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Abstract

We study the problem of computing Chamfer distance in the fully dynamic setting,
where two sets of points A, B C RY, each of size up to n, dynamically evolve
through point insertions or deletions and the goal is to efficiently maintain an ap-
proximation to distcn (A, B) = >, 4 minye g dist(a, b), where dist is a distance
measure. Chamfer distance is a widely used dissimilarity metric for point clouds,
with many practical applications that require repeated evaluation on dynamically
changing datasets, e.g., when used as a loss function in machine learning. In this
paper, we present the first dynamic algorithm for maintaining an approximation
of the Chamfer distance under the ¢, norm for p € {1, 2}. Our algorithm reduces
to approximate nearest neighbor (ANN) search with little overhead. Plugging in
standard ANN bounds, we obtain (1 €)-approximation in O(e~%) update time and
O(1/e¢)-approximation in O(dn® e~*) update time. We evaluate our method on
real-world datasets and demonstrate that it performs competitively against natural
baselines.

1 Introduction

We consider the problem of computing the Chamfer distance, a popular dissimarlity metric between
point clouds. Given two sets of points A, B C R¢, each of size up to n, the Chamfer distance of A
from B with respect to a distance measure dist : R x R — R is defined as

distcu (4, B) = E gnijrgldist(a, b).
€
acA

The Chamfer distance is typically defined with respect to distance measures such as Manhattan and
Euclidean metrics. It has found a wide range of applications in various domains, including machine
learning [KSKW 15, WCL™ 19], computer vision [AS03, LIG05, FSG17, JSQJ18], and geometric
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computing [HSS™24]. Due to its strong empirical performance, the Chamfer distance is often used
as a computationally efficient alternative to the more demanding Earth-Mover’s distance (EMD)
[KSKWI15, AM19].

In many practical applications, the Chamfer distance is repeatedly calculated on evolving datasets. A
notable example is cloud completion and up-scaling, where the models aim to reconstruct missing
regions or enhance the resolution of 3D point clouds. In such tasks, the Chamfer distance is
commonly used as a loss function during training and it must be evaluated continously as the model’s
predictions evolve [LYH'23, LLZ"24, WPZ"21]. Two other mainstream use cases include (1)
object reconstruction from video sequences, where the objective is to represent objects as point
clouds based on observations from a moving camera [RLT20, TMPF22, HHT23]; and (2) medical
imaging, where it is used to track anatomical structures (such as heart motion on ultrasound images)
over time [VHK94, HB91, MDJT14].

Motivated by these applications, we pose the following fundamental question: Can the Chamfer
distance be maintained under dynamically evolving point sets? More concretely, consider two
input sets A an B that undergo point insertions or deletions, referred to as updates. The goal is to
design a dynamic algorithm that efficiently supports these updates while maintaining an estimate
that approximates the Chamfer distance up to a small relative error. A naive solution to handle
such updates is to recompute the Chamfer distance from scratch after each update. However, this is
computationally prohibitive: the best-known static algorithms require either (1) O(n? - d) time for
exact computation or (2) O(ndlog ne~2) [BIJT23], for a (1 + ¢)-approximation when the underlying
metric is an ¢, norm for p € {1,2}. In summary, even for low-dimensional datasets, these off-the-
shelf static algorithms cannot go beyond the linear time barrier for handling updates.

In this paper, we obtain the first dynamic algorithm for maintaining an estimate to the Chamfer
distance under the ¢, norm for p € {1,2}, which significantly outperforms the linear-time update
barrier. Our problem reduces to nearest neighbour (NN) oracles: given parameters o > 0,7 > 1,
there is a data structure that maintains a dynamic point-set B C R? and supports in 7 time the
following opertions (i) insert/delete a point in B and (ii) given a point z, return an (1 + O(«a))-
approximate nearest neighbour of « in B. We call such a data structure an (1 4+ ©(«))-approximate
NN oracle with time parameter 7. Plugging in known bounds for NN oracles, our algorithm achieves
constant (or even (1 + €)) approximation and supports very fast updates across different parameter
regimes. The guarantees of our algorithmic reduction are summarized in the theorem below.

Theorem 1.1. Let A, B be two sets of points from R¢, with |A|, |B| < n, and let e € (0,1) a > 0,
and 7 > 1 be parameters. Assume that there is a (1 + ©(«))-approximate NN oracle with time
parameter 7. Then there is a dynamic algorithm that supports insertions and deletions of points to
A and B in O(r) worst-case time per update, and when queried, with high probability, it returns a
(14 o+ €)-approximation to distcy (A, B) in O((d+7)e~2 max{1, a?}) time, when the underlying
metric is the Manhattan (¢,) metric.

The state-of-the-art trade-offs for (1 + O(«))-approximate NN oracles differ between low and high
dimensions; (a) for low dimensions, the trade-off is & = € with query/update time 7 = O(e’d)
[AMN 98], while (b) for high dimensions, we have a = O(1/e) with 7 = O(dn®’) [AR15].
Substituting these bounds in Theorem 1.1, we obtain dynamic algorithms for the Chamfer distance
achieving (1 ¢)-approximation in O(¢~) update time and an O(1/¢)-approximation in O(dn< e )
update time. > Moreover, using known embeddings from ¢5 into ¢;, Theorem 1.1 readily extends to
the setting when the underlying metric is Euclidean (¢5) (see Appendix A for details).

