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We first rewrite the main update formulation of both ScaledGD and AltScaledGD{
Uk+1 = Uk − η∇Uk

f(Uk,Vk)
(
V >k Vk

)−1
Vk+1 = Vk − η∇Vk

f(Uk,Vk)
(
U>k Uk

)−1 (1)

{
Uk+1 = Uk − η∇Uk

f(Uk,Vk)(V >k Vk)−1

Vk+1 = Vk − η∇Vk
f(Uk+1,Vk)(U>k+1Uk+1)−1

(2)

where Uk ∈ Rm×d and Vk ∈ Rn×d.

1 Proofs of the lemmas and theorem in Section 4 (rank-1 case).

If d = 1, then Uk,Vk are all vectors.

Lemma 1. If
〈
M ,UkV

>
k

〉
≥ ‖UkV >k ‖2F 6= 0, then there is constant Cu ≥ 0 such that∣∣∣∣1− ‖M‖F cosθukcosθvk
‖UkV >k ‖F

∣∣∣∣ ≤ Cu (‖M‖F − ‖UkV >k ‖F ) (3)

Proof. Since
〈
M ,UkV

>
k

〉
≥ ‖UkV >k ‖2F , it follows directly that

‖M‖F cosθukcosθvk
‖UkV >k ‖F

≥ 1. (4)

In consequence, ∣∣∣∣1− ‖M‖F cosθukcosθvk
‖UkV >k ‖F

∣∣∣∣ =
‖M‖F cosθukcosθvk
‖UkV >k ‖F

− 1

≤ ‖M‖F − ‖UkV
>
k ‖F

‖UkV >k ‖F
.

(5)

According to Lemma 4 and together with ‖M‖F cosθu
k cosθ

v
k

‖UkV >k ‖F
≥ 1, it is thus suffice to prove that

‖UkV >k ‖F is monotonically increasing, meanwhile as ‖UkV >k ‖ is bounded below, which guarantees
that there exists constant Cu such that the result in Eq. (3) is true.

Lemma 2. (Convergence of the distance between subspaces) For the ScaledGD (1) with d = 1, if
‖M‖F cosθukcosθvk ≥ ‖UkV >k ‖F , then the following holds

‖U>∗⊥Uk+1‖2 ≤ (1− η)‖U>∗⊥Uk‖2, ‖V>∗⊥Vk+1‖2 ≤ (1− η)‖V>∗⊥Vk‖2 (6)
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Proof. Since Uk+1 ∈ Rm×1, we have

‖U>∗⊥Uk+1‖2 =
‖U>∗⊥Uk+1‖2
‖Uk+1‖2

. (7)

Meanwhile, Uk+1 = (1− η)Uk + ηMVk(V >k Vk)−1, thus

‖U>∗⊥Uk+1‖2 = (1− η)
‖U>∗⊥Uk‖F
‖Uk+1‖F

= (1− η)
‖U>∗⊥Uk‖2
‖Uk‖2

‖Uk‖F
‖Uk+1‖F

= (1− η)‖U>∗⊥Uk‖2
‖Uk‖F
‖Uk+1‖F

.

(8)

According to Lemma 4 and the condition that ‖M‖F cosθukcosθvk ≥ ‖UkV >k ‖F , then

‖Uk‖F
‖Uk+1‖F

≤ 1 and
‖Vk‖F
‖Vk+1‖F

≤ 1, (9)

it is thus suffice to guarantee that

‖U>∗⊥Uk+1‖2 ≤ (1− η)‖U>∗⊥Uk‖2. (10)

Similarly, we can guarantee

‖V>∗⊥Vk+1‖2 ≤ (1− η)‖V>∗⊥Vk‖2. (11)

Thus, we finish the proof.

Theorem 5. (Convergence of the matrix norm) For the ScaledGD (1) with d = 1, if
‖M‖F cosθukcosθvk ≥ ‖UkV >k ‖F for all k ≥ 0, then we have

‖M‖F − ‖Uk+1V
>
k+1‖F ≤ (1− η)2kkCα (12)

where Cα is a constant and η is the step length 0 ≤ η < 1.

Proof. By ScaledGD Eq. (1), we have

‖Uk+1‖22 = (1− η)2‖Uk‖22 + 2η(1− η)
‖M‖F cosθukcosθvk‖Uk‖F

‖Vk‖F
+ η2

‖M‖2F cos2θvk
‖Vk‖2F

(13)

and

‖Vk+1‖22 = (1− η)2‖Vk‖22 + 2η(1− η)
‖M‖F cosθukcosθvk‖Vk‖F

‖Uk‖F
+ η2

‖M‖2F cos2θvk
‖Uk‖2F

(14)

which implies

‖Uk+1‖F ≥
(

1− η + η
‖M‖F cosθukcosθvk
‖UkV >k ‖F

)
‖Uk‖F (15)

and

‖Vk+1‖F ≥
(

1− η + η
‖M‖F cosθukcosθvk
‖UkV >k ‖F

)
‖Vk‖F (16)

In consequence, one obtains

‖Uk+1V
>
k+1‖F

‖M‖F
≥ (1− η)2

‖UkV >k ‖F
‖M‖F

+ η2
‖M‖F cos2θukcos2θvk

‖UkV >k ‖F
+ 2η(1− η)cosθukcosθvk

≥ (1− η)2
‖UkV >k ‖F
‖M‖F

+ η2cosθkucosθkv + 2η(1− η)cosθkucosθkv

= (1− η)2
‖UkV >k ‖F
‖M‖F

+
(
2η − η2

)
cosθkucosθkv

(17)
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then it follows

1−
‖Uk+1V

>
k+1‖F

‖M‖F
≤ (1− η)2

(
1− ‖UkV

>
k ‖F

‖M‖F

)
+ (2η − η2)(1− cosθkucosθkv ), (18)

which implies

‖M‖F −‖Uk+1V
>
k+1‖F ≤ (1−η)2

(
‖M‖F − ‖UkV >k ‖F

)
+(2η−η2)‖M‖F (1−cosθkucosθkv ).

(19)
Meanwhile, according to Lemma 2, we have sinθk+1

u ≤ (1− η)sinθku and sinθk+1
v ≤ (1− η)sinθkv ,

thus it is suffice to prove that

(1− cosθk+1
u cosθk+1

v ) ≤ (1− η)2(1− cosθkucosθkv ) ≤ (1− η)2k+1(1− cosθ0ucosθ0v). (20)

Together with Eq. (19), the following inequality holds

‖M‖F − ‖Uk+1V
>
k+1‖F ≤ (2η − η2)‖M‖F

k∑
i=1

(1− η)2i(1− cosθk−iu cosθk−iv )

+ (1− η)2k
(
‖M‖F − ‖U0V

>
0 ‖F

)
≤ (2η − η2)‖M‖F

k∑
i=1

(1− η)2i(1− η)2(k−i)(1− cosθ0ucosθ0v)

+ (1− η)2k
(
‖M‖F − ‖U0V

>
0 ‖F

)
≤ (1− η)2kkCα,

(21)

where Cα = max {( 1 − cosθ0ucosθ0v)(2η − η2)‖M‖F , ‖M‖F−‖U0V
>
0 ‖F

k }, which finishes our
proof.

Lemma 3. Let η ≤ cη < 1 with cη a small constant, if ‖M‖F cosθu0 cosθv0 ≥ ‖U0V
>
0 ‖F then the

following is true
‖M‖F cosθukcosθvk ≥ ‖UkV >k ‖F ,∀k > 0. (22)

Proof. We prove this result by induction. Since ‖M‖F cosθu0 cosθv0 ≥ ‖U0V
>
0 ‖F , we assume

that ‖M‖F cosθuk−1cosθvk−1 ≥ ‖Uk−1V >k−1‖F , then we need to prove ‖M‖F cosθukcosθvk ≥
‖UkV >k ‖F . We first show that

‖UkV >k ‖2F = (1− η)2‖UkV >k−1‖2F + 2η(1− η)
‖Uk‖F
‖Uk−1‖F

‖UkV >k−1‖F ‖M‖F cosθuk−1cosθvk−1

+ η2
‖Uk‖2F
‖Uk−1‖2F

‖M‖2F cos2θuk−1

= ‖UkV >k−1‖2F

(
(1− η) + η

‖M‖F
‖Uk−1V >k−1‖F

cosθuk−1

)2

= ‖M‖2F
‖UkV >k−1‖2F
‖M‖2F

(
(1− η) + η

‖M‖F
‖Uk−1V >k−1‖F

cosθuk−1

)2

︸ ︷︷ ︸
M2

(23)
To prove the result in Eq. (130), we need to guarantee that M ≤ cosθukcosθvk , which is equivalent to
ensure that

(1− η)
‖UkV >k−1‖F
‖M‖F

+ η
‖UkV >k−1‖F
‖Uk−1V >k−1‖F

cosθuk−1 ≤ cosθukcosθvk (24)

Meanwhile, since ‖M‖F cosθuk−1cosθvk−1 ≥ ‖Uk−1V >k−1‖F , according to Lemma 2 it is easy to
verify

cos2θuk ≥ (1− η)2cos2θuk−1 + 2η − η2 ≥ (1− η2)cos2θuk−1 + η2, (25)
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together with

‖Uk‖2F = (1− η)2‖Uk−1‖2F + 2η(1− η)
‖Uk−1‖F
‖Vk−1‖F

‖M‖F cosθuk−1cosθvk−1 + η2
‖M‖2F cos2θvk−1
‖Vk−1‖2F

≤ (1− η)2‖Uk−1‖2F + (2η(1− η)cos2θuk−1 + η2)
‖M‖2F cos2θvk−1
‖Vk−1‖2F

(26)
and

‖UkV >k−1‖2F ≤ (1− η)2‖Uk−1V >k−1‖2F + (2η(1− η)cos2θuk−1 + η2)‖M‖2F cos2θvk−1

≤ (1− η)2‖M‖2F cos2θuk−1cos2θvk−1 + (2η(1− η)cos2θuk−1 + η2)‖M‖2F cos2θvk−1

=
(
(1− η)2cos2θuk−1 + (2η(1− η)cos2θuk−1 + η2)

)
‖M‖2F cos2θvk−1

=
(
(1− η2)cos2θuk−1 + η2)

)
‖M‖2F cos2θvk−1

.

