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Abstract

We propose a framework for learning maps between probability distributions that
broadly generalizes the time dynamics of flow and diffusion models. To enable
this, we generalize stochastic interpolants by replacing the scalar time variable with
vectors, matrices, or linear operators, allowing us to bridge probability distributions
across multiple dimensional spaces. This approach enables the construction of
versatile generative models capable of fulfilling multiple tasks without task-specific
training. Our operator-based interpolants not only provide a unifying theoreti-
cal perspective for existing generative models but also extend their capabilities.
Through numerical experiments, we demonstrate the zero-shot efficacy of our
method on conditional generation and inpainting, fine-tuning and posterior sam-
pling, and multiscale modeling, suggesting its potential as a generic task-agnostic
alternative to specialized models.

1 Introduction

Recent years have witnessed remarkable advances in generative modeling, with transport-based
approaches such as normalizing flows (Lipman et al., 2022; |Albergo and Vanden-Eijnden, 2022
Liu et al., [2022) and diffusion models (Ho et al.,|2020; |Song and Ermon, [2020; De Bortoli et al.,
2021; |[Albergo et al.l [2023a) emerging as state-of-the-art techniques across various application
domains (Rombach et al., 2022 | Mazé and Ahmed, 2023 |Alverson et al., 2024)). These methods
have revolutionized our ability to generate high-quality images, text, and other complex data types by
viewing these data as samples from an unknown target distribution and learning to transform simple
(e.g., noise) distributions into this target. This transformation is effectively achieved via transport of
the samples by a flow or diffusion process with a drift (or score) parameterized by neural networks
and estimated via simulation-free quadratic regression, enabling highly efficient training.

Despite their impressive performance, these generative frameworks face a fundamental limitation:
they are typically designed and trained for specific, predetermined tasks, with the generative objective
specified before training. For example, a diffusion model trained to generate images cannot easily be
repurposed to perform inpainting or other editing tasks without substantial modification or retraining.
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While some exibility can be achieved through conditioning variables or prompting, these approaches
remain constrained within narrowly de ned operational boundaries established beforehand. Recent
attempts at multitask generation using approximated guidance strategies (Chung et @l., 2023; Song
et al|| 2022 Wang et al., 2024) have shown promise, but rely on uncontrolled approximations that
limit their theoretical guarantees and can lead to unpredictable results. These methods typically
operate within a prede ned space of capabilities and lack the exibility to adapt to novel tasks
without retraining, often requiring domain-speci ¢ architectural modi cations or specialized training
procedures that further limit their versatility.

In this paper, we introduce a novel framework for training truly multi-task generative models based
on a generalized formulation of stochastic interpolants. Our key insight is to replace the scalar time
variable traditionally used in transport-based models with a linear operator. dpessor-based
interpolantsenable interpolation between random variables across multiple dimensional planes or
setups, providing a uni ed mathematical formulation that treats various generative tasks as different
ways of traversing the same underlying space, rather than as separate problems requiring distinct
models. This dramatically expands the space of possible tasks that a single model can perform.

Ourmain contributions include theoretical advances that establish a framework for multiple genera-
tive applications:

« We extend traditional scalar interpolation in dynamical generative models to higher-dimensional
structures, developing a uni ed mathematical formulatioropérator-based interpolantthat
treats various generative tasks as different ways of traversing the same underlying space. This
opens up fundamentally new ways of seeing how generative models can be structured to handle
multiple objectives simultaneously.

* We show how this framework enables generative models edttiinual self-supervisiorover a
wide purview of generative tasks, making possihieiversal inpainting modelsthat work with
arbitrary masksmultichannel data denoiserswith operators in the Fourier domaiposterior
sampling with quadratic rewards, angst-time dynamical optimization with rewards and
interactive user feedback, all with one pretrained model.

* We demonstrate these various tools on image-in lling, data de-corruption, statistical physics
simulation, and dynamical robotic planning tasks across a number of datasets, showing that our
method matches or surpasses existing approaches without being speci cally tied to any single
generative objective.

All common augmentations like text-conditioning and guidance can still be used just as before in
our setup. While our approach increases the complexity of the initial learning problem, we provide
arguments that this additional complexity can be addressed through scale. In essence, the “pretraining
phase becomes more challenging, but the resulting model gains substantial exibility and versatility
that compensates for the pretraining costs. That is, our approach can be aeeayasf amortizing
learning over a variety of taskJ.his points toward a more general paradigm of universal generative
models that can be trained once and then applied to a variety of objectives, potentially reducing
computational and environmental costs associated with training separate models for each task.