Our dynamic algorithms maintain an estimate to the Chamfer distance distcy (A, B) with provable
approximation ratios. It is natural to ask whether it is possible to maintain the underlying assignment
g : A — B that attains these approximation ratios, i.e., ), 4 dist(a, g(a)) < (1+¢)-distcu(A4, B).
Since reporting the assignment itself takes ©(n) time, reporting the changes in the assignment due to
an update, also known as recourse, would be desirable. Unfortunately, it turns out that any dynamic
algorithm that maintains an a-approximate assignment between A and B must have at least 2(n)
recourse, and thus also Q(n) update time (see Lemma B.1). In fact, for any constant § > 0, [BIJ*23]

’The stated bounds on the update time are in fact stronger in that they achieve a better dependency on the
dimension d. This is because Theorem 1.1 presents only a simplified version of our main result; the precise
trade-offs are given in Theorem 3.1.



show that even in thstaticsetting, reporting &1 + )-approximate assignment requirésn® )
time under the hitting set conjecture [Wil18].

Experiments. We implement our algorithm and validate its performance over four real datasets
covering both high and low dimensions, as well as their noisy versions with injected outlier points. In
all datasets, our algorithm achieves less th@®% error using only hundreds of samples, even against
injected outliers, in time up to magnitudes better than a naive dynamic algorithm. We also discover
that a simple uniform sampling baseline is competitive for these real datasets, but its performance
degrade signi cantly when outliers are present, where our algorithm has a clear advantage.

1.1 Technical Contribution

We employ an importance sampling framework to estindie- (A; B ), and our main contribu-

tion is a dynamic data structure that maintains an importance sampler. This importance sampling
framework was introduced irB]J* 23] in a static setting, where the key idea is to compute a coarse
O(log n)-approximate assignmebtfrom A to B, and then sample with probability proportional to

the distancalist(a; b(a)) . A standard importance sampling argument shows that an aver&yd pf
samples suf ces fofl + )-approximation taistcy (A;B).

However, it is dif cult to explicitly maintain the approximate assignmérih the dynamic setting,
since the recourse/changetptan already be very signi cant per update (let alone the running
time). To resolve this issue, our dynamic sampler obtains these sampling guaranteesinvjthicitn
representation of distance estimatiést, : a 2 A such thatlist, is anO(log? n) approximation to
miny, g dist(a; b) fora 2 A in O(d) update time. This sampler only generates a samm@eA, and

the nal estimator for the importance sampling is computed thraD@og? n 2maxf1; 2g)=

O( 2maxfl; 2g)queriestodl+ ( ))-approximate nearest neighbor oracle. This eventually
leadsto g1+ + )-approximation taistcy (A;B),

Our dynamic sampler (similarly to the static algorithm BfJ* 23]) relies on a family of partitions

of the input planéR? into a series of nested cells that exponentially decrease in size on lower levels
(also known as randomly-shifted quadtree in the literature). Fora&clA, we say that is matched

in some cell of our decomposition if it is the smallest cell that contaiasd any point oB. The

size of this unique sub-cell serves as an approximationitg, g dist(a; b). Our goal is to implicitly
maintain some information about the unique matching cell foa &llA.

Importantly, we cannot afford to explicitly maintain the matching cell for each @oihtA as it could
change for( n) points ofA due to a single update B.. Instead, for each cell we maintain how many
points ofA happen to be matched Binside that sub-cell. This allows us to implement a sampler
that, instead of explicitly sampling a point &f samples a cell in our nested decomposition based on
its size and the number of points Afmatched in it. Once a cell is sampled, our goal is to sample a
uniformly random point oA matched in that cell. To achieve this, every cell maintains a dynamic
sampler which allows it to sample one of its sub-cells in our family of partitions with probability
proportional to the number of points Afin that sub-cell. Repeating this sub-cell sampling process
through theO(1) levels of the algorithm nds a cell that contains a single poinfgfvhich we then
return.

1.2 Related Work

In the static setting,BIJ" 23, FI25] present a near-optimal algorithm for estimating the Chamfer
distance, running i@(nd  2) time. For comparison, our dynamic algorithm handles point updates
in near-optimal time proportional ©(d), up to the cost of invoking the nearest neighbour oracle.

Perhaps the closest problem to the dynamic Chamfer distance is the dynamic maintenance of the
Earth Mover distance (EMD), for which Chamfer distance is often used as a proxy in practical appli-
cations KSKW15, AM19]. Ford = 2, dynamic EMD is known to admit an algorithm that achieves
O(1=) approximation iMO(n*" ) update time GKP* 25]. In contrast, our dynamic algorithm for

the Chamfer distance extendsaioy dimensions, and can even achieve an improved approximation
ratio of (1 + ) in low dimensions. Similar to our negative result on the recour€XH 25] show

that maintaining a mapping to the dynamic EMD problem that achieves an approximation ratio better



than2 requires at leas{ n) time, even forl dimensional point sets. This highlights the dif culty of
dynamically maintaining mappings underlying different proximity measures between point clouds.