(27)
We obtain

‖M‖F cosθukcosθvk−1 ≥ ‖UkV >k−1‖F . (28)

By the condition ‖M‖F cosθuk−1cosθvk−1 ≥ ‖Uk−1V >k−1‖F and according to Lemma 2, we have

cosθvk ≥ cosθvk−1, (29)

and thus
‖M‖F cosθukcosθvk ≥ ‖UkV >k−1‖F , (30)

with equality holds if and only if cosθvk = cosθvk−1. Denote by

Z =

‖M‖F cosθu
k cosθ

v
k

‖UkVk−1‖F − 1

‖M‖F cosθu
k−1

‖Uk−1V >k−1‖F
− 1

, (31)

then it can be easily verified that Z > 0. As a result

Z

(
‖M‖F cosθuk−1
‖Uk−1V >k−1‖F

− 1

)
‖UkVk−1‖F = ‖M‖F cosθukcosθvk − ‖UkVk−1‖F , (32)

which is equivalent to

Z

(
‖M‖F cosθuk−1
‖Uk−1V >k−1‖F

− 1

)
‖UkVk−1‖F = ‖M‖F cosθukcosθvk − ‖UkVk−1‖F , (33)

and thus

Z

(‖Uk‖F ‖M‖F cosθuk−1
‖Uk‖F

− ‖UkV >k−1‖F
)
≤ ‖M‖F cosθukcosθvk − ‖UkVk−1‖F . (34)

If η ≤ cη < Z with cη sufficiently small, then we can guarantee that

η

(
‖Uk+1‖F ‖M‖F cosθuk

‖Uk‖F
− ‖Uk+1V

>
k ‖F

)
≤ ‖M‖F cosθuk+1cosθvk+1 − ‖Uk+1Vk‖F (35)

By simple reformulation, one obtains

(1− η)
‖UkV >k−1‖F
‖M‖F

+ η
‖UkV >k−1‖F
‖Uk−1V >k−1‖F

cosθuk−1 ≤ cosθukcosθvk (36)

which is exactly the inequality we need in Eq. (132), thus we finish the proof.

Lemma 4. If the condition ‖M‖F max{cosθuk , cosθvk} < ‖UkV >k ‖F is satisfied then we have

‖Uk+1‖F < ‖Uk‖F and ‖Vk+1‖F < ‖Vk‖F . (37)

Furthermore, if the condition ‖M‖F cosθukcosθvk ≥ ‖UkV >k ‖F is satisfied then we have

‖Uk+1‖F ≥ ‖Uk‖F and ‖Vk+1‖F ≥ ‖Vk‖F . (38)
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Proof. By Eq. (1), we have

‖Uk+1‖2F = (1− η)2‖Uk‖2F + 2η(1− η)
‖Uk‖F
‖Vk‖F

‖M‖F cosθkucosθkv + η2
‖M‖2F cos2θkv
‖Vk‖2F

. (39)

If ‖M‖F max{cosθuk , cosθvk} < ‖UkV >k ‖F , then it is easy to verify that

‖Uk+1‖2F ≤ ‖Uk‖2F . (40)

Similarly, we have
‖Vk+1‖2F ≤ ‖Vk‖2F , (41)

if the condition ‖M‖F max{cosθuk , cosθvk} < ‖UkV >k ‖F is satisfied.

By contrast, if ‖M‖F {cosθukcosθvk} ≥ ‖UkV >k ‖F , then we can obtain from Eq. (39) that

‖Uk+1‖2F ≥ ‖Uk‖2F , (42)

and similarly,
‖Vk+1‖2F ≥ ‖Vk‖2F , (43)

which finishes our proof.

Lemma 5. After T1 iterations of ScaledGD Eq. (1) with d = 1, the following inequalities hold
∀k ≥ T1

‖U>∗⊥Uk+1‖2 ≤ (1− χk) ‖U>∗⊥Uk‖2 (44)

‖V>∗⊥Vk+1‖2 ≤ (1− χk) ‖V>∗⊥Vk‖2 (45)

1− cosθuk+1cosθvk+1 ≤ (1− χk)
2

(1− cosθukcosθvk) (46)

where χk = ητk
1−η(1−τk) < 1 and τk =

‖M‖F cosθu
k cosθ

v
k

‖UkV >k ‖F
∈ [1/2, 1].

Proof. According to the analysis in Section 4.1.2 of the main paper, we know that after T1 iterations,
we have

‖UkV >k −M‖F ≤ ‖M‖F , ∀k ≥ T1, (47)
which implies

‖UkV >k ‖F ≤ 2‖M‖F cosθukcosθuk (48)

Since the results for ‖UkV >k ‖F ≤ ‖M‖F cosθukcosθuk is easy to analyze according to Lemma 2,
therefore we mainly focus on

‖M‖F cosθukcosθuk ≤ ‖UkV >k ‖F ≤ 2‖M‖F cosθukcosθuk . (49)

By Eq. (1), we have

‖Uk+1‖2F = (1− η)2‖Uk‖2F + 2η(1− η)
‖Uk‖F
‖Vk‖F

‖M‖F cosθkucosθkv + η2
‖M‖2F cos2θkv
‖Vk‖2F

. (50)

and consequently

‖Uk‖2F
‖Uk+1‖2F

=
1

(1− η)2 + 2η(1− η)
‖M‖F cosθu

k cosθ
v
k

‖UkV >k ‖F
+ η2

‖M‖2F cos2θu
k

‖UkV >k ‖
2
F

(51)

thus
‖Uk‖
‖Uk+1‖

≤ 1√
(1− η)2 + 2η(1− η)τk + η2τ2k

=
1

1− η + ητk
. (52)

It is easy to verify τk =
‖M‖F cosθu

k cosθ
v
k

‖UkV >k ‖F
∈ [1/2, 1],∀k ≥ T1 (according to Eq. (49)), then

‖U>∗⊥Uk+1‖2 = (1− η)‖U>∗⊥Uk‖2
‖Uk‖2
‖Uk+1‖2

≤ 1− η
1− η + ητk

‖U>∗⊥Uk‖2

= (1− χk)‖U>∗⊥Uk‖2

, (53)
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and χk = ητk
1−η(1−τk) < 1. Similarly, we can guarantee that

‖V>∗⊥Vk+1‖2 = (1− η)‖V>∗⊥Vk‖2
‖Vk‖2
‖Vk+1‖2

≤ 1− η
1− η + ητk

‖V>∗⊥Vk‖2

= (1− χk)‖V>∗⊥Vk‖2

. (54)

The above inequalities Eq. (53) and Eq. (54) further imply that

cos2θuk+1 ≥ (1− χk)2cos2θuk + 2χk − χ2
k, (55)

cos2θvk+1 ≥ (1− χk)2cos2θvk + 2χk − χ2
k, (56)

thus

cos2θuk+1cos2θvk+1 ≥ (1− χk)4cos2θukcos2θvk + (2χk − χ2
k)(1− χk)2

(
cos2θuk + cos2θvk

)
+ (2χk − χ2

k)2

≥
(
(1− χk)2cosθukcosθvk + 2χk − χ2

k

)2 ,

(57)
which is suffice to guarantee that

1− cosθuk+1cosθvk+1 ≤ (1− χk)
2

(1− cosθukcosθvk) . (58)

Therefore we have finish our proof.

Lemma 6. (Convergence of the distance between subspaces) For AltScaledGD (2), if
‖M‖F cosθukcosθvk ≥ ‖UkV >k ‖F and 0 < η ≤ 1, then the following holds

‖U>∗⊥Uk+1‖2 ≤ (1− η)‖U>∗⊥Uk‖2, ‖V>∗⊥Vk+1‖2 ≤ (1− η)‖V>∗⊥Vk‖2. (59)

Proof. The proof of Lemma 6 is similar to that of Lemma 2. It is straightforward that

‖U>∗⊥Uk+1‖2 = (1− η)‖U>∗⊥Uk‖2
‖Uk‖2
‖Uk+1‖2

. (60)

and

‖V>∗⊥Vk+1‖2 = (1− η)‖V>∗⊥Vk‖2
‖Vk‖2
‖Vk+1‖2

. (61)

By Eq. (1) and Eq. (2), we have

‖Uk+1‖2F = (1− η)2‖Uk‖2F + 2η(1− η)
‖Uk‖F
‖Vk‖F

‖M‖F cosθkucosθkv + η2
‖M‖2F cos2θkv
‖Vk‖2F

. (62)

and

‖Vk+1‖2F = (1− η)2‖Vk‖2F + 2η(1− η)
‖Vk‖F
‖Uk+1‖F

‖M‖F cosθk+1
u cosθkv + η2

‖M‖2F cos2θk+1
u

‖Uk+1‖2F
.

