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Abstract

Ensemble learning is a popular technique to improve the accuracy of machine
learning models. It traditionally hinges on the rationale that aggregating multiple
weak models can lead to better models with lower variance and hence higher
stability, especially for discontinuous base learners. In this paper, we provide
a new perspective on ensembling. By selecting the most frequently generated
model from the base learner when repeatedly applied to subsamples, we can attain
exponentially decaying tails for the excess risk, even if the base learner suffers from
slow (i.e., polynomial) decay rates. This tail enhancement power of ensembling
applies to base learners that have reasonable predictive power to begin with and is
stronger than variance reduction in the sense of exhibiting rate improvement. We
demonstrate how our ensemble methods can substantially improve out-of-sample
performances in a range of numerical examples involving heavy-tailed data or
intrinsically slow rates.

1 Introduction

Ensemble learning [17, 65] is a class of methods designed to improve the accuracy of machine
learning models by combining multiple models, known as “base learners”, through aggregation
techniques such as averaging or majority voting. In the existing literature, ensemble methods—most
notably bagging [8] and boosting [24]—are primarily justified based on their ability to reduce bias
and variance or improve model stability. This justification has been shown to be particularly relevant
for certain U-statistics [13] and models with hard-thresholding rules, such as decision trees [9, 19].

In contrast to this traditional understanding, we present a novel perspective on ensemble learning,
demonstrating its capability to achieve a significantly stronger effect than variance reduction: By
suitably selecting the best base learners trained on random subsamples, ensembling leads to ex-
ponentially decaying excess risk tails. Specifically, for general stochastic optimization problems
that suffer from a slow (polynomial) decay in excess risk tails, ensembling can reduce these tails
to an exponential decay rate, a substantial improvement beyond the constant-factor gains typically
exhibited by variance reduction.
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To detail our contribution, we consider the generic stochastic optimization problem

min
� 2 �

L(� ) := E [l(�; z )] ; (1)

where� 2 � is the decision variable,z 2 Z is a random variable governed by some probability
distribution, andl(�; �) is the cost function. A dataset ofn i.i.d. samplesf z1; : : : ; zn g is drawn
from the underlying distribution ofz. In the context of machine learning,� corresponds to the
model parameters,f z1; : : : ; zn g represents the training data,l denotes the loss function, andL is the
population-level expected loss. More generally, (1) also encompasses data-driven decision-making
problems, i.e., the integration of data onz into a downstream optimization task with overall cost
functionl and prescriptive decision� . These problems are increasingly prevalent in various industrial
applications [42, 6, 30]. For example, in supply chain network design,� may represent the decision
to open processing facilities,z the uncertain supply and demand, andl the total cost of processing
and transportation.

Given the data, a learning algorithm can be used to map the data to an element in� , yielding a
trained model or decision. This encompasses a variety of methods, including machine learning
training algorithms and data-driven approaches such as sample average approximation (SAA) [61]
and distributionally robust optimization (DRO) [55] in stochastic optimization. The theoretical
framework and methodology proposed in this paper work for all learning algorithms that meet the
formal performance criterion in our theorems.

Main Results at a High Level. Let �̂ be the output of a learning algorithm. We characterize its
generalization performance through the tail probability bound on the excess riskL(�̂ ) � min � 2 � L(� ),
i.e.,P(L (�̂ ) > min � 2 � L(� ) + � ) for some �xed� > 0, where the probability is over both the data
and training randomness. Apolynomially decaying generalization tailrefers to:

P
�

L (�̂ ) > min
� 2 �

L(� ) + �
�

� C1n� � ; (2)

for some� > 0 andC1 that depends on� . Such bounds are common under heavy-tailed data
distributions [43, 40, 41] due to slow concentration, which frequently arises in machine learning
applications such as large language models [39, 63, 16], �nance [50, 31], and physics [22, 53]. This
can be illustrated with a simple linear program (LP):

Example 1.1(LP with a polynomial tail). Consider the stochastic LPmin � 2 [0;1] E[z� ], i.e.,l (�; z ) =
z� and� = [0 ; 1] in (1), and its SAA solution̂� 2 argmin� 2 [0;1]

P n
i =1 zi =n � � . Assumez has a non-

zero density everywhere and is symmetric with respect to its meanE [z] = 1 (henceL(� ) = � ). Then
we haveP(�̂ = 1) � P(

P n
i =1 zi =n < 0) � P(

P n � 1
i =1 zi � n � 1 andzn < 1 � n) = P(

P n � 1
i =1 zi �

n � 1)P(zn < 1 � n), where the last equality uses the independence ofzi 's. By the symmetry ofz,
we haveP(

P n � 1
i =1 zi � n � 1) = 1=2, thus for� 2 (0; 1) the tail

P
�

L (�̂ ) > min
� 2 [0;1]

L(� ) + �
�

� P(�̂ = 1) �
1
2

P(z < 1 � n): (3)

If z has a polynomial tail, e.g.,P(z < 1 � n) = 
( n� � ) for some� > 0 where
( �) contains
some multiplicative constant, the generalization tail bound (2) applies. Appendix E provides another
example from linear regression.

As the key contribution of our work, we propose ensemble methods that signi�cantly improve these
bounds, achieving anexponentially decaying generalization tail:

P
�

L (�̂ ) > min
� 2 �

L(� ) + �
�

� C2
 n=k ; (4)

wherek is the subsample size and
 < 1 depends onk; � with 
 ! 0 ask ! 1 . By appropriately
choosingk at a slower rate inn, the decay becomes exponential. This exponential acceleration
is fundamentally different from the well-known variance reduction bene�t of ensembling in two
perspectives. First, variance reduction refers to the smaller variability in predictions from models
trained on independent data sets, thus has a more direct impact on the expected regret than the tail
decay rate. Second, variance reduction typically yields a constant-factor improvement (e.g., [12]
report a reduction factor of3), whereas we obtain an order-of-magnitude improvement.
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Main Intuition. Consider �rst the discrete space� . Our ensemble method employs a majority-vote
mechanism at the model level: The learning algorithm is repeatedly run on subsamples to generate
multiple models, and the model appearing most frequently is selected as the output. This resembles
the majority vote in ensemble methods for classi�cation but the voting is on models instead of
classes. This process effectively estimates the mode of the sampling distribution of the learned model
by subsampling, and thus is less susceptible to extreme data and training randomness that incurs
the slow tail decay in (2). This mode estimation can be formalized via a surrogate optimization
problem over the same decision space� as (1) that maximizes the probability of being output by the
learning algorithm. The probability objective, as the expected value of a random indicator function,
is uniformly bounded even if the original objective is heavy-tailed and hence admits exponential
decay in the tail. Consequently, base learners with high-quality mode models receive an exponential
enhancement in their tail behavior. To illustrate the main idea using Example 1.1, althoughP(�̂ = 1)
can be substantial in a heavy-tailed setting, it holds thatP(�̂ = 0) > P(�̂ = 1) , and thus the mode of
�̂ , i.e.,0, recovers the optimal solution.

For general problems with possibly continuous decision spaces, we replace the majority vote with a
voting mechanism based on the likelihood of being� -optimal among all models when evaluated on
random subsamples. This avoids the degeneracy of using a majority vote for continuous problems
while retaining similar (in fact, even stronger) theoretical guarantees. For both discrete and continuous
problems, our method fundamentally improves the tail behavior from (2) to (4).

Organization. The rest of the paper is organized as follows. Section 2 presents our methods
and their �nite-sample bounds. Section 3 presents experimental results, Section 4 discusses related
work, and Section 5 concludes the paper. A review of additional related work, technical proofs, and
additional experiments can be found in the appendix.

2 Methodology and Theoretical Guarantees

We consider the generic learning algorithm in the form of

A(z1; : : : ; zn ; ! ) : Z n � 
 ! �

that takes in the training data(z1; : : : ; zn ) 2 Z n and outputs a model possibly under some algorithmic
randomness! 2 
 that is independent of the data. Examples of! include gradient sampling in
stochastic algorithms and feature/data subsampling in random forests. For convenience, we omit! to
write A(z1; : : : ; zn ) when no confusion arises.

2.1 A Basic Procedure

We �rst introduce a procedure calledMoVEthat applies to discrete solution or model space� . MoVE,
which is formally described in Algorithm 1, repeatedly draws a total ofB subsamples from the data
without replacement, learns a model viaA on each subsample, and �nally conducts a majority vote
to output the most frequently subsampled model. Tie-breaking can be done arbitrarily.

Algorithm 1 M ajority VoteEnsembling (MoVE)

1: Input: A base learning algorithmA, n i.i.d. observationsz1:n = ( z1; : : : ; zn ), subsample size
k < n , and ensemble sizeB .

2: for b = 1 to B do
3: Randomly samplezb

k = ( zb
1; : : : ; zb

k ) uniformly from z1:n without replacement, and obtain
�̂ b

k = A(zb
1; : : : ; zb

k ).
4: end for
5: Output: �̂ n 2 arg max� 2 �

P B
b=1 1(� = �̂ b

k ).

To understandMoVE from the lens of mode estimation, we consider an optimization associated with
the base learnerA :

max
� 2 �

pk (� ) := P(� = A(z1; : : : ; zk )) ; (5)

which maximizes the probability of a model being output by the base learner onk i.i.d. observations.
Here the probabilityP is with respect to both the training data and the algorithmic randomness. If
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B = 1 , MoVE essentially maximizes an empirical approximation of (5), i.e.

max
� 2 �

P� (� = A(z�
1 ; : : : ; z�

k )) ; (6)

where(z�
1 ; : : : ; z�

k ) is a uniform random subsample from(z1; : : : ; zn ), andP� denotes the proba-
bility with respect to the algorithmic randomness and the subsampling randomness conditioned on
(z1; : : : ; zn ). With a �nite B < 1 , extra Monte Carlo noises are introduced, leading to the following
maximization problem

max
� 2 �

1
B

BX

b=1

1(� = A(zb
1; : : : ; zb

k )) ; (7)

which gives exactly the output ofMoVE. In other words,MoVE is abootstrap approximationto
the solution of (5). The following result materializes the intuition explained in Section 1 on the
conversion of the original potentially heavy-tailed problem (1) into a probability maximization (7)
that possesses exponential bounds.

Theorem 2.1(Informal bound for Algorithm 1). Consider discrete decision space� . Let � � :=
f � 2 � : L (� ) � min � 02 � L(� 0) + � g be the set of� -optimal models and

� k;� := max
� 2 �

pk (� ) � max
� 2 � =� �

pk (� );

wherepk (� ) is de�ned in (5) andmax� 2 � n� � pk (� ) evaluates to0 if � n� � is empty. Then, for every
k � n and� � 0 such that� k;� > 0, the solution output byMoVE satis�es that

P(L (�̂ n ) > min
� 2 �

L(� ) + � ) � j � j
h
4 exp(� 
( n=k)) + exp( � 
( B ))

i
; (8)

wherej� j denotes the cardinality of� , and
( �) contains multiplicative coef�cients that depend on
max� 2 � pk (� ) and� k;� . If � k;� > 4=5, (8) is further bounded by

j� j

 

3 min
�

e� 2=5; C1 max
�

1 � max
� 2 �

pk (� ); max
� 2 � =� �

pk (� )
�� n

C 2 k

+ e� B
C 3

!

; (9)

whereC1; C2; C3 > 0 are universal constants.

The formal statement is deferred to Theorem C.7 in Appendix C.2. Theorem 2.1 states that the excess
risk tail of MoVE decays exponentially in the ration=k and ensemble sizeB . The bound (8) consists
of two terms: The termexp(� 
( n=k)) arises from the bootstrap approximation of (5) with (6),
whereas the termexp(� 
( B )) quanti�es the Monte Carlo error in approximating (6) with a �niteB .
The multiplierj� j in the bound is avoidable, e.g., via a space reduction as in our next algorithm.

The quantity� k;� plays two roles. First, it quanti�es how suboptimality in the surrogate problem (5)
propagates to the original problem (1) in that every� k;� -optimal solution for (5) is� -optimal for (1).
Second,� k;� > 0 simply means that the mode solution is� -optimal and hence� k;� directly quanti�es
the concentration of the base learner on near-optimal solutions. Therefore, a large� k;� signals the
situation where the base learner already generalizes well. In this case, (8) reduces to (9). (9) suggests
that our approach does not hurt the performance of an already high-performing base learner as its
generalization power is inherited through themax

�
1 � max� 2 � pk (� ); max� 2 � =� � pk (� )

	
term in

the bound. See Appendix B for a more detailed discussion.

Theorem 2.1 also hints at the choice of hyperparametersk andB . As long as� k;� > 0, our bound
decays exponentially fast, and in this regime the bound (8) suggests that a smallerk (consequently a
larger ration=k) leads to thinner tails. However, like other subsampling-based ensemble methods
(e.g., subagging [12]), reducing the subsample sizek also enlarges the model bias. In experiments,
we setk = max(10; n=200) for a balance between tail and bias performance. Regarding the choice
of B , we observe from (8) that using aB = O(n=k) is suf�cient to control the Monte Carlo error to
a similar magnitude as the statistical error.