Recently, there has been a growing interest in designing dynamic algorithms for fundamental
problems in machine learning, thus contributing towards the grand vision of building a library
of ef cient data structures for key machine learning primitives. Notable progress has been
made on several fronts, including dynamic algorithms for various clustering objectives such
ask-center CGS18 GHL™" 21, BEF' 23, CFG' 24, BHMS23 LHG* 24, CLSW24, k-mediank-
means CHP" 193 HK20, BCLP23, facility location [GHL18, CHP" 19b, BGJ" 24], correlation
clustering CLMP24], as well as dynamic matrix multiplication for structured matrices arising in
machine learning applications [AvdBM25].

2 Preliminaries

De nition 2.1 (Chamfer distance)Given two goint-set#; B RY with maxfj Aj;jBjg n, the
Chamfer distancés de ned asdistcy (A;B) ;= _,, Mingz g dist(a; b). For 1, we say that a
value~is an approximation talistcy (A;B) if ~ distcq(A;B) ~

We will refer tominy, g dist(a; b) asdistcy (a;B). We will use the following dynamic nearest-
neighbor data structure as a subroutine in our algorithm.

De nition 2.2 (Dynamic nearest-neighbor data structur€jven > 0 and a dynamic point set

B RYjBj n,a(l+ )-approximate dynamic nearest neighbor data structure with update time
and query time () with respect to thé; norm is a data structure which can be maintained(in)
update time a8 undergoes insertions and deletions, and when queried for @@rR9Y, it returns a
value~, such that~, minypg ka bky (1+ ) ~;with(1 1=poly(n)) probabilityin ( )

time.

Throughout this paper, we assume that the input points are contaifigif ifor someU = poly( n),

which is a power oR. Furthermore, we assume that during all updates to the input sequence, the

aspect-ratioof the input pointsnaxazab2s ka bki=minasap2s ka bk is upper bounded by
=poly(n) =24, for some integet. 0.

Lemma 2.3 (Dynamic Weighted Sampler)There exists a dynamic algorithm that maintains a

undergoing insertions and deletions. Ugon query, the algorithm returns an elem&rsiuah that
a; 2 A is returned with probabilityv(a; )= 2] w(a; ). Both updates and queries are supported

in O(log n) worst-case update and query time.

Data structures similar to that of Lemma 2.3 have appeared before in literature, but for sake of
completeness we include an implementation in Appendix B.4.

2.1 Dynamic Quad-Tree

Our algorithm relies on the dynamic quad-tree data structiBel[TTO7. The quad-tree is constructed
as follows. We rst choose a random vector describea 2[0; U]9. We then shift all input points
with the vector described k%, hence after the shift they will be contained@®2 U]¢. With a slight
overload of notation, we will refer to the shifted pointsfaandB.

Consider a series d(log n) grids drawn on the input space, where thé grid has side length

U 2! '. The quad-tree is then a rooted tiegwhere each node 2 T is associated with some cell

G, of these grids with side length(v). The rootr of T corresponds to the smallest cell among all

the grids which contains all input points. Any nodef the treeT such thaiG, contains more than

one point of the input has child nodesTincorresponding to its non-empty sub-cells on the next level

of the grid decomposition with side lengti{v)=2. The leaves of correspond to the largest cells of

the decomposition containing a single point of the input. As the aspect ratio of the input is assumed
to be = poly(n), the tree consists @(log ) = L layers. As each input point may appear once in
any of the cells of all these layef§,has at mosO(n logn) nodes.

[dBHTTO7 has shown how to maintain this representation of the inp@(itt logn) worst-case
update time such that all nodes of the tree store the number of input points in their respective cell and



the leaves explicitly store the single input point stored in their cell. For our application, we further
impose that every cell is aware of the number of input points in its cell fioamdB separately.

3 Dynamic Algorithm

We start by describing an algorithm that achieves slightly worse guarantees than described in
Theorem 1.1. Namely, this algorithm will maintain the estimate of the Chamfer distance between two
sets with a constant probability. Formally, we will rst prove the following result.

Theorem 3.1. LetA; B be two sets in spade?, withjAj;jBj n, > 0Oand 2 (0;1) parameters,
and let () bethe update and query times ofla+ )-approximate dynamic nearest-neighbor data
structure. There exists a dynamic data structure which can be maintair@¢tinlogn +log? n +

(( )) worst-case update time #sandB undergoes point insertions and deletions and can be
queriedtoreturn g1+ + )-approximation tadistcy (A; B) betweerA andB w.r.t. “;-norm in
O(log?n  2maxf 2;1g (dlog?n+ (( )))) time with3=4 probability.

In Section 3.4, we show how to boost the above result to obtain our main result, i.e. Theorem 1.1,
which on query returns@+ + )-approximation taistcy (A; B ) with probability I 1=poly(n)).

In the following sections, we describe our dynamic algorithm on a high level. For sake of complete-
ness, we include pseudo-codes of our algorithm in Appendix C.