(63)
respectively. If ‖M‖F cosθukcosθvk ≥ ‖UkV >k ‖F , then

‖Uk+1‖2F = (1− η)2‖Uk‖2F + 2η(1− η)
‖Uk‖F
‖Vk‖F

‖M‖F cosθkucosθkv + η2
‖M‖2F cos2θkv
‖Vk‖2F

≥ (1− η)2‖Uk‖2F + 2η(1− η)‖Uk‖2F + η2‖Uk‖2F
≥ ‖Uk‖2F

. (64)

thus
‖U>∗⊥Uk+1‖2 ≤ (1− η)‖U>∗⊥Uk‖2 (65)

which implies
cos2θuk+1 ≥ (1− η2)cos2θuk + η2, (66)
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Meanwhile, we have

‖Uk+1V
>
k ‖2F = (1− η)2‖UkV >k ‖2F + 2η(1− η)‖UkV >k ‖F ‖M‖F cosθukcosθvk + η2‖M‖2F cos2θvk

≤ (1− η)2‖M‖2F cos2θukcos2θvk + 2η(1− η)‖M‖2F cos2θukcos2θvk + η2‖M‖2F cos2θvk

≤ (1− η2)‖M‖2F cos2θukcos2θvk + η2cos2θvk

≤ ‖M‖2F cos2θuk+1cos2θvk
(67)

Together with Eq. (63), the following result holds

‖Vk+1‖2F ≥ ‖Vk‖2F . (68)

According to Eq. (61), and Eq. (65), we have the results in Eq. (59), which finishes our proof.

Lemma 7. For AltScaledGD (2), if ‖M‖F cosθu0 cosθv0 ≥ ‖U0V
>
0 ‖F and 0 < η ≤ 1, then the

following is true
‖M‖F cosθukcosθvk ≥ ‖UkV >k ‖F ,∀k > 0. (69)

Proof. We prove the results by induction. Since ‖M‖F cosθu0 cosθv0 ≥ ‖U0V
>
0 ‖F , we assume

that ‖M‖F cosθukcosθvk ≥ ‖UkV >k ‖F . holds, we need to prove σr(M)cosθuk+1rcosθvk+1r ≥
σr(Uk+1V

>
k+1). According to Lemma 2, we have

cos2θuk+1 ≥ (1− η)2cos2θukr + 2η − η2 (70)

Similarly, we have cos2θvk+1 ≥ (1− η)2cos2θvk + 2η − η2. Then

cos2θuk+1cos2θvk+1 ≥ (1− η)2cos2θuk+1cos2θvk + (2η − η2)cos2θuk+1 (71)

Meanwhile, according to Equation (2), we have

‖Uk+1‖2 = ‖Uk‖2 + 2η(1− η)
‖Uk‖
‖Vk‖

‖M‖F cosθukcosθvk + η2
‖M‖2F cos2θvk
‖Vk‖2

+ (η2 − 2η)‖Uk‖2

≤ (1− η)2‖Uk‖2 + (2η(1− η)cos2θuk + η2)
‖M‖2F cos2θvk
‖Vk‖2

(72)
Similarly, we have

‖Vk+1‖2 = ‖Vk‖2 + 2η(1− η)
‖Vk‖
‖Uk+1‖

‖M‖F cosθuk+1cosθvk + η2
‖M‖2F cos2θuk+1

‖Uk+1‖2
+ (η2 − 2η)‖Vk‖2,

(73)
thus

‖Uk+1V
>
k+1‖2F

≤ (1− η)2‖Uk+1V
>
k ‖2F + 2η(1− η)‖Uk+1V

>
k ‖F ‖M‖F cosθuk+1cosθvk + η2‖M‖2F cos2θuk+1.

(74)
According to Equation (72), we have

‖Uk+1V
>
k ‖2F ≤ (1− η)2‖UkV >k ‖2F + (2η(1− η)cos2θuk + η2)‖M‖2F cos2θvk

≤ (1− η)2‖M‖2F cos2θukcos2θvk + (2η(1− η)cos2θuk + η2)‖M‖2F cos2θvk

=
(
(1− η2)cos2θuk + η2)

)
‖M‖2F cos2θvk

(75)

According to Equation (70), if 0 ≤ η ≤ 1, we have

cos2θuk+1 ≥ (1− η2)cos2θuk + η2. (76)

Thus
‖Uk+1V

>
k ‖2F ≤ ‖M‖2F cos2θvkcos2θuk+1, (77)
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in consequence we have the following result

‖Uk+1V
>
k+1‖2F

≤ (1− η)2‖M‖2F cos2θuk+1cos2θvk + 2η(1− η)‖M‖2F cos2θuk+1cos2θvk + η2‖M‖2F cos2θuk+1

≤ (1− η)2‖M‖2F cos2θuk+1cos2θvk + 2η(1− η)‖M‖2F cos2θuk+1 + η2‖M‖2F cos2θuk+1

≤ cos2θuk+1cos2θvk+1‖M‖2F
(78)

where the last inequality is due to Equation (71), then we finish the proof.

2 Proofs of the theorems in Section 3 (rank-d case).

2.1 Proofs for the results of ScaledGD.

Theorem 1 (General random initialization). Let U0 ∈ Rm×d and V0 ∈ Rn×d be random Gaussian
that follow N (0, σ) for σ > cinit (cinit is a positive constant), and Uk, Vk are updated by Eq. (1). If
η ≤ cη < 1 for small constant cη , we have that the objective function of the LRMF problem decreases
linearly after T1 = O

(
ln d

δ

)
iterations, namely

‖Uk+T1V
>
k+T1

−M‖F ≤ α1 (1− χk+T1)
k ‖M‖F (79)

where χk+T1
is monotonically increasing from η2

(2−η)2 to η, δ is a sufficiently small constant, α1 is a
constant.

Proof. Let cinit be constant such that σ ≥ cinit indicates ‖U0V
>
0 ‖2F ≥

〈
U0V

>
0 ,M

〉
. The proof

follows the proof sketch presented in Section 4 of the main paper, specifically, we can upper-bound
the objective by four terms as

‖Uk+1V
>
k+1 −M‖F ≤ (1− η)2‖UkV >k −M‖F︸ ︷︷ ︸

1©

+ (1− η)η
‖MVk⊥‖F
‖M‖F

· ‖M‖F︸ ︷︷ ︸
2©

+ η(1− η)
‖U>k⊥M‖F
‖M‖F

· ‖M‖F︸ ︷︷ ︸
3©

+ η2‖MVk(V >k Vk)−1(U>k Uk)−1U>k M −M‖F︸ ︷︷ ︸
4©

(80)
According to Lemma 14, we know that

‖MV (V >V )−1(U>U)−1U>M −M‖F < C‖M‖F
∣∣∣∣1− ‖MVk‖F ‖U>k M‖F‖M‖F ‖UkV >k ‖F

∣∣∣∣ (81)

It is easy to verify that
∣∣∣1− ‖MVk‖F ‖U>k M‖F‖M‖F ‖UkV >k ‖F

∣∣∣ is bounded as ‖UkV >k ‖F is strictly greater than zero,
thus with sufficiently small η one can guarantee that all the three terms 2©, 3© and 4© are smaller than
‖M‖F . Furthermore, it is easy to prove for small η that

‖UkV >k −M‖F < (1− η)2k‖U0V
>
0 −M‖F + ‖M‖F , (82)

and in consequence if k ≥ T1 = O(lndδ ) for sufficiently small δ, the following holds

‖Uk+T1
V >k+T1

−M‖F ≤ ‖M‖F , ∀k ≥ 0, (83)

which implies
1

2
‖Uk+T1V

>
k+T1
‖2F ≤

〈
Uk+T1V

>
k+T1

,M
〉
,∀k ≥ 0. (84)

Since

‖Uk+1V
>
k+1‖F ≤ (1− η)2‖UkV >k ‖F + η(1− η)‖U>k M‖F + η(1− η)‖MVk‖F

+ η2‖MVk(V >k Vk)−1(U>k Uk)−1U>k M‖F ,∀k ≥ 0.
(85)
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Similar to Eq. (83), we can guarantee that ‖UkV >k ‖F ≤ ‖M‖F after T1 iterations, yet still satisfy
‖MVk‖F ‖U>k M‖F
‖M‖F ‖UkV >k ‖F

≤ 1, ∀k ≥ T1.