Applying Theorem 2.1 to Example 1.1 gives an exponential tail as opposed to the slow decay in (3).

Corollary 2.2 (Enhanced tail for Example 1.1). Consider the stochastic LP in Example 1.1 and denote
qk := P(

P k
i =1 zi > 0). We haveqk > 1=2 by the symmetry ofz. If MoVE is applied to Example 1.1

with A being the SAA, we havemax� 2 � pk (� ) = qk , max� 2 � =� � pk (� ) = 1 � qk whenever� < 1,
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andj� j = 2 . Consequently,� k;� = 2qk � 1 > 0 for everyk > 0 and� < 1, ensuring the tail upper

bound (8) holds. Ifqk > 0:9, we also have the tail upper bound6 min
�

e� 2=5; C1(1 � qk )
	 n

C 2 k +

2e� B
C 3 from (9).

The proof of Corollary 2.2 can be found in Appendix C.3.

2.2 A More General Procedure

We next present a more general procedure calledROVEthat applies to continuous space where the
simple majority vote inMoVE can lead to degeneracy, i.e., all learned models appear exactly once in
the pool. Moreover, this general procedure relaxes the dependence onj� j in the bound (8).

Algorithm 2 R etrieval and� -Optimality VoteEnsembling (ROVE/ ROVEs)

Input: A base learning algorithmA, n i.i.d. observationsz1:n = ( z1; : : : ; zn ), subsample size
k1; k2 < n (if no split) orn=2 (if split), ensemble sizesB1 andB2.

Phase I: Model Candidate Retrieval
for b = 1 to B1 do

Randomly samplezb
k1

= ( zb
1; : : : ; zb

k1
) uniformly from z1:n (if no split) or z1:b n

2 c (if split)

without replacement, and obtain̂� b
k1

= A(zb
1; : : : ; zb

k1
).

end for
Let S := f �̂ b

k1
: b = 1 ; : : : ; B1g be the set of all retrieved models.

Phase II: � -Optimality Vote
Choose� � 0 using the dataz1:n (if no split) or z1:b n

2 c (if split).
for b = 1 to B2 do

Randomly samplezb
k2

= ( zb
1; : : : ; zb

k2
) uniformly from z1:n (if no split) or zb n

2 c+1: n (if split)
without replacement, and calculate

b� �;b
k2

:=

(

� 2 S :
1
k2

k2X

i =1

l (�; z b
i ) � min

� 02S

1
k2

k2X

i =1

l (� 0; zb
i ) + �

)

:

end for
Output: �̂ n 2 arg max� 2S

P B 2
b=1 1(� 2 b� �;b

k2
).

ROVE, displayed in Algorithm 2, proceeds initially the same asMoVE in repeatedly subsampling
data and training the model usingA . However, in the aggregation step, instead of using a simple
majority vote,ROVEoutputs, among all the trained models, the one that has the highest likelihood
of being� -optimal. This� -optimality avoids the degeneracy of the majority vote. Moreover, since
we have restricted our output to the collection of retrieved models, the corresponding likelihood
maximization is readily doable by direct enumeration. In addition, it helps reduce competition for
votes among best models, as each subsample can now vote for multiple candidates, ensuring a high
vote count for each of the top models even when there are many of them. This makesROVEmore
effective thanMoVE in the case of multiple (near) optima as our experiments will show. We have the
following theoretical guarantees for Algorithm 2.
Theorem 2.3(Informal bound for Algorithm 2). LetEk;� := P(L(A (z1; : : : ; zk )) > min � 2 � L(� ) +
� ) be the excess risk tail ofA . Consider Algorithm 2 with data splitting, i.e.,ROVEs. LetTk (�) :=
P(sup� 2 � j(1=k)

P k
i =1 l (�; z i ) � L (� )j > �) be the tail function of the maximum deviation of the

empirical objective estimate. Then, for every� > 0, under mild conditions on� andTk2 (�), it holds
that

P
�

L (�̂ n ) > min
� 2 �

L(� ) + 2 �
�

� B1

h
3 exp(� 
( n=k2)) + exp( � 
( B2))

i

+ exp( � 
( n=k1)) + exp( � 
( B1)) ;
(10)

where
( �) contains multiplicative coef�cients depending onTk2 (�), � , � andEk1 ;� .

Consider Algorithm 2 without data splitting, i.e.,ROVE, and discrete space� . Assume
lim k !1 Tk (� ) = 0 for all � > 0. Then, for every �xed� > 0, under mild conditions, it holds
that limn !1 P(L(�̂ n ) > min � 2 � L(� ) + 2 � ) ! 0.
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The formal statement can be found in Appendix C.4. Theorem 2.3 provides an exponential excess risk
tail, regardless of discrete or continuous space. The terms in the square bracket of (10) are inherited
from the bound (9) forMoVE with the majority vote replaced by� -optimality vote. In particular, the
multiplier j� j in (9) is now replaced byB1, the number of retrieved models from Phase I. The last
two terms in (10) bound the performance sacri�ce due to the restriction to the retrieved models.

ROVEmay be carried out with the data split between the two phases, where it is referred to asROVEs.
Data splitting makes the procedure theoretically more tractable by avoiding inter-dependency between
the phases but sacri�ces some statistical power by halving the data size. Empirically we �nd it more
effective not to split data.

The optimality threshold� is allowed to be chosen in a data-driven way and the main goal guiding
this choice is to distinguish models of different qualities. In other words,� should be chosen to create
enough variability in the likelihood of being� -optimal across models. In our experiments, we �nd it
a good strategy to choose an� that leads to a maximum likelihood around1=2.

Technical Novelty. Our main theoretical results, Theorems 2.1 and 2.3, are derived using several
novel techniques. First, we develop a sharper concentration result for U-statistics with binary kernels,
improving upon standard Bernstein-type inequalities (e.g., [3, 57]). This re�nement ensures the
correct order of the bound, particularly (9), which captures the convergence of both the bootstrap
approximation and the base learner, offering insights into the robustness of our methods for fast-
converging base learners. Second, we perform a sensitivity analysis on the regret for the original
problem (1) relative to the surrogate optimization (5), translating the superior generalization in the
surrogate problem into accelerated convergence for the original. Finally, to establish asymptotic
consistency for Algorithm 2 without data splitting, we develop a uniform law of large numbers (LLN)
for the class of events of being� -optimal, using direct analysis of the second moment of the maximum
deviation. Uniform LLNs are particularly challenging here because, unlike �xed function classes in
standard settings, this function class dynamically changes with the subsample sizek2 asn ! 1 .

3 Numerical Experiments

In this section, we numerically test Algorithm 1 (MoVE), Algorithm 2 with (ROVEs) and without
(ROVE) data splitting in training machine learning models and solving stochastic programs. Due
to space constraints, additional experimental results are provided in Appendix F. In particular, a
comprehensive hyperparameter pro�ling of our algorithms is performed in Appendix F.3 to �nd
empirically well-performing con�gurations for general use. Unless speci�ed otherwise, all our exper-
iments use the recommended con�guration summarized at the end of Appendix F.3. All experiments
are conducted on a personal computer, and Gurobi Optimizer is required for certain experiments on
stochastic programs. The code is available at: https://github.com/mickeyhqian/VoteEnsemble.

3.1 Neural Networks and Trees for Regression

Setup. We consider regression problems with multilayer perceptrons (MLPs) and decision trees.
Note that classi�cation models are prevalently trained using the cross-entropy loss that is inherently
less prone to heavy-tailed noises thanks to the presence of the logarithm. For neural networks, the
base learner splits the data into training (70%) and validation (30%), and uses Adam to minimize
the mean squared error (MSE), with early stopping triggered when the validation improvement falls
below 3% between epochs. The architecture of the MLPs is provided in Appendix F.1. For trees,
the base learner is a single regression decision tree with the MSE as the splitting criterion. Besides
the base learner, we also compare with three popular tree ensembles, Random Forests (RF) [9, 28],
Gradient Boosted Decision Trees (GBDT) [26, 27], and XGBoost (XGB) [15]. RF are constructed
with the same number of trees as our methods for a fair comparison, whereas GBDT and XGB are run
with early stopping to avoid over�tting.MoVE is not included in this comparison as it's applicable to
discrete problems only.

Synthetic Data. Input-output pairs(X; Y ) are generated asY = (1 =50) �
P 50

j =1 log(X j + 1) +
" , where eachX j is drawn independently fromUnif(0 ; 2 + 198(j � 1)=49), and the noise" is
independent ofX with zero mean. We consider both standard Gaussian noise and Pareto noise
" = "1 � "2, where each" i � Pareto(2:1). The out-of-sample performance is estimated on a
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common test set of one million samples. Each algorithm is repeatedly applied to200independently
generated datasets to assess the average and tail performance.

Real Data. We use three datasets from the UCI Machine Learning Repository [7]: Bike Sharing
[21], Superconductivity[33], andGas Turbine Emission[1]. The data is standardized (zero mean,
unit variance). To evaluate the tail probabilities of out-of-sample costs, we permute each dataset100
times, and each time use the �rst half for training and the second for testing. Results for three other
datasets can be found in Figure 13 in Appendix F.

(a) Pareto noise,H = 4 . (b) Pareto noise,H = 8 . (c) Pareto noise,H = 4 ; n = 2 16 .

(d) Gaussian noise,H = 4 . (e) Gaussian noise,H = 8 . (f) Gaussian noise,H = 4 ; n = 2 16 .

Figure 1: Results of neural networks. (a)(b)(d)(e): Expected out-of-sample costs (MSE) with95%
con�dence intervals under different noise distributions and varying numbers of hidden layers (H ). (c)
and (f): Tail probabilities of out-of-sample costs.

(a) Pareto shape= 2 :1. (b) Pareto shape= 1 :5. (c) Pareto shape= 1 :1.

(d) Pareto shape= 2 :1; n = 2 13 . (e) Pareto shape= 1 :5; n = 2 13 . (f) Pareto shape= 1 :1; n = 2 13 .

Figure 2: Comparison with bagging in terms of expected out-of-sample costs (MSE) with95%
con�dence intervals (a-c) or tail probabilities (d-f) under varying degrees of tail heaviness. Hyperpa-
rameters:k1 = max(30; n=2); k2 = max(30; n=1000); B1 = 50; B2 = 1000.
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(a) Pareto shape =2:5; n = 2 11 . (b) Pareto shape =2:0; n = 2 11 . (c) Pareto shape =1:5; n = 2 11 .

Figure 3: Results of decision trees in terms of tail probabilities of out-of-sample costs (MSE).
Hyperparameters:k1 = max(30; n=10); k2 = max(30; n=200); B1 = 50; B2 = 200.

(a)Bike Sharing. (b) Gas Turbine Emission. (c) Superconductivity.

Figure 4: Results of neural networks with4 hidden layers on three real datasets, in terms of tail
probabilities of out-of-sample costs (MSE).

Results. As shown in Figure 1, in heavy-tailed noise settings (Figures 1a–1c), bothROVEand
ROVEssigni�cantly outperform the base algorithm in terms of both expected out-of-sample MSE
and tail performance under all sample sizesn. Notably, the performance improvement becomes more
pronounced with deeper networks (H = 8 ), indicating that the bene�ts ofROVEandROVEsare
more apparent in models with higher expressiveness and lower bias.

In light-tailed settings (Figures 1d–1f),ROVEandROVEsshow comparable expected out-of-sample
performance to the base whenH = 4 , but outperform the base asH increases. Additionally,ROVE
andROVEsoutperform the base in tail probabilities even whenH = 4 . This indicates thatROVEand
ROVEsprovide better generalization as the model complexity grows even for light-tailed problems.
Similar results for MLPs with2 and6 hidden layers can be found in Appendix F.4, where results on
least squares regression and Ridge regression are also provided.

Figure 2 shows a comparison with bagging that resembles our method most closely among existing
ensemble methods as both involve repeated training on randomly drawn subsamples. We implement
bagging, or subagging [12] to be precise, on the MLP withH = 4 hidden layers by averaging the
predictions of the repeatedly trained MLPs. The same subsample size and ensemble size are used for
our methods and bagging to ensure a fair comparison. Whether bagging or our method wins depends
on the tail heaviness:ROVEandROVEsexhibit relatively inferior test performance when the noise
has a shape of2:1, but outperform bagging as the tail of the noise gets heavier towards a shape of1:1.

Figure 3 demonstrates a similar pattern for tree base learners:ROVEandROVEsoutperform the
base learner in all cases, and also outperform RF, GBDT, and XGB especially in high-end tails when
the noise gets heavy-tailed with a Pareto shape of1:5. For not so heavy-tailed cases, RF, GBDT, and
XGB may perform better.

On real datasets (Figure 4),ROVEexhibits much lighter tails compared to the base on three datasets,
and similar tail behavior on the other three.ROVEs, however, underperforms the base in these
real-world scenarios, potentially due to the data split that compromises its statistical power.

