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Abstract

Knowledge distillation is a popular approach for enhancing the performance of1

“student” models, with lower representational capacity, by taking advantage of2

more powerful “teacher” models. Despite its apparent simplicity and widespread3

use, the underlying mechanics behind knowledge distillation (KD) are still not4

fully understood. In this work, we shed new light on the inner workings of this5

method, by examining it from an optimization perspective. We show that, in the6

context of linear and deep linear models, KD can be interpreted as a novel type7

of stochastic variance reduction mechanism. We provide a detailed convergence8

analysis of the resulting dynamics, which hold under standard assumptions for both9

strongly-convex and non-convex losses, showing that KD acts as a form of partial10

variance reduction, which can reduce the stochastic gradient noise, but may not11

eliminate it completely, depending on the properties of the “teacher” model. Our12

analysis puts further emphasis on the need for careful parametrization of KD, in13

particular w.r.t. the weighting of the distillation loss, and is validated empirically14

on both linear models and deep neural networks.15

1 Introduction16

Knowledge Distillation (KD) [13, 3] is a standard tool for transferring information between a machine17

learning model of lower representational capacity–usually called the student–and a more accurate18

and powerful teacher model. In the context of classification using neural networks, it is common19

to consider the student to be a smaller network [2], whereas the teacher is a network that is larger20

and more computationally-heavy, but also more accurate. Assuming a supervised classification task,21

distillation consists in training the student to minimize the cross-entropy with respect to the teacher’s22

logits on every given sample, in addition to minimizing the standard cross-entropy loss with respect23

to the ground truth labels.24

Since its introduction [3], distillation has been developed and applied in a wide variety of settings,25

from obtaining compact high-accuracy encodings of model ensembles [14], to boosting the accuracy26

of compressed models [46, 36, 29], to reinforcement learning [47, 40, 33, 5, 7, 42] and learning with27

privileged information [48]. Given its apparent simplicity, there has been significant interest in finding28

explanations for the effectiveness of distillation [2, 14, 35]. For instance, one hypothesis [2, 14] is that29

the smoothed labels resulting from distillation present the student with a decision surface that is easier30

to learn than the one presented by the categorical (one-hot) outputs. Another hypothesis [2, 14, 48]31

starts from the observation that the teacher’s outputs have higher entropy than the ground truth32

labels, and therefore, higher information content. Despite this work, we still have a limited analytical33

understanding regarding why knowledge distillation is so effective [35]. Specifically, very little is34

known about the interplay between distillation and stochastic gradient descent (SGD), which is the35

standard optimization setting in which this method is applied.36

1.1. Contributions. In this paper, we investigate the impact of knowledge distillation on the37

convergence of the “student” model when optimizing via SGD. Our approach starts from a simple38
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re-formulation of distillation in the context of gradient-based optimization, which allows us to connect39

KD to stochastic variance reduction techniques, such as SVRG [15], which are popular in stochastic40

optimization. Our results apply both to self-distillation, where KD is applied while training relative41

to an earlier version of the same model, as well as distillation for compression, where a compressed42

model leverages outputs from an uncompressed one during training.43

In a nutshell, in both cases, we show that SGD with distillation preserves the convergence speed of44

vanilla SGD, but that the teacher’s outputs serve to reduce the gradient variance term, proportionally45

to the distance between the teacher model and the true optimum. Since the teacher model may46

not be at an optimum, this means that variance reduction is only partial, as distillation may not47

completely eliminate noise, and in fact may introduce bias or even increase variance for certain48

parameter values. Our analysis precisely characterizes this effect, which can be controlled by the49

weight of the distillation loss, and is validated empirically for both linear models and deep networks.50

1.2. Results Overview. To illustrate our results, we consider the case of self-distillation [55], which51

is a popular supervised training technique in which both the student model x ∈ Rd and the teacher52

model θ ∈ Rd have the same structure and dimensionality. The process starts from a teacher model θ53

trained using regular cross-entropy loss, and then trains the student model with respect to a weighted54

combination of cross-entropy w.r.t. the data labels, and cross-entropy w.r.t. the teacher’s outputs.55

This process is often executed over multiple iterations, in the sense that the student at iteration k56

becomes the teacher for iteration k + 1, and so on.57

Our first observation is that, in the case of self-distillation with teacher weight 1 ≥ λ ≥ 0, the58

gradient of the distilled student model on a sample i, denoted by ∇xfi(x | θ, λ) at a given iteration59

can simply be written as60

∇xfi(x | θ, λ) ' ∇fi(x)− λ∇fi(θ),
where∇fi(x) and∇fi(θ) are the student’s and teacher’s standard gradients on sample i, respectively.61

This expression is exact for linear models and generalized linear networks, and we provide evidence62

that it holds approximately for general classifiers. With this re-formulation, self-distillation can63

be interpreted as a truncated form of the classic SVRG iteration [15], which never employs full64

(non-stochastic) gradients.65

Our main technical contribution is in providing convergence guarantees for iterations of this form, for66

both strong quasi-convex, and non-convex functions under the Polyak-Łojasiewicz (PL) condition.67

Our analysis covers both self-distillation (where the teacher is a partially-trained version of the same68

model), and more general distillation, in which the student is a compressed version of the teacher69

model. The convergence rates we provide are similar in nature to SGD convergence, with one key70

difference: the rate dependence on the gradient variance σ2 is dampened by a term depending on the71

gap between the teacher model and an optimum. Intuitively, this says that, if the teacher’s accuracy72

is poor, then distillation will not have any positive effect. However, the better-trained the teacher73

is, the more it can help reduce the student’s variance during optimization. Importantly, this effect74

occurs even if the teacher is not trained to near-zero loss, thus motivating the usefulness of the teacher75

in self-distillation. Our analysis highlights the importance of the distillation weight, as a means to76

maximize the positive effects of distillation: for linear models, we can even derive a closed-form77

solution for the optimal distillation weight. We validate our findings experimentally for both linear78

models and deep networks, confirming the effects predicted by the analysis.79

2 Related Work80

We now provide an overview for some of the relevant related work regarding KD. Knowledge81

distillation, in its current formulation, was introduced in the seminal work of [13], which showed82

that the predictive performance of a model can be improved if it is trained to match the soft targets83

produced by a large and accurate model. This observation has motivated the adoption of KD as a84

standard mechanism to enhance the training of neural networks in a wide range of settings, such as85

compression [36], learning with noisy labels [24], and has also become an essential tool in training86

accurate compressed versions of large models [36, 45, 50].87

Despite these important practical advantages, providing a thorough theoretical justification for the88

mechanisms driving the success of KD has so far been elusive. Several works have focused on89

studying KD from different theoretical perspectives. For example, Lopez et al. [26] connected90

distillation with privileged information [48] by proposing the notion of generalized distillation,91

and presented an intuitive explanation for why generalized distillation should allow for higher92
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sample efficiency, relative to regular training. Phuong and Lampert [35] studied distillation from93

the perspective of generalization bounds in the case of linear and deep linear models. They identify94

three factors which influence the success of KD: (1) the geometry of the data; (2) the fact that the95

expected risk of the student always decreases with more data; (3) the fact that gradient descent finds96

a favorable minimum of the distillation objective. By contrast to all these previous references, our97

work studies the impact of distillation on stochastic (SGD-based) optimization.98

More broadly, there has been extensive work on connecting KD with other areas in learning. Dao et99

al. [6] examined links between KD and semi-parametric Inference, whereas Li et al. [57] performed100

an empirical study on KD in the context of learning with noisy labels. Yuan et al. [54] and Sultan101

et al. [44] investigated the relationships between KD and label smoothing, a popular heuristic for102

training neural networks, showing both similarities and substantive differences. In this context, our103

work is the first to signal the connection between KD and variance-reduction, as well as investigating104

the convergence of KD in the context of stochastic optimization.105

3 Knowledge Distillation106

3.1. Background. Assume we are given a finite dataset {(an, bn) | n = 1, 2, . . . , N}, where107

inputs an ∈ A (e.g., vectors from Rd) and outputs bn ∈ B (e.g., categorical labels or real numbers).108

Consider a set of models F = {φx : A → B | x ∈ P ⊆ Rd} with fixed neural network architecture109

parameterized by vector x. Depending on the supervised learning task and the class F of models,110

we define a loss function ` : B × B → R+ in order to measure the performance of the model. In111

particular, the loss associated with a data point (an, bn) and model φx ∈ F would be `(φx(an), bn).112

In this framework, the standard Empirical Risk Minimization (ERM) takes the following form:113

min
x∈Rd

1
N

∑N
n=1 `(φx(an), bn). (1)

In the objective above, the model φx is trained to match the true outputs bn given in the training114

dataset. Suppose that in addition to the true labels bn, we have access to sufficiently well-trained and115

perhaps more complicated teacher model’s outputs Φθ(an) ∈ B for each input an ∈ A. Similar to116

the student model φx, the teacher model Φθ maps A → B but can have different architecture, more117

layers and parameters. The fundamental question is how to exploit the additional knowledge of the118

teacher Φθ to facilitate the training of a more compact student model φx with lower representational119

capacity. Knowledge Distillation with parameter λ ∈ [0, 1] from teacher model Φθ to student model120

φx is the following modification to the objective (1):121

min
x∈Rd

1
N

∑N
n=1

[
(1− λ)`(φx(an), bn) + λ`(φx(an),Φθ(an))

]
. (2)

Here we customize the loss penalizing dissimilarities from the teacher’s feedback Φθ(an) in addition122

to the true outputs bn. In case of ` is linear in the second argument (e.g., cross-entropy loss), the123

problem simplifies into124

min
x∈Rd

1
N

∑N
n=1 `(φx(an), (1− λ)bn + λΦθ(an)), (3)

which is a standard ERM (1) with modified “soft” labels sn := (1− λ)bn + λΦθ(an) as the target.125

3.2. Self-distillation. As already mentioned, the teacher’s model Φθ can have more complicated126

neural network architecture and potentially larger parameter space θ ∈ Q ⊆ RD. In particular,127

Φθ does not have to be from the same set of models F as the student model φx. The special case128

when both the student and the teacher share the same structure/architecture is called self-distillation129

[30, 56], which is the key setup for our work. In this case, the teacher model Φθ ≡ φθ ∈ F with130