Let us define

cosθvk =
‖MVk‖F
‖M‖F

, cosθuk =
‖U>k M‖F
‖M‖F

, (86)

then we have
∣∣∣1− ‖MVk‖F ‖U>k M‖F‖M‖F ‖UkV >k ‖F

∣∣∣ ≤ (1− cosθukcosθvk),∀k ≥ T1. Therefore

‖Uk+T1+1V
>
k+T1+1 −M‖F ≤ (1− η)2‖Uk+T1V

>
k+T1

−M‖F︸ ︷︷ ︸
1©

+(1− η)η
‖MVk+T1⊥‖F
‖M‖F︸ ︷︷ ︸

2©

‖M‖F

+ η(1− η)
‖U>k+T1⊥M‖F
‖M‖F︸ ︷︷ ︸

3©

‖M‖F + η2C‖M‖F (1− cosθuk+T1
cosθvk+T1

)︸ ︷︷ ︸
4©

(87)

According to Lemma 10, Lemma 15 and Lemma 11, we know that the three terms 2©, 3© and 4© are
upper-bounded by linearly decreasing functions, therefore we have the upper-bound of the objective
as
‖Uk+T1+1V

>
k+T1+1 −M‖F ≤ (1− η)2‖Uk+T1

V >k+T1
−M‖F + (1− η)η(1− χk+T1

)k‖M‖F ‖V>∗⊥V0‖2
+ η(1− η)(1− χk+T1

)k‖M‖F ‖U>∗⊥U0‖2 + η2(1− χk+T1
)2kC‖M‖F (1− CuCv)

≤ (1− η)2‖Uk+T1
V >k+T1

−M‖F + (2− η)η(1− χk+T1
)k‖M‖Fα

= (2− η)η

k∑
i=1

(1− η)2i(1− χk+T1
)k−i‖M‖Fα+ (1− η)2(k+T1)‖U0V

>
0 −M‖F

≤ (1− χk+T1)k‖M‖Fα+ (1− η)2(k+T1)‖U0V
>
0 −M‖F

≤ (1− χk+T1
)k‖M‖Fα1

(88)
∀k ≥ 0 and α1 = max{α, ‖U0V

>
0 −M‖F /‖M‖F , } α = max{‖V>∗⊥V0‖2, ‖U>∗⊥U0‖2, C(1 −

CuCv)}. Meanwhile, according to Lemma 10, one can deduce that χk+T1 is lower-bounded by
η2

(2−η)2 which indicates the linear convergence of the objective function. With the decrease of the
objective function, we know that τk+T1

is increasing from 1/2 to 1 and correspondingly χk+T1

increasing from η2

(2−η)2 to η.

Furthermore, if ‖UkV >k ‖2F ≤
〈
UkV

>
k ,M

〉
and ‖MVk‖F ‖U

>
k M‖F

‖M‖F ‖UkV >k ‖F
≥ 1,∀k ≥ T1, then according to

Lemma 8 and Theorem 6 we know that
‖Uk+T1+1V

>
k+T1+1 −M‖F ≤ (1− η)2‖Uk+T1

V >k+T1
−M‖F + (1− η)η(1− η)k‖M‖F ‖V>∗⊥V0‖2

+ η(1− η)(1− η)k‖M‖F ‖U>∗⊥U0‖2 + η2(1− η)kCα

≤ (1− η)2‖Uk+T1
V >k+T1

−M‖F + (2− η)η(1− η)k‖M‖Fβ

= (2− η)η

k∑
i=1

(1− η)2i(1− η)k−i‖M‖Fβ + (1− η)2(k+T1)‖U0V
>
0 −M‖F

≤ (1− η)k‖M‖Fβ + (1− η)2(k+T1)‖U0V
>
0 −M‖F

≤ (1− η)k‖M‖Fα1

(89)
whereα1 = max{‖U0V

>
0 −M‖F /‖M‖F , β} and β = max{‖V>∗⊥V0‖2, ‖U>∗⊥U0‖2, Cα(2η−η2)}.

Both Eq. (88) and Eq. (91) guarantee the linear convergence of the objective function. Since
χk+T1

≤ η, thus the result in Eq. (79) is proved.

Theorem 2 (Small initialization). Let U0 ∈ Rm×d and V0 ∈ Rn×d be random Gaussian that follow
N (0, σ), with σ ≤ cinit and Uk, Vk are updated by Eq. (1). If η ≤ cη < 1 for small constant cη , we
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have that the objective function of the LRMF problem decreases linearly, namely

‖UkV >k −M‖F ≤ α2 (1− η)
k ‖M‖F (90)

where cinit is a small constant and α2 is a constant.

Proof. Let cinit be a small constant such that if σ ≤ cinit, then we have ‖U0V
>
0 ‖2F ≥

〈
U0V

>
0 ,M

〉
1. Therefore, according to Lemma 8, Lemma 9 and Theorem 6, we know that the objective function
is upper-bounded by

‖Uk+1V
>
k+1 −M‖F ≤ (1− η)2‖UkV >k −M‖F + (1− η)η(1− η)k‖M‖F ‖V>∗⊥V0‖2

+ η(1− η)(1− η)k‖M‖F ‖U>∗⊥U0‖2 + η2(1− η)kCα

≤ (1− η)2‖UkV >k −M‖F + (2− η)η(1− η)k‖M‖Fβ

= (2− η)η

k∑
i=1

(1− η)2i(1− η)k−i‖M‖Fβ + (1− η)2k‖U0V
>
0 −M‖F

≤ (1− η)k‖M‖Fβ + (1− η)2k‖U0V
>
0 −M‖F

≤ (1− η)k‖M‖Fα2

(91)

where α2 = max{‖U0V
>
0 − M‖F /‖M‖F , β} and β = max{‖V>∗⊥V0‖2, ‖U>∗⊥U0‖2, (1 −

cosθ0ucosθ0v)(2η − η2)}. Thus we finish the proof.

2.2 Proofs for the results of AltScaledGD.

Theorem 3 (General random initialization). Let U0 ∈ Rm×d and V0 ∈ Rn×d be random Gaussian
that follow N (0, σ) for any σ > cinit, Uk, Vk are updated by Eq. (2), we have that the objective
function of LRMF problem decreases linearly after T1 = O(ln d

δ ) iterations, namely

‖Uk+T1V
>
k+T1

−M‖F ≤ α1 (1− χk+T1)
k ‖M‖F ,∀k ≥ 0 (92)

where χk+T1 is monotonically increasing from η2

(2−η)2 to η, 0 < η ≤ 1 and α1 is a constant.

Proof. The proof follows the proof sketch given in Section 4.2 of the main paper, while different to
Section 4.2, the Theorem 3 focuses on the case rank(M) = d. We decompose the proof into three
phases: initial phase, saddle avoid phase and linear convergence phase. Specifically, the objective
function is upper-bounded by three terms as

‖Uk+1V
>
k+1 −M‖F ≤ (1− η)2‖UkV >k −M‖F︸ ︷︷ ︸

1©

+(η − η2) ‖V>k⊥M‖F︸ ︷︷ ︸
2©

+η ‖U>k+1⊥M‖F︸ ︷︷ ︸
3©

,

(93)
1) Initial phase. It can be easily verified that

‖UkV >k −M‖F < (1− η)2k‖U0V
>
0 −M‖F + ‖M‖F , (94)

and in consequence if k ≥ T1 = O(lndδ ) for sufficiently small δ, the following holds

‖Uk+T1
V >k+T1

−M‖F ≤ ‖M‖F , ∀k ≥ 0. (95)

The initial phase lasts at most T1 iterations.

2) Saddle avoid phase. The Eq. (95) implies that

1

2
‖Uk+T1V

>
k+T1
‖2F ≤ 〈M ,Uk+T1V

>
k+T1
〉, (96)

and furthermore

‖U>k+T1
MVk+T1

‖F
‖Uk+T1V

>
k+T1
‖F

≥
〈Uk+T1

V >k+T1
,M〉

‖Uk+T1V
>
k+T1
‖2F

= τk+T1
≥ 1

2
. (97)

1If
〈
U0V

>
0 ,M

〉
≤ 0 we can simply reset U0 = −U0 or V0 = −V0
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If furthermore
〈Uk+T1

V >k+T1
,M〉

‖Uk+T1
V >k+T1

‖2F
≤ 1, and according to Eq. (2), we have ∀k ≥ 0

‖Uk+1V
>
k ‖2F = (1− η)2‖UkV >k ‖2F + (2η − 2η2)〈UkV >k ,M〉+ η2〈MVkV>k ,MVkV>k 〉

≥ (1− η)2‖UkV >k ‖2F + (2η − 2η2)〈UkV >k ,M〉+ η2‖U>k MVk‖2F
(98)

together with Eq. (97), the following holds

‖Uk+T1
V >k+T1

‖2F
‖Uk+T1+1V >k+T1

‖2F
≤ 1

(1− η)2 + τk+T1
(1− η) + η2τ2k+T1

. (99)

Similarly, one obtains

‖Uk+T1+1V
>
k+T1
‖2F

‖Uk+T1+1V >k+T1+1‖2F
≤ 1

(1− η)2 + τk+T1(1− η) + η2τ2k+T1

, (100)

thus we can guarantee

‖Uk+T1
V >k+T1

‖F
‖Uk+T1+1V >k+T1+1‖F

≤ 1

(1− η + ητk+T1
)2

(101)

Meanwhile, according to Lemma 15, we can upper-bound the terms 2© and 3© by

‖U>k+T1⊥M‖F ≤
‖U>∗⊥Uk+T1

‖F
‖Uk+T1V

>
k+T1
‖F
‖M‖FLu. (102)

and

‖V>k+T1⊥M
>‖F ≤

‖V>∗⊥Vk+T1‖F
‖Uk+T1

V >k+T1
‖F
‖M‖FLv (103)

respectively. Then we show that the upper-bound Eq. (102) and Eq. (173) decreases linearly. Specifi-
cally,

‖U>∗⊥Uk+T1‖F
‖Uk+T1

V >k+T1
‖F

= (1− η)
‖U>∗⊥Uk+T1−1‖F
‖Uk+T1−1V

>
k+T1−1‖F

‖Uk+T1−1V
>
k+T1−1‖F

‖Uk+T1
V >k+T1

‖F

≤ 1− η
(1− η + ητk+T1)2

‖U>∗⊥Uk+T1−1‖F
‖Uk+T1−1V

>
k+T1−1‖F

= (1− χk+T1
)
‖U>∗⊥Uk+T1−1‖F
‖Uk+T1−1V

>
k+T1−1‖F

, (104)

similarly, we have

‖V>∗⊥Vk+T1‖F
‖Uk+T1

V >k+T1
‖F

= (1− η)
‖V>∗⊥Vk+T1−1‖F

‖Uk+T1−1V
>
k+T1−1‖F

‖Uk+T1−1V
>
k+T1−1‖F

‖Uk+T1
V >k+T1

‖F

≤ 1− η
(1− η + ητk+T1)2

‖V>∗⊥Vk+T1−1‖F
‖Uk+T1−1V

>
k+T1−1‖F

= (1− χk+T1
)
‖V>∗⊥Vk+T1−1‖F

‖Uk+T1−1V
>
k+T1−1‖F

, (105)

where τk+T1 ∈ [1/2, 1] and correspondingly 1 > χk+T1 =
η2(1−τk+T1

)2+2ητk+T1
−η

(1−η+ητk+T1
)2 > 0 .