3.2 Stochastic Programs

Setup. We consider four discrete stochastic programs: resource allocation, supply chain network
design, maximum weight matching, and stochastic linear programming, and continuous mean-
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variance portfolio optimization. All problems are designed to possess heavy-tailed uncertainties. The
base learner for all the problems is the SAA. Details of the problems are deferred to Appendix F.2
and results with DRO being the base learner are provided in Appendix F.4 Figure 19.

Results. Figure 5 shows that our ensemble methods signi�cantly outperform the base algorithm in
all cases except for the linear program case (Figure 5d). Notably, in the linear program case,ROVE
andROVEsstill outperform the base, demonstrating their robustness, whileMoVE performs slightly
worse than the base under small sample sizes. ComparingROVEandROVEs, ROVEconsistently
exhibits superior performance thanROVEsin all cases.

When there is a unique optimal solution,MoVE andROVEperform similarly, both generally better
thanROVEs, as seen in Figures 5a-5c. However, in cases with multiple optima (Figure 5d), the
performance ofMoVE deteriorates whileROVEandROVEsstay strong. This is in accordance with
our discussion on the advantage of� -optimality vote in Section 2.2. Additional results in Appendix
F.4 shall further explain that optima multiplicity weakens the base learner forMoVE in the sense of
decreasing the� k;� and hence in�ating the tail bound in Theorem 2.1.

The running time comparison in Figure 5f shows that, despite requiring multiple runs on subsamples,
our methods do not necessarily incur a higher computation cost compared to running base learner on
the full sample, and can even be advantageous under large sample sizes. This is because, in problems
like DRO [5, 55] and two-stage stochastic program, sample-based optimization often has a problem
size that grows at least linearly with the sample size and induces a superlinearly growing computation
cost. Subsampled optimizations, as our approach, are smaller and more manageable. In general, the
computation ef�ciency of our method is ensured by the fact that no more thanO(n=k) subsamples
are needed as suggested by the theory and that training on subsamples can be easily parallelized.

Recommended Method. Among the three proposed ensemble methods,ROVEis the preferred
choice overMoVE andROVEsfor general use as it's applicable to both discrete and continuous
problems and consistently delivers superior performance across all scenarios.

(a) Resource allocation. (b) Portfolio optimization. (c) Maximum weight matching.

(d) Linear program (multiple optima). (e) Network design. (f) Network design running time.

Figure 5: Results for stochastic programs. (a)-(e): Expected out-of-sample costs with95%con�dence
intervals. (f): Running time comparison in the network design problem.

4 Related Work

This work is closely connected to various topics in optimization and machine learning, and we only
review the most relevant ones. See Appendix A for additional reviews.

Ensemble Learning. Ensemble learning [17, 65, 60] improves model performance by combining
multiple weak learners into strong ones. Popular ensemble methods include bagging [8], boosting [24]
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and stacking [62, 20]. Bagging enhances stability by training models on different bootstrap samples
and combining their predictions through majority voting or averaging, effectively reducing variance,
especially for unstable learners like decision trees that underpin random forests [9]. Subagging
[12] is a variant of bagging that constructs the ensemble from subsamples in place of bootstrap
samples. Boosting is a sequential process where each subsequent model corrects its predecessors'
errors, reducing both bias and variance [37, 29]. Prominent boosting methods include AdaBoost
[23], Stochastic Gradient Boosting (SGB) [26, 27], and Extreme Gradient Boosting (XGB) [25]
which differ in their approaches to weighting training data and hypotheses. Instead of using simple
aggregation like weighted averaging or majority voting, stacking trains a model to combine base
predictions to further improve performance. A key procedural difference of our approach from these
methods is that we perform majority voting at the model rather than prediction level to select a
single best model from the ensemble. That is, our approach outputs models in the same space as the
base learner, whereas existing ensemble methods yield aggregated models outside the base space.
This also means a constant inference cost for our output model with respect to the ensemble size,
as opposed to linearly growing costs seen in existing ensemble methods. Methodologically, our
approach operates by accelerating excess risk tail convergence in lieu of bias/variance reduction, and
hence is particularly effective in settings with heavy-tailed noise.

Optimization and Learning with Heavy Tails. Optimization with heavy-tailed noises has garnered
signi�cant attention due to its relevance in traditional �elds such as portfolio management [50] and
scheduling [38], as well as emerging domains like large language models [10, 2]. Tail bounds of
most existing algorithms are guaranteed to decay exponentially under sub-Gaussian or uniformly
bounded costs but deteriorate to a slow polynomial decay under heavy-tailedness [43, 40, 41, 56].
For SAA or ERM, faster rates are possible under the small-ball [52, 51, 59] or Bernstein's condition
[18] on the function class, while our approach is free from such conditions. Considerable effort has
been made to mitigate the adverse effects of heavy-tailedness with robust procedures among which
the geometric median [54], or more generally, median-of-means (MOM) [47, 49] approach is most
similar to ours. The basic idea there is to estimate a true mean by dividing the data into disjoint
subsamples, computing an estimate on each, and then taking the median. [45, 48, 46, 44] use MOM
in estimating the expected cost and establish exponential tail bounds for the mean squared loss and
convex function classes. [36, 35] apply MOM directly on the solution level for continuous problems
and require strong convexity from the cost to establish generalization bounds. Besides MOM, another
approach estimates the expected cost via truncation [14] and allows heavy tails for linear regression
[4, 64] or problems with uniformly bounded function classes [11], but is computationally intractable
due to the truncation and thus more of theoretical interest. In contrast, our ensemble approach is
a meta algorithm that provides exponential tails as long as the base learning algorithm possesses
reasonble predictive performance as characterized in our Theorem 2.1. Relatedly, various techniques
such as gradient clipping [16, 32] and MOM [58] have been adopted in stochastic gradient descent
(SGD) algorithms to handle heavy-tailed noises, but their focus is the faster convergence of SGD
rather than generalization.

5 Conclusion and Limitations

This paper introduces a novel ensemble technique that signi�cantly improves generalization by
estimating the mode of the sampling distribution of the base learner via subsampling. In particular, our
approach converts polynomially decaying generalization tails into exponential decay, thus providing
order-of-magnitude improvements as opposed to constant factor improvements exhibited by variance
reduction. Extensive numerical experiments in both machine learning and stochastic programming
validate its effectiveness, especially for scenarios with heavy-tailed data and slow convergence rates.
This work underscores the powerful potential of our new ensemble approach across a broad range of
machine learning applications.

Regarding limitation, our method may increase model bias like other subsampling-based techniques
such as subagging [12], making it best suited for applications with relatively low bias, e.g., when the
base learner is suf�ciently expressive. Moreover, the tail guarantee of our method requires the mode
of the sampling distribution of the base learner to be a reasonably good model.
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NeurIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately re�ect the
paper's contributions and scope?

Answer: [Yes]

Justi�cation: The major claim made in our paper is that we proposed a new ensemble
learning method that attains an exponentially decaying tail for excess risk. This claim
is theoretically proved in Section 2. Moreover, we have conducted extensive numerical
experiments in Section 3 to support our theoretical results.

Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and re�ect how
much the results can be expected to generalize to other settings.

• It is �ne to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]

Justi�cation: We discussed the limitations of our work in Section 5.

Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-speci�cation, asymptotic approximations only holding locally). The authors
should re�ect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should re�ect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should re�ect on the factors that in�uence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational ef�ciency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren't acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be speci�cally instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justi�cation: We clearly stated the assumptions/conditions required for each theoretical
results. Proofs of the results are documented in Appendix C.

Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justi�cation: All our �gures are reproducible, and the codes for the experiments are dis-
closed.

Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or veri�able.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suf�ce, or if the contribution is a speci�c model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with suf�cient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justi�cation: We provided the codes for reproducing our experiments. No data is needed for
our paper.

Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/

public/guides/CodeSubmissionPolicy ) for more details.
• While we encourage the release of code and data, we understand that this might not be

possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy ) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justi�cation: The problem instances used in the experiments can be found in our disclosed
code. The experiment methodologies are clearly stated in the paper.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment statistical signi�cance

Question: Does the paper report error bars suitably and correctly de�ned or other appropriate
information about the statistical signi�cance of the experiments?

Answer: [Yes]

Justi�cation: We repeated each our experiments for more than 50 times, reporting both the
average performance and the standard deviation.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, con�-

dence intervals, or statistical signi�cance tests, at least for the experiments that support
the main claims of the paper.

17



• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not veri�ed.

• For asymmetric distributions, the authors should be careful not to show in tables or
�gures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding �gures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide suf�cient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justi�cation: As stated at the beginning of Section 3, our experiments are performed
on a personal computer, and Gurobi Optimizer is required for reproducing some of our
experiments.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn't make it into the paper).

9. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethicshttps://neurips.cc/public/EthicsGuidelines ?

Answer: [Yes]

Justi�cation: Our paper is a theoretical work studying ensemble learning and stochastic
optimization, and it does not have any ethical issue.

Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).

10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justi�cation: Our paper is a theoretical work studying ensemble learning and stochastic
optimization, and it does not have societal impact concerns.
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Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake pro�les, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact speci�c
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the ef�ciency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justi�cation: Our paper is a theoretical work studying ensemble learning and stochastic
optimization, and it does not pose such risks.

Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety �lters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justi�cation: The Gurobi academic license is used for our numerical experiments.

Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
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• For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

• If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets,paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset's creators.

13. New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justi�cation: Our paper is a theoretical work studying ensemble learning and stochastic
optimization, and we do not release new assets.

Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip �le.

14. Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justi�cation: Our paper is a theoretical work studying ensemble learning and stochastic
optimization, and it does not involve crowdsourcing nor research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is �ne, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justi�cation: Our paper is a theoretical work studying ensemble learning and stochastic
optimization, and it does not incur such risks.

Guidelines:
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• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary signi�cantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scienti�c rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justi�cation: LLMs are only used to polish the writings of some sentences in our paper.

Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM )
for what should or should not be described.
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Supplemental Materials

The appendices are organized as follows. In Appendix A, we review additional related work.
Appendix B presents additional technical discussion for Theorem 2.1. Next, in Appendix C, we
document the proofs of the main theoretical results in our paper. Speci�cally, we introduce some
preliminary de�nitions and lemmas in Appendix C.1. Then, the formal statement and the proof
of Theorem 2.1 can be found in Appendix C.2. The proof of Corollary 2.2 is in Appendix C.3.
The formal statement and the proof of Theorem 2.3 can be found in Appendix C.4. To improve
clarity, we defer the proofs for all technical lemmas to Appendix D. In Appendix E, we provide
another motivating example that supplements Example 1.1. Finally, we provide additional numerical
experiments in Appendix F.

A Additional Related Work

Bagging for Stochastic Optimization. Bagging has been adopted in stochastic optimization for
various purposes. The most relevant line of works [70, 90, 95, 71] study mixed integer reformu-
lations for stochastic optimization with bagging approximated objectives such as random forests
and ensembles of neural networks with the ReLU activation. These works focus on computational
tractability instead of generalization performance. [66] empirically evaluates several statistical
techniques including bagging against the plain SAA and �nds bagging advantageous for portfolio
optimization problems. [72] investigates a batch mean approach for continuous optimization that
creates subsamples by dividing the data set into non-overlapping batches instead of resampling and
aggregates SAA solutions on the subsamples via averaging, which is empirically demonstrated to
reduce solution errors for constrained and high-dimensional problems. Another related batch of works
[87, 88, 78, 77, 81] concern the use of bagging for constructing con�dence bounds for generalization
errors of data-driven solutions, but they do not attempt to improve generalization. Related to bagging,
bootstrap has been utilized to quantify algorithmic uncertainties for randomized algorithms such as
randomized least-squares algorithms [89], randomized Newton methods [74], and stochastic gradient
descent [82, 97], which is orthogonal to our focus on generalization performance.

Machine Learning for Optimization. Learning to optimize (L2O) studies the use of machine
learning in accelerating existing or discovering novel optimization algorithms. Much effort has been
in training models via supervised or reinforcement learning to make critical algorithmic decisions
such as cut selection (e.g., [80, 94]), search strategies (e.g., [85, 84, 91]), scaling [69], and primal
heuristics [93] in mixed-integer optimization, or even directly generate high-quality solutions (e.g.,
neural combinatorial optimization pioneered by [67]). See [75, 76, 68, 96] for comprehensive surveys
on L2O. This line of research is orthogonal to our goal, and L2O techniques can work as part of or
directly serve as the base learning algorithm within our framework.