θ ∈ Rd (i.e., Q = P, D = d) and the corresponding distillation objective would be131

min
x∈Rd

1
N

∑N
n=1

[
(1− λ)`(φx(an), bn) + λ`(φx(an), φθ(an))

]
. (4)

Our primary focus in this work would be the objective mentioned above of self-distillation. For132

convenience, let fn(x) := `(φx(an), bn) be the prediction loss with respect to the output bn, fn(x |133

θ) := `(φx(an), φθ(an)) be the loss with respect to the teacher’s output probabilities and fn(x |134

θ, λ) := λfn(x) + (1− λ)fn(x | θ) be the distillation loss. See Algorithm 1 for an illustration.135
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Algorithm 1 Knowledge Distillation via SGD

1: Input: learning rate γ > 0, initial student model x0 ∈ P ⊆ Rd
2: for each distillation iteration m do
3: choose a teacher model θm ∈ Q ⊆ RD and distillation weight λm ∈ [0, 1] (e.g., see Sec. 5)
4: for each training iteration t do
5: sample an unbiased mini-batch ξ ∼ D form the train set
6: compute distillation gradient∇fξ(xt | θm, λm) = λm∇fξ(xt) + (1− λm)∇fξ(xt | θm)
7: update the student model via xt+1 = xt − γ∇fξ(xt | θm, λm)
8: end for
9: end for

3.3. Distillation Gradient. As the first step towards understanding how self-distillation affects the136

training procedure, we analyze the modified loss landscape (4) via stochastic gradients of (1) and (4).137

In particular, we put forward the following proposition regarding the form of distillation gradient in138

terms of gradients of (1).139

Proposition 1 (Distillation Gradient). For a student model x ∈ Rd, teacher model θ ∈ Rd and140

distillation weight λ, the distillation gradient corresponding to self-distillation (4) is given by141

∇xfn(x | θ, λ) = ∇fn(x)− λ∇fn(θ). (5)

Before justifying this proposition formally, let us provide some intuition behind the expression (5)142

and its connection to distillation loss (4). First, the gradient expression (5) suggests that the teacher143

has little or no effect on the data points classified correctly with high confidence (i.e. those for which144

∇fn(θ) is close to 0 or φθ(an) is close to bn). In other words, the more accurate the teacher is, the145

less it can affect the learning process. In the extreme case, a perfect or overfitted teacher (one that146

∇fn(θ) = 0 or φθ(an) = bn for all n) will have no effect. In fact, this is expected since, in this147

case, problems (1) and (4) coincide. Alternatively, if the teacher is not perfect, then the modified148

objective (4) intuitively suggests that the learning dynamics of a student model is adjusted based149

on the teacher’s knowledge. As we can see in (5), the adjustment from the teacher is enforced by150

−λ∇fn(θ) term. It is worth mentioning that the direction of distillation gradient ∇xfn(x | θ, λ) can151

be different from the usual gradient’s direction ∇fn(x) due to the influence of the teacher. Thus,152

Proposition 1 explicitly shows how the teacher guides the student by adjusting its stochastic gradient.153

• Linear regression. To support Proposition 1 rigorously, consider the simple setup of linear154

regression. Let A = Rd, P = Rd+1, φx(a) = x>ā ∈ R, where a = [a 1]> ∈ Rd+1 is the input155

vector in the lifted space (to include the bias term), B = R, and the loss is defined by `(t, t′) = (t−t′)2156

for all t, t′ ∈ R. Thus, based on (4), we have157

fn(x | θ, λ) = (1− λ)(x>ān − bn)2 + λ(x>ān − θ>ān)2,

from which we compute its gradient straightforwardly as158

∇xfn(x | θ, λ) = 2(1− λ)(x>ān − bn)ān + 2λ(x>ān − θ>ān)ān

= 2(x>ān − bn)ān − 2λ(θ>ān − bn)ān = ∇fn(x)− λ∇fn(θ).

Hence, the distillation gradient for linear regression tasks has the form (5).159

• Classification with a single hidden layer. We can extend the above argument and derivation160

for a K-class classification model with one hidden layer that has soft-max as the last layer, i.e.161

φX(an) = σ(X>an) ∈ RK , where X = [x1 x2 . . . xK ] ∈ Rd×K are the model parameters,162

an ∈ A = Rd is the input data and σ is the soft-max function. Then, we show in the Appendix B.2163

that for all k = 1, 2 . . . ,K it holds164

∇xkfn(X | Θ, λ) = ∇xkfn(X)− λ∇θkfn(Θ),

where Θ = [θ1 θ2 . . . θK ] ∈ Rd×K are the teacher’s parameters.165

• Generic classification. Proposition 1 will not hold precisely for arbitrary deep non-linear neural166

networks. However, careful calculations reveal that, in general, distillation gradient takes a form167

similar to (5). Detailed derivations are deferred to Appendix B.3, here we provide the sketch.168
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Consider an arbitrary neural network architecture for classification that ends with soft-max layer, i.e.169

φx(an) = σ(ψn(x)), where an ∈ A is the input data, ψn(x) are the produced logits with respect170

to the model parameters x, and σ is the soft-max function. Denote ϕn(z) := `(σ(z), bn) the loss171

associated with logits z and the true label bn. In words, ψn gives the logits from the input data,172

while ϕn computes the loss from given logits. Then, the representation for the loss function is173

fn(x) = ϕn(ψn(x)). We show in Appendix B.3 that the distillation gradient can be written as174

∇xfn(x | θ, λ) = Jψn(x) (∇ϕn(ψn(x))− λ∇ϕn(ψn(θ))) = ∂ψn(x)
∂x

∂fn(x)
∂ψn(x) − λ

∂ψn(x)
∂x

∂fn(θ)
∂ψn(θ) ,

where Jψn(x) := ∂ψn(x)
∂x = [∇ψn,1(x) ∇ψn,2(x) . . .∇ψn,K(x)] ∈ Rd×K is the Jacobian of the175

vector-valued function ψn for logits. Notice that the first term ∂ψn(x)
∂x

∂fn(x)
∂ψn(x) coincides with the176

student’s gradient ∇xfn(x) = ∂fn(x)
∂x . However, the second term ∂ψn(x)

∂x
∂fn(θ)
∂ψn(θ) differs from the177

teacher’s gradient as the partial derivatives of logits are with respect to the student model.178
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Figure 1: Cosine similarity between the true
and approximated distillation gradient for a
neural network during training. As predicted,
larger λ leads to larger differences, although
gradients remain well-correlated.

Despite these differences in the case of deep non-179

linear models, we observe that the distillation gradi-180

ent defined by Equation 5 can approximate well the181

true distillation gradient from Equation 3. Specifi-182

cally, we consider a fully connected neural network183

with one hidden layer and ReLU activation [31],184

trained on the MNIST dataset [22], using regular185

self-distillation, from an SGD-teacher, with a fixed186

learning rate, and SGD with weight decay and no187

momentum. At each training iteration we compute188

the cosine similarity between the gradient of the dis-189

tillation loss and the approximation from Equation 5,190

and we average the results across each epoch. The191

results presented in Figure 1 show that the distillation192

gradient approximates well the true distillation gradi-193

ent. Moreover, the behavior is monotonic in the distillation weight λ (higher similarity for smaller λ),194

as predicted by the analysis above, and it stabilizes as training progresses.195

4 Convergence Theory for Self-Distillation196

4.1. Optimization Setup and Assumptions. We abstract the standard ERM problem (1) into a197

stochastic optimization problem of the form198

min
x∈Rd

{
f(x) := Eξ∼D [fξ(x)]

}
, (6)

where fξ(x) is the loss associated with data sample ξ ∼ D given model parameters x ∈ Rd. For199

instance, if ξ = (an, bn) is a single data point, then the corresponding loss is fξ(x) = `(φx(an), bn).200

The goal is to find parameters x minimizing the risk f(x). To solve the problem (6), we employ201

Stochastic Gradient Descent (SGD). Based on Section 3, applying SGD to the problem (6) with202

self-distillation amounts to the following optimization updates in the parameter space:203

xt+1 = xt − γ(∇fξ(xt)− λ∇fξ(θ)), (7)

with initialization x0 ∈ Rd, step size or learning rate γ > 0, teacher model’s parameters θ ∈ Rd and204

distillation weight λ. To analyze the convergence behavior of iterates (7), we need to impose some205

assumptions in order to derive reasonable convergence guarantees. First, we assume that the problem206

(6) has a non-empty solution set X 6= ∅ and f∗ := f(x∗) for some minimizer x∗ ∈ X .207

Assumption 1 (Strong quasi-convexity). The function f : Rd → R is differentiable and µ-strongly208

quasi-convex for some constant µ > 0, i.e., for any x ∈ Rd it holds209

f(x∗) ≥ f(x) + 〈∇f(x), x∗ − x〉+
µ

2
‖x∗ − x‖2. (8)

Strong quasi-convexity [9] is a weaker version of strong convexity [32], which assumes that the210

quadratic lower bound above holds for at every point y ∈ Rd instead of x∗ ∈ X . Notice that strong211

quasi-convexity implies that the minimizer x∗ is unique1. A more relaxed version of this assumption212

is the Polyak-Łojasiewicz (PL) condition [37].213

1If f(x∗) = f(x∗∗), then µ
2
‖x∗ − x∗∗‖ ≤ f(x∗)− f(x∗∗) = 0. Hence, x∗ = x∗∗.
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Assumption 2 (Polyak-Łojasiewicz condition). Function f : Rd → R is differentiable and satisfies214

PL condition with parameter µ > 0, if for any x ∈ Rd it holds215

‖∇f(x)‖2 ≥ 2µ(f(x)− f∗). (9)

Note that the requirement imposed by the PL condition above is weaker than by strong convexity.216

Functions satisfying PL condition do not have to be convex and can have multiple minimizers [16].217

We make use of the following form of smoothness assumption on the stochastic gradient commonly218

referred to as expected smoothness in the optimization literature [11, 10, 18].219

Assumption 3 (Expected Smoothness). Functions fξ(x) are differentiable and L-smooth in expecta-220

tion with respect to subsampling ξ ∼ D, i.e., for any x ∈ Rd it holds221

Eξ∼D
[
‖∇fξ(x)−∇fξ(x∗)‖2

]
≤ 2L(f(x)− f∗) (10)

for some constant L = L(f,D).222

The expected smoothness condition above is a joint property of loss function f and data subsampling223

strategy from the distribution D. In particular, it subsumes the smoothness condition for f(x) since224