When

1 ≥
〈Uk+T1

V >k+T1
,M〉

‖Uk+T1V
>
k+T1
‖2F

= τk+T1
≥ 1

2
. (106)

according to Eq. (98) it is easy to verify that ‖Uk+T1+1V
>
k+T1+1‖2F ≤ ‖Uk+T1

V >k+T1
‖2F . Meanwhile,

the objective function is monotonically decreasing according to Eq. (104) and Eq. (105). Together
with Eq. (95), we have

‖Uk+T1
V >k+T1

−M‖2F ≤ ‖M‖2F − ζk+T1
, (107)
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and ζk+T1 is monotonically increasing. In consequence, we have〈
Uk+T1

V >k+T1
,M

〉
≥ 1

2
‖Uk+T1

V >k+T1
‖2F +

1

2
ζk+T1

, (108)

as ‖Uk+T1V
>
k+T1
‖2F is monotonically decreasing and ζk+T1 is monotonically increasing, we

can obtain that τk+T1
is monotonically increasing from 1/2 to 1 until 〈Uk+T1

V >k+T1
,M〉 ≥

‖Uk+T1V
>
k+T1
‖2F . Therefore χk+T1 is monotonically increasing from

(
η/2

1−η/2

)2
to η.

3) Linear convergence phase. If 〈Uk+T1
V >k+T1

,M〉 ≥ ‖Uk+T1
V >k+T1

‖2F for k ≥ 0, then according
to Lemma 12, we have

〈Ut+T1V
>
t+T1

,M〉 ≥ ‖Ut+T1V
>
t+T1
‖2F ,∀t > k, (109)

together with Eq. (98), we can easily prove that ‖Uk+T1+1V
>
k+T1
‖2F ≥ ‖Uk+T1V

>
k+T1
‖2F and

similarly ‖Uk+T1+1V
>
k+T1+1‖2F ≥ ‖Uk+T1+1V

>
k+T1
‖2F , which yields

‖Uk+T1+1V
>
k+T1+1‖F ≥ ‖Uk+T1

V >k+T1
‖F . (110)

According to Eq. (104), Eq. (105) and Eq. (116) we know

‖U>∗⊥Uk+T1
‖F

‖Uk+T1
V >k+T1

‖F
≤ (1− η)

‖U>∗⊥Uk+T1−1‖F
‖Uk+T1−1V

>
k+T1−1‖F

, (111)

and
‖V>∗⊥Vk+T1

‖F
‖Uk+T1V

>
k+T1
‖F
≤ (1− η)

‖V>∗⊥Vk+T1−1‖F
‖Uk+T1−1V

>
k+T1−1‖F

. (112)

Holding all these results, we are guarantee to prove that

‖Uk+T1+1V
>
k+T1+1 −M‖F ≤ (1− η)2‖Uk+T1V

>
k+T1

−M‖F

+ (η − η2)(1− χk+T1
)k
‖V>∗⊥V0‖F
‖U0V >0 ‖F

‖M‖FLv + η(1− χk+T1)k
‖U>∗⊥U0‖F
‖U0V >0 ‖F

‖M‖FLu

≤ (2η − η2)

k∑
i=1

(1− η)2i(1− χk+T1)k−iCζ‖M‖F + (1− η)2(k+T1)‖U0V
>
0 −M‖F

≤ (1− χk+T1
)kCζ‖M‖F + (1− χk+T1

)k‖U0V
>
0 −M‖F

≤ α1(1− χk+T1
)k‖M‖F

(113)
where χk+T1

≤ η is monotonically increasing from η2

(2−η)2 to η, Cζ =

max{‖U
>
∗⊥U0‖F

‖U0V >0 ‖F
,
‖V>∗⊥V0‖F
‖U0V >0 ‖F

}and α1 = max{Cζ , ‖U0V
>
0 −M‖F
‖M‖F }, thus we finish the proof.

Theorem 4 (Small initialization). Let U0 ∈ Rm×d and V0 ∈ Rn×d be random Gaussian that follow
N (0, σ), with σ ≤ cinit, Uk, Vk are updated by Eq. (2) then we have that the objective function of
LRMF problem decreases linearly, namely

‖UkV >k −M‖F ≤ α2 (1− η)
k ‖M‖F (114)

where 0 < η ≤ 1 is the step size, α2 is a constant and cinit is a small constant.

Proof. Let cinit be small enough such that 〈U0V
>
0 ,M〉 ≥ ‖U0V

>
0 ‖2F . According to Lemma 12 the

following holds
〈UkV >k ,M〉 ≥ ‖UkV >k ‖2F ,∀k. (115)

together with Eq. (98), we can prove that ‖Uk+1V
>
k ‖2F ≥ ‖UkV >k ‖2F and similarly

‖Uk+1V
>
k+1‖2F ≥ ‖Uk+1V

>
k ‖2F , which yields

‖Uk+1V
>
k+1‖F ≥ ‖UkV >k ‖F . (116)
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According to Eq. (104), Eq. (105) and Eq. (116) we have

‖U>∗⊥Uk‖F
‖UkV >k ‖F

≤ (1− η)
‖U>∗⊥Uk−1‖F
‖Uk−1V >k−1‖F

, (117)

and
‖V>∗⊥Vk‖F
‖UkV >k ‖F

≤ (1− η)
‖V>∗⊥Vk−1‖F
‖Uk−1V >k−1‖F

. (118)

together with Eq. (102) and Eq. (173), we are guarantee to prove

‖Uk+1V
>
k+1 −M‖F ≤ (1− η)2‖UkV >k −M‖F + (η − η2)(1− η)k

‖V>∗⊥V0‖F
‖U0V >0 ‖F

‖M‖FLv

+ η(1− η)k
‖U>∗⊥U0‖F
‖U0V >0 ‖F

‖M‖FLu

≤ (2η − η2)

k∑
i=1

(1− η)2i(1− η)k−iCζ‖M‖F + (1− η)2k‖U0V
>
0 −M‖F

≤ (1− η)kCζ‖M‖F + (1− η)k‖U0V
>
0 −M‖F

≤ α2(1− η)k‖M‖F
(119)

where Cζ = max{‖U
>
∗⊥U0‖F

‖U0V >0 ‖F
,
‖V>∗⊥V0‖F
‖U0V >0 ‖F

}and α2 = max{Cζ , ‖U0V
>
0 −M‖F
‖M‖F }. We thus finish the

proof.

2.3 Lemmas and some preliminary results.

Lemma 8. For the ScaledGD (1), if
〈
UkV

>
k ,M

〉
≥ ‖UkV >k ‖2F , then the following holds

‖U>∗⊥Uk+1‖F
‖Uk+1V >k+1‖F

≤ (1− η)
‖U>∗⊥Uk‖F
‖UkV >k ‖F

,
‖V>∗⊥Vk+1‖2
‖Uk+1V >k+1‖F

≤ (1− η)
‖V>∗⊥Vk‖F
‖UkV >k ‖F

(120)

Proof. Since Uk+1 = (1− η)Uk + ηMVk(V >k Vk)−1, it is obvious that

‖U>∗⊥Uk+1‖F
‖Uk+1V >k+1‖F

= (1− η)
‖U>∗⊥Uk‖F
‖UkV >k ‖F

· ‖UkV
>
k ‖F

‖Uk+1V >k+1‖F
. (121)

Since
〈
UkV

>
k ,M

〉
≥ ‖UkV >k ‖2F , according to Lemma 17 we know that ‖UkV

>
k ‖F

‖Uk+1V >k+1‖F
≤ 1, which

guarantees that ‖U
>
∗⊥Uk+1‖F

‖Uk+1V >k+1‖F
≤ (1− η)

‖U>∗⊥Uk‖F
‖UkV >k ‖F

.

Meanwhile, Vk+1 = (1− η)Vk + ηM>Uk(U>k Uk)−1, we have

‖V>∗⊥Vk+1‖2
‖Uk+1V >k+1‖F

≤ (1− η)
‖V>∗⊥Vk‖F
‖UkV >k ‖F

· ‖UkV
>
k ‖F

‖Uk+1V >k+1‖F
, (122)

similarly we can also guarantee that ‖V
>
∗⊥Vk+1‖2

‖Uk+1V >k+1‖F
≤ (1−η)

‖V>∗⊥Vk‖F
‖UkV >k ‖F

. Thus, we finish the proof.