1.1 Related works

Flow matching and diffusion models. Our approach extends the theoretical groundwork estab-
lished in ow matching with stochastic interpolant and recti ed ows (Lipman et[al., 2022; Albergo

and Vanden-Eijnden, 2022; Albergo et al., 2023a; Liu éf al., 022) as well as the probability ow
formulations in diffusion models (Ho et gl., 2020; Song €t al., 2020). which established techniques
for handling multiple target distributions simultaneously. Unlike data-dependent coupling approaches
(Albergo et al.| 2023b) that require constructing speci ¢ couplings for tasks like inpainting, our
method learns a general operator space that naturally accommodates such tasks without additional cou-
pling design. By introducing operator-valued interpolants, we enable a richer space of transformations
between distributions, unlocking a exible framework for multiple generative tasks.

Inverse problems and inpainting Our framework offers a uni ed approach to inverse problems,
contrasting with traditional methods that require problem-speci c variational optimization procedures
Pereyra et all (2015). Recent diffusion-based approaches Chung et al. (2023); Song etlal. (2022);
Kawar et al. (2022); Martin et al. (2025) typically need guided sampling trajectories tailored to



each task. Similarly, methods using MCMC/SMC sampling Coeurdoux et al. (2024); Sun et al.
(2024), variational approximations Mardani et al. (2023); Alkan et al. (2023), or optimization-driven
techniques Wang et al. (2024); Daras et al. (2022) remain fundamentally task-speci c. Our approach
encodes solution paths within the interpolant operator structure itself, enabling multiple inverse
problems to be addressed through appropriate operator path selection during inference—without
additional training. Our work can also be seen as a way to formalize methods that seek to clean data
corrupted in various ways Bansal et al. (2022)

Multiscale and any-order generation Recent approaches to generative modeling have explored
hierarchical strategies through progressive re nement. Visual Autoregressive Modeling (Tian et al.,
2024) employs next-scale prediction, while Fractal Generative Models (Li et al., 2025) utilize self-
similar structures for multiscale representations. These methods typically constrain generation to
xed paths established during training. In contrast, our framework decouples the training process
from generation trajectories, allowing exible path selection at inference time. This is conceptually
related to optimizing generation order in discrete diffusion (Shi et al., 2025) and token ordering
studies (Kim et al., 2025), but provides greater exibility by enabling post-training optimization and
dynamic, self-guided generation strategies that adapt based on intermediate results.

2 Theoretical framework

Imagine we want to create a single generative model capable of multiple tasks - sampling new
data, inpainting, denoising, and more. To achieve this, we need to expand beyond the traditional
“single path" between noise and data. In this section, we develop the theoretical foundations of
operator-based interpolants, which allow exible navigation through a richer multidimensional space
and will enable multitask generative capabilities discussed in Section 3.

2.1 Operator-based interpolants

Suppose that we are given a couple of random variglgs<1) both taking values in a Hilbert space
H (for exampleR®) and drawn from a joint distribution(dxo; dx;). Our aim is to design a transport
between a broad class of distributions supporteidnvolving mixtures ofxg andx;. We will do
so by generalizing the framework of stochastic interpolant.

De nition 2.1 (Operator-based interpolantd)et B(H) be a connected set of bounded linear
operators orH and letS B(H) B(H), also connected. Given any pair of linear operators
(; ) 2 S, theoperator-based interpolaht ; ) is the stochastic process given by

I(; )= Xo+ Xq; (; )2S; 1)
where(Xo; X1) . We will denote by . the probability distribution of (; ).

If we pickede.g. =(1 t)ldand = tldwitht 2 [0;1], respectively, we would go back to a
standard stochastic interpolant, but we stress that the operator-based interpolants from De nition 2.1
are much more general objects. For examplel, # RY, we could takeB (H) to be asetofl d
matrices with real entries — choices of tailored to several multitask generation will be discussed

in Section 3.The main objective of this paper is to show how to exploit this exibility of design.
Speci cally we will show that we can learn a model that can be used to transport samples o
alonganypaths of(; ) in S without having to choose any such path during trainifigpis will

mean that transport problems in a broad class associated to a variety of tasks, including inpainting
and block generation of any order, ne-tuning, etc. will fpetrainedinto this model.

2.2 Multipurpose drifts and score

To proceed, we introduce two drifts, which are functionSofH taking value inH:
De nition 2.2 (Multipurpose drift) Thedrifts o; 1:S H!H  are given by

o(; ;% )= EXojl (; )= x]; 105 5x )= Exqjl (5 )= x]; (2



whereE[ jlI(; )= x]denotes expectation over the coupli{xg; x;1) conditioned on the
eventi(; )= x.