(10) also implies ‖∇f(x) − ∇f(x∗)‖2 ≤ 2L(f(x) − f∗) for any x ∈ Rd. We denote by L the225

smoothness constant of f(x) and notice that L ≤ L.226

4.2. Convergence Theory and Partial Variance Reduction. Equipped with the assumptions227

described in the previous part, we now present our convergence guarantees for the iterates (7) for228

both strong quasi-convex and PL loss functions.229

Theorem 1 (See Appendix C.2). Let Assumptions 1 and 3 hold. For any γ ≤ 1
8L and properly230

chosen distillation weight λ, the iterates (7) of SGD with self-distillation using teacher’s parameters231

θ converge as232

E
[
‖xt − x∗‖2

]
≤ (1− γµ)t‖x0 − x∗‖2 +

2σ2
∗
µ min(γ,O(f(θ)− f∗)), (11)

where σ2
∗ := E[‖∇fξ(x∗)‖2] is the stochastic noise at the optimum.233

Theorem 2 (See Appendix C.3). Let Assumptions 2 and 3 hold. For any γ ≤ 1
4L

µ
L and properly234

chosen distillation weight λ, the iterates (7) of SGD with self-distillation using teacher’s parameters235

θ converge as236

E [f(xt)− f∗] ≤ (1− γµ)t
(
f(x0)− f∗

)
+

Lσ2
∗

µ min(γ,O(f(θ)− f∗)), (12)

Proof overview. Both proofs follow similar steps and can be divided into three logical parts.237

Part 1 (Descent inequality). Generally, an integral part of essentially any convergence theory for238

optimization methods is a descent inequality quantifying the progress of an algorithm in one iteration.239

Our theory is not an exception: we first define our “potential” et = ‖xt − x∗‖2 for the strongly240

quasi-convex setup, and et = f(xt)−f∗ for the PL setup. Then, we start our derivations by bounding241

Et[et+1] − (1 − γµ)et. Here, Et is the conditional expectation with respect the randomness of242

previous iterate xt. Specifically, up to constants, both setups allow the following bound:243

Et[et+1] ≤ (1− γµ)et −O(γ)(1−O(γ))(f(xt)− f∗) +O(γ)N(λ), (13)

where N(λ) = λ2‖∇f(θ)‖2 + γE
[
‖∇fξ(x∗)− λ∇fξ(θ)‖2

]
. Choosing the learning rate γ to be244

small enough, we ensure that the second term is non-positive and hence negligible in the upper bound.245

Part 2 (Optimal distillation weight). Next, we focus our attention on the third term in (13) involving246

the iteration-independent neighborhood term N(λ). Note that the O(γ) factor next to N(λ) will be247

absorbed once we unfold the recursion (13) up to initial iterate. Hence, the convergence neighborhood248

is proportional to N(λ). Now the question is how small this term can get if we properly tune249

the parameter λ. Notice that N(0) = γσ2
∗ corresponds to the neighborhood size for plain SGD250

without any distillation involved. Luckily, due to the quadratic dependence, we can minimize N(λ)251

analytically with respect to λ and find the optimal value252

λ∗ =
E[〈∇fξ(x∗),∇fξ(θ)〉]

E[‖∇fξ(θ)‖2]+ 1
γ ‖∇f(θ)‖2 . (14)

Consequently, the analysis puts further emphasis on the need for careful parametrization with respect253

to the weighting λ of the distillation loss as there exists a particularly privileged value λ∗.254
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Part 3 (Impact of the teacher). In the final step, we quantify the impact of the teacher on the reduction255

in the neighborhood term N(λ∗) compared to the plain SGD neighborhood N(0). Via algebraic256

transformations, we show that257

N(λ∗)
N(0) = 1− ρ2(x∗, θ) 1−β(θ)

1+ 1
γ β(θ)

, (15)

where β(θ) = ‖∇f(θ)‖2/E[‖∇fξ(θ)‖2] ∈ [0, 1] is the signal-to-noise ratio, and ρ(x∗, θ) ∈ [−1, 1]258

is the correlation coefficient between stochastic gradients∇fξ(x∗) and∇fξ(θ). This representation259

gives us analytical means to measure the impact of the teacher. For instance, the optimal teacher θ =260

x∗ satisfies ρ(x∗, θ) = 1 and β(θ) = 0, and thus N(λ∗) = 0. In general, if the teacher is not optimal,261

then the reduction (15) is of order 1
γO(f(θ)− f∗) and N(λ∗) = σ2

∗min(γ,O(f(θ)− f∗)).262

We discuss these results highlighting the key aspects and significance.263

• Structure of the rates. The structure of these two convergence rates is typical in gradient-based264

stochastic optimization literature: linear convergence up to some neighborhood controlled by the265

stochastic noise term σ2
∗ and learning rate γ. In fact, these results (including learning rate restrictions)266

are identical to ones for SGD [8] except the non-vanishing terms in (11) and (12) include an additional267

O(f(θ)− f∗) factor due to distillation and proper selection of weight parameter λ.268

• Importance of the results. First, observe that in the worst case when the teacher’s parameters269

are trained inadequately (or not trained at all), that is O(f(θ) − f∗) ≥ γ, then the obtained rates270

recover the known results for plain SGD. However, the crucial benefit of these results is to show that271

a sufficiently well-trained teacher, i.e. O(f(θ)− f∗) < γ, provably reduces the neighborhood size of272

SGD without slowing down the speed of convergence. In the best case scenario, when the teacher’s273

model is perfectly trained, namely f(θ) = f∗, then the neighborhood term vanishes, and the method274

converges to the exact solution (see SGD-star Algorithm 4 in [9]). Thus, self-distillation in the form275

of iterates (7) acts as a form of partial variance reduction, which can reduce the stochastic gradient276

noise, but may not eliminate it completely, depending on the properties of the teacher model.277

• Choice of distillation weight λ. As we discussed in the proof sketch above, our analysis reveals278

that the performance of distillation is optimized for a specific value (14) of distillation weight λ∗279

depending on the teacher model. One way to interpret the expression (14) for weight parameter280

intuitively is that the better the teacher’s model θ is, the bigger λ∗ ≤ 1 gets. In other words, λ∗281

quantifies the quality of the teacher: λ∗ ≈ 0 indicates a poor teacher model (f(θ)� f∗) and λ∗ = 1282

is for the optimal teacher (f(θ) = f∗).283

4.3. Experimental Validation. In this section we illustrate that our theoretical analysis in the convex284

case also holds empirically. Specifically, we consider classification problems using linear models in285

two different setups: training a linear model on the MNIST dataset [22] and linear probing on the286

CIFAR-10 dataset [21], using a ResNet50 model [12], pre-trained on the ImageNet dataset [39]. In287

both cases we train using SGD without momentum and regularization, with a fixed learning rate and288

mini-batch of size 10, for a total of 100 epochs. The models trained with SGD are compared against289

self-distillation (Equation 7), using the same training hyper-parameters, where the teacher is the290

model trained with SGD. In the case of CIFAR-10 features, we also consider the “optimal” teacher,291

which is a model trained with L-BFGS [25]. We perform all experiments using multiple values of the292

distillation parameter λ and measure the cross entropy loss between student and true labels. At each293

training epoch we computing the running average over all mini-batch losses seen during that epoch.294

The results presented in Figure 2 show the minimum cross entropy train loss obtained over 100295

epochs, as well as the average over the last 10 epochs, for models trained with SGD, as well as with296

self-distillation, with λ ∈ [0.01, 1]. We observe that when the teacher is the model trained with SGD297

(λ = 0), there exists a λ > 0 which achieves a lower training loss than SGD, which is in line with298

our statement from Theorem 1. Furthermore, when the teacher is very close to the optimum, λ closer299

to 1 reduces the training loss the most compared to SGD, which is also in line with the theory (see300

Theorem 1). This behavior is illustrated in Figure 2b, when using an L-BFGS teacher.301

5 Removing Bias and Improving Variance Reduction302

In this section, we investigate the cause of having variance reduction only partially and suggest a303

possible workaround to obtain complete variance reduction. In brief, the potential source of partial304

variance reduction is the biased nature of distillation. Essentially, distillation bias is reflected in the305

7



0.0 0.01 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Lambda

0.28

0.30

0.32

0.34

0.36

0.38

0.40

Tr
ai

n 
Lo

ss
 S

ta
ti

st
ic

s

(a) Self-distillation on MNIST.

0.0 0.01 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Lambda

0.14

0.16

0.18

0.20

Tr
ai

n 
Lo

ss
 S

ta
ti

st
ic

s L-BFGS teacher
SGD teacher

(b) Self-distillation on CIFAR-10.

Figure 2: The minimum training loss, and average over the last 10 epochs, for models trained with
SGD and with self-distillation, using different values of the distillation parameter λ, on MNIST and
CIFAR-10. SGD is equivalent to λ = 0. The curves for the SGD-based teachers (which do not have
zero loss) reflect our analysis, corroborating the existence of the “optimal” distillation weight. By
contrast, in the L-BFGS teacher, higher distillation weight always leads to lower loss.

iterates (7) since the expected update direction E [∇fξ(xt)− λ∇fξ(θ) | xt] = ∇f(xt) − λ∇f(θ)306

can be different from∇f(xt). This comes from the fact that distillation loss (4) modifies the initial307

loss (1) composed of true outputs. To make our argument compelling, next we correct the bias by308

adding λ∇f(θ) to iterates (7) and analyze the following dynamics:309

xt+1 = xt − γ(∇fξ(xt)− λ∇fξ(θ) + λ∇f(θ)). (16)

Besides making the estimate unbiased, the advantage of this adjustment is that no tuning is required310

for the distillation weight λ; we may simply set λ = 1. The obvious disadvantage is that ∇f(θ) is311

the batch gradient over the whole train data that can be very costly to compute. However, we could312

compute it once and reuse it for all further iterates. The resulting iteration is similar to the popular313

and well-studied SVRG [15, 53, 38, 19, 23, 20, 27] method, and therefore iterates (16) will enjoy314

full variance reduction.315

Theorem 3 (See Appendix D). Let Assumptions 2 and 3 hold. Then for any γ ≤ µ
3LL the iterates316

(16) with λ = 1 converge as317

Et [f(xt)− f∗] ≤ (1− γµ)t(f(x0)− f∗) + 3L(L+L)
µ · γ (f(θ)− f∗) . (17)

The key improvement that bias correction brings in (17) is the convergence up to a neighborhood
O(γ(f(θ) − f∗)) in contrast to min(γ,O(f(θ) − f∗)) as in (11) and (12). The multiplicative
dependence of learning rate and the quality of the teacher leads the method (16) to full variance
reduction. Indeed, if we choose the teacher model as θ = x0, then the rate (17) becomes

E [f(xt)− f∗] ≤ [(1− γµ)t + γ · 3L(L+ L)/µ] (f(x0)− f∗) ≤ 1
2 (f(x0)− f∗),

provided sufficiently small step-size γ ≤ µ
12LL and enough training iterations t = O(1/γµ). Hence,

following SVRG and updating the teacher model in every τ = O(1/γµ) training iterations, that is
choosing θm = xmτ as the teacher at the mth distillation iteration (see line 3 of Algorithm 1), we
have

E [f(xmτ )− f∗] ≤ 1
2 (f(x(m−1)τ )− f∗) ≤ 1

2m (f(x0)− f∗).
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Figure 3: The train loss of self-distillation, unbi-
ased self-distillation and vanilla SGD training.