B Implications of Theorem 2.1 for Strong Base Learners

We provide a brief discussion of Theorem 2.1 applied to fast convergent base learners. Based
on Theorem 2.1, the waymax� 2 � pk (� ) and max� 2 � =� � pk (� ) enter into (9) re�ects how the
generalization performance of the base learning algorithm is inherited by our framework. To
explain, largemax� 2 � pk (� ) and smallmax� 2 � =� � pk (� ) correspond to better generalization
of the base learning algorithm. This can be exploited by the bound (9) with the presence of
max

�
1 � max� 2 � pk (� ); max� 2 � =� � pk (� )

	
, which is captured with our sharper concentration of

U-statistics with binary kernels. In particular, for base learning algorithms with fast generalization
convergence, say1 � max� 2 � pk (� ) = O(e� k ) andmax� 2 � =� � pk (� ) = O(e� k ) for simplicity,
we haveC1 max

�
1 � max� 2 � pk (� ); max� 2 � =� � pk (� )

	
= O(e� k ) and hence the �rst term in (9)

becomesO(e� n ) which matches the error of the base learning algorithm applied directly to the full
data set.
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C Proofs for Main Theoretical Results

C.1 Preliminaries

An important tool in the development of our theories is the U-statistic that naturally arises in subsam-
pling without replacement. We �rst present the de�nition of U-statistic below and its concentration
properties in Lemma C.2. The proof of Lemma C.2 can be found in Appendix D.1.

De�nition C.1. Given the i.i.d. data setf z1; : : : ; zn g � Z and a (not necessarily symmetric) kernel
of orderk � n is a function� : Z k ! R such thatE [j� (z1; : : : ; zk )j] < 1 , the U-statistic associated
with the kernel� is

U(z1; : : : ; zn ) =
1

n(n � 1) � � � (n � k + 1)

X

1� i 1 ;i 2 ;��� ;i k � n s:t : i s 6= i t 81� s<t � k

� (zi 1 ; : : : ; zi k ):

Lemma C.2(MGF dominance of U-statistics from [34]). For any integer0 < k � n and any kernel
� (z1; : : : ; zk ), let U(z1; : : : ; zn ) be the corresponding U-statistic de�ned in De�nition C.1, and

�� (z1; : : : ; zn ) =
1

bn=kc

bn=k cX

i =1

� (zk ( i � 1)+1 ; : : : ; zki ) (11)

be the average of the kernel across the �rstbn=kck data. Then, for everyt 2 R, it holds that

E [exp(tU )] � E [exp(t �� )] :

Next, we present our sharper concentration bound for U-statistics with binary kernels. The proof of
Lemma C.3 can be found in Appendix D.2.

Lemma C.3 (Concentration bound for U-statistics with binary kernels). Let � (z1; : : : ; zk ; ! ) be
a f 0; 1g-valued kernel of orderk � n that possibly depends on additional randomness! that
is independent of the dataf z1; : : : ; zn g, � � (z1; : : : ; zk ) := E [� (z1; : : : ; zk ; ! )jz1; : : : ; zk ], and
U(z1; : : : ; zn ) be the U-statistic associated with� � . Then, it holds that

P(U � E [� ] � � ) � exp
�

�
n
2k

� DKL (E [� ] + � kE [� ])
�

;

P(U � E [� ] � � � ) � exp
�

�
n
2k

� DKL (E [� ] � � kE [� ])
�

;

whereDKL (pkq) := p ln p
q + (1 � p) ln 1� p

1� q is the KL-divergence between two Bernoulli random
variables with parametersp andq, respectively.

Below, Lemma C.4 gives lower bounds for KL divergences which help analyze the bounds in Lemma
C.3. The proof of Lemma C.4 is deferred to Appendix D.3.

Lemma C.4. LetDKL (pkq) := p ln p
q + (1 � p) ln 1� p

1� q be the KL-divergence between two Bernoulli
random variables with parametersp andq, respectively. Then, it holds that

DKL (pkq) � p ln
p
q

+ q � p: (12)

If p 2 [
; 1 � 
 ] for some
 2 (0; 1
2 ], it also holds that

DKL (pkq) � � ln (2(q(1 � q)) 
 ) : (13)

To incorporate all the proposed algorithms in a uni�ed theoretical framework, we consider a set-valued
mapping

A(z1; : : : ; zk ; ! ) : Z k � 
 ! 2� ; (14)

where! 2 
 denotes algorithmic randomness that is independent of the dataf z1; : : : ; zk g 2 Z k .
Each of our proposed algorithms attempts to solve the probability-maximization problem

max
� 2 �

p̂k (� ) := P� (� 2 A(z�
1 ; : : : ; z�

k ; ! )) ; (15)

for a certain choice ofA, wheref z�
1 ; : : : ; z�

k g is subsampled from the i.i.d. dataf z1; : : : ; zn g
uniformly without replacement, andP� denotes the probability with respect to the algorithmic

23



randomness! and the subsampling randomness conditioned on the data. Note that this problem is an
empirical approximation of the problem

max
� 2 �

pk (� ) := P(� 2 A(z1; : : : ; zk ; ! )) : (16)

The problem actually solved with a �nite number of subsamples is

max
� 2 �

�pk (� ) :=
1
B

BX

b=1

1(� 2 A(zb
1; : : : ; zb

k ; ! b)) : (17)

Speci�cally, Algorithm 1 uses
A(z�

1 ; : : : ; z�
k ; ! ) = fA (z�

1 ; : : : ; z�
k ; ! )g ; (18)

whereA denotes the base learning algorithm, and Algorithm 2 uses

A(z�
1 ; : : : ; z�

k2
; ! ) =

(

� 2 S :
1
k2

k2X

i =1

l (�; z �
i ) � min

� 02S

1
k2

k2X

i =1

l (� 0; z�
i ) + �

)

; (19)

conditioned on the solution setS retrieved in Phase I. Note that no algorithmic randomness is involved
in (19) once the setS is given. Now, we introduce the following de�nitions.
De�nition C.5. For any� 2 [0; 1], let

P �
k := f � 2 � : pk (� ) � max

� 02 �
pk (� 0) � � g (20)

be the set of� -optimal solutions of problem (16). Let
� max

k 2 arg max
� 2 �

pk (� )

be a solution with maximum probability that is chosen in a unique manner if there are multiple such
solutions. Let

bP �
k := f � 2 � : ^pk (� ) � p̂k (� max

k ) � � g (21)
be the set of� -optimal solutions relative to� max

k for problem (15).
De�nition C.6. Let

� � :=
�

� 2 � : L (� ) � min
� 02 �

L(� 0) + �
�

(22)

be the set of� -optimal solutions of problem (1). In particular,� 0 represents the set of optimal
solutions. Let

b� �
k :=

(

� 2 � :
1
k

kX

i =1

l (�; z i ) � min
� 02 �

1
k

kX

i =1

l (� 0; zi ) + �

)

(23)

be the set of� -optimal solutions of the SAA with i.i.d. data(z1; : : : ; zk ).

C.2 Proof of Theorem 2.1

Theorem C.7(Formal �nite-sample bound for Algorithm 1). Consider discrete decision space� .
Letpmax

k := max � 2 � pk (� ), wherepk (� ) is de�ned in (5), and
� k;� := pmax

k � max
� 2 � =� �

pk (� ); (24)

wheremax� 2 � n� � pk (� ) evaluates to0 if � n� � is empty. Then, for everyk � n and� � 0 such that
� k;� > 0, the solution output byMoVE satis�es that

P
�

L (�̂ n ) > min
� 2 �

L (� ) + �
�

� j � j

"

exp
�

�
n
2k

� D KL

�
pmax

k �
3� k;�

4






 pmax

k � � k;�

��
+ 2 exp

�
�

n
2k

� D KL

�
pmax

k �
� k;�

4






 pmax

k

��

+ exp

 

�
B
24

�
� 2

k;�

min f pmax
k ; 1 � pmax

k g + 3 � k;� =4

!

+ 1
�

pmax
k +

� k;�

4
� 1

�
� exp

�
�

n
2k

� D KL

�
pmax

k +
� k;�

4






 pmax

k

�
�

B
24

�
� 2

k;�

1 � pmax
k + � k;� =4

�
#

:

(25)
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In particular, if � k;� > 4=5, (25) is further bounded by

j� j

 

3 min
�

e� 2=5; C1 max
�

1 � pmax
k ; max

� 2 � =� �
pk (� )

�� n
C 2 k

+ e� B=C 3

!

; (26)

whereC1; C2; C3 > 0 are universal constants,j� j denotes the cardinality of� , andDKL (pkq) :=
p ln p

q + (1 � p) ln 1� p
1� q is the Kullback–Leibler divergence between two Bernoulli distributions with

meansp andq.

We consider Algorithm 3, a generalization of Algorithm 1 applied to the set-valued learning algorithm
A in (14). This framework recovers Algorithm 1 as a special case under condition (18). Again, we
omit the algorithmic randomness! in A for convenience. For Algorithm 3, we derive the following
�nite-sample guarantee.

Algorithm 3 Majority Vote Ensembling for Set-Valued Learning Algorithms

1: Input: A set-valued learning algorithmA, n i.i.d. observationsz1:n = ( z1; : : : ; zn ), positive
integersk < n , and ensemble sizeB .

2: for b = 1 to B do
3: Randomly samplezb

k = ( zb
1; : : : ; zb

k ) uniformly from z1:n without replacement, and obtain
� b

k = A(zb
1; : : : ; zb

k )
4: end for
5: Output�̂ n 2 arg max� 2 �

P B
b=1 1(� 2 � b

k ).

Theorem C.8(Finite-sample bound for Algorithm 3). Consider discrete decision space� . Let
pmax

k := max � 2 � pk (� ), wherepk (� ) is de�ned in (16). For any� > 0, denote
�� k;� := pmax

k � max
� 2 � n� �

pk (� ); (27)

wheremax� 2 � n� � pk (� ) evaluates to0 if � n� � is empty. Then, for everyk � n and� � 0 such that
�� k;� > 0, the solution output by Algorithm 3 satis�es that

P
�

L (�̂ n ) > min
� 2 �

L(� ) + �
�

� j � j

"

exp
�

�
n
2k

� DKL

�
pmax

k �
3�
4






 pmax

k � �
��

+ 2 exp
�

�
n
2k

� DKL

�
pmax

k �
�
4






 pmax

k

��

+ exp
�

�
B
24

�
� 2

min f pmax
k ; 1 � pmax

k g + 3 �= 4

�

+ 1
�

pmax
k +

�
4

� 1
�

� exp
�

�
n
2k

� DKL

�
pmax

k +
�
4






 pmax

k

�
�

B
24

�
� 2

1 � pmax
k + �= 4

�
#

(28)
for every� 2 (0; �� k;� ]. In particular, if �� k;� > 4=5, (28) is further bounded by

j� j

 

3 min
�

e� 2=5; C1 max
�

1 � pmax
k ; max

� 2 � n� �
pk (� )

�� n
C 2 k

+ exp
�

�
B
C3

� !

; (29)

whereC1; C2; C3 > 0 are universal constants, andDKL (pkq) := p ln p
q + (1 � p) ln 1� p

1� q is the
Kullback–Leibler divergence between two Bernoulli distributions with meansp andq.

Proof of Theorem C.8.We �rst prove excess risk tail bounds for the problem (16), split into two
lemmas, Lemmas C.9 and C.10 below. The proofs for these two lemmas can be found in Appendix
D.4 and Appendix D.5, respectively.

Lemma C.9. Consider discrete decision space� . Recall from De�nition C.5 thatpmax
k = pk (� max

k )
holds for� max

k . For every0 � � � � � pmax
k , it holds that

P
�

bP �
k 6� P �

k

�
� j � j

�
exp

�
�

n
2k

� DKL

�
pmax

k �
� + �

2






 pmax

k � �
��

+ exp
�

�
n
2k

� DKL

�
pmax

k �
� � �

2






 pmax

k

���
:
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Lemma C.10. Consider discrete decision space� . For every� 2 [0; 1] it holds for the solution
output by Algorithm 3 that

P�

�
�̂ n =2 bP �

k

�
� j � j � exp

�
�

B
6

�
� 2

min f p̂k (� max
k ); 1 � p̂k (� max

k )g + �

�
;

wherej�j denotes the cardinality of a set andP� denotes the probability with respect to both the
resampling randomness conditioned on the observations and the algorithmic randomness.

We are now ready for the proof of Theorem C.8. We �rst note that, if�� k;� > 0, it follows from
De�nition C.5 that

P �
k � � � for any� 2 (0; �� k;� ):

Therefore, for any� 2 (0; �� k;� ), we can write that

P
�

�̂ n =2 � �
�

� P
�

�̂ n =2 P �
k

�
� P

�n
�̂ n =2 bP �= 2

k

o
[

n
bP �= 2

k 6� P �
k

o�

� P
�

�̂ n =2 bP �= 2
k

�
+ P

�
bP �= 2

k 6� P �
k

�
:

(30)

We �rst evaluate the second probability on the right-hand side of (30). Lemma C.9 gives that

P
�

bP �= 2
k 6� P �

k

�
� j � j

"

exp
�

�
n
2k

� DKL

�
pmax

k �
3�
4






 pmax

k � �
��

+ exp
�

�
n
2k

� DKL

�
pmax

k �
�
4






 pmax

k

��
#

:

(31)

Next, by applying Lemma C.10 with� = �= 2, we can bound the �rst probability on the right-hand
side of (30) as

P
�

�̂ n =2 bP �= 2
k

�
� j � j � E

�
exp

�
�

B
24

�
� 2

min f p̂k (� max
k ); 1 � p̂k (� max

k )g + �= 2

��
: (32)

Conditioned on the value of̂pk (� max
k ), we can further upper-bound the right-hand side of (32) as

follows

E
�
exp

�
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B
24

�
� 2
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where inequality(i ) results from applying Lemma C.3 witĥpk (� max
k ), the U-statistic estimate for

pmax
k . Together, the above equations imply that
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�̂ n =2 � �
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� j � j

"
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�
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4






 pmax
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��
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�
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�
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k �
�
4






 pmax

k

��
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�

�
B
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�
� 2

min f pmax
k ; 1 � pmax

k g + 3 �= 4

�

+ 1
�

pmax
k +

�
4

� 1
�
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�

�
n
2k

� DKL

�
pmax

k +
�
4






 pmax

k

�
�

B
24

�
� 2

1 � pmax
k + �= 4

� #

:

Since the above probability bound is left-continuous in� and � can be arbitrarily chosen from
(0; �� k;� ), the validity of the case� = �� k;� follows from pushing� to the limit �� k;� . This gives (28).