Theorem 6. (Convergence of the matrix norm) For the ScaledGD (1), if
〈
U0V

>
0 ,M

〉
≥ ‖U0V

>
0 ‖2F ,

then we have
‖M‖F − ‖Uk+1V

>
k+1‖F ≤ (1− η)kCα,∀k ≥ 0 (123)

where Cα is a constant and η is the step length 0 ≤ η < 1.

Proof. By ScaledGD Eq. (1), we have

‖Uk+1V
>
k ‖2F

‖M‖2F
= (1− η)2

‖UkV >k ‖2F
‖M‖2F

+ 2η(1− η)

〈
UkV

>
k ,M

〉
‖M‖2F

+ η2
‖MVk‖2F
‖M‖2F

≥ (1− η2)
‖UkV >k ‖2F
‖M‖2F

+ η2cos2θvk

(124)

13



the second inequality is due to
〈
UkV

>
k ,M

〉
≥ ‖UkV >k ‖2F . In consequence,

‖Uk+1V
>
k+1‖2F

‖M‖2F
≥ ‖Uk+1V

>
k ‖2F

‖M‖2F
≥ (1− η2)

‖UkV >k ‖2F
‖M‖2F

+ η2cos2θvk

≥ (1− η)
‖UkV >k ‖2F
‖M‖2F

+ η2cos2θvk

(125)

where we define

cosθvk =
‖MVk‖F
‖M‖F

, cosθuk =
‖U>k M‖F
‖M‖F

In consequence, one obtains

1−
‖Uk+1V

>
k+1‖2F

‖M‖2F
≤ (1− η)

(
1− ‖UkV

>
k ‖2F

‖M‖2F

)
+ η(1− cos2θkv ), (126)

Meanwhile, according to Lemma 8, Lemma 11 and Lemma 15, we have

‖U>k⊥M‖F
‖M‖F

≤ (1− η)kCu,
‖MVk⊥‖F
‖M‖F

≤ (1− η)kCv,∀k > 0 (127)

As

cos2θuk = 1− ‖U
>
k⊥M‖2F
‖M‖2F

, cos2θvk = 1− ‖MVk⊥‖
2
F

‖M‖2F
which guarantees that

1− cos2θvk ≤ (1− η)
2k
Cv

Together with Eq. (126), the following inequality holds

1−
‖Uk+1V

>
k+1‖2F

‖M‖2F
≤ η2

k∑
i=1

(1− η)i(1− cos2θk−iv ) + (1− η)k
(

1− ‖U0V
>
0 ‖2F

‖M‖2F

)

≤ η2
k∑
i=1

(1− η)i(1− η)2(k−i)Cv + (1− η)k
(

1− ‖U0V
>
0 ‖2F

‖M‖2F

)
≤ (1− η)kCα1

,

(128)

where Cα1
= max

{
Cvη

2, 1− ‖U0V
>
0 ‖F

‖M‖F

}
, which further implies that

‖M‖F −
‖Uk+1V

>
k+1‖F

‖M‖F
≤ (1− η)kCα1

‖M‖2F
‖M‖F + ‖UkV >k ‖F

≤ (1− η)kCα. (129)

thus we finish our proof.

Lemma 9. Let η ≤ cη < 1 with cη a small constant, if
〈
U0V

>
0 ,M

〉
≥ ‖U0V

>
0 ‖2F then the

following is true 〈
UkV

>
k ,M

〉
≥ ‖UkV >k ‖2F ,∀k > 0. (130)

Proof. We prove this result by induction. Since
〈
U0V

>
0 ,M

〉
≥ ‖U0V

>
0 ‖2F , we assume that〈

Uk−1V
>
k−1,M

〉
≥ ‖Uk−1V >k−1‖2F , then we need to prove

〈
UkV

>
k ,M

〉
≥ ‖UkV >k ‖2F . We first

show that
‖UkV >k ‖2F = (1− η)2‖UkV >k−1‖2F + 2η(1− η)

〈
UkV

>
k−1,Uk(U>k−1Uk−1)−1U>k−1M

〉
+ η2‖Uk(U>k−1Uk−1)−1U>k−1M‖2F

≤ ‖UkV >k−1‖2F

(
1− η + η

‖Uk(U>k−1Uk−1)−1U>k−1M‖F
‖UkV >k−1‖F

)2

= ‖M‖2F
‖UkV >k−1‖2F
‖M‖2F

(
1− η + η

‖Uk(U>k−1Uk−1)−1U>k−1M‖F
‖UkV >k−1‖F

)2

︸ ︷︷ ︸
M

(131)
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To prove the result in Eq. (130), we need to guarantee that M ≤ 〈M ,UkV
>
k 〉

‖M‖2F
, which is equivalent to

ensure that

(1− η)
‖UkV >k−1‖F
‖M‖F

+ η
‖Uk(U>k−1Uk−1)−1U>k−1M‖F

‖M‖F
≤

√〈
M ,UkV >k

〉
‖M‖F

(132)

Meanwhile, since
〈
Uk−1V

>
k−1,M

〉
≥ ‖Uk−1V >k−1‖2F , and

‖UkV >k−1‖2F = ‖(1− η)Uk−1V
>
k−1 + ηMVk−1V>k−1‖2F

= (1− η)2‖Uk−1V >k−1‖2F + 2η(1− η)
〈
Uk−1V

>
k−1,M

〉
+ η2‖MVk−1‖2F

(133)

it is easy to verify

‖UkV >k−1‖2F ≤ (1− η2)
〈
Uk−1V

>
k−1,M

〉
+ η2‖MVk−1‖2F

= (1− η)
〈
Uk−1V

>
k−1,M

〉
+ (η − η2)

〈
Uk−1V

>
k−1,M

〉
+ η2‖MVk−1‖2F

≤ (1− η)
〈
Uk−1V

>
k−1,M

〉
+ (η − η2)‖MVk−1‖2F + η2‖MVk−1‖2F

=
〈
UkV

>
k−1,M

〉
,

(134)

where the second inequality is due to Lemma 13. In consequence, one can verify that〈
M ,UkV

>
k

〉
≥
〈
M ,UkV

>
k−1
〉
≥ ‖UkV >k−1‖2F , (135)

as 〈
M ,UkV

>
k −UkV >k−1

〉
=
〈
M ,Uk(U>k−1Uk−1)−1U>k−1M

〉
−
〈
M ,Uk−1V

>
k−1
〉

≥
〈
M ,Uk−1(U>k−1Uk−1)−1U>k−1M

〉
−
〈
M ,Uk−1V

>
k−1
〉

≥ 0

, (136)

which is due to Lemma 13.

Denote by

Z =

√〈
M ,UkV >k

〉
− ‖UkV >k−1‖F

‖Uk(U>k−1Uk−1)−1U>k−1M‖F − ‖Uk−1V >k−1‖F
(137)

then it can be easily verified that Z > 0. As a result

Z
(
‖Uk(U>k−1Uk−1)−1U>k−1M‖F − ‖Uk−1V >k−1‖F

)
=
√〈
M ,UkV >k

〉
− ‖UkV >k−1‖F (138)

If η ≤ cη < Z with cη sufficiently small, then we can guarantee that

η
(
‖Uk(U>k−1Uk−1)−1U>k−1M‖F − ‖UkV >k−1‖F

)
≤ η

(
‖Uk(U>k−1Uk−1)−1U>k−1M‖F − ‖Uk−1V >k−1‖F

)
≤ Z

(
‖Uk(U>k−1Uk−1)−1U>k−1M‖F − ‖Uk−1V >k−1‖F

)
=
√〈
M ,UkV >k

〉
− ‖UkV >k−1‖F

(139)

By simple reformulation, one obtains

(1− η)
‖UkV >k−1‖F
‖M‖F

+ η
‖Uk(U>k−1Uk−1)−1U>k−1M‖F

‖M‖F
≤

√〈
M ,UkV >k

〉
‖M‖F

(140)

which is exactly the inequality we need in Eq. (132), thus we finish the proof.

Lemma 10. Let us define

cosθvk =
‖MVk‖F
‖M‖F

, cosθuk =
‖U>k M‖F
‖M‖F

, (141)
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then after T1 = O(ln d
δ ) iterations of ScaledGD, the following inequalities hold

‖U>∗⊥Uk+T1+1‖F
‖Uk+T1+1V >k+T1+1‖F

≤ (1− χk+T1)
‖U>∗⊥Uk+T1‖F
‖Uk+T1

V >k+T1
‖F
,∀k > 0. (142)

‖V>∗⊥Vk+T1+1‖F
‖Uk+T1+1V >k+T1+1‖F

≤ (1− χk+T1
)
‖V>∗⊥Vk+T1‖F
‖Uk+T1

V >k+T1
‖F
,∀k > 0. (143)

1− cosθuk+T1+1cosθvk+T1+1 ≤ (1− χk+T1
)
2k

(1− CuCv) ,∀k > 0. (144)

where χk+T1
=

η2(1−τk+T1
)2+2ητk+T1

−η
(1−η+ητk+T1

)2 > 0, τk+T1
=
〈Uk+T1

V >k+T1
,M〉

‖Uk+T1
V >k+T1

‖2F
∈ [1/2, 1].

Proof. According to the analysis in the proof of the Theorem 1 and Eq. (84), we know that after T1
iterations, we have

‖Uk+T1
V >k+T1

−M‖F ≤ ‖M‖F , ∀k ≥ 0, (145)
which implies

τk+T1
=

〈
Uk+T1

V >k+T1
,M

〉
‖Uk+T1V

>
k+T1
‖2F

≥ 1/2 (146)

Since the results for τk+T1 ≥ 1 is easy to analyze according to Lemma 8, therefore we mainly focus
on 1 ≥ τk+T1 ≥ 1/2.