3.1 Algorithm description

We say that a poird 2 A[ B belongs to a node of leveli of quad-treeT if a 2 C,. We say that

pointa 2 A is matched at if v is the lowest level node df such that botta and any point oB

belong to it (where we assume that the root has the highest level as it corresponds to the largest cell
containing all the input points). Note that every point®of B may belong td. = O(log n) nodes

of T, but all points ofA are matched at exactly one nodelofFor eacta 2 A denote this unique

node byv,.

3.1.1 Handling an Update

We augment the dynamic tree structure of Section 2.1 with the following information being stored at
each node 2 T: number of points a (v) from A belonging tov, number of points g (v) from B
belonging tov, and the number of matched pointgs) from A atv. Note that g (v) and A (v) can

be maintained using the algorithm of [dBHTTO7].

We also maintain a dynamic sampMDDE-SAMPLER(V) corresponding to each nogleof T, and a
global samplefTREE-SAMPLER(T) for the wholeT. The sampleNODE-SAMPLER(V) is for the set
fu2 T:uisachildofv"Cy,\ B = ;g w.rt. weights A (u). The samplef REE-SAMPLER(T) is
for the set of all nodes of T with (v) > Ow.r.t. weightswr (v) = L(v) (v).

For sake of simplicity of the presentation, assume that at all tBné&s ;. We will now describe
how the algorithm updatesvalues for allv 2 T after each update. Assume painis deleted from
or inserted intcA [ B. Through iterating along the path starting from the leal afontainingx

contain a point oB nx (ordered from the leaf). Lat’ be the ancestor af in T. We distinguish
between four cases.

1. Insertion of x into A: set (V)= (VO +1.

2. Deletion ofx from A: set (V9= (V9 1

3. Insertion of x into B: set (V) := (V)  a(w), (Vi) = a(vi) and (vj) =
a(vi) alvi )fork i> 1. P

4. Deletion ofx from B: set (v):= (V)+ ,;y (vi)and (vi)=0 fori 2 [k].

The correctness of our algorithm in maintainingy);v 2 T is proven by Claim 3.3.

3.1.2 Answering Queries

The queries are answered using importance sampling based on a sampling process for foints in



Sampling points inA. To sample a single point from, we rst sample a node from T using
TREE-SAMPLER(T). Then, we sample a child of v usingNODE-SAMPLER(V). After this, we
recursively callNODE-SAMPLER(U), until we reach a leaf of , when we nally return the unique
pointa 2 A contained in it.

P
Claim 3.5 shows that this sampling process returns @oihtA with probabilityL (va)=,,1 (V)
L(v), where we recall that, stands for the unique cedl is matched in. Claim 3.4 shows that
L(va) distcy (a; B) within poly(log n) factors.

Estimating the Chamfer distance. Using our sampler, estimatingjstcy (A; B) turns into a
standard application of importance sampling. Funchithh (a; B; ) refers to any procedure for
nding a (1+ )-approximation to the nearest neighboradh setB.

Speci cally, we estimatalistcy (A; B) through takingm = 240 L lognmaxf 2;1g 2 =
O(log?n maxf 2;1g  2) samplesS from A through the after-mentioned sampling procedure. For
eacha 2 S, we then query the nearest neighbor data structure to genghte & 4)-approximation
todistcy (a; B). Refer to these values &8\ (a;B; = 4)fora 2 S.

P
We assign aweight dfiN (a;B; =4) ,1 (v) L(v)=L(va) toeacha 2 S. Thisimplies that the

weight of each sample is(@ + = 4)-approximation oflistcy (A; B) in expectation. We then nally
return the average of these weights (shiftedlbfl + =2) to t our de nition of approximation).

3.2 Correctness Analysis

This section is devoted to an overview of the proof of Lemma 3.2, which establishes the correctness
of our algorithm.

Lemma 3.2. On query, the algorithm returns@ + + )-approximation tadistcy (A; B ) with
7=8 probability.

We start with examining the variablegv), corresponding to the number of points fréirmatched
at nodev.

Claim 3.3. The value of (v) forall v 2 T is maintained correctly after an update.

Proof. When an update occurs &2 A, the only value changes is(v,). The algorithm greedily
nds v, and updates(v,) accordingly.

When an update occurs b2 B, the algorithm nds all nodes of that contain onlyb from B,

update, and the algorithm updatesalues accordingly. In case of an insertions, every poi of
G0 should be matched in the smallest cell am@hg : : :; G, they are contained in (if there is such
a cell). The algorithm similarly updatesvalues accordingly. O

The following claim allows us to estimatistcy (a; B) with valueL (v,). The proof is deferred to
Appendix B.2. Our proof is similar to a lemma @IJ* 23], however our lower bound ob(v,) with
respect talistcy (a; B) is slightly weaker due to the limitations of the dynamic model.

Claim 3.4. The following statements hold with respect to the random shift of the quad-tree (see
Section 2.1).

(i) With1  1=poly(n) probabilityL (va) ~ *&-&E) holds for alla 2 A.

(i) E[L(va)] 2 L distcy(a;B)) holds foralla2 A, whereL denotes the height df.

From Claim 3.4 we have that(v,) distcy (a;B). Hence, the following claim shows that the
sampling process of the algorithm sampée® A with probability roughly proportional to its
contribution todistcy (A; B ). Its proof is deferred to Appendix %.3.