To simplify the bound in the case�� k;� > 4=5. Consider the bound (28) with� = �� k;� . Since
pmax

k � �� k;� by the de�nition of �� k;� , it must hold thatpmax
k + �� k;� =4 > 4=5+1=5 = 1, therefore the

last term in the �nite-sample bound (28) vanishes. To simplify the �rst two terms in the �nite-sample
bound, we note that

pmax
k �

3�� k;�

4
� 1 �

3
4

�
4
5

=
2
5

;

pmax
k �

3�� k;�

4
� �� k;� �

3�� k;�

4
�

1
5

;

pmax
k �

�� k;�

4
� 1 �

1
4

�
4
5

=
4
5

;

pmax
k �

�� k;�

4
� �� k;� �

�� k;�

4
�

3
5

;

and thatpmax
k � �� k;� � 1 � �� k;� � 1=5, therefore by the bound (13) from Lemma C.4, we can bound

the �rst two terms as

exp
�

�
n
2k

� DKL

�
pmax

k �
3�� k;�

4






 pmax

k � �� k;�

��
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� n

2k
ln

�
2((pmax

k � �� k;� )(1 � pmax
k + �� k;� ))1=5

��

=
�

2((pmax
k � �� k;� )(1 � pmax

k + �� k;� ))1=5
� n= (2k )

�
�

2(pmax
k � �� k;� )1=5

� n= (2k )

=
�
25(pmax

k � �� k;� )
� n= (10 k )

;

and similarly
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�

�
n
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�
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k �
�� k;�
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k

��
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� n
2k
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�

2(pmax
k (1 � pmax

k ))1=5
��

=
�

2(pmax
k (1 � pmax

k ))1=5
� n= (2k )

�
�

2(1 � pmax
k )1=5

� n= (2k )

=
�
25(1 � pmax

k )
� n= (10 k )

:

On the other hand, by Lemma C.4 bothDKL (pmax
k � 3�� k;� =4kpmax

k � �� k;� ) and
DKL (pmax

k � �� k;� =4kpmax
k ) are bounded below by�� 2

k;� =8, therefore

exp
�

�
n
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�
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3�� k;�
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��
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�
n
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�
�� 2
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!
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�

�
n

25k

�
;
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and the same holds forexp (� n=(2k) � DKL (pmax
k � �� k;� =4kpmax

k )) . For the third term in the bound
(28) we have

�� 2
k;�

min f pmax
k ; 1 � pmax

k g + 3�� k;� =4
�

(4=5)2

min f 1; 1=5g + 3=4
�

16
25

;

and hence

exp

 

�
B
24

�
�� 2

k;�

min f pmax
k ; 1 � pmax

k g + 3�� k;� =4

!

� exp
�

�
B

75=2

�
:

The �rst desired bound then follows by settingC1; C2; C3 to be the appropriate constants. This
completes the proof of Theorem C.8.

Proof of Theorem C.7.Algorithm 1 is a special case of Algorithm 3 with the learning algorithm (18)
that outputs a singleton, therefore the results of Theorem C.8 automatically apply. In particular,
� k;� = �� k;� in the context of Theorem C.7, and (25) follows from setting� to be� k;� in (28).

C.3 Proof of Corollary 2.2

Proof of Corollary 2.2.By the continuity and symmetry ofz we haveqk = P(
P k

i =1 zi > k ) +
P(

P k
i =1 zi 2 (0; k)) = 1 =2 + P(

P k
i =1 zi 2 (0; k)) . Sincez has a non-zero density everywhere,

P(
P k

i =1 zi 2 (0; k)) > 0, thusqk > 1=2 for everyk > 0. We note that the SAA of the linear
program outputs either0 or 1, therefore the space[0; 1] can be effectively viewed as the binary set
f 0; 1g and Theorem 2.1 is applicable withj� j = 2 . To apply Theorem 2.1, it can be easily seen that
max� 2 � pk (� ) = P(�̂ = 0) = qk and thatmax� 2 � =� � pk (� ) = P(�̂ = 1) = 1 � qk for � < 1. This
gives� k;� = 2qk � 1 > 0. Therefore the bound (8) holds for everyk > 0 and� < 1. If qk > 0:9,
we have� k;� > 4=5, and hence the bound (10) holds. The particular form of the bound (10) is then
obtained by plugging in the values formax� 2 � pk (� ), max� 2 � =� � pk (� ) andj� j.

C.4 Proof of Theorem 2.3

Theorem C.11(Formal �nite-sample bound for Algorithm 2). LetEk;� := P(L(A (z1; : : : ; zk )) >
min � 2 � L(� ) + � ) be the excess risk tail ofA . Consider Algorithm 2 with data splitting, i.e.,
ROVEs. Let Tk (�) := P(sup� 2 � j(1=k)

P k
i =1 l (�; z i ) � L (� )j > �) be the tail function of the

maximum deviation of the empirical objective estimate. For every� > 0, if � is chosen such that
P(� 2 [� ; � ]) = 1 for some0 < � � � < � andTk2 (( � � � )=2) + Tk2 (� =2) < 1=5, then

P
�

L (�̂ n ) > min
� 2 �

L(� ) + 2 �
�

� B1

"

3 min
�

e� 2=5; C1Tk2

�
min f � ; � � � g

2

�� n
2C 2 k 2

+ e� B 2 =C3

#

+ min
n

e� (1 �E k 1 ;� )=C4 ; C5Ek1 ;�

o n
2C 6 k 1 + e� B 1 (1 �E k 1 ;� )=C7 ;

(33)
whereC1; C2; C3 are the same as those in Theorem C.7, andC4; C5; C6; C7 are universal constants.

Consider Algorithm 2 without data splitting, i.e.,ROVE, and discrete space� . Assume
lim k !1 Tk (� ) = 0 for all � > 0. Then, for every �xed� > 0, we havelimn !1 P(L(�̂ n ) >
min � 2 � L(� ) + 2 � ) ! 0, if lim supk !1 Ek;� < 1, P(� > �= 2) ! 0, k1 andk2 ! 1 ,
n=k1 andn=k2 ! 1 , andB1; B2 ! 1 asn ! 1 .

We �rst present two lemmas to be used in the main proof. The following Lemma C.12 characterizes
the exponentially improving quality of the solution set retrieved in Phase I, where its proof can be
found in Appendix D.6.
Lemma C.12(Quality of retrieved solutions in Algorithm 2). For everyk and � � 0, the set of
retrieved solutionsS from Phase I of Algorithm 2 withk1 = k and without data splitting satis�es that

P
�
S \ � � = ;

�
� min

n
e� (1 �E k;� )=C4 ; C5Ek;�

o n
C 6 k

+ exp
�

�
B1

C7
(1 � E k;� )

�
; (34)

whereC4; C5; C6; C7 > 0 are universal constants. The same bound withn replaced byn=2 holds
true for Algorithm 2 with data splitting.
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Then, Lemma C.13 gives bounds for the excess risk sensitivity�� k;� in the case of the set-valued
learning algorithm (19). The proof of Lemma C.13 can be found in Appendix D.7.

Lemma C.13(Bounds of�� k;� for the set-valued learning algorithm (19)). Consider discrete decision
space� . If the set-valued learning algorithm

A(z1; : : : ; zk ; ! ) :=

(

� 2 � :
1
k

kX

i =1

l (�; z i ) � min
� 02 �

1
k

kX

i =1

l (� 0; zi ) + �

)

is used with� � 0, it holds that

pmax
k = max

� 2 �
pk (� ) � 1 � Tk

� �
2

�
; (35)

max
� 2 � n� �

pk (� ) � Tk

�
� � �

2

�
; (36)

and hence

�� k;� � 1 � Tk

� �
2

�
� Tk

�
� � �

2

�
; (37)

whereTk is the tail probability de�ned in Theorem 2.3.

To prove Theorem C.11, we also introduce some notations. For every non-empty subsetW � � , we
use the following counterpart of De�nition C.6. Let

W � :=
�

� 2 W : L(� ) � min
� 02W

L(� 0) + �
�

(38)

be the set of� -optimal solutions in the restricted decision spaceW, and

cW �
k :=

(

� 2 W :
1
k

kX

i =1

l (�; z i ) = min
� 02W

1
k

kX

i =1

l (� 0; zi ) + �

)

(39)

be the set of� -optimal solutions of the SAA with an i.i.d. data set of sizek.

Proof of Theorem C.11 forROVEs. Given the retrieved solution setS and the chosen� , the rest of
Phase II of Algorithm 2 exactly performs Algorithm 3 on the restricted problemmin � 2S E [l(�; z )]
to obtain�̂ n with the datazbn= 2c+1: n , the set-valued learning algorithm (19), the chosen� value and
k = k2; B = B2.

To show the upper bound for the unconditional convergence probabilityP
�

�̂ n =2 � 2�
�

, note that

�
S \ � � 6= ;

	
\

�
L (�̂ n ) � min

� 2S
L(� ) + �

�
�

n
�̂ n 2 � 2�

o
;

and hence by union bound we can write

P
�

�̂ n =2 � 2�
�

� P
�
S \ � � = ;

�
+ P

�
L (�̂ n ) > min

� 2S
L(� ) + �

�
: (40)

P
�
S \ � � = ;

�
has a bound from Lemma C.12. We focus on the second probability.

For a �xed retrieved subsetS � � , de�ne the tail of the maximum deviation onS

TS
k (�) := P

 

sup
� 2S

�
�
�
�
�
1
k

kX

i =1

l (�; z i ) � L (� )

�
�
�
�
�

> �

!

:

It is straightforward thatTS
k (�) � Tk (�) whereTk is the tail of the maximum deviation over the whole

space� . SinceP(� 2 [� ; � ]) = 1 , we have

1 � TS
k2

� �
2

�
� TS

k2

�
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2

�
� 1 � TS

k2

� �
2

�
� TS

k2

�
� � �

2

�
:
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If Tk2 (( � � � )=2) + Tk2 (� =2) < 1=5, we haveTS
k2

(( � � � )=2) + TS
k2

(� =2) < 1=5 and subsequently
1� TS

k2
(( � � � )=2)� TS

k2
(�=2) > 4=5, and hence�� k2 ;� � 1� TS

k2
(( � � � )=2)� TS

k2
(�=2) > 4=5 by

Lemma C.13 for Phase II ofROVEsconditioned onS and� , therefore the bound (29) from Theorem
C.8 applies. Using the inequalities (35) and (36) to upper bound themin f 1 � pmax

k ; pmax
k � �� k;� g

term in (29) gives

P
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�
�S; �
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:

Further relaxingjSj to B1 and taking full expectation on both sides give

P
�

L (�̂ n ) > min
� 2S

L (� ) + �
�

� B1

 

3 min
�

e� 2=5 ; C1Tk 2

�
min f � ; � � � g

2

�� n
2C 2 k 2

+ exp
�

�
B2

C3

� !

:

This leads to the desired bound (33) after the above bound is plugged into (40) and the bound (34)
from Lemma C.12 is applied withk = k1.