According to the results in Lemma 18, if 1 ≥ τk+T1
≥ 1/2, we have

‖Uk+T1V
>
k+T1
‖F

‖Uk+T1+1V >k+T1+1‖F
≤ 1

(1− η + ητk+T1)2
(147)

therefore,

‖U>∗⊥Uk+T1+1‖F
‖Uk+T1+1V >k+T1+1‖F

= (1− η)
‖U>∗⊥Uk+T1

‖F
‖Uk+T1

V >k+T1
‖F
·
‖Uk+T1V

>
k+T1
‖F

‖Uk+T1+1V >k+T1+1‖F

≤ (1− η)

(1− η + ητk+T1
)2
‖U>∗⊥Uk+T1

‖F
‖Uk+T1V

>
k+T1
‖F

= (1− χk+T1)
‖U>∗⊥Uk+T1‖F
‖Uk+T1

V >k+T1
‖F

(148)

with χk+T1 =
η2(1−τk+T1

)2+2ητk+T1
−η

(1−η+ητk+T1
)2 and 0 < χk+T1 < 1 when 1 ≥ τk+T1 ≥ 1/2.

In the same way, we can prove

‖V>∗⊥Vk+T1+1‖F
‖Uk+T1+1V >k+T1+1‖F

≤ (1− χk+T1
)
‖V>∗⊥Vk+T1

‖F
‖Uk+T1V

>
k+T1
‖F
,∀k > 0 (149)

with χk+T1
=

η2(1−τk+T1
)2+2ητk+T1

−η
(1−η+ητk+T1

)2 and 0 < χk+T1
< 1.

According to Lemma 15, we know that there exists bounded value 0 < b such that

‖U>∗⊥Uk‖F
‖UkV >k ‖F

≤ b
‖U>k⊥M‖F
‖M‖F

,∀k ≥ 0.

Together with Lemma 11, Eq. (148) and Eq. (149), we have

‖U>k+T1+1⊥M‖F
‖M‖F

≤ (1− χk+T1
)kCu,∀k > 0 (150)

for bounded constant Cu. The same is true for V as

‖MVk+T1+1⊥‖F
‖M‖F

≤ (1− χk+T1)kCv,∀k > 0 (151)
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for bounded Cv. One can simply assume that Cu ≤ 1 and Cv ≤ 1, since (1 − χk+T1)kCu =
(1− χk+T1

)k1(1− χk+T1
)k2Cu such that (1− χk+T1

)k2Cu ≤ 1.

As

cos2θuk = 1− ‖U
>
k⊥M‖2F
‖M‖2F

, cos2θvk = 1− ‖MVk⊥‖
2
F

‖M‖2F
together with Eq. (150) and Eq. (151) one obtains

cos2θuk+T1+1 ≥ 1− (1− χk+T1)
2k
C2
u =

(
1− (1− χk+T1)2k

)
+ (1− χk+T1)2k(1− C2

u)

cos2θvk+T1+1 ≥ 1− (1− χk+T1
)
2k
C2
v =

(
1− (1− χk+T1

)2k
)

+ (1− χk+T1
)2k(1− C2

v )

consequently, we have

1− cosθuk+T1+1cosθvk+T1+1 ≤ (1− χk+T1
)
2k

(1− CuCv)

Lemma 11. Let {xk}∞k=1 and {yk}∞k=1 be two sequences such that xk ≤ (1−ζ)xk−1 with 0 ≤ ζ ≤ 1,
and

αxk ≤ yk ≤ βxk,∀k
then we have that

yk ≤ (1− ζ)kc0,∀k > 0,

where c0 = βx0 and α, β are bounded positive values.

Proof. The proof is trivial since xk ≤ (1− ζ)kx0, thus (1− ζ)kαx0 ≤ yk ≤ (1− ζ)kβx0.

Lemma 12. If there exits t ∈ N+ such that Ut and Vt ∈ Rn×r in Eq. (2) satisfy
〈
UtV

>
t ,M

〉
≥

‖UtV >t ‖2F , then we have 〈
Uk+tV

>
k+t,M

〉
≥ ‖Uk+tV >k+t‖2F (152)

for any k ∈ N+.

Proof. Without loss of generality, we assume t = 0, thus we prove the result by induction. We
assume that the result is true for k, then we prove〈

Uk+1V
>
k+1,M

〉
≥ ‖Uk+1V

>
k+1‖2F . (153)

We first need to prove that
〈
UkV

>
k ,M

〉
≥ ‖UkV >k ‖2F implies

〈
Uk+1V

>
k ,M

〉
≥ ‖Uk+1V

>
k ‖2F .

Note that
‖Uk+1V

>
k ‖2F = ‖(1− η)UkV

>
k + ηMVkV>k ‖2F

= (1− η)2‖UkV >k ‖2F + 2η(1− η)
〈
UkV

>
k ,M

〉
+ η2‖MVk‖2F

(154)

According to Lemma 13 we know
〈
UkV

>
k ,M

〉
≤ ‖MVk‖2F , together with

〈
UkV

>
k ,M

〉
≥

‖UkV >k ‖2F therefore

‖Uk+1V
>
k ‖2F ≤ (1− η2)

〈
UkV

>
k ,M

〉
+ η2‖MVk‖2F

= (1− η)
〈
UkV

>
k ,M

〉
+ (η − η2)

〈
UkV

>
k ,M

〉
+ η2‖MVk‖2F

≤ (1− η)
〈
UkV

>
k ,M

〉
+ (η − η2)‖MVk‖2F + η2‖MVk‖2F

=
〈
Uk+1V

>
k ,M

〉
.

(155)

Again, according to Lemma 13, we have
〈
Uk+1V

>
k ,M

〉
≤ ‖U>k+1M‖2F . In the same way, we can

prove that

‖Uk+1V
>
k+1‖2F ≤ (1− η2)

〈
Uk+1V

>
k ,M

〉
+ η2‖Uk+1M‖2F

= (1− η)
〈
Uk+1V

>
k ,M

〉
+ (η − η2)

〈
Uk+1V

>
k ,M

〉
+ η2‖MVk‖2F

≤ (1− η)
〈
Uk+1V

>
k ,M

〉
+ (η − η2)‖Uk+1M‖2F + η2‖Uk+1M‖2F

=
〈
Uk+1V

>
k+1,M

〉
,

(156)

which finishes our proof.
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Lemma 13. For any matrixA ∈ Rm×n andB ∈ Rm×n, such that 〈A,B〉 ≥ ‖A‖2F , then we have

〈A,B〉 ≤ ‖U>AB‖2F , 〈A,B〉 ≤ ‖BVA‖2F (157)

where UA is the left singular vector matrix ofA.

Proof. LetA = UAΣAV>A be the SVD ofA, the following holds

〈A,B〉 =
〈
UAΣAV>A,B

〉
=
〈
ΣA,U>ABVA

〉
≤ ‖A‖F ‖U>ABVA‖F
≤ ‖A‖F ‖U>AB‖F

(158)

According to 〈A,B〉 ≥ ‖A‖2F , we have

〈A,B〉2 ≤ ‖A‖2F ‖U>AB‖2F
≤ 〈A,B〉 ‖U>AB‖2F

(159)

which implies
〈A,B〉 ≤ ‖U>AB‖2F . (160)

Lemma 14. Let Uk ∈ Rm×d and Vk ∈ Rn×d be given by Eq. (1), there exists a bounded constant
C such that

‖MV (V >V )−1(U>U)−1U>M −M‖F < C‖M‖F
∣∣∣∣1− ‖MVk‖F ‖U>k M‖F‖M‖F ‖UkV >k ‖F

∣∣∣∣ (161)

when rank(M) = 1 and d = 1, the constant C becomes 1.

Proof. According the pseudo inverse theorem, we have

MV (V >V )−1(U>U)−1U>M = MVkΣ−1k UkM ,

thus

‖MV (V >V )−1(U>U)−1U>M −M‖F ≤ ‖M‖F ‖M †MVkΣ−1k UkM − I‖2. (162)

Meanwhile,

‖M †MVkΣ−1k UkM−I‖2 ≤ max
{
‖M †MVkΣ−1k UkM‖2 − 1, 1− σr(M †MVkΣ−1k UkM)

}
.

(163)
On one hand,

‖M †MVkΣ−1k UkM‖2 ≤
‖MVk‖2‖U>k M‖2
‖M‖d‖UkV >k ‖d

≤ κ̃‖MVk‖F ‖U
>
k M‖F

‖M‖F ‖UkV >k ‖F
(164)

where κ̃ = κ1κ2κ3κ4 and κ1 = σ1(M)/σd(M)...

Since ‖UkV >k ‖F is greater than zero, in consequence, we have

‖M †MVkΣ−1k UkM‖2 − 1 < C1

(
‖MVk‖F ‖U>k M‖F
‖M‖F ‖UkV >k ‖F

− 1

)
and similarly, we have

1− σr(M †MVkΣ−1k UkM) < C2

(
1− ‖MVk‖F ‖U

>
k M‖F

‖M‖F ‖UkV >k ‖F
)

)
together with Eq. (162) and Eq. (163), we finish our proof.
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Lemma 15. LetUk and Vk are given by Eq. (1) or Eq. (2) and UkΣkV>k = UkV
>
k , U∗Σ∗V>∗ = M

are the SVD of UkV >k andM respectively, then we have

‖U>k⊥M‖F
‖M‖F

≤ ‖U
>
∗⊥Uk‖F

‖UkV >k ‖F
Lu. (165)

and
‖V>k⊥M>‖F
‖M‖F

≤ ‖V
>
∗⊥Vk‖F

‖UkV >k ‖F
Lv (166)

where Lu and Lv are bounded values.