Claim 3.5. The algorithm samples 2 A with probabilityL (va)= ", L(v) (V).



Table 1: Speci cations of datasets and experiment parameters.

dataset dimensiod jA]j jBj window size  sample size
Text Embedding 300 ~1.9k ~1.2k 100 150
ShapeNet 3 ~2k ~2k 100 150
Fashion-MNIST 784 60k 10k 500 200

SIFT 128 1000k 10k 500 300

The remaining proofs follow the standard analysis for importance sampling. Our main goal is to
bound the variance of a single random variable de ned by the weight assigned to eachrof the
samples ofA the algorithm draws on query. The proof is deferred to A]Qpendix B.5

Claim 3.6. LetX stand for the random variable de ned BN (a;B; = 4) ., (V) L(v)=L(va)
when the algorithm samples pom® A. Then, with highl 1=poly(n)) probability Var[X ]
CH(A;B)? logn L 12 2

We are now ready to nally prove Lemma 3.2, which is a standard application of importance sampling.
Given random variablX with expectatiorE[X ] and varianc&[X ] , the average dD( = ?)i.i.d.
samples oK isa(l+ )-approximation tde[X ] with > 1=2 probability by Chebyshev's inequality.

In our caseE[X ]is (L+ = 4)-approximate talistcy (A;B)and = O( 2 2log? n) by Claim 3.6.
Hence, we conclude the main lemma of this section Lemma 3.2. We defer the proof to Appendix B.6

3.3 Running time

Lemma 3.7. The algorithm of Section 3.1 h&(d logn +log?n + (( )) andO(log®n
2maxf1; 2g(dlog?n+ (( )))) worst-case update and query times, respectively.

Proof. Note that updating the quad tree itself (and the correspondingg values) take©(d logn)
time using algorithms from literatureBHTTO7]. Observe that insertions and deletions botito
andB require the algorithm to identify the set of verticesTothe affected point falls in and simply
to adjust the value on a subset of these nodes. Hence, this requires afdst.) = O(d logn)
time.

The algorithm also needs to update its internal gldirE-SAMPLER(T) andNODE-SAMPLERS
forallv 2 T. Observe that the total number of updates these samplers undergo is proportional to the
number of nodes of which change their, (A) or  values, thati©(logn). By Lemma 2.3 this
takesO(log? n) time as each sampler contains at nj@gt  n elements. In addition, the algorithm
needs to maintain its dynamic nearest-neighbor data structure.

On query the algorithm needs to sampie= O(log?n maxf1; 2g 2) samples, for each of which
it queries the nearest neighbor data structure. Each query requires rst a talE®SAMPLER(T),
then a walk from the sampled node to a leaf at each step of whithzE-SAMPLER is queried.
Hence, this take®(dlog?n m)= O(dlog*n maxf1; 2g 2)time. O

3.4 Boosting for a High-Probability Guarantee After Every Update

We show to derive Theorem 1.1 from Theorem 3.1. To this end, while maintaining the internal data
structures of Theorem 3.1, on query output the median res@ilofy n) queries to the baseline
algorithm. This will result in the same update time, buiG(hog n) blowup in query time.

In terms of correctness, consider tlogn outputs the algorithm produces. Each of them is an
(1+ + )-approximation talistcy (A; B) with 3=4 > 1=2 probability. By a standard application
of Chernoff bound with higifl  1=poly(n)) probability more than half of these query results will
be(1+ + )-approximation, hence so is their median value.

4 Experiments

We implement our dynamic algorithm and validate its performance on various datasets. Observe
that handling update oA is straightforward (by simply querying an NN oracle B, whereas



Figure 1: Relative error curves for dataseithoutoutliers. These experiments are independently
run for5 times, and we report the average (the dot), max and min values (the shaded area) after every
% to ¥ updates (depending on the dataset) wiveis the window size.

allowing updates o is more challenging. Hence, to simplify the exposition (but still keeping
the key challenge), we focus on the default setting wieie dynamic andA is a static set. For
completeness, we also include the case that BatindB are dynamic in Appendix E, and the results
are similar as in the default setting.

Baselines. Our rst baseline is a naive exact algorithm, which we call “Benchmark”, where for
each update dB, it re-computeglist(a; B) in O(djBj) time for eacha whose currentlist(a; B)



Figure 2: Relative error curves for dataseith outliers, with the same setup as in Figure 1.

value may be affected by the update. This serves as a benchmark for the approximation ratio. The

second baseline, called “Uniform”, replaces our important sampling with a uniform sampling (while
keeping the other steps the same).