Thus, we need O(log 1
ε ) bias-corrected distillation318

iteration phases, each with τ = O(1/γµ) training319

iterates, to get ε accuracy in function value. Overall,320

this amounts to O( 1
γµ log 1

ε ) iterations of (16).321

Experimental Validation. Similarly to the pre-322

vious section, we further validate empirically the323

result from Theorem 3. Specifically, we consider324

the convex setup described before, where we train325

linear models on features extracted on the CIFAR-326

10 dataset. Based on Figure 2b, we select λ = 0.4327

achieving the largest reduction in train loss, com-328

pared to SGD, and we additionally perform unbi-329

ased self-distillation (Equation 16), using the same330
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training hyperparameters. Similar to the setup from Figure 2, we measure the cross entropy train loss331

of the student and with the true labels, which is computed at each epoch by averaging the mini-batch332

losses. The results are averaged over three runs and presented in Figure 3; they show that, indeed,333

the unbiased self-distillation update further reduces the training loss, compared to the update from334

Equation 7.335

6 Convergence for Distillation of Compressed Models336

So far, the theory we have presented is for self-distillation, i.e., the teacher’s and student’s architectures337

are identical. To understand the impact of knowledge distillation, we relax this requirement and338

allow the student’s model to be a sub-network of the larger and more powerful teacher’s model. Our339

approach to model this relationship between the student and the teacher is to view the student as a340

masked or, in general, compressed version of the teacher. Hence, as an extension to (7) we analyze341

the following dynamics of distillation with compressed iterates:342

xt+1 = C(xt − γ(∇fξ(xt)− λ∇fξ(θ))), (18)

where student’s parameters are additionally compressed in each iteration using an unbiased compres-343

sion operator defined below.344

Assumption 4. The compression operator C : Rd → Rd is unbiased and there exists finite ω ≥ 0345

bounding the compression variance variance, i.e., for all x ∈ Rd we have346

E[C(x)] = x, E[‖C(x)− x‖2] ≤ ω ‖x‖2 . (19)

Typical examples of compression operators satisfying conditions (19) are sparsification [51, 43] and347

quantization [1, 52], which are heavily used in the context of communication efficient distributed348

optimization and federated learning [28, 41, 34, 49]. In this context, we obtain the following:349

Theorem 4 (See Appendix E). Let smoothness Assumption 3 hold and f be µ-strongly convex.350

Choose any γ ≤ 1
16L and compression operator with variance parameter ω = O(µ/L). Then,351

properly selecting distillation weight λ, the iterates (18) satisfy352

E
[
‖xt − x∗‖2

]
≤ O(ω + 1)

[
(1− γµ)t‖x0 − x∗‖2 + ωL

µ ‖x
∗‖2 +

σ2
∗
µ min (γ,O(f(θ)− f∗))

]
.

Clearly, there are several factors influencing the speed of the rate and the neighborhood of the353

convergence that require some discussion. First of all, choosing the identity map as a compression354

operator (C(x) = x for all x ∈ Rd), we recover the same rate (11) as before (ω = 0 in this case).355

Next, consider the case when the stochastic noise at the optimum vanishes (σ2
∗ = 0) and distillation356

is switched off (λ = 0) in (18). In this case, the convergence is still up to some neighborhood357

proportional to ‖x∗‖2 since compression is applied to the iterates. Intuitively, the neighborhood term358

O(‖x∗‖2) corresponds to the compression noise at the optimum x∗ ((19) when x = x∗). Also note359

that the presence of this non-vanishing term O(‖x∗‖2) and the variance restriction ω = O(µ/L) is360

consistent with the prior work [17].361

So, the convergence neighborhood of iterates (18) has two terms, one from each source of randomness:362

compression noise/variance O(‖x∗‖2) at the optimum and stochastic noise/variance O(σ2
∗) at the363

optimum. Therefore, in this case as well, distillation with a properly chosen weight parameter364

(partially) reduces the stochastic variance of sub-sampling.365

7 Discussion and Future Work366

Our work has provided a new interpretation of knowledge distillation, examining this mechanism for367

the first time from the point of view of optimization. Specifically, we have shown that knowledge368

distillation acts as a form of partial variance reduction, whose strength depends on the characteristics369

of the teacher model. This finding holds across several variants of distillation, such as self-distillation370

and distillation of compressed models, as well as across various families of objective functions. One371

interesting direction of future work would be to investigate further connections with more complex372

variance-reduction methods, e.g. [4], which may yield even better-performing variants of KD.373
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A Basic Facts and Inequalities553

To facilitate the reading of technical part of the work, here we present several standard inequalities554

and basic facts that we are going to use in the proofs.555

• Usually we need to bound the sum of two error terms by individual errors using the following556

simple bound557

‖a+ b‖2 ≤ 2 ‖a‖2 + 2 ‖b‖2 . (20)
A direct generalization of this inequality for arbitrary number of summation terms is the following558

one:559 ∥∥∥∥∥
n∑
i=1

ai

∥∥∥∥∥
2

≤ n
n∑
i=1

‖ai‖2 . (21)

This inequality can be seen as a special case of Jensen’s inequality for convex functions h : Rd → R,560

h

(
n∑
i=1

αixi

)
≤

n∑
i=1

αih(xi),

where xi ∈ Rd are any vectors and αi ∈ [0, 1] with
∑n
i=1 αi = 1. Then, (20) follows from Jensen’s561

inequality when h(x) = ‖x‖2 and α1 = · · · = αn = 1
n . A more general version of the Jensen’s562

inequality, from the perspective of probability theory, is563

h(Ez) ≤ Eh(z) (22)

for any convex function h and random vector z ∈ Rd.564

Another extension of (20), which we actually apply in that form, is Peter-Paul inequality given by565

〈a, b〉 ≤ 1

2s
‖a‖2 +

s

2
‖b‖2 , (23)

for any positive s > 0. Then, (20) is the special case of (23) with s = 1.566

• Typically, a function f is called L-smooth if its gradient is Lipschitz continuous with Lipschitz567

constant L ≥ 0, namely568

‖∇f(x)−∇f(y)‖ ≤ L ‖x− y‖ , (24)

In particular, smoothness inequality (24) implies the following quadratic upper bound [32]:569

f(y) ≤ f(x) + 〈∇f(x), y − x〉+
L

2
‖y − x‖2 , (25)

for all points x, y ∈ Rd. If the function f is additionally convex, then the following lower bound570

holds too:571

f(y) ≥ f(x) + 〈∇f(x), y − x〉+
1

2L
‖∇f(y)−∇f(x)‖2 . (26)

• As we mentioned in the main part of the paper, function f is called µ-strongly convex if the572

following inequality holds573

f(y) ≥ f(x) + 〈∇f(x), y − x〉+
µ

2
‖y − x‖2 , (27)

for all points x, y ∈ Rd. Recall that strong quasi-convexity assumption (1) is the special case of (27)574

when y = x∗. In other words, strong convexity (27) implies strong quasi-convexity (1). Continuing575

this chain of conditions, strong quasi-convexity (1) implies PL condition (9), which, in turn, implies576

the so-called Quadratic Growth condition given below577

f(x)− f∗ ≥ µ

8
‖x− x∗‖2, (28)

for all x ∈ Rd. Derivations of these implications and relationship with other conditions can be found578

in [16].579

• As many analyses with linear or exponential convergence speed, our analysis also uses a very580

standard transformation from a single-step recurrence relation to convergence inequality. Specifically,581

assume we have the following recursion for et, t = 0, 1, 2, . . . :582
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et+1 ≤ (1− η)et +N,

with constants η ∈ (0, 1] and N ≥ 0. Then, repeated application of the above recursion gives583

et ≤ (1− η)te0 + (1− η)t−1N + (1− η)t−2N + · · ·+ (1− η)0N

≤ (1− η)te0 +N

∞∑
j=0

(1− η)j = (1− η)te0 +
N

η
. (29)

• If z ∈ Rd is a random vector and x ∈ Rd is fixed (or has randomness independent of z), then the584

following decomposition holds:585

E
[
‖x+ z‖2

]
= ‖x‖2 + E

[
‖z‖2

]
(30)

B Proofs for Section 3586

For the sake of presentation, we first consider binary logistic regression problem as a special case of587

multi-class classification.588

B.1 Binary Logistic Regression589

In this case we have d-dimensional input vectors an ∈ Rd with their binary true labels bn ∈ B = [0, 1],
predictor φx(a) = σ(x>a) ∈ (0, 1) with parameters x ∈ P = Rd+1 and lifted input vector
a = [a 1]> ∈ Rd+1 (to avoid additional notation for the bias terms), where σ(t) = 1

1+e−t , t ∈ R is
the sigmoid function. Besides, the loss is given by the cross entropy loss below

`(p, q) = H
([ q

1−q
]
,
[ p

1−p
])

= −q log p− (1− q) log(1− p), p, q ∈ [0, 1].

