noisier, kinked trajectories;
MMFM struggles to capture the dynamics, leading to larger deviations from the left-out marginals,
while Smooth SB achieves the smoothest trajectories among the baselines. These observations are
further con�rmed by Table 3, where 3MSBM achieves the lowest SWD distances for most validation
points and better preserves the training marginals. Additional results are provided in Appendix E.3.

4.3 Beijing Air Quality

To further study the capacity of 3MSBM to effectively infer missing values, we also tested it in the
Beijing multi-site air quality data set [Chen, 2017]. This dataset consists of hourly air pollutant data
from 12 air-quality monitoring sites across Beijing. We focus on PM2.5 data, an indicator monitoring
the density of particles smaller than 2.5 micrometers, between January 2013 and January 2015, across
12 monitoring sites. We employed a slightly different setup than Rohbeck et al. [2024]. We focused
on a single monitoring site and aggregated the measurements collected within the same month. To
introduce temporal separation between observations, we selected measurements from every other
month, resulting in 13 temporal snapshots. For the imputation task, we omitted the data att2, t5,
t8, andt11, while the remaining snapshots formed the training set. We benchmarked our 3MSBM
method against MMFM with cubic splines and DMSB. Table 4 shows that 3MSBM achieved overall
better imputation accuracy, yielding the smallest Sliced Wasserstein Distance (SWD) distances, while
also better preserving the marginals consisting of the training snapshots compared to the baselines.
Additional details and results on more metrics are left for Appendix E.4.
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