Datasets and Experiment Setup. We employ four real datasets covering both high and low
dimensions in the experiment: Text Embeddii(SKW15], ShapeNet CFG" 15|, Fashion-
MNIST [XRV17], and SIFT PDS1]. Each dataset consists of a larger set which we usk,as

and a smaller set which we useBis The ShapeNet dataset consists of 3D point clouds and is widely
used to measure the similarity between different shapes. The Fashion-MNIST and SIFT datasets were



Figure 3: Average running time per window update for all algorithms on datestsisut outliers.

also known to be used as benchmarks for approximate nearest neighbor search. Similar choice of us-
ing ANN benchmark datasets was also made in a previous work, to evaluate the performance of static
algorithm for Chamfer distanc&®[J* 23]. Furthermore, to evaluate the robustnessof the algorithms,

we inject an outlier point into each dataset: we compute the geometriccmea% a2 A &, pick

an arbitrarya 2 A, and generate an outlieras= 0:1 jAj (a ¢)+ c. Intuitively, this “moves”

a along the direction o c by a large distance. Finally, since these datasets do not contain
information of dynamic update, we employ a sliding window Bonto simulate the insertions and
deletions. The detailed speci cation of the dataset and the experiment parameters can be found in
Table 1.

Implementation Details. Recall that our algorithm (and the Uniform baseline) consists of a
sampling step and then a second step to build the estimator that makes use of a nearest neighbor
query structure. Since the window size for each dataset is relatively small, we choose to use the
exactnearest neighbor algorithm, which does not introduce additional errors and allows for a more
accurate evaluation. For the 3D ShapeNet dataset, we implement nearest neighbor queries with
KD-trees, which can ef ciently perform exact search in low-dimensional spaces. All algorithms are
implemented in C++ and compiled with Apple Clang version 15.0.0 at -O3 optimization level. All

the experiments are run on a MacBook Air 15.3 with an Apple M3 chip (8 cores, 2.22 GHz), 16GB
RAM, and macOS 14.4.1 (23E224).

Experiment Results. Our main experiment evaluates both the error of the estimated Chamfer
distance and the running time of the algorithms, over the sliding windows. We depict the relative
error curve in Figure 1 and Figure 2.

Here, the relative error for an estima®eover the accurate Chamfer distarigés de ned as‘EE%@’.

Overall, our algorithm achieves less thEdb6 error using only hundreds of samples. Compared with
Uniform baseline, our algorithm achieves comparable error and variance for datasets without outliers,
and shows clear advantage when the dataset has the outlier. This showcases the robustness of our
algorithm. We observe that our algorithm performs slightly worse than Uniform in the SIFT dataset
(without outliers), but this is because the distahdist(a;B) : a 2 Agis very uniform (see Figure 4

in Appendix D), hence uniform sampling is already the “optimal” sampling strategy.

We report the average running time per sliding window update in Figure 3. Our algorithm is
magnitudes more ef cient than the Benchmark on larger datasets. It incurs a slightly higher time cost
than Uniform which is expected since Uniform does not need to maintain any additional structure to
generate a sample. The results for datasets with outliers are similar to that in Figure 3 and can be
found in Figure 5 (Appendix D).
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A Our Algorithms for the ", Norm

[Mat13] has shown the following useful lemma (which we state in the dynamic setting):

Lemma A.1. There is a dynamic algorithm which farpointsA  RY undergoing insertions and
deletions inO(d= 2) worst-case update time maintains R°(%= *) such thatkA° Aky
kKAi Ajky k A? Ajokl A+ )foralli;j 2 [n]withhigh@ 1=poly(n)) probability.

That is, we may embed the input points into Bgl= ?) space such thag distances between the
embedded points roughly correspond todistances between the input points. Substituting the
embedded point set into Theorem 1.1, and using the state of the art dynamic nearest neighbor data
structures of [AMN 98, AR15], we obtain the following algorithms for the norm.

 Ford = O(1) and0 < < 1, there exists an algorithm which, with high probability,
maintains g1 + )-approximation to the Chamfer distance betwéeB  RY;jAj;|B]j
n with respect to thé, norm, asA andB undergo point insertions and deletions, in

O( ©= ") worst-case update time.

« There exists a dynamic algorithm which maintaingn !)-approximation fo0< < 1
to the Chamfer distance betweanB  RY;jAj:jBj n with respect to thé, norm, as

A andB undergo point insertions and deletions@d n ’ 6) worst-case update time.

B Deferred Proofs

B.1 Linear Recourse for Maintaining Assignments

Lemma B.1. Any dynamic algorithm that maintains arapproximate assignment betwerand
B must have at leasf n) recourse, and thus als¢ n) update time.

Proof. Consider an instance where pointsfofire in close proximity to each other, aBdcontains
two points, one at distandefrom A and the other at distancg ). Any -approximate assignment
of this instance must assign the majority of pointg\imo the closer point iB . If the closer point of
B is removed from the input, then any assignment must assign all poiAtdmthe single remaining
point in B, leading to the claimed recourse. In fact, for any constant0, [BIJ* 23] show that even
in the staticsetting, reporting &1 + )-approximate mapping still requirgs n? ) time under the
hitting set conjecture [Wil18]. O

B.2 Proof of Claim 3.4

We will rst prove some useful properties of the underlying quad-tree data structure, which are based
on the random shift of the points introduced at initialization. Our proof is analogous to a similar
separation lemma of [Bt23], and we include it here for sake of completeness.

Namely, letx;y 2 A[ B andv be some node of. Then, with respect to the random shift de ned
by z 2 [0; U]¢, we have:

1 Prly2Gjx2G] “e

2. Prly2C,jx 2C,] exp( kXL (3)k1)

The random shift introduced at the initialization of our algorithm can be described as follows: the
algorithm draws a uniform random pointwith coordinates;; : : : z4 in [U]9. Then the algorithm
de nes setA .= fa+ zja2 AgandB = fb+ zjb2 Bg.