Based on (2) and (3), we have590

fn(x | θ, λ) = (1− λ)fn(x) + λfn(x | θ)
= (1− λ)`(φx(an), bn) + λ`(φx(an), φθ(an))

= `(φx(an), (1− λ)bn + λφθ(an))

= `(σ(x>an), (1− λ)bn + λσ(θ>an)) = `(σ(x>an), sn)

= sn log
(

1 + e−x
>an
)

+ (1− sn) log
(

1 + ex
>an
)
,

where sn = (1 − λ)bn + λσ(θ>an) are the soft labels. Notice that fn(x | θ, λ = 0) = fn(x).591

Next, we derive an expression for the stochastic gradient for the above objective, namely the gradient592

∇xfn(x | θ, λ) of the loss associated with nth data point (an, bn).593

∇x
[
sn log

(
1 + e−x

>an
)]

= −sn
e−x

>an

1 + e−x>an
ān = −snσ(−x>an) ān,

∇x
[
(1− sn) log

(
1 + ex

>an
)]

= (1− sn)
ex
>an

1 + ex>an
ān = (1− sn)σ(x>an) ān.

Hence, using the identity σ(t) + σ(−t) = 1 for the sigmoid function, we get594

∇xfn(x | θ, λ) =
[
−sn(1− σ(x>an)) + (1− sn)σ(x>an)

]
ān

=
[
σ(x>an)− sn

]
ān

=
[
σ(x>an)− (1− λ)bn − λσ(θ>an)

]
ān

=
(
σ(x>an)− bn

)
ān − λ

(
σ(θ>an)− bn

)
ān = ∇fn(x)− λ∇fn(θ).

Thus, the distillation gradient for binary logistic regression tasks the same form as (5).595
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B.2 Multi-class Classification with Soft-max596

Now we extend the above steps for multi-class problem. Here we consider a K-classification model
with one hidden layer that has soft-max as the last layer, i.e., the forward pass has the following steps:

an → X>an → φX(an) := σ(X>an) ∈ RK ,

where X = [x1 x2 . . . xK ] ∈ Rd×K are the student’s model parameters, an ∈ A = Rd is the input597

data and σ is the soft-max function (as a generalization of sigmoid function). Then we simplify the598

loss599

fn(X | Θ, λ) = (1− λ)fn(X) + λfn(X | Θ)

= (1− λ)`(φX(an), bn) + λ`(φX(an), φΘ(an))

= `(φX(an), (1− λ)bn + λφΘ(an))

= `(σ(X>an), sn)

= −
K∑
k=1

sn,k log σ(X>an)k = −
K∑
k=1

sn,k log
ex
>
k an∑K

j=1 e
x>j an

=

K∑
k=1

sn,k

log

K∑
j=1

ex
>
j an − log ex

>
k an

 =

K∑
k=1

sn,k log

K∑
j=1

ex
>
j an −

K∑
k=1

sn,k log ex
>
k an

= log

K∑
k=1

ex
>
k an −

K∑
k=1

sn,k log ex
>
k an = log

K∑
k=1

ex
>
k an −

K∑
k=1

sn,kx
>
k an,

where sn = (1 − λ)bn + λφΘ(an) ∈ RK are the soft labels. Next, we derive an expression for600

the stochastic gradient for the above objective, namely the gradient ∇xkfn(X | Θ, λ) of the loss601

associated with nth data point (an, bn).602

∇xkfn(X | Θ, λ) = ∇xk

[
log

K∑
k=1

ex
>
k an −

K∑
k=1

sn,kx
>
k an

]
=

ex
>
k an∑K

i=1 e
x>i an

an − sn,kan

=
(
σ(X>an)− sn

)
k
an =

(
σ(X>an)− bn

)
k
an − λ

(
σ(Θ>an)− bn

)
an

= ∇xkfn(X)− λ∇θkfn(Θ).

Again, we get the same expression (5) for the distillation gradient

∇Xfn(X | Θ, λ) = ∇Xfn(X)− λ∇Θfn(Θ).

B.3 Generic Non-linear Classification603

Finally, consider arbitrary classification model that ends with linear layer and soft-max as the last
layer, i.e., the forward pass has the following steps

an → ψn(x)→ φx(an) := σ(ψn(x)) ∈ RK ,

where an ∈ A = Rd is the input data and ψn(x) ∈ RK are the logits with respect to the model604

parameters x. Denote ϕn(z) := `(σ(z), bn) the loss associated with logits z and the true label bn.605

In words, ψn gives the logits from the input data, while ϕn gives the loss from given logits. Then,606

clearly we have the following representation for the loss function fn(x) = ϕn(ψn(x)). Next, let us607
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simplify the distillation loss as608

fn(x | θ, λ) = (1− λ)fn(x) + λfn(x | θ)
= (1− λ)`(φx(an), bn) + λ`(φx(an), φθ(an))

= `(φx(an), (1− λ)bn + λφθ(an))

= `(σ(ψn(x), (1− λ)bn + λσ(ψn(θ)))

= `(σ(ψn(x), sn)

= −
K∑
k=1

sn,k log σ(ψn(x))k = −
K∑
k=1

sn,k log
eψn,k(x)∑K
j=1 e

ψn,j(x)

=

K∑
k=1

sn,k

log

K∑
j=1

eψn,j(x) − ψn,k(x)


=

K∑
k=1

sn,k log

K∑
j=1

eψn,j(x) −
K∑
k=1

sn,kψn,k(x)

= log

K∑
k=1

eψn,k(x) −
K∑
k=1

sn,kψn,k(x),

where sn = (1− λ)bn + λφθ(an). Now we need to differentiate obtained expression and derive an609

expression for the stochastic gradient for the above objective, namely the gradient∇xfn(x | θ, λ) of610

the loss associated with nth data point (an, bn). Applying the gradient operator, we get611

∇xfn(x | θ, λ) = ∇x

[
log

K∑
k=1

eψn,k(x) −
K∑
k=1

sn,kψn,k(x)

]

=

K∑
k=1

eψn,k(x)∑K
j=1 e

ψn,j(x)
∇xψn,k(x)−

K∑
k=1

sn,k∇xψn,k(x)

=

K∑
k=1

(σ(ψn(x))− sn)k∇xψn(x)

= Jψn(x) (σ(ψn(x))− sn) ,

where

Jψn(x) :=
∂ψn(x)

∂x
= [∇ψn,1(x) ∇ψn,2(x) . . .∇ψn,K(x)] ∈ Rd×K

is the Jacobian of vector-valued function ψn : Rd → RK . From the derivation so far we imply that612

σ(ψn(x))− sn = (σ(ψn(x))− bn)− λ (σ(ψn(θ))− bn) = ∇ϕn(ψn(x))− λ∇ϕn(ψn(θ)).

Taking into account that fn(x) = ϕn(ψn(x)), we show the following form for the distilled gradient613

∇xfn(x | θ, λ) = Jψn(x) (∇ϕn(ψn(x))− λ∇ϕn(ψn(θ)))

=
∂ψn(x)

∂x

∂fn(x)

∂ψn(x)
− λ∂ψn(x)

∂x

∂fn(θ)

∂ψn(θ)
.
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C Proofs for Section 4614

Before we proceed to the proofs of Theorems 1 and 2, we prove a key lemma that will be useful in615

both proofs. The lemma we are about to present covers Part 2 (Optimal distillation weight) and Part616

3 (Impact of the teacher) of the proof overview discussed in the main content.617

C.1 Key lemma618

To simplify the expressions in our proofs, let us introduce some notation describing stochastic619

gradients. Denote the signal-to-noise ratio with respect to parameters θ by620

β(θ) :=
‖∇f(θ)‖2

E [‖∇fξ(θ)‖2]
∈ [0, 1], (31)

and correlation coefficient between stochastic gradients∇fξ(x) and ∇fξ(y) by621

ρ(x, y) :=
Cov(x, y)

Var(x)Var(y)
∈ [−1, 1], (32)

where622

Cov(x, y) := E [〈∇fξ(x)−∇f(x),∇fξ(y)−∇f(y)〉] , Var(x) :=
√

Cov(x, x),

are the covariance and variance respectively.623

Lemma 1. Let N(λ) = λ2‖∇f(θ)‖2 + cγE
[
‖∇fξ(x∗)− λ∇fξ(θ)‖2

]
for some constant c ≥ 0.624

Then, the optimal λ that minimizes N(λ) is given by625

λ∗ =
E [〈∇fξ(x∗),∇fξ(θ)〉]

E [‖∇fξ(θ)‖2] + 1
cγ ‖∇f(θ)‖2

. (33)

Moreover,

N(λ∗)

N(0)
= 1− ρ2(x∗, θ)

1− β(θ)

1 + 1
cγβ(θ)

≤ min

(
1,O

(
1

γ
(f(θ)− f∗)

))
.

Proof. Notice that N(λ) is quadratic in λ and using the first-order optimality condition, we conclude

d

dλ
N(λ) = 2λ‖∇f(θ)‖2 + cγ

(
−2E [〈∇fξ(x∗),∇fξ(θ)〉] + 2λE

[
‖∇fξ(θ)‖2

])
= 0,

we get (33). Furthermore, plugging the expression of λ∗ into N(λ), we get626

N(λ∗) = cγ

(
λ2
∗
cγ
‖∇f(θ)‖2 + E

[
‖∇fξ(x∗)‖2

]
− 2λ∗E [〈∇fξ(x∗),∇fξ(θ)〉] + λ2

∗E
[
‖∇fξ(θ)‖2

])
= cγ

(
E
[
‖∇fξ(x∗)‖2

]
− 2λ∗E [〈∇fξ(x∗),∇fξ(θ)〉] + λ2

∗

(
E
[
‖∇fξ(θ)‖2

]
+

1

cγ
‖∇f(θ)‖2

))
= cγ

(
E
[
‖∇fξ(x∗)‖2

]
− (E [〈∇fξ(x∗),∇fξ(θ)〉])2

E [‖∇fξ(θ)‖2] + 1
cγ ‖∇f(θ)‖2

)

= cγE
[
‖∇fξ(x∗)‖2

]1− (E [〈∇fξ(x∗),∇fξ(θ)〉])2(
E [‖∇fξ(θ)‖2] + 1

cγ ‖∇f(θ)‖2
)

(E [‖∇fξ(x∗)‖2])

 .