Proof. Let U>k U∗ = AukcosΘukB
>
uk be the SVD decomposition. Then ‖U>∗⊥Uk‖2F becomes

Trace
(
ΣukU>k U∗⊥U>∗⊥UkΣuk

)
= Trace

(
ΣukAuksin2ΘukA

>
ukΣuk

)
= ‖sinΘukA

>
ukΣuk‖2F

(167)
Similarly, we have

‖U>k⊥M‖2F = Trace
(
Σ∗U>∗ Uk⊥U>k⊥U∗Σ1∗

)
= Trace

(
Σ∗Buksin2ΘukB

>
ukΣ∗

)
= ‖sinΘukB

>
ukΣ∗‖2F

(168)

The Eq. (167) and Eq. (168) indicate that

‖U>k⊥M‖F = ‖sinΘukB
>
ukΣ∗‖F and ‖U>∗⊥UkΣuk‖F = ‖sinΘukA

>
ukΣuk‖F , (169)

which implies

‖U>k⊥M‖F = ‖sinΘukA
>
ukΣukΣ

−1
ukAukB

>
ukΣ∗‖F ≤ ‖U>∗⊥Uk‖F ‖Σ−1ukAukB

>
ukΣ∗‖F . (170)

In consequence

‖U>k⊥U∗Σ∗‖F
‖Σ∗‖F

≤ ‖U
>
∗⊥Uk‖F

‖UkV >k ‖F
‖Σ−1ukAukB

>
ukΣ∗‖F

‖UkV >k ‖F
‖Σ∗‖F︸ ︷︷ ︸

Lu

, (171)

thus we obtain
‖U>k⊥M‖F
‖M‖F

≤ ‖U
>
∗⊥Uk‖F

‖UkV >k ‖F
Lu, (172)

where Lu is bounded value. Let V>k V∗ = AvkcosΘvkB
>
vk, in the same way, we have

‖V>k⊥M>‖F
‖M‖F

≤ ‖V
>
∗⊥Vk‖F

‖UkV >k ‖F
Lv (173)

where Lv = ‖Σ−1vkAvkB
>
vkΣ∗‖F

‖UkV
>
k ‖F

‖Σ∗‖F is bounded value.

Lemma 16. Let Uk,Vk be updated by Eq. (1), then with the learning rate η ≤ cη , we have

κ(UkV
>
k ) ≤ m, κ(Uk) ≤ u, κ(Vk) ≤ v,∀k (174)

where κ(X) outputs the condition number of a matrixX , u, v,m are bounded positive constant.

Proof. With Eq. (1), the product of the matrix U and V are updated by

Uk+1V
>
k+1 = (1−η)2UkV

>
k +η(1−η)UkU>k M+η(1−η)MVkV>k +η2MVkΣ−1k U

>
k M (175)

To guarantee that the condition number κ(UkV
>
k ) of the matrix UkV >k ,∀k are bounded, we only

need to guarantee that σr(UkV >k ) is strictly greater than 0 according to Eq. (175). Next, we prove
by contradiction. If we assume that there exists k such that σr(UkV >k ) ≤ ε,∀ε ≥ 0, then we have
that ∀M ≥ 0, σ1(Uk+1V

>
k+1) ≥M according to Eq. (175), which indicates that ‖Uk+1V

>
k+1‖F ≥

M,∀M ≥ 0.
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Meanwhile, we have

‖Uk+1V
>
k+1‖F = ‖(1− η)2UkV

>
k + η(1− η)UkU>k M + η(1− η)MVkV>k + η2MVkΣ−1k U

>
k M‖F

≤ (1− η)2‖UkV >k ‖F + 2η(1− η)‖M‖F + η2‖MVkΣ−1k U
>
k M‖F

(176)
which indicates that the upper-bound of ‖UkV >k ‖F will decrease with the increase of k if ‖UkV >k ‖F
is greater than some constant related to ‖MVkΣ−1k U>k M‖F . The result is in contradict to that
‖Uk+1V

>
k+1‖F ≥M,∀M ≥ 0, which proves that σr(UkV >k ) is strictly greater than zero. Therefore,

we can guarantee that there exist bounded constant value m such that κ(UkV
>
k ) ≤ m.

Meanwhile, since
σ1(UkV

>
k ) ≤ σ1(Uk)σ1(Vk), σr(UkV

>
k ) ≥ σr(Uk)σr(Vk), (177)

we can guarantee that there exist bounded constant u and v such that
κ(Uk) ≤ u, κ(Vk) ≤ v,∀k (178)

thus we finish the proof.

Lemma 17. Let Uk and Vk be updated by Eq. (1), if
〈
UkV

>
k ,M

〉
≥ ‖UkV >k ‖2F , then we have

that
‖Uk+1V

>
k+1‖F ≥ ‖UkV >k ‖F . (179)

Proof. Based on the update Eq. (1), we have

‖Uk+1V
>
k ‖2F = (1− η)2‖UkV >k ‖2F + 2η(1− η)

〈
UkV

>
k ,Uk(U>k Uk)−1U>k M

〉
+ η2‖Uk(U>k Uk)−1U>k M‖2F

(180)

Meanwhile, according to Lemma 13, we have that ‖Uk(U>k Uk)−1U>k M‖2F ≥ ‖UkV >k ‖2F , together
with

〈
UkV

>
k ,M

〉
≥ ‖UkV >k ‖2F the following holds

‖Uk+1V
>
k ‖2F ≥ ‖UkV >k ‖2F

On the other hand,

‖Uk+1V
>
k+1‖2F = (1− η)2‖Uk+1V

>
k ‖2F + 2η(1− η)

〈
Uk+1V

>
k ,Uk+1(U>k Uk)−1U>k M

〉
+ η2‖Uk+1(U>k Uk)−1U>k M‖2F

(181)
and ‖Uk+1(U>k Uk)−1U>k M‖2F ≥ ‖UkV >k ‖2F ,

〈
Uk+1V

>
k ,Uk+1(U>k Uk)−1U>k M

〉
≥

‖UkV >k ‖2F we have the result in Eq. (179).

Lemma 18. Let τk =
〈UkV

>
k ,M〉

‖UkV >k ‖
2
F

, if 1 ≥ τk ≥ 1/2, then we have that

‖UkV >k ‖F
‖Uk+1V >k+1‖F

≤ 1

(1− η + ητk)2
(182)

Proof. Note that

‖Uk+1V
>
k ‖2F = (1− η)2‖UkV >k ‖2F + 2η(1− η)

〈
UkV

>
k ,Uk(U>k Uk)−1U>k M

〉
+ η2‖Uk(U>k Uk)−1U>k M‖2F

(183)

thus
‖Uk+1V

>
k ‖2F

‖UkV >k ‖2F
= (1− η)2 + 2η(1− η)

〈
UkV

>
k ,M

〉
‖UkV >k ‖2F

+ η2
‖Uk(U>k Uk)−1U>k M‖2F

‖UkV >k ‖2F

= (1− η)2 + 2η(1− η)τk + η2
‖UkU>k M‖2F ‖UkV >k ‖2F

‖UkV >k ‖4F

≥ (1− η)2 + 2η(1− η)τk + η2
〈
UkV

>
k ,M

〉
‖UkV >k ‖2F

≥ (1− η)2 + 2η(1− η)τk + η2τ2k

= (1− η + ητk)2

(184)
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In the same vein

‖Uk+1V
>
k+1‖2F = (1− η)2‖Uk+1V

>
k ‖2F + 2η(1− η)

〈
Uk+1V

>
k ,Uk+1(U>k Uk)−1U>k M

〉
+ η2‖Uk+1(U>k Uk)−1U>k M‖2F

(185)
If 〈UkVk,M〉 ≤ ‖UkV >k ‖2F we know that the norm of UkV >k decreases and ‖Uk+tV >k ‖2F ≥
‖Uk+tV >k+1‖2F , therefore〈

Uk+1V
>
k ,Uk+1(U>k Uk)−1U>k M

〉
‖Uk+1V >k ‖2F

≥
〈
Uk+1V

>
k ,Uk+1(U>k Uk)−1U>k M

〉
‖UkV >k ‖2F

≥
〈
UkV

>
k ,UkU>k M

〉
‖UkV >k ‖2F

= τk

(186)

and similarly, we have

‖Uk+1(U>k Uk)−1U>k M‖2F
‖Uk+1V >k ‖2F

≥ ‖Uk+1(U>k Uk)−1U>k M‖2F
‖UkV >k ‖2F

≥ ‖Uk(U>k Uk)−1U>k M‖2F
‖UkV >k ‖2F

≥
〈
UkV

>
k ,M

〉2
‖UkV >k ‖4F

≥ τ2k

(187)

In consequence, we have the result

‖Uk+1V
>
k+1‖2F

‖Uk+1V >k ‖2F
≥ (1− η)2 + 2η(1− η)τk + η2τ2k = (1− η + ητk)2. (188)

Together with Eq. (184) and Eq. (188), we have the result in Eq. (182).
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