Fix some cellG, = [v;vi + L(V)] [vg;va + L(V)] (we disregard the case where a shifted
point falls exactly on the grid, as it occurs wiltprobability). If pointx 2 A [ B with coordinates
X1;:::;Xg fallsin cellG,, we know thatz; 2 [x; vi;x; Vv;+ L(v)] foralli 2 [d]. If we condition
on this event, then we know thatis uniformly distributed on this interval.
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Fix somey 2 A [ B with coordinates/s;:::;yq. Conditioning on the event that 2 C,, the
eventy 2C, isforalli 2 [d]ifz 2 [x; vi;Xi Vvi+LMWL2[yi vi;yp v + L(v)] thatis
xi yij>L(v)orz 2 [xi vi;yi viJorzi2[yi vi+L(v);X v+ L(v)] (depending on
which of x;;y; is larger) which happens with probability at m@st  y;j=L(v). Hence, by union
bounding over these events:

X iy i

: ixi vl _ kx  yka

Prly 2C,jx 2 C,] =
LW L(v)

Now observe that the above argument holds for all coordinatesrafependently. This implies:

. Yo ixi i kx  yk
Ply2Gix2G] @ P exn( st

i=1

We are now ready to prove the claim. Fix somg A. If L(vy) < distcy (a;B) 1=(4 logn), that
implies that for som&=2'>  distcy (a; B)=(3 logn) there exists #2 B such that botta andb
belong to the same cell in the tr@ewith side lengthJ=2"c. LetC2;:::; C be the cells off with
side length at modt/=2'c thata belongs to. Recall that this meaks L . By property (ii), we know
that forallb2 B:

) . X
Pr[b2 Clja2 C}] exp ka 5 bk
i2f ig;uk g fig;ink g
ka tkl
L exp >
L e distcy l(a; B)
i
L exp( 3 logn)
1=n3

By union bounding over ath2 B anda 2 A, and observing that these inequalities hold regardless
which cellsa falls on in speci c levels of the tree, we get that the rst item holds with high
1 1=poly(n) probability for alla 2 A.

To prove point (i), xsomea 2 A andb = argmin ,gka bk;. LetCp;:::; Q bethe cells o with

size lengths at leaslistcy (a; B) containinga whereC, has side lengty=2". If L(v,) U=2' 1

thenb 2Cl,. Hence, by property (i) we have that[L(v,) U=2" '] Pr[b2Clja 2 Cl]

2 ka bky=U. Note that_(v,) L(C) by de nition. Hence, summing over tHe levels of the
tree we get:

X 9] .
E[L (va)l PriL(va) 5=l L(Q)

fig;u:; Og
X i i U
Prlb2zC,ja 2 C] o T
fig;u:; Og
X 2 ka by U
U 2i 1
figi; O
ILS( g
2 ka bk
fig;u:; Og

2 L distCH(a;B)

Note that the second inequality holds as it does not matter whichacklls on different levels of
the tree for the set of preceding inequalities.
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B.3 Proof of Claim 3.5

Fix a pointa 2 A, and letX be the event whea is sampled in Algorithm 2. Let,; vo;:::; vi be the
path on tree starting at, ending at the leaf; containinga (hence A (v;) = 1). First, denote by
the event whefTREE-SAMPLER(T) returns node,, and byX; the event thaNODE-SAMPLER(V)
in line 4 of Algorithm 3 choose the nodg on leveli of T,for1<i . By de nition, we have that

— L(va) (va)
PriyY]= %VN NOBOE Further,

PiXsjy]= P WV2) _ alva),
u:u2C(vy) W(U) (Va) ,
by de nition of w( ). Similarly, for3 i |
PIXijX; 1]= P W) _ _av)
wuzc 1) W) a(vi 1)

Finally, we have that

PrIX]1=Pr[ Y\ X,\ :::\ X{]

av2) Y aw)

=Pyl (v) i=3 Avi 1)
_ a(vi)

=Pr[Y] va)

_ D L (va)

Tt W)

B.4 Proof of Lemma 2.3

The data structure maintains a balanced binary tree of the elemehisuiifere each leaf corresponds
to some element. In addition, each node of the binary search tree keeps track of the sum of the
weights of the elements corresponding to the leaves in its sub-tree.

On query, the data-structure draws a random real vaiag0; P in=l w;]. Starting from the root of
the search tree, it completes a walk to a leaf. When deciding between childwnadds (from left
to right) with leaf weight sumsv, ; w, in a step of the walk, it choosesif x ~ w, . Once reaching a
leaf, it returns the element assigned to it.

Observe that if the ordering of thg-leafs from left to rightis: :: a,, then this process chooses
elementa if x> w; andx i i Wi, thatis with probabilityw;j=";, ,; ;. As the tree
will have depth at mosD(log n), the query take®(log n) time. The maintenance of a balanced
binary tree ofn elements irD(log n) is folklore.