Using thel ? characterization of the conditional expectation, these drifts can be estimated via solution
of a tractable optimization problem with an objective function involving an expectation:

Lemma 2.3(Drift objective) Let (d;d ) be a probability distribution whose support$ Then
the drifts o.1(; ;X ) in De nition 2.2 can be characterized globally for gll; ) 2 S and all
X 2 supp( . ) via solution of the optimization problems

o=argmin E (. y  k%(;;l () Xok®; ®)
"o (X0iX1)
p=argmin E .y kMG Go) xak? (4)

"1 (X0:X1)

wherek k denotes the norm iHl .

This lemma s proven in Appendix A. Below we will ué&) and (4) to learn (.1 over arich parametric
class made of deep neural networks. Note that the digfend ; are not linearly independent since
the de nition of I (; ) in (9) together with the equality = E[I (; )jl (; )= x]imply that

x= o ix )+ a(ssx ) (5)
Therefore we can obtairy from 1 if isinvertible and ; from o if is invertible. Note also

that, whenxg is Gaussian anglg ? X1, ¢ is related to the score of the distribution of the stochastic
interpolant:

Lemma 2.4 (Score) Assume thatl = RY and that the probability distribution .  of the
stochastic interpolanit( ; ) is absolutely continuous with respect to the Lebesgue measure with
density . (x). Assume also thatg N (0;1d) andxo ? Xx;. Then the scors. (x) =

r log . (x) isrelated to the drift o(; ;x ) via

o(;x )= s, (X (6)

This lemma is proven in Appendix A.

2.3 Transport with ows and diffusions

We can now state the main theoretical results of this paper: if we are able to sample the stochastic
interpolantl ( o; o) ataspecicvalug o; o) 2 S, thenwe can produce sampleldf ; ;) along
anycurve( ¢; t) 2 S by solving either a probability ow ODE or an SDE, assuming we have
estimated the driftSe.1( ; ;X ) from De nition 2.2 along this curve:

Proposition 2.5(Probability ow). Let( ¢; t)i210:1) be any one-parameter family of operators
(t; ¢) 2 S. Assume that;;  are differentiable for alt 2 [0; 1]. Then, for allt 2 [0; 1], the law
ofl ( ¢; t)isthe same as the law of the soluti¥n to

Xe= _t ol 65 X))+ + 1( 65 65 X4); Xog|( 0; 0): (7)
This proposition is proven in Appendix A. Similarly, for generation with an SDE, we have:

Proposition 2.6 (Diffusion). Assume thatl = RY and the probability distribution .  of the
stochastic interpolant (; ) is absolutely continuous with respect to the Lebesgue measure.
Assume also that, ih(; ), Xo is Gaussian andy ? x;. Then, under the same conditions as in
Proposition 2.5, if  is invertible, for allt 2 [0; 1]and any ; > 0, the law ofl ( ¢; ) is the same

as the law of the solutioX; to

p__
dX, = 4 ¢ ¢t ol 6 oeX)dt+ 4 oa( o X )dt T 2 dW; Xog I( 0 0): (8)
whereW, is a Wiener process iRY.

This proposition is also proven in Appendix A. Note that the SBEeduces to the ODE) if we
set ¢ = 0. Note thatif  is positive-de nite we canusg =  , 1 as new diffusion coef cient,

which set the noise term i{8) to P 2 tl:det; this allows to extend this SDE to paths along which
we can have; = 0.



Figure 1: Multi-task, self-supervised sampling:
Schematic representation of various sub-tasks that are
captured by the minimizer of our learning objective
using the Hadamard-product interpolant(8). A
generative task is chosen in a zero-shot manner by
specifying as a function of time after training. This

¢ serves as a continual self-supervision of what has
been unmasked vs. what remaifiep: ¢ is chosen
to generate pixels in an autoregressive fashidial-

dle: ¢ is chosen to sample along a fractal morton
order.Bottom:  can be chosen to do zero-shot in-
painting.

3 Multitask generation

In this section we discuss how to use the theoretical framework introduced in Section 2 to perform
multiple generative tasks without having to doing any retraining.