Note that N(0) = cγσ2
∗. From E [∇fξ(x∗)] = ∇f(x∗) = 0, we imply that

Cov(x∗, θ) = E [〈∇fξ(x∗),∇fξ(θ)−∇f(θ)〉] = E [〈∇fξ(x∗),∇fξ(θ)〉] ,

and therefore627

ρ(x∗, θ) =
E [〈∇fξ(x∗),∇fξ(θ)〉]√

E [‖∇fξ(x∗)‖2]
√

E [‖∇fξ(θ)‖2]− ‖∇f(θ)‖2
.
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Now we can simplify the expression for N(λ∗) as follows628

N(λ∗)

N(0)
= 1− (E [〈∇fξ(x∗),∇fξ(θ)〉])2(

E [‖∇fξ(θ)‖2] + 1
cγ ‖∇f(θ)‖2

)
(E [‖∇fξ(x∗)‖2])

= 1− (E [〈∇fξ(x∗),∇fξ(θ)〉])2

(E [‖∇fξ(θ)‖2]− ‖∇f(θ)‖2) (E [‖∇fξ(x∗)‖2])

E
[
‖∇fξ(θ)‖2

]
− ‖∇f(θ)‖2

E [‖∇fξ(θ)‖2] + 1
cγ ‖∇f(θ)‖2

= 1− ρ2(x∗, θ)
1− β(θ)

1 + 1
cγβ(θ)

.

Here, ρ(x∗, θ) is the correlation coefficient between stochastic gradients at x∗ and θ. Hence, we629

showed with tuned distillation weight the neighborhood can shrink by some factor depending630

on the teacher’s parameters. In the extreme case when the teacher θ = x∗ is optimal, we have631

ρ(x∗, θ) = 1, β(θ) = 0 and, thus, no neighborhood N(λ∗) = 0. This hints us on the fact that the632

reduction factor N(λ∗)/N(0) of the neighborhood is controlled by the “quality” of the teacher.633

To make this argument rigorous, consider the teacher’s model to be away from the optimal solution634

x∗ within the limit described by the following inequality635

f(θ)− f∗ ≤ σ(x∗)σ(θ)

L
, (34)

where σ2(x) := E
[
‖∇fξ(x)‖2

]
is the second moment of the stochastic gradients. Without loss of636

generality, we assume that σ2(x) > 0 for all parameter choices x ∈ Rd: otherwise we have σ2
∗ = 0637

and even plain SGD ensures full variance reduction. Then, we can simplify the reduction factor as638

1− ρ2(x∗, θ)
1− β(θ)

1 + 1
cγβ(θ)

= 1− (E [〈∇fξ(x∗),∇fξ(θ)〉])2

E [‖∇fξ(θ)‖2]E [‖∇fξ(x∗)‖2]

1

1 + 1
cγβ(θ)

= 1−

(
σ2(θ) + σ2(x∗)− E

[
‖∇fξ(x∗)−∇fξ(θ)‖2

]
2σ(θ)σ(x∗)

)2
1

1 + 1
cγβ(θ)

= 1−

(
σ2(θ) + σ2(x∗)

2σ(θ)σ(x∗)
−

E
[
‖∇fξ(x∗)−∇fξ(θ)‖2

]
2σ(θ)σ(x∗)

)2
1

1 + 1
cγβ(θ)

(10)+(34)
≤ 1−

(
1− L(f(θ)− f∗)

σ(θ)σ(x∗)

)2
1

1 + 2L
cγ

f(θ)−f∗
σ2(θ)

≤
(

2 +
2L

cγL
σ(x∗)

σ(θ)

)
L(f(θ)− f∗)
σ(θ)σ(x∗)

=

(
2L

σ(x∗)σ(θ)
+

1

cγ

2L

σ2(θ)

)
(f(θ)− f∗) = O

(
1

γ
(f(θ)− f∗)

)
,

where the last inequality used 1− (1−u)2

1+uv ≤ (2 + v)u for all u, v ≥ 0.639

C.2 Proof of Theorem 1640

Denote by Et [ · ] := E [ · | xt] the conditional expectation with respect to xt. Then, we start641

bounding the error using the update rule (7).642
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Et
[
‖xt+1 − x∗‖2

]
= ‖xt − x∗‖2 − 2γ

〈
xt − x∗,∇f(xt)− λ∇f(θ)

〉
+ γ2Et

[
‖∇fξ(xt)− λ∇fξ(θ)‖2

]
= ‖xt − x∗‖2 − 2γ

〈
xt − x∗,∇f(xt)

〉
+ 2γλ

〈
xt − x∗,∇f(θ)

〉
+ γ2Et

[
‖∇fξ(xt)− λ∇fξ(θ)‖2

]
(1)+(20)
≤ (1− γµ)‖xt − x∗‖2 − 2γ(f(xt)− f(x∗)) + 2γλ

〈
xt − x∗,∇f(θ)

〉
+ 2γ2Et

[
‖∇fξ(xt)−∇fξ(x∗)‖2

]
+ 2γ2E

[
‖∇fξ(x∗)− λ∇fξ(θ)‖2

]
(28)+(23)
≤ (1− γµ)‖xt − x∗‖2 − γ(f(xt)− f(x∗))− γµ

8
‖xt − x∗‖2 +

γµ

8

∥∥xt − x∗∥∥2
+

8γ

µ
λ2 ‖∇f(θ)‖2

+ 2γ2Et
[
‖∇fξ(xt)−∇fξ(x∗)‖2

]
+ 2γ2E

[
‖∇fξ(x∗)− λ∇fξ(θ)‖2

]
(3)
≤ (1− γµ)‖xt − x∗‖2 − γ(f(xt)− f(x∗)) +

8γ

µ
λ2‖∇f(θ)‖2

+ 4γ2L(f(xt)− f(x∗)) + 2γ2E
[
‖∇fξ(x∗)− λ∇fξ(θ)‖2

]
= (1− γµ)‖xt − x∗‖2 − γ (1− 4γL) (f(xt)− f(x∗))

+
8γ

µ
λ2‖∇f(θ)‖2 + 2γ2E

[
‖∇fξ(x∗)− λ∇fξ(θ)‖2

]
≤ (1− γµ)‖xt − x∗‖2 +

8γ

µ
λ2‖∇f(θ)‖2 + 2γ2E

[
‖∇fξ(x∗)− λ∇fξ(θ)‖2

]
,

where we used Peter-Paul inequality (23) with parameter s = 8
µ and the step-size bound γ ≤ 1

4L in643

the last inequality. Applying full expectation and unrolling the recursion, we get644

E
[
‖xt − x∗‖2

]
≤ (1− γµ)E

[
‖xt−1 − x∗‖2

]
+

8γ

µ
λ2‖∇f(θ)‖2 + 2γ2E

[
‖∇fξ(x∗)− λ∇fξ(θ)‖2

]
(29)
≤ (1− γµ)t‖x0 − x∗‖2 +

8λ2

µ2
‖∇f(θ)‖2 +

2γ

µ
E
[
‖∇fξ(x∗)− λ∇fξ(θ)‖2

]
= (1− γµ)t‖x0 − x∗‖2 +

8

µ2
N1(λ), (35)

where N1(λ) := λ2‖∇f(θ)‖2 + γµ
4 E

[
‖∇fξ(x∗)− λ∇fξ(θ)‖2

]
. Applying Lemma 1 with c = µ/4,645

we imply that for some λ = λ∗ the neighborhood size is646

N1(λ∗)
Lemma 1
≤ N1(0) ·min

(
1,O

(
1

γ
(f(θ)− f∗)

))
=
µσ2
∗

4
·min (γ,O(f(θ)− f∗)) .

Plugging the above bound of N1 into (35) completes the proof.647
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C.3 Proof of Theorem 2648

We start the recursion from the L-smoothness condition of f . As before, Et denotes conditional649

expectation with respect to xt.650

Et
[
f(xt+1)− f∗

]
(25)
≤

(
f(xt)− f∗

)
− γ

〈
∇f(xt),∇f(xt)− λ∇f(θ)

〉
+
Lγ2

2
Et
[
‖∇fξ(xt)− λ∇fξ(θ)‖2

]
(20)
≤

(
f(xt)− f∗

)
− γ‖∇f(xt)‖2 + γλ

〈
∇f(xt),∇f(θ)

〉
+ Lγ2Et

[
‖∇fξ(xt)−∇fξ(x∗)‖2

]
+ Lγ2E

[
‖∇fξ(x∗)− λ∇fξ(θ)‖2

]
(9)+(23)
≤ (1− γµ)

(
f(xt)− f∗

)
− γ

4
‖∇f(xt)‖2 − γµ

2

(
f(xt)− f∗

)
+
γ

4
‖∇f(xt)‖2 + γλ2‖∇f(θ)‖2

+ Lγ2Et
[
‖∇fξ(xt)−∇fξ(x∗)‖2

]
+ Lγ2Et

[
‖∇fξ(x∗)− λ∇fξ(θ)‖2

]
(10)
≤ (1− γµ)

(
f(xt)− f∗

)
− γµ

2

(
f(xt)− f∗

)
+ γλ2‖∇f(θ)‖2

+ 2LLγ2
(
f(xt)− f∗

)
+ Lγ2Et

[
‖∇fξ(x∗)− λ∇fξ(θ)‖2

]
= (1− γµ)

(
f(xt)− f∗

)
− γµ

2

(
1− γ 4LL

µ

)(
f(xt)− f∗

)
+ γλ2‖∇f(θ)‖2 + Lγ2E

[
‖∇fξ(x∗)− λ∇fξ(θ)‖2

]
≤ (1− γµ)

(
f(xt)− f∗

)
+ γλ2‖∇f(θ)‖2 + Lγ2E

[
‖∇fξ(x∗)− λ∇fξ(θ)‖2

]
,

where in the last inequality we used step-size bound γ ≤ 1
4L

µ
L . Applying full expectation and651

unrolling the recursion, we get652

E
[
f(xt)− f∗

]
≤ (1− γµ)E

[
f(xt−1)− f∗‖2

]
+ γλ2‖∇f(θ)‖2 + Lγ2E

[
‖∇fξ(x∗)− λ∇fξ(θ)‖2

]
(29)
≤ (1− γµ)t

(
f(x0)− f∗

)
+
λ2

µ
‖∇f(θ)‖2 +

Lγ

µ
E
[
‖∇fξ(x∗)− λ∇fξ(θ)‖2

]
= (1− γµ)t

(
f(x0)− f∗

)
+

1

µ
N2(λ), (36)

where N2(λ) := λ2‖∇f(θ)‖2 + LγE
[
‖∇fξ(x∗)− λ∇fξ(θ)‖2

]
. Similar to the previous case, we

applying Lemma 1 with c = L and conclude that for some λ = λ∗ the neighborhood size is

N2(λ∗)
Lemma 1
≤ N2(0) ·min

(
1,O

(
1

γ
(f(θ)− f∗)

))
= Lσ2

∗ ·min (γ,O(f(θ)− f∗)) .