Proof of Theorem C.11 forROVE. For every non-empty subsetW � � andk2, we consider the
indicator

1�; W ;�
k2

(z1; : : : ; zk2 ) := 1

 
1
k2

k2X

i =1

l (�; z i ) � min
� 02W

1
k2

k2X

i =1

l (� 0; zi ) + �

!

for � 2 W ; � 2 [0; �=2];

which indicates whether a solution� 2 W is � -optimal for the SAA formed byf z1; : : : ; zk2 g. Here
we add� andW to the superscript to emphasize its dependence on them. The counterparts of the
solution probabilitiespk ; p̂k ; �pk for 1�; W ;�

k2
are

pW ;�
k2

(� ) := E
h
1�; W ;�

k2
(z1; : : : ; zk2 )

i
;

p̂W ;�
k2

(� ) := E�

h
1�; W ;�

k2
(z�

1 ; : : : ; z�
k2

)
i

;

�pW ;�
k2

(� ) :=
1

B2

B 2X

b=1

1�; W ;�
k2

(zb
1; : : : ; zb

k2
):

We need to show the uniform convergence of these probabilities for� 2 [0; �=2]. To do so, we de�ne
a slighted modi�ed version of1�; W ;�

k2

1�; W ;� �
k2

(z1; : : : ; zk2 ) := 1

 
1
k2

k2X

i =1

l (�; z i ) < min
� 02W

1
k2

k2X

i =1

l (� 0; zi ) + �

!

for � 2 W ; � 2 [0; �=2];

which indicates a strict� -optimal solution, and letpW ;� �
k2

; p̂W ;� �
k2

; �pW ;� �
k2

be the corresponding coun-
terparts of solution probabilities. For any integerm > 1 we construct brackets of size at most1=m to
cover the family of indicator functionsf 1�; W ;�

k2
: � 2 [0; �=2]g, i.e., letm0 = bpW ;�= 2

k2
(� )mc and

� 0 := 0 ;

� i := inf
n

� 2 [0; �=2] : pW ;�
k2

(� ) � i=m
o

for 1 � i � m0;

� m 0+1 :=
�
2

;
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where we assume that� i ; i = 0 ; : : : ; m0+1 are strictly increasing without loss of generality (otherwise
we can delete duplicated values). Then for any� 2 [� i ; � i +1 ), we have that

�pW ;�
k2

(� ) � pW ;�
k2

(� ) � �pW ;� i +1 �
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and that
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Therefore
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:

(41)
To show that the random variable in (41) converges to0 in probability, we note that the U-statistic
has the minimum variance among all unbiased estimators, in particular the following simple sample
average estimators based on the �rstbn=k2c � k2 data
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By Minkowski inequality, the supremum satis�es
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Choosingm such thatm ! 1 , m=B2 ! 0 and mk2=n ! 0 leads to the convergence

sup� 2 [0;�= 2]

�
�
� �pW ;�

k2
(� ) � pW ;�

k2
(� )

�
�
� ! 0 in probability. Since� has �nite cardinality and has a �-

nite number of subsets, it also holds that

sup
W� � ;� 2W ;� 2 [0;�= 2]

�
�
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�
�
� ! 0 in probability: (42)

Recall the bound (54) from the proof of Lemma C.13 in Appendix D.7. Here we have the similar

boundmax� 2WnW � pW ;�
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We bound the probabilityP
�

cW �= 2
k2

6� W �
�

more carefully. We let
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�

�
[

�;� 02 �

�
L̂ k2 (� 0) � L (� 0) � � max

�
� o

2
�

�
4

;
�
4

�
or L̂ k2 (� ) � L (� ) � max

�
� o

2
�

�
4

;
�
4

��

�
[

� 2 �

� �
�
� L̂ k2 (� ) � L (� )

�
�
� � max

�
� o

2
�

�
4

;
�
4

��

�
[

� 2 �

� �
�
� L̂ k2 (� ) � L (� )

�
�
� �

� o

4

�

�
�

sup
� 2 �

�
�
� L̂ k2 (� ) � L (� )

�
�
� �

� o

4

�
;

where the last line holds becausemax f � o=2 � �=4; �=4g � � o=4. This gives

sup
� 2 [0;�= 2]

max
� 2WnW �

pW ;�
k2

(� ) � Tk2

�
� o

4

�
! 0 ask2 ! 1 :

We also have the trivial boundinf � 2 [0;�= 2] max� 2W pW ;�
k2

(� ) = max � 2W pW ;0
k2

(� ) � 1=jWj , where

the inequality comes from the fact that
P

� 2W pW ;0
k2

(� ) � 1. Now choose ak < 1 such that

Tk2

�
� o

4

�
�

1
2 j� j

for all k2 � k;
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and we have for allk2 � k and all non-emptyW � � that

inf
� 2 [0;�= 2]

�
max
� 2W

pW ;�
k2

(� ) � max
� 2WnW �

pW ;�
k2

(� )
�

� inf
� 2 [0;�= 2]

max
� 2W

pW ;�
k2

(� ) � sup
� 2 [0;�= 2]

max
� 2WnW �

pW ;�
k2

(� )

�
1

jWj
�

1
2 j� j

�
1

2 j� j
:

(43)
Due to the uniform convergence (42), we have

min
W� �

inf
� 2 [0 ;�= 2]

�
max
� 2W

�pW ;�
k 2

(� ) � max
� 2WnW �

�pW ;�
k 2

(� )
�

! min
W� �

inf
� 2 [0 ;�= 2]

�
max
� 2W

pW ;�
k 2

(� ) � max
� 2WnW �

pW ;�
k 2

(� )
�

in probability, and hence

P
�

min
W� �

inf
� 2 [0;�= 2]

�
max
� 2W

�pW ;�
k2

(� ) � max
� 2WnW �

�pW ;�
k2

(� )
�

� 0
�

! 0: (44)

Finally, we combine all the pieces to get
n

�̂ n 62� 2�
o

�
�

S \ � � = ;
	

[
n

�̂ n 62 S�
o

�
�

S \ � � = ;
	

[
�

max
� 2S

�pS;�
k2

(� ) � max
� 2SnS �

�pS;�
k2

(� ) � 0
�

�
�

S \ � � = ;
	

[
�

� >
�
2

�
[

�
inf

� 2 [0;�= 2]

�
max
� 2S

�pS;�
k2

(� ) � max
� 2SnS �

�pS;�
k2

(� )
�

� 0
�

�
�

S \ � � = ;
	

[
�

� >
�
2

�
[

�
min

W� �
inf

� 2 [0;�= 2]

�
max
� 2W

�pW ;�
k2

(� ) � max
� 2WnW �

�pW ;�
k2

(� )
�

� 0
�

:

By Lemma C.12 we haveP
�
S \ � � = ;

�
! 0 under the conditions thatlim supk !1 Ek;� < 1

andk1; n=k1; B1 ! 1 . Together with the conditionP(� � �=2) ! 0 and (44), we conclude

P
�

�̂ n 62� 2�
�

! 0 by the union bound.

D Proofs for Technical Lemmas

D.1 Proof of Lemma C.2

By symmetry, we have that

U(z1; : : : ; zn ) =
1
n!

X

bijection � :[n ]! [n ]

�� (z� (1) ; : : : ; z� (n ) );

where we denote[n] := f 1; : : : ; ng. Then, by the convexity of the exponential function and Jensen's
inequality, we have that

E [exp(tU )] = E

2

4exp

0

@t �
1
n!

X

bijection � :[n ]! [n ]

�� (z� (1) ; : : : ; z� (n ) )

1

A

3

5

� E

2

4 1
n!

X

bijection � :[n ]! [n ]

exp
�
t � �� (z� (1) ; : : : ; z� (n ) )

�
3

5

= E [exp (t � �� (z1; : : : ; zn ))] :

This completes the proof.
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D.2 Proof of Lemma C.3

We �rst consider the directionU � E [� ] � � . Let

~� � :=
1
n̂

n̂X

i =1

� � (zk ( i � 1)+1 ; : : : ; zki );

and

~� :=
1
n̂

n̂X

i =1

� (zk ( i � 1)+1 ; : : : ; zki ; ! i );

where we use the shorthand notationn̂ := bn
k c, and! i 's are mutually independent and also indepen-

dent fromf z1; : : : ; zn g. Then, sinceE [� ] = E [� � ], for all t > 0 it holds that

P(U � E [� ] � � ) = P(exp (tU ) � exp (t (E [� ] + � )))
( i )
� exp (� t (E [� ] + � )) � E [exp (tU )]
( ii )
� exp (� t (E [� ] + � )) � E [exp (t~� � )]

( iii )
� exp (� t (E [� ] + � )) � E [exp (t~� )] ;

(45)

where we apply the Markov inequality in(i ), step(ii ) is due to Lemma C.2, and step(iii )
uses Jensen's inequality and the convexity of the exponential function. Due to independence,
~� can be viewed as the sample average ofn̂ i.i.d. Bernoulli random variables, i.e.,~� �
1
n̂

P n̂
i =1 Bernoulli ( E [� ]). Hence, we have that

E [exp (t~� )] = E

"

exp

 
t
n̂

n̂X

i =1

Bernoulli ( E [� ])

!#

=
�

E
�
exp

�
t
n̂

Bernoulli ( E [� ])
��� n̂

=
�
(1 � E [� ]) + E [� ] � exp

�
t
n̂

�� n̂

;

(46)

where we use the moment-generating function of Bernoulli random variables in the last line. Substi-
tuting (46) into (45), we have that

P(U � E [� ] � � ) � exp (� t (E [� ] + � )) �
�
(1 � E [� ]) + E [� ] � exp

�
t
n̂

�� n̂

=: f (t): (47)

Now, we consider minimizingf (t) for t > 0. Let g(t) = log f (t), then it holds that

g0(t) = � (E [� ] + � ) +
E [� ] � exp

�
t
n̂

�

(1 � E [� ]) + E [� ] � exp
�

t
n̂

� :

By settingg0(t) = 0 , it is easy to verify that the minimum point off (t), denoted byt?, satis�es that

E [� ] � exp
�

t
n̂

�
� (1 � E [� ] � � ) = (1 � E [� ]) � (E [� ] + � )

, exp(t) =
�

(1 � E [� ]) � (E [� ] + � )
E [� ] � (1 � E [� ] � � )

� n̂

:

(48)

Substituting (48) into (47) gives

P(U � E [� ] � � ) �
�

1 � E [� ]
1 � E [� ] � �

� n̂

�
�

E [� ] � (1 � E [� ] � � )
(1 � E [� ]) (E [� ] + � )

� n̂ (E[� ]+ � )

=

" �
1 � E [� ]

1 � E [� ] � �

� 1� E[� ]� �

�
�

E [� ]
E [� ] + �

� E[� ]+ �
#n̂

= exp ( � n̂ � DKL (E [� ] + � kE [� ])) : (49)
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Sincen=k � 2n̂, the �rst bound immediately follows from (49).

SinceDKL (pkq) = DKL (1 � pk1 � q), the bound for the reverse sideU � E [� ] � � � then follows
by applying the �rst bound to the �ipped binary kernel1 � � and1 � U. This completes the proof of
Lemma C.3.

D.3 Proof of Lemma C.4

To show (12), some basic calculus shows that for any �xedq, the functiong(p) := (1 � p) ln 1� p
1� q is

convex inp, and we have that
g(q) = 0 ; g0(q) = � 1:

Thereforeg(p) � g(q) + g0(q)(p � q) = q � p, which implies (12) immediately.

The lower bound (13) follows from

DKL (pkq) � � p ln q � (1 � p) ln(1 � q) + min
p2 [
; 1� 
 ]

f p ln p + (1 � p) ln(1 � p)g

� � 
 ln q � 
 ln(1 � q) � ln 2 = � ln(2(q(1 � q)) 
 ):

This completes the proof of Lemma C.4.

D.4 Proof of Lemma C.9

By De�nition C.5, we observe the following equivalence
n

bP �
k 6� P �

k

o
=

[

� 2 � nP �
k

n
� 2 bP �

k

o
=

[

� 2 � nP �
k

f p̂k (� ) � p̂k (� max
k ) � � g :

Hence, by the union bound, it holds that

P
�

bP �
k 6� P �

k

�
�

X

� 2 � nP �
k

P(p̂k (� ) � p̂k (� max
k ) � � ) :

We further bound the probabilityP(f p̂k (� ) � p̂k (� max
k ) � � g) as follows

P(p̂k (� ) � p̂k (� max
k ) � � )

� P
��

p̂k (� ) � pk (� max
k ) �

� + �
2

�
\

�
p̂k (� max

k ) � pk (� max
k ) �

� � �
2

��
(50)

� P
�

p̂k (� ) � pk (� max
k ) �

� + �
2

�
+ P

�
p̂k (� max

k ) � pk (� max
k ) �

� � �
2

�
:

On one hand, the �rst probability in (50) is solely determined by and increasing inpk (� ) = E [p̂k (� )].
On the other hand, we havepk (� ) < p k (� max

k ) � � for every� 2 � nP �
k by the de�nition of P �

k .
Therefore we can slightly abuse the notation to write

P(p̂k (� ) � p̂k (� max
k ) � � ) � P

�
p̂k (� ) � pk (� max

k ) �
� + �

2

�
�
�pk (� ) = pk (� max

k ) � �
�

+ P
�

p̂k (� max
k ) � pk (� max

k ) �
� � �

2

�

� P
�

p̂k (� ) � pk (� ) �
� � �

2

�
�
�pk (� ) = pk (� max

k ) � �
�

+ P
�

p̂k (� max
k ) � pk (� max

k ) � �
� � �

2

�
:

Note that, with� (z1; : : : ; zk ; ! ) := 1 (� 2 A(z1; : : : ; zk ; ! )) , the probabilityp̂k (� ) can be viewed as
a U-statistic with the kernel� � (z1; : : : ; zk ) := E [� (z1; : : : ; zk ; ! )jz1; : : : ; zk ]. A similar representa-
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tion holds forp̂k (� max
k ) as well. Therefore, we can apply Lemma C.3 to conclude that

P
�

bP �
k 6� P �

k

�
�

X

� 2 � nP �
k

P(p̂k (� ) � p̂k (� max
k ) � � )

�
�
� � nP �

k

�
�
�
P

�
p̂k (� ) � pk (� ) �

� � �
2

�
�
�pk (� ) = pk (� max

k ) � �
�

+ P
�

pk (� max
k ) � p̂k (� max

k ) � �
� � �

2

��

� j � j
�
exp

�
�

n
2k

� DKL

�
pk (� max

k ) � � +
� � �

2






 pk (� max

k ) � �
��

+ exp
�

�
n
2k

� DKL

�
pk (� max

k ) �
� � �

2






 pk (� max

k )
���

;

which completes the proof of Lemma C.9.