3.1 Self-supervised generation and inpainting

Inpainting—the task of lling in missing parts of an image—traditionally requires specialized training
for each possible mask con guration. Our operator-based framework enables a fundamentally
different approach: a single model that can perform inpainting with any arbitrary mask, chosen
at inference time, or can generate samples from scratch in an arbitrary ordering of the generation.
This includes standard generation of all dimensions at once, autoregressive generation dimension
by dimension, blockwise fractal generation, and so forth. In particular, we may want to construct a
generative model that lls in missing entries from a sample2 RY drawn from a data distribution

1- We would like this model to be universal, in the sense that it can be used regardless of which
entries are missing; their number and position can be arbitrary and changed post-training, allowing
for exible inpainting and editing (see Figure 1 for an illustration). This approach creates a natural
self-supervision mechanism, as the model continuously tracks which parts have been generated and
which remain to be lled.

To perform this task, assume thatis drawn from the data distribution, of interest ancg drawn
independently fronN (0;1d), sothat = N(O;1d) 1,set =1 in the operator interpolart),

and assume that is a diagonal matrix. With a slight abuse of notations we can then identify the
diagonal elements of the matrixwith a vector 2 RY and write (1) as

()= Xo+(L ) Xy 9)
where denotes the Hadamard (i.e. entrywise) product. The drift to learn in this case is
(;x)=EXo X X+ ) X=X (10)

for 2 [0;1]%, and this learning can be done via solution of

MNE yoqgy KNG Xo+ (@) X))+ X2 Xo)k?; (11)
Xo N(O,ld)
X1 1
Denotingxy = (x};x%;:::;x¥), suppose that we obserxg for the entries withi 2~ f 1;:::;dg

and would like to infer the missing entries witl2 ¢ = f1;:::;dgn . To perform this inpainting
we can use the probability ow ODE7) with apath  suchthat } =0ifi2 and [ =1 tif
i 2 °. Note that this can be done fany choice of without retraining

3.2 Multichannel denoising

Suppose thaB; B,;::: B, are deterministic corruption operators that can be applied to the data.
For exampleB; could be a high-pass IteB, a motion blur, etc. and they could be de ned primarily
in the Fourier representation of the data. Similarlkdf N (0;1d), letAq; Az;::: Ay be operators



Figure 2: Multichannel denoising: Possible in-
terpolations ful lled by various choices of opera-
tors in(12). We present two such examples in the
form of Gaussian and motion blurring, realized
by interpolations de ned in the Fourier domain.

that give some structure to this noise (e.g. some spatial correlation over the domain of the data). Set
Ag = Bg = Id and take
xXn X0
= aAi; = b B; (12)
i=0 i=0
wherea; ; by are nonegative scalars each taking values in some range that includeby0=ahd With
th|§_,ch0|ce we canpnd patl +; t)i210:1) that bridges data, corrupted in any possible channel

as -; aAijXxp+ -; bBjx; for some choice ofay; ay;:::;by; bp;:::) back to the clean data
via a path that bndges this choice of parameteigyte 1 andao = a:::=b=:::=0. See
Figure 2 for an illustration of two possible corruption schemes.

3.3 Fine-tuning and posterior sampling

Suppose that we are given data from a distributiedx), and that we would like g generate samples
from [(dx)= Z &™) ;(dx) wherer : H! Risarewardfunctionand = &™) (dx)is

a normalization function, which is unknown to us but we assume nite —in the context of Bayesian
inference, 1 plays the role of prior distributior, is the likelihood, and | is the posterior distribution.

We will assume that the rewards a quadratic function, i.e.

r(x) = shx; Axi + ho;xi (13)

whereA is a de nite negative bilinear operator &h, b2 H, andh; i denotes the inner product on
H. For simplicity we also assume thdt= RY: the general case can be treated similarly.

In this context, assume that we have learned the drifisassociated with the interpolant
I(; )= Xo+ Xu; Xo N(O;Id); x1 1; Xo0? X1 (14)

so that we can generate samples from the prior distribution. Our next result shows that this gives us
access to the drifts).; associated with the interpolant

Ir(; )= Xo+ X1; Xo N(O;1d); xj . Xo? X) (15)

involving dataxj from the posterior distribution.
Proposition 3.1. Let

o(;ix )= Exojl(; )= x; 10 3x )= Exqjl(; )=x; (16)

be the drifts associated with the interpolgtt) and
o ix )= EXojlr(; )=x; 1% )= Exqjle(; )= x; (17)

be the drifts associated with the interpoldtf). If and are invertible, then

o(iix )=t ot o mxa)+ tx ixe) (18)
1Gax )= 1 %) (19)

as long as we can nd a paif [; ) that satis es
;I' rT r1 - T T 1 A (20)
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