Plugging the above bound of N2 into (36) completes the proof.653

D Proofs for Section 5654

D.1 Proof of Theorem 3655

Again, we start the recursion from the smoothness condition of f .656

Et
[
f(xt+1)− f∗

]
(25)
≤

(
f(xt)− f∗

)
− γ

〈
∇f(xt),∇f(xt)

〉
+
Lγ2

2
Et
[
‖∇fξ(xt)−∇fξ(θ) +∇f(θ)‖2

]
(21)
≤

(
f(xt)− f∗

)
− γ‖∇f(xt)‖2

+
3

2
Lγ2Et

[
‖∇fξ(xt)−∇fξ(x∗)‖2

]
+

3

2
Lγ2E

[
‖∇fξ(θ)−∇fξ(x∗)‖2

]
+

3

2
Lγ2‖∇f(θ)‖2

(9)+(10)
≤ (1− γµ)

(
f(xt)− f∗

)
− γµ

(
f(xt)− f∗

)
+ 3LLγ2

(
f(xt)− f∗

)
+ 3LLγ2 (f(θ)− f∗) + 3L2γ2(f(θ)− f∗)

≤ (1− γµ)
(
f(xt)− f∗

)
+ 3L(L+ L)γ2 (f(θ)− f∗) ,

22



where we used step-size bound γ ≤ µ
3LL in the last step. Therefore,657

E
[
f(xt)− f∗

]
≤ (1− γµ)E

[
f(xt)− f∗

]
+ 3L(L+ L)γ2 (f(θ)− f∗)

(29)
≤ (1− γµ)t(f(x0)− f∗) +

3L(L+ L)

µ
· γ (f(θ)− f∗) ,

which concludes the proof.658

E Proofs for Section 6659

First, we break the update rule (18) into two parts by introducing an auxiliary model parameters660

yt ∈ Rd:661

yt+1 = xt − γ(∇fξ(xt)− λ∇fξ(θ)),
xt+1 = C(yt+1).

Without loss of generality, we assume that initialization satisfies x0 = y0 = C(y0). Then, for all662

t ≥ 0 we have xt = C(yt) and the update rule of yt+1 can be written recursively without xt via663

yt+1 = C(yt)− γ(∇fξ(C(yt))− λ∇fξ(θ)). (37)

Using unbiasedness of the compression operator C, we decompose the error664

E
[∥∥xt − x∗∥∥2

]
(30)
= E

[∥∥xt − yt∥∥2
]

+ E
[∥∥yt − x∗∥∥2

]
= E

[∥∥C(yt)− yt∥∥2
]

+ E
[∥∥yt − x∗∥∥2

]
(19)
≤ ωE

[∥∥yt∥∥2
]

+ E
[∥∥yt − x∗∥∥2

]
(20)
≤ (2ω + 1)E

[∥∥yt − x∗∥∥2
]

+ 2ω ‖x∗‖2 . (38)

Thus, our goal would be to analyze iterates (37) and derive the rate for xt. In fact, the special case of665

(37) was analyzed by [17] in the non-stochastic case and without distillation (λ = 0). The analysis666

we provide here for (37) is based on [17], and from this perspective, our analysis can be seen as an667

extension of their analysis.668

To avoid another notation for the expected smoothness constant (see Assumption 3), analogous to669

(24) we assume that L also satisfies the following smoothness inequality:670

E
[
‖∇fξ(x)−∇fξ(y)‖2

]
≤ L2‖x− y‖2. (39)

E.1 Five Lemmas671

First, we need to upper bound the compression error by function suboptimality. Denote δ(x) :=672

C(x)−x. Let Eδ and Eξ be the expectations with respect to the compression operator C and sampling673

ξ respectively.674

Lemma 2 (Lemma 1 in [17]). Let α = 2ω
µ and ν = 2ω‖x∗‖2. For all x ∈ Rd we have675

Eδ ‖δ(x)‖2 ≤ 2α (f(x)− f(x∗)) + ν, (40)

Proof. From (20) we imply ‖x‖2 ≤ 2‖x− x∗‖2 + 2‖x∗‖2, and from µ-strong convexity condition
(27) we get ‖x− x∗‖2 ≤ 2

µ (f(x)− f(x∗)). Putting these inequalities together, we arrive at

Eδ ‖δ(x)‖2 ≤ ω‖x‖2 ≤ 2ω‖x− x∗‖2 + 2ω‖x∗‖2 ≤ 4ω

µ
(f(x)− f(x∗) + 2ω‖x∗‖2.

676
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Lemma 3. For all x, y ∈ Rd we have677

E‖∇fξ(x+ δ(x))−∇fξ(y)‖2 ≤ L2
(
‖x− y‖2 + E‖δ(x)‖2

)
, (41)

678

f(x) ≤ Ef(x+ δ(x)) ≤ f(y) + 〈∇f(y), x− y〉+
L

2
‖x− y‖2 +

L

2
E‖δ(x)‖2. (42)

Proof. Fix x and let δ = δ(x). Inequality (41) follows from Lipschitz continuity of the gradient,679

applying expectation and using (19):680

E‖∇fξ(x+ δ)−∇fξ(y)‖2
(39)
≤ L2Eδ‖x+ δ − y‖2 (19)+(30)

= L2
(
‖x− y‖2 + Eδ‖δ‖2

)
.

The first inequality in (42) follows by applying Jensen’s inequality (22) and using (19). Since f is681

L–smooth, we have682

Ef(x+ δ)
(25)
≤ Ef(y) + 〈∇f(y), x+ δ − y〉+

L

2
‖x+ δ − y‖2

(19)+(30)
= f(y) + 〈∇f(y), x− y〉+

L

2
‖x− y‖2 +

L

2
E‖δ‖2.

683

Lemma 4. For all x, y ∈ Rd it holds684

Eδ
∥∥∥∥δ(x)

γ
−∇fξ(x+ δ(x)) + λ∇fξ(θ)

∥∥∥∥2

≤ 2 ‖∇fξ(y)− λ∇fξ(θ)‖2 + 2L2 ‖x− y‖2 + 2

(
L2 +

1

γ2

)
Eδ‖δ(x)‖2. (43)

Proof. Fix x, and let δ = δ(x). Then for every y ∈ Rd we can write685

Eδ
∥∥∥∥ δγ −∇fξ(x+ δ) + λ∇fξ(θ)

∥∥∥∥2

= Eδ
∥∥∥∥ δγ ±∇fξ(y)−∇fξ(x+ δ) + λ∇fξ(θ)

∥∥∥∥2

(20)
≤ 2Eδ

∥∥∥∥ δγ −∇fξ(y) + λ∇fξ(θ)
∥∥∥∥2

+ 2Eδ‖∇fξ(y)−∇fξ(x+ δ)‖2

(41)
≤ 2

γ2
Eδ‖δ‖2 −

2

γ
Eδ〈δ,∇fξ(y)− λ∇fξ(θ)〉+ ‖∇fξ(y)− λ∇fξ(θ)‖2 + 2L2

(
‖x− y‖2 + Eδ‖δ‖2

)
(19)
=

2

γ2
Eδ‖δ‖2 + 2 ‖∇fξ(y)− λ∇fξ(θ)‖2 + 2L2

(
‖x− y‖2 + Eδ‖δ‖2

)
.

686

The next lemma generalizes the strong convexity inequality (27) (special case of δ(x) ≡ 0).687

Lemma 5. If f is L-smooth and µ-strongly convex, then for all x, y ∈ Rd, it holds688

f(y) ≥ f(x) + 〈E [∇f(x+ δ)] , y − x〉+
µ

2
‖y − x‖2 − L− µ

2
E‖δ(x)‖2. (44)

Proof. Fix x and let δ = δ(x). Using (27) with x← x+ δ, we get

f(y) ≥ f(x+ δ) + 〈∇f(x+ δ), y − x− δ〉+
µ

2
‖y − x− δ‖2 .

Applying expectation and (30), we get689

f(y) ≥ Ef(x+ δ) + E〈∇f(x+ δ), y − x〉 − E〈∇f(x+ δ), δ〉+
µ

2
‖y − x‖2 +

µ

2
E‖δ‖2.
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It remains to bound the term−E〈∇f(x+ δ), δ〉, which can be done usingL-smoothness and applying690

expectation as follows:691

−E〈∇f(x+ δ), δ〉
(25)
≥ E

[
f(x)− f(x+ δ)− L

2
‖δ‖2

]
= f(x)− Ef(x+ δ)− L

2
E‖δ‖2.

692

Lemma 6. Denote A = 2L +
(
L2 + 1

γ2

)
α and B =

(
L+ 1

γ2

)
ν, where α, ν are defined in693

Lemma 2. Then694

E
∥∥∥∥δ(x)

γ
−∇fξ(x+ δ(x)) + λ∇fξ(θ)

∥∥∥∥2

≤ 4A(f(x)− f(x∗)) + 2B + 4E‖∇fξ(x∗)− λ∇fξ(θ)‖2, (45)

Proof. Using (43) with y = x, we get695

E
∥∥∥∥δ(x)

γ
−∇fξ(x+ δ(x)) + λ∇fξ(θ)

∥∥∥∥2

(43)
≤ 2E‖∇fξ(x)− λ∇fξ(θ)‖2 + 2

(
L2 +

1

γ2

)
E‖δ(x)‖2

(20)+(26)+(40)
≤ 8L(f(x)− f(x∗)) + 4E‖∇fξ(x∗)− λ∇fξ(θ)‖2 + 2

(
L2 +

1

γ2

)
(2α(f(x)− f(x∗)) + ν)

= 4

(
2L+

(
L2 +

1

γ2

)
α

)
(f(x)− f(x∗)) + 2

(
L2 +

1

γ2

)
ν + 4E‖∇fξ(x∗)− λ∇fξ(θ)‖2.