B.5 Proof Claim 3.6

First, note that when we decide to query the distance of sb&hé from B, we used + =4)-
approximate nearest neighbor data structure, which might be randomized. Hence, instead of returning
distcy (a; B), we obtain som&, distcy (a; B), whereZ, is a random variable taking real values
in[1;1+ =4+ =4]. Note that this implies the[Z2] (1+ =4+ =4)2 2 2. Also, note that

the randomization af ;ja 2 A is independent from the randomization of the rest of the algorithm
(i.e. the randomness used for sampling elemen#s and that oH ). Furthermore, the randomness

we use to sampla 2 A is independent of the randomness of the quad-tree (thati$waf) and (v)

values).
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var[X] E[X?]

P
X p L (va) ( var (V) L(V)2

VRPN R RN (A

X vt (V) L(v) distcy (a;B)

= E
a2 L(va)

X
E[ (v) L(v)] logn distcy(a;B) 6 2
v2T a2A

log?n L distey (A;B)? 12 2

E[Z2] distch (a;B)?

E[Z2] distch (a;B)

The second inequality holds due to Claim 3.4, part (i), with high (L=poly(n)) probability. The
last inequality follows from the same claim, part (ii).

B.6 Proof of Lemma 3.2

On query, the algorithm returns the value of random variablen (1 + =2)). First, in order for
thistobe 1+ + )-approximation talistcy (A; B ), by de nition it must hold that

m diStCH (A, B )

m @+ + ) (1)

Let X be a random variable described by Claim 3.6, thatgs a random variable taking value
NN (a;B; =4) .1 (V) L(v)=L(va) with probabilityL (va)= .1+ (v) L(v). By the de ni-
tion of the nearest neighbor oracle we have thatcy (A;B)=(1+ =4) E[X] distcy(A;B).

Since= isthe average ah i.i.d. copies ofX , thenVar[=m ] Var[X]=m and hence

2 Jog?n  distcy (A;B)2 2
240 2 20 maxf 2;1g

with high probability by Claim 3.6. Now, by a simple application of Chebyshev's inequality we have

Var[=m] Var[X]

)

S #
Pr E BN 4 Var — i
m m 16

m
Since by linearity of expectation it holds thdistcy (A;B)=(1+ =4) E[;] distcu (A;B),
we have
" s # " s #
~ < diStCH (A, B) ~ 1

:> i . + ; + J— .40 S J— ——
Pr = distcy (A;B) +4 Var = Pr o 1+ =2 4  Var = 16

Plugging in (2), we obtain

diStCH (A, B) +Pr

- < diStCH (A, B) n diStCH (A, B) 1 .
5 maxf ; 1g m 1+ =4 "5 maxf; 1g 16

Z > di : +
Pr - distch (A;B)
Forall > OandO< < 1thisimplies that:

- H . - 1 - 1 .
PI’ m > d|StCH (A, B) + PI‘ m < d|StCH (A, B) (1 + + ) T6

Therefore, the output of the query iga+ + )-approximation talistcy (A; B) with 15=16 > 3=4
probability.
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C Pseudo-code of Our Algorithm

In this section, we give pseudo-codes for the dynamic algorithm described in Section 3.

The updates toa (v) and g (V) in the last line of each algorithm can be done using standard results
from literature (see e.gdBHTTO07]). The following pseudo-code shows how the algorithm updates
values after poinx is inserted into/deleted frol [ B.

Algorithm 1 UPDATE POINT(X)
1: vi leaf containing«

2

vy i v2 G\ (Bnx)=;
4: v0 ancestorofy inT

5: if Insertion intoA then

6: (V9 (VY+1

7: end if

8: if Deletion fromA then

9 (V9 v 1

10: end if

11: if Insertion intoB then

12: (V9 V9 a(w)

13: (v1) a(v1)
14: (Vi) A(vi)  a(vi 1)fork i>1
15: end if

16: if Deletion fromB thgn

17: 9 V)+ g ()
18: (vi) Ofori 2 [K]

19: end if

The algorithm also updates the global sampMoDE-SAMPLER(T) and affected TREE-
SAMPLER(V)s such that after an update:

* TREE-SAMPLER(T) contains all nodes 2 T with weightw(v) = L(v) (v) (if non-
negative),

* NODE-SAMPLER(V) for all v 2 T contains all childreru of v with weight A (u) if
G\B=;.

Note thatP vat (V)= JA] nhenceTREE-SAMPLER(T) contains at rgost elements at all times.
Similarly, for anyv 2 T for the set of child noded of T it holds that ,, a(u) j Aj=n
hence alINODE-SAMPLER(V) also contain at most elements (and hence updates and answers
gueries inO(log n) time by Lemma 2.3).

The following pseudo-codes describes how queries are handled by the algorithm of Section 3.1.2.
For a single query, we invoke Algorithm 4.

Algorithm 2 SAMPLER(A) procedure

1. Sample vertex of T using TREE-SAMPLER(T)
2: Return S\MPLER-FIND(V)

Algorithm 3 SAMPLER-FIND(V) procedure

1: if vis a leaf of quad-tre& then

return a contained inv

. else

Sample childu of v using NODE-SAMPLER(V)
SAMPLER-FIND(U)

: end if

oahwnN
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