D.5 Proof of Lemma C.10

We observe that�pk (� ) is an conditionally unbiased estimator forp̂k (� ), i.e.,E� [ �pk (� )] = p̂k (� ). We
can express the difference between�pk (� ) and�pk (� max

k ) as the sample average

�pk (� ) � �pk (� max
k ) =

1
B

BX

b=1

�
1(� 2 A(zb

1; : : : ; zb
k )) � 1(� max

k 2 A(zb
1; : : : ; zb

k ))
�

;

whose expectation is equal tôpk (� ) � p̂k (� max
k ). We denote by

1�
� := 1(� 2 A(z�

1 ; : : : ; z�
k )) for � 2 �

for convenience, where(z�
1 ; : : : ; z�

k ) represents a random subsample. Then by Bernstein's inequality,
we have everyt � 0 that

P�

�
�pk (� ) � �pk (�̂ max

k ) � (p̂k (� ) � p̂k (� max
k )) � t

�
� exp

 

� B �
t2

2Var� (1�
� � 1�

� max
k

) + 4 =3 � t

!

:

(51)
Since

Var � (1�
� � 1�

� max
k

) � E�

h
(1�

� � 1�
� max

k
)2

i
� p̂k (� ) + p̂k (� max

k ) � 2p̂k (� max
k );

and

Var � (1�
� � 1�

� max
k

) � Var � (1 � 1�
� � 1 + 1�

� max
k

)

� E�

h
(1 � 1�

� � 1 + 1�
� max

k
)2

i

� 1 � p̂k (� ) + 1 � p̂k (� max
k ) � 2(1 � p̂k (� )) ;

we haveVar � (1�
� � 1�

� max
k

) � 2 min f p̂k (� max
k ); 1 � p̂k (� )g. Substituting this bound to (51) and

takingt = p̂k (� max
k ) � p̂k (� ) lead to

P�

�
�pk (� ) � �pk (�̂ max

k ) � 0
�

� exp
�

� B �
(p̂k (� max

k ) � p̂k (� ))2

4 min f p̂k (� max
k ); 1 � p̂k (� )g + 4=3 � (p̂k (� max

k ) � p̂k (� ))

�

� exp
�

� B �
(p̂k (� max

k ) � p̂k (� ))2

4 min f p̂k (� max
k ); 1 � p̂k (� max

k )g + 16=3 � (p̂k (� max
k ) � p̂k (� ))

�

� exp
�

�
B
6

�
(p̂k (� max

k ) � p̂k (� ))2

min f p̂k (� max
k ); 1 � p̂k (� max

k )g + p̂k (� max
k ) � p̂k (� )

�
:
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Therefore, we have that

P�

�
�̂ n =2 bP �

k

�
= P�

0

@
[

� 2 � n bP �
k

�
�pk (� ) = max

� 02 �
�pk (� 0)

�
1

A

�
X

� 2 � n bP �
k

P�

�
�pk (� ) = max

� 02 �
�pk (� 0)

�

�
X

� 2 � n bP �
k

P� (�pk (� ) � �pk (� max
k ))

�
X

� 2 � n bP �
k

exp
�

�
B
6

�
(p̂k (� max

k ) � p̂k (� ))2

min f p̂k (� max
k ); 1 � p̂k (� max

k )g + p̂k (� max
k ) � p̂k (� )

�
:

Note that the functionx2=(min f p̂k (� max
k ); 1 � p̂k (� max

k )g + x) in x 2 [0; 1] is monotonically
increasing and that̂pk (� max

k ) � p̂k (� ) > � for all � 2 � nbP �
k . Therefore, we can further bound the

probability as

P�

�
�̂ n =2 bP �

k

�
�

�
�
� � nbP �

k

�
�
� � exp

�
�

B
6

�
� 2

min f p̂max
k ; 1 � p̂max

k g + �

�
:

Noting that
�
�
� � nbP �

k

�
�
� � j � j completes the proof of Lemma C.10.

D.6 Proof of Lemma C.12

Let (z�
1 ; : : : ; z�

k ) be a random subsample andP� be the probability with respect to the subsampling
randomness conditioned on the data and the algorithmic randomness. Consider the two probabilities

P
�
A (z1; : : : ; zk ) 2 � � �

; P�
�
A (z�

1 ; : : : ; z�
k ) 2 � � �

:

We have1 � E k;� = P
�
A(z1; : : : ; zk ) 2 � �

�
, and the conditional probability

P
�

S \ � � = ;
�
�
�P�

�
A (z�

1 ; : : : ; z�
k ) 2 � � � �

=
�
1 � P�

�
A (z�

1 ; : : : ; z�
k ) 2 � � �� B 1 :

Therefore we can write

P
�
S \ � � = ;

�
= E

h�
1 � P�

�
A (z�

1 ; : : : ; z�
k ) 2 � � �� B 1

i

� P
�

P�
�
A (z�

1 ; : : : ; z�
k ) 2 � � �

<
1 � E k;�

e

�
+

�
1 �

1 � E k;�

e

� B 1

; (52)

wheree is the base of the natural logarithm. Applying Lemma C.3 with� (z1; : : : ; zk ; ! ) :=
1

�
A (z1; : : : ; zk ; ! ) 2 � �

�
gives

P
�

P�
�
A (z�

1 ; : : : ; z�
k ) 2 � � �

<
1 � E k;�

e

�
� exp

�
�

n
2k

� DKL

�
1 � E k;�

e






 1 � E k;�

��
:

Further applying the bound (12) from Lemma C.4 to the KL divergence on the right-hand side leads
to

DKL

�
1 � E k;�

e






 1 � E k;�

�
�

1 � E k;�

e
ln

1
e

+ 1 � E k;� �
1 � E k;�

e
=

�
1 �

2
e

�
(1 � E k;� );
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and

DKL

�
1 � E k;�

e






 1 � E k;�

�

= DKL

�
1 �

1 � E k;�

e






 Ek;�

�

�
�

1 �
1 � E k;�

e

�
ln

1 � (1 � E k;� )=e
Ek;�

� (1 � E k;� ) +
1 � E k;�

e
by bound (12)

�
�

1 �
1 � E k;�

e

�
ln

�
1 �

1 � E k;�

e

�
�

�
1 �

1
e

�
ln Ek;� � 1 +

1
e

�
�

1 �
1
e

�
ln

�
1 �

1
e

�
�

�
1 �

1
e

�
ln Ek;� � 1 +

1
e

=
�

1 �
1
e

�
ln

e � 1
e2Ek;�

:

Combining the two bounds for the KL divergence we have

P
�

P�
�
A (z�

1 ; : : : ; z�
k ) 2 � � �

<
1 � E k;�

e

�

� min

(

exp
�

�
n
2k

�
�

1 �
2
e

�
(1 � E k;� )

�
;
�

e2Ek;�

e � 1

� (1 � 1=e) n
2k

)

:

Note that the second term on the right-hand side of (52) satis�es that(1 � (1 � E k;� )=e)B 1 �
exp (� B1(1 � E k;� )=e). Thus, we derive that

P
�
S \ � � = ;

�

� min

(

exp
�

�
n
2k

�
�

1 �
2
e

�
(1 � E k;� )

�
;
�

e2Ek;�

e � 1

� (1 � 1=e) n
2k

)

+ exp
�

�
B1(1 � E k;� )

e

�

� min
�

exp
�

�
1 � 2=e
1 � 1=e

� (1 � E k;� )
�

;
e2Ek;�

e � 1

� (1 � 1=e) n
2k

+ exp
�

�
B1(1 � E k;� )

e

�
:

The conclusion then follows by settingC4; C5; C6; C7 to be the appropriate constants.

D.7 Proof of Lemma C.13

Let L̂ k (� ) := 1
k

P k
i =1 l (�; z i ). Let � � be an optimal solution of (1). We have

max
� 2 �

pk (� ) � pk (� � ) = P
�

� � 2 b� �
k

�
� P

�
� 0 � b� �

k

�
:

To bound the probability on the right hand side, we write
n

� 0 6� b� �
k

o
�

[

� 2 � 0 ;� 02 �

n
L̂ k (� ) > L̂ k (� 0) + �

o

=
[

� 2 � 0 ;� 02 �

n
L̂ k (� ) � L (� ) > L̂ k (� 0) � L (� 0) + L(� 0) � L (� ) + �

o

�
[

� 2 � 0 ;� 02 �

n
L̂ k (� ) � L (� ) > L̂ k (� 0) � L (� 0) + �

o

�
[

� 2 � 0 ;� 02 �

n
L̂ k (� ) � L (� ) >

�
2

or L̂ k (� 0) � L (� 0) < �
�
2

o

�
[

� 2 �

n�
�
�L̂ k (� ) � L (� )

�
�
� >

�
2

o

=
�

max
� 2 �

�
�
� L̂ k (� ) � L (� )

�
�
� >

�
2

�
;
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therefore

max
� 2 �

pk (� ) � P
�

max
� 2 �

�
�
� L̂ k (� ) � L (� )

�
�
� �

�
2

�
� 1 � Tk

� �
2

�
: (53)

This proves (35). To bound the other termmax� 2 � n� � pk (� ), for any� 2 � n� � it holds that

pk (� ) = P
�

� 2 b� �
k

�
� P

�
b� �

k 6� � �
�

; (54)

and hencemax� 2 � n� � pk (� ) � P
�

b� �
k 6� � �

�
. To bound the latter, we have

n
b� �

k 6� � �
o

�
[

�;� 02 � s.t. L ( � 0) � L ( � )>�

n
L̂ k (� 0) � L̂ k (� ) + �

o

=
[

�;� 02 � s.t. L ( � 0) � L ( � )>�

n
L̂ k (� 0) � L (� 0) + L(� 0) � L (� ) � L̂ k (� ) � L (� ) + �

o

�
[

�;� 02 � s.t. L ( � 0) � L ( � )>�

n
L̂ k (� 0) � L (� 0) + � < L̂ k (� ) � L (� ) + �

o

�
[

�;� 02 � s.t. L ( � 0) � L ( � )>�

�
L̂ k (� 0) � L (� 0) < �

� � �
2

or L̂ k (� ) � L (� ) >
� � �

2

�

�
[

� 2 �

� �
�
� L̂ k (� ) � L (� )

�
�
� >

� � �
2

�

=
�

max
� 2 �

�
�
� L̂ k (� ) � L (� )

�
�
� >

� � �
2

�
;

therefore

max
� 2 � n� �

pk (� ) � P
�

max
� 2 �

�
�
� L̂ k (� ) � L (� )

�
�
� >

� � �
2

�
� Tk

�
� � �

2

�
: (55)

This immediately gives (36). (37) is obvious given (35) and (36).

E Improving Tail Decay in Linear Regression

In this section, we present another example demonstrating that our algorithm is capable of turning a
polynomial-tailed base learner into exponential. We consider the linear regression problem

min
� 2 [� 1;1]

E
�
(x� � y)2�

; (56)

where the dataf (x i ; yi )gn
i =1 are i.i.d. samples such thatx i 2 f� 1; 1g, andyi = x i � � + � i .

Assumption E.1. The unknown true coef�cient of problem (56) is� � = 0 . The random variables
f � i gn

i =1 are i.i.d. distributed with zero mean and symmetric with respect to0. The second and forth
moments of� i are �nite, denoted as� 2 = E

�
� 2

i

�
and� 4 = E

�
� 4

i

�
. Moreover, there exist constants

C > 0 and� > 0 such thatP(� i > t ) > C (t + 1) � � for all t > 0, i.e.,� i has a polynomial tail.

Under the setting described by (56) and Assumption E.1, the least-squares estimator of� is given by

� LS
n = P[� 1;1]

� P n
i =1 x i yiP n
i =1 x2

i

�
= P[� 1;1]

� P n
i =1 x i � iP n
i =1 x2

i
+ � �

�
= P[� 1;1]

� P n
i =1 x i � i

n

�
;

whereP[� 1;1](�) denotes the projection operator onto the interval[� 1; 1]. Since the true coef�cient
� � = 0 , for any estimator̂� that takes values between[� 1; 1], its excess risk is equal to(�̂ )2. For
instance, the excess risk of� LS

n can be expressed as

�
� LS

n

� 2
= min

( � P n
i =1 x i � i

n

� 2

; 1

)

:

Theorem E.2. Under Assumption E.1, the followings hold true.
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• The excess risk of the least-squares estimator� LS
n exhibits a polynomial tail inn. Speci�cally,

for every� 2 (0; 1) andn > 1, it holds that

P
�
(� LS

n )2 > �
�

> C (n
p

� + 1) � � : (57)

• Under our ensemble method, the excess risk of the output estimator�̂ n has an exponentially
decreasing tail.