696

E.2 Proof of Theorem 4697

Denoting δt = δ(yt) we have C(yt) = yt + δt). Then698

∥∥yt+1 − x∗
∥∥2

=
∥∥C(yt)− γ∇fξ(C(yt)) + γλ∇fξ(θ)− x∗

∥∥2

=
∥∥yt − x∗ + δt − γ∇fξ(yt + δt) + γλ∇fξ(θ)

∥∥2

=
∥∥yt − x∗∥∥2

+ 2〈δt − γ∇fξ(yt + δt) + γλ∇fξ(θ), yt − x∗〉+
∥∥δt − γ∇fξ(yt + δt) + γλ∇fξ(θ)

∥∥2
.
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Taking conditional expectation Et := E [· | yt], we get699

Et
[∥∥yt+1 − x∗

∥∥2
]

=
∥∥yt − x∗∥∥2

+ 2γ〈Et
[
∇f(yt + δt)

]
− λ∇f(θ), x∗ − yt〉+ Et

[∥∥δt − γ∇fξ(yt + δt) + γλ∇fξ(θ)
∥∥2
]

(44)
≤

∥∥yt − x∗∥∥2
+ 2γ

[
f(x∗)− f(yt)− µ

2

∥∥yt − x∗∥∥2
+
L− µ

2
Et
∥∥δt∥∥2

]
+ 2γλ〈∇f(θ), yt − x∗〉

+γ2Et
∥∥∥∥δtγ −∇fξ(yt + δt) + λ∇fξ(θ)

∥∥∥∥2

= (1− γµ)
∥∥yt − x∗∥∥2 − 2γ(f(yt)− f(x∗)) + γ(L− µ)Et

∥∥δt∥∥2
+ 2γλ〈∇f(θ), yt − x∗〉

+γ2Et
∥∥∥∥δtγ −∇fξ(yt + δt) + λ∇fξ(θ)

∥∥∥∥2

(27)+(23)
≤ (1− γµ)

∥∥yt − x∗∥∥2 − γ(f(yt)− f(x∗))− γµ

2

∥∥yt − x∗∥∥2
+ γ(L− µ)Et

∥∥δt∥∥2

+
γµ

2

∥∥yt − x∗∥∥2
+

2γλ2

µ
‖∇f(θ)‖2 + γ2Et

∥∥∥∥δtγ −∇fξ(yt + δt) + λ∇fξ(θ)
∥∥∥∥2

(45)
≤ (1− γµ)

∥∥yt − x∗∥∥2 − γ(f(yt)− f(x∗)) + γ(L− µ)Et
∥∥δt∥∥2

+
2γλ2

µ
‖∇f(θ)‖2

+4γ2A(f(yt)− f(x∗)) + 2γ2B + 4γ2E‖∇fξ(x∗)− λ∇fξ(θ)‖2

= (1− γµ)
∥∥yt − x∗∥∥2

+ γ(4γA− 1)(f(yt)− f(x∗)) + 2γ2B + γ(L− µ)Et
∥∥δt∥∥2

+
2γλ2

µ
‖∇f(θ)‖2 + 4γ2E‖∇fξ(x∗)− λ∇fξ(θ)‖2

(40)
≤ (1− γµ)

∥∥yt − x∗∥∥2
+ γ(4γA− 1)(f(yt)− f(x∗)) + 2γ2B

+γ(L− µ) (2α(f(xk)− f(x∗)) + ν)

+
2γλ2

µ
‖∇f(θ)‖2 + 4γ2E‖∇fξ(x∗)− λ∇fξ(θ)‖2

= (1− γµ)
∥∥yt − x∗∥∥2

+ γ(4γA+ 2α(L− µ)− 1)(f(yt)− f(x∗)) + 2γ2B + γ(L− µ)ν

+
2γλ2

µ
‖∇f(θ)‖2 + 4γ2E‖∇fξ(x∗)− λ∇fξ(θ)‖2,

where α and ν are as in Lemma 2 and A and B are defined Lemma 6. Next, we show that the bounds700

on γ and ω lead to 2γA+ α(L− µ) ≤ 1/2. Plugging the expression of A, we the former inequality701

becomes702

2γ

(
2L+

(
L2 +

1

γ2

)
α

)
+ α (L− µ) ≤ 1

2
.

Rearranging terms, we get703

2ω

µ
= α ≤

1/2− 4γL
2γL2 + 2

γ + L− µ
.

For γ ≤ 1
16L , the above inequality holds if ω = O(γµ). If γ = 1

16L , the condition on variance
parameter ω becomes ω = O(µ/L). Thus, by assumption on ω and γ, we have 2γA+α(L−µ) ≤ 1/2,
and hence

Et
[∥∥yt+1 − x∗

∥∥2
]
≤ (1− γµ)

∥∥yt − x∗∥∥2
+D,

where704

D = 2γ2B + γ(L− µ)ν +
2γλ2

µ
‖∇f(θ)‖2 + 4γ2E‖∇fξ(x∗)− λ∇fξ(θ)‖2

= 2γ2B + γ(L− µ)ν +
2γ

µ
N3(λ),
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with N3(λ) = λ2 ‖∇f(θ)‖2 + 2γµE‖∇fξ(x∗)− λ∇fξ(θ)‖2. Applying Lemma 1 with c = 2µ we

get N3(λ∗) = N3(0) min
(

1, 1
γO(f(θ)− f∗)

)
= 2µσ2

∗min (γ,O(f(θ)− f∗)). Taking expecta-
tion, unrolling the recurrence, and applying the tower property, we get

E
[∥∥yt − x∗∥∥2

]
≤ (1− γµ)t

∥∥y0 − x∗
∥∥2

+
D

γµ

where the neighborhood is given by705

D

γµ
=

1

γµ
(2γ2B + γ(L− µ)ν +

2γ

µ
N(λ∗)) =

1

γµ
(2γ2(L2 + 1/γ2)ν + γ(L− µ)ν +

2γ

µ
N(λ∗))

=
ν

µ
(2γL2 + 2/γ + L− µ) +

2

µ2
N(λ∗) =

ν

µ
(2γL2 + 2/γ + L− µ) +

4σ2
∗
µ

min (γ,O(f(θ)− f∗)) .

Ignoring the absolute constants and using bounds γ ≤ 1
16L and ω = O(γµ), we have

E
[∥∥yt − x∗∥∥2

]
≤ (1− γµ)t

∥∥x0 − x∗
∥∥2

+O
(
ω

γµ
‖x∗‖2

)
+

4σ2
∗
µ

min (γ,O(f(θ)− f∗)) .

Applying this inequality in (38) we conclude the proof.2706

F Additional Experimental Validation707

In this section we provide additional experimental validation for our theory.708

F.1 The impact of the learning hyperparameters709

We begin by measuring the impact that the optimization parameters, in particular the step size, have710

on the convergence of SGD and KD. For this, we perform experiments on linear models trained on711

the MNIST dataset, without momentum and regularization, using a mini-batch size of 10, for a total712

of 100 epochs. We compute the cross entropy train loss between the student and true labels, measured713

as a running average over all iterations within an epoch, similar to Figure 2. We also compute714

the minimum train loss, as well as the average and standard deviation across the last 10 epochs.715

The results in Figure 4a show the impact that different learning rates have on the overall training716

dynamics of self-distillation. In all cases, the teacher was trained using the same hyperparamters as717

the self-distilled models (λ = 0 in the plot). We can see that using a higher learning rate introduces718

more variance in the SGD update, and KD would have a more pronounced variance reduction effect.719

In all cases, however, we can find an optimum λ achieving a lower train loss compared to SGD.720

F.2 The impact of the teacher’s quality721

Next, we quantify the impact that a better trained teacher could have on self-distillation. Using the722

same setup of convex MNIST as above, we perform self-distillation using a better teacher, i.e. one723

that achieves 93.7% train accuracy and 92.5% test accuracy. (In comparison, the teacher trained using724

a step size of 0.05 achieved 92% train accuracy and 90.9% test accuracy) We can see in Figure 4b725

that this better-trained teacher has a more substantial impact on the models which inherently have726

higher variance, i.e. those trained with a higher learning rate; in this case, the optimal value of λ is727

closer to 1, which is also suggested by the theory (see Equation 14). We note that a similar behavior728

was also observed on the CIFAR-10 features linear classification task presented in Figure 2b.729

F.3 The impact of knowledge distillation on compression730

Now we turn our attention towards validating the theoretical results developed in the context of731

knowledge distillation for compressed models, presented in Section 6. We consider again the convex732

MNIST setting, as described in the previous section, and we perform self-distillation from the better733

trained teacher. We prune the weights at initialization, using a random mask at a chosen sparsity level,734

2The rate in Theorem 4 uses γ = 1
16L value for the learning rate.
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(a) The impact of the step size on the learning dy-
namics of SGD and KD. The teacher was trained
with the same hyperparameters as the correspond-
ing self-distilled models.
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(b) The impact of a better teacher on the learning
dynamics of self-distillation. The same teacher
was used in both setups.

Figure 4: Ablation study on the training loss of self-distillation and SGD, when taking into account
the training hyperparameters (learning rate) and quality of the teacher.
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Figure 5: The impact of self-distillation on the train loss of compressed models. Here a random mask
is computed at initialization, and kept fixed throughout training.

and we apply this fixed mask after each parameter update. The results presented in Figure 5 show735

that self-distillation can indeed reduce the train loss, compared to SGD, even for compressed updates.736

Moreover, we observe that with increased sparsity the impact of self-distillation is less pronounced,737

as also suggested by the theory.738

G Limitations739

Lastly, we discuss some limitations of our work and possible workarounds.740

• As we mentioned in the main part, our Proposition 1 does not hold precisely for arbitrary deep741

non-linear neural networks. However, we showed that this simple model (5) of distillation742

gradient approximates the true distillation gradient reasonably well both empirically (see743

Figure 1) and analytically (see Appendix B.3). Following our discussion from Section 7, one744

may construct more complex models for distillation gradient and discover further relations745

with other variance reduction techniques.746

• As a theoretical paper, we used several assumptions to make our claims rigorous. However,747

one can always question each assumption and extend the theory under certain relaxations.748

Our theoretical claims are based on strong (quasi) convexity or Polyak-Łojasiewicz condition,749

which are standard assumptions in the optimization literature.750

• Another limitation concerning the “distillation for compression" part of our theory is the751

unbiasedness condition E [C(x)] = x in Assumption 4. Ideally, we would utilize any752

“biased" compression operator, such as TopK, with similar convergence properties. However,753

it is known that biased estimators (e.g., biased compression operators or biased stochastic754

gradients) are harder to analyze in theory.755
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