E.1 Proof of Theorem E.2

We �rst show the polynomial tail of excess risk for the least-squares estimator� LS
n . For k � n,

let �� k := 1=k �
P k

i =1 � i be the sample average of the �rstk noise terms. Then, it holds that
�� k+1 = ( k�� k + � k+1 ) =(k + 1) .

For every� 2 (0; 1) andn > 1, we have that

P
�
(� LS

n )2 > �
�

= P

 � P n
i =1 x i � i

n

� 2

> �

!

= P

 � P n
i =1 � i

n

� 2

> �

!

= 2P
�
�� n >

p
�
�
; (58)

where we used the symmetry of� i and thatx i 2 f� 1; 1g. Then, using the recursive relation between
�� n and�� n � 1, we can further show that

P
�
�� n >

p
�
�

� P
�

(n � 1)�� n � 1

n
� 0 and

� n

n
>

p
�
�

= P
�

(n � 1)�� n � 1

n
� 0

�
� P

� � n

n
>

p
�
�

> P(�� n � 1 � 0) � C(n
p

� + 1) � � ;

(59)

where the second line is due to the independence between�� n � 1 and� n in the second line, and the
last line uses Assumption E.1. Since each� i is symmetric, we haveP(�� n � 1 � 0) = 1=2. Hence, the
proof of (57) is completed by combining (58) and (59).

Now, we proceed to show the exponential tail of excess risk for our ensemble method (Algorithm
2), where the proof is based on Theorem C.11, i.e., the formal version of Theorem 2.3. To apply the
bound (33) from Theorem C.11, we need to derive upper bounds for the following two quantities:
the empirical process tailTk (�), and the excess risk tail of the base learner, i.e., the least-squares
estimator� LS

k with k samples.

For anyt > 0, we can show that the empirical process tail satis�es that

Tk (t) = P

 

sup
� 2 [� 1;1]

�
�
�
�
�
1
k

kX

i =1

(x i � � yi )2 � E[(x� � y)2]

�
�
�
�
�

> t

!

= P
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� 2 [� 1;1]

�
�
�
�
�
1
k

kX

i =1

(x i � � � i )2 � (� 2 + � 2)

�
�
�
�
�

> t

!

= P

 

sup
� 2 [� 1;1]

�
�
�
�
�
1
k

kX

i =1

� 2
i � � 2 � 2� �

1
k

kX

i =1

x i � i

�
�
�
�
�

> t

!

� P

 �
�
�
�
�
� � 2 +

1
k

kX

i =1

� 2
i �

2
k

kX

i =1

x i � i

�
�
�
�
�

> t

!

+ P

 �
�
�
�
�
� � 2 +

1
k

kX

i =1

� 2
i +

2
k

kX

i =1

x i � i

�
�
�
�
�

> t

!

;

(60)
where the last inequality uses the union bound and the observation that the maximum of the absolute
value term is achieved either at� = 1 or � = � 1. Using the symmetry of� i and the fact that
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x i 2 f� 1; 1g, we further derive from (60) that

Tk (t) � 2P

 �
�
�
�
�
1
k

kX

i =1

� 2
i � � 2 �

2
k

kX

i =1

� i

�
�
�
�
�

> t

!

� 2P

 �
�
�
�
�
1
k

kX

i =1

� 2
i � � 2

�
�
�
�
�

>
t
2

!

+ 2P

 �
�
�
�
�
2
k

kX

i =1

� i

�
�
�
�
�

>
t
2

!

�
8� 4

kt2 +
32� 2

kt2 ;

(61)

where we apply the union bound again in the second line and use the Markov's inequality in the last
line.

Now, we assess the excess risk tail of the least-squares estimator� LS
k . For � < 1, similar as (58), we

can apply the Markov's inequality to show that

Ek;� = P
�
(� LS

k )2 > �
�

= P

0

@

 P k
i =1 � i

k

! 2

> �

1

A �
� 2

k�
: (62)

By instantiating (33) in Theorem C.11 with the tail bounds onTk (t) andEk;� given by (61) and (62),
we can �nally obtain the following tail bound on the excess risk of our estimator�̂ n :

P
�

(�̂ n )2 > �
�

� B1

0

@3 min

(

e� 2=5; C1
32(� 4 + 4 � 2)

k2 min f � ; � � � g2

) n
2C 2 k 2

+ e� B 2 =C3

1

A

+ min
�

e�
�

1� � 2
k 1 �

��
C4 ; C5

� 2

k1�

� n
2C 6 k 1

+ e� B 1

�
1� � 2

k 1 �

��
C7 ;

(63)

for everyk1; k2 � n and� 2 (0; 1) such that� > � , 32( � 4 +4 � 2 )
k2 ( � � � )2 + 32( � 4 +4 � 2 )

k2 � 2 < 1
5 , and � 2

k1 � < 1.
Note that these conditions guarantee that the upper bound in (63) is meaningful and thatTk2 (( � �
� )=2) + Tk2 (� =2) < 1=5, as required by Theorem 2.3. Therefore, we conclude that the excess risk
for the output solution̂� n of our ensemble method has an exponential tail, which completes the proof
of Theorem E.2.

F Additional Numerical Experiments

This section supplements Section 3. We �rst provide details for the architecture of the neural
networks in Section F.1, and the considered stochastic programs in Section F.2. Section F.3 presents
a comprehensive pro�ling of hyperparameters of our methods, and Section F.4 provides additional
experimental results that evaluate our algorithms from various perspectives.

F.1 MLP Architecture

The input layer of our MLPs has the same number of neurons as the input dimension, and the output
layer is a single neuron that gives the �nal prediction. All activations are ReLU. The architecture of
hidden layers is as follows under different numbers of hidden layersH :

• H = 2 : Each hidden layer has 50 neurons.

• H = 4 : There are 50, 300, 300, 50 neurons from the �rst to the fourth hidden layer.

• H = 6 : There are 50, 300, 500, 500 300, 50 neurons from the �rst to the sixth hidden layer.

• H = 8 : There are 50, 300, 500, 800, 800 500 300, 50 neurons from the �rst to the eighth
hidden layer.
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F.2 Stochastic Programming Problems

Resource Allocation [86]. The decision maker wants to choose a subset ofm projects. A quantity
q of low-cost resource is available to be allocated, and any additional resource can be obtained at an
incremental unit costc. Each projecti has an expected rewardr i . The amount of resource required
by each projecti is a random variable, denoted byWi . We can formulate the problem as

max
� 2f 0;1gm

8
<

:

mX

i =1

r i � i � cE

"
mX

i =1

Wi � i � q

#+
9
=

;
: (64)

In the experiment, we consider the three-product scenario, i.e.,m = 3 , and assume that the random
variableWi follows the Pareto distribution.

Supply Chain Network Design [61, Chapter 1.5]. Consider a network of suppliers, processing
facilities, and customers, where the goal is to optimize the overall supply chain ef�ciency. The supply
chain design problem can be formulated as a two-stage stochastic optimization problem

min
� 2f 0;1gj P j

X

p2 P

cp� p + E[Q(�; z )]; (65)

whereP is the set of processing facilities,cp is the cost of opening facilityp, andz is the vector of
(random) parameters, i.e.,(h; q; d; s; R; M) in (66). FunctionQ(�; z ) represents the total processing
and transportation cost, and it is equal to the optimal objective value of the following second-stage
problem:

miny � 0;z � 0 q> y + h> z

s.t. Ny = 0 ;

Cy + z � d;

Sy � s;

Ry � M�;

(66)

whereN; C; S are appropriate matrices that describe the network �ow constraints. More details about
this example can be found in [61, Chapter 1.5]. In our experiment, we consider the scenario of 3
suppliers, 2 facilities, 3 consumers, and 5 products. We choose supplys and demandd as random
variables that follow the Pareto distribution.

Maximum Weight Matching and Stochastic Linear Program. We explore both the maximum
weight matching problem and the linear program that arises from it. LetG = ( V; E) be a general
graph, where each edgee 2 E is associated with a (possibly) random weightwe. For each node
v 2 V , denoteE(v) as the set of edges incident tov. Based on this setup, we consider the following
linear program

max� 2 [0;1] j E j E
� P

e2 E we� e
�

subject to
P

e2 E (v) ae� e � 1; 8v 2 V;
(67)

whereae is some positive coef�cient. Whenae = 1 for all e 2 E and� is restricted to the discrete
setf 0; 1gjE j , (67) is equivalent to the maximum weight matching problem. For the maximum weight
matching, we consider a complete bipartite graph with 5 nodes on each side (the dimension is 25).
The weights of nine edges are Pareto distributed and the remaining are prespeci�ed constants. For
the linear programming problem, we consider a 28-dimensional instance (the underlying graph is an
8-node complete graph), where allwe follows the Pareto distribution.

Mean-Variance Portfolio Optimization. Consider constructing a portfolio based onm assets.
Each asseti has a rate of returnr i that is random with mean� i . The goal is to minimize the variance
of the portfolio while ensuring that the expected rate of return surpasses a target levelb. The problem
can be formulated as

min � E
�
(
P m

i =1 (r i � � i )� i )2
�

subject to
P m

i =1 � i � i � b;
P m

i =1 � i = 1 ;

� i � 0; 8i = 1 ; : : : ; m;

(68)
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where� is the decision variable and each� i is assumed known. In the experiment, we consider a
scenario with 10 assets, i.e.,m = 10, where each rate of returnr i is a linear combination of the rates
of return of 100 underlying assets in the formr i = ~r 10( i � 1)+1 =2 +

P 100
j =1 ~r j =200. Each of these

underlying assets has a Pareto rate of return~r j ; j = 1 ; : : : ; 100.

F.3 Hyperparameter Pro�ling

We test the effect of different hyperparameters in our ensemble methods, including subsample sizes
k; k1; k2, ensemble sizesB; B 1; B2, and threshold� . Throughout this pro�ling stage, we use the
sample average approximation (SAA) as the base algorithm. To pro�le the effect of subsample sizes
and ensemble sizes, we consider the resource allocation problem.

Subsample Size. We explored scenarios wherek (equivalentlyk1 andk2) is both dependent on and
independent of the total sample sizen (see Figures 6a, 7a, and 7b). The results suggest that a constant
k generally suf�ces, although the optimalk varies by problem instance. For example, Figures 7a and
7b show thatk = 2 yields the best performance; increasingk degrades results. Conversely, in Figure
6a,k = 2 proves inadequate, with largerk delivering good results. The underlying reason is that
the effective performance ofMoVE requires� � 2 arg max� 2 � pk (� ). In the former, this is achieved
with only two samples, enablingMoVE to identify � � with a subsample size of2. For the latter, a
higher number of samples is required to meet this condition, explaining the suboptimal performance
atk = 2 . In Figure 8, we simulatepk (� ) for the two cases, which further explains the in�uence of
the subsample size.

Ensemble Size. In Figure 9, we illustrate the performance ofMoVE andROVEunder different
B; B 1; B2, where we setk = k1 = k2 = 10 and� = 0 :005. From the �gure, we �nd that the
performance of our ensemble methods is improving in the ensemble sizes.

Threshold � . The optimal choice of� in ROVEandROVEsis problem-dependent and related
to the number of (near) optimal solutions. This dependence is illustrated by the performance of
ROVEshown in Figures 6b and 6c. Hence, we propose an adaptive strategy de�ned as follows: Let
g(� ) := 1 =B2 �

P B 2
b=1 1(�̂ n (� ) 2 b� �;b

k2
), where we usê� n (� ) to emphasize the dependency of�̂ n on

� . Then, we select� � := min f � : g(� ) � 1=2g. By de�nition, g(� ) is the proportion of times that
�̂ n (� ) is included in the “near optimum set”b� �;b

k2
. The choice of� � makes it more likely for the true

optimal solution to be included in the “near optimum set”, instead of being ruled out by suboptimal
solutions. Practically,� � can be ef�ciently determined using a binary search as an intermediate step
between Phases I and II. To prevent data leakage, we compute� � usingz1:b n

2 c (Phase I data) for
ROVEs. From Figure 6, we observe that this adaptive strategy exhibits decent performance for all
scenarios. Similar behaviors can also be observed forROVEsin Figure 10.

Recommended Con�gurations. Based on the pro�ling results, we summarize the recommended
con�gurations used in all other experiments presented in the paper (unless speci�ed otherwise):

• For discrete space� , usek = max(10; n=200); B = 200 for MoVE, andk1 = k2 =
max(10; n=200); B1 = 20; B2 = 200 for ROVEandROVEs.

• For continuous space� , usek1 = max(30; n=2); k2 = max(30; n=200); B1 = 50; B2 =
200for ROVEandROVEs.

• The� in ROVEandROVEsis selected such thatmax� 2S (1=B2)
P B 2

b=1 1(� 2 b� �;b
k2

) � 1=2.
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