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Abstract

This paper studies two fundamental problems in regularized Graphon Mean-Field
Games (GMFGs). First, we establish the existence of a Nash Equilibrium (NE)
of any A-regularized GMFG (for A > 0). This result relies on weaker conditions
than those in previous works for analyzing both unregularized GMFGs (A = 0)
and A-regularized MFGs, which are special cases of GMFGs. Second, we pro-
pose provably efficient algorithms to learn the NE in weakly monotone GMFGs,
motivated by [Lasry and Lions| [2007]]. Previous literature either only analyzed
continuous-time algorithms or required extra conditions to analyze discrete-time
algorithms. In contrast, we design a discrete-time algorithm and derive its conver-
gence rate solely under weakly monotone conditions. Furthermore, we develop and
analyze the action-value function estimation procedure during the online learning
process, which is absent from algorithms for monotone GMFGs. This serves as a
sub-module in our optimization algorithm. The efficiency of the designed algorithm
is corroborated by empirical evaluations.

1 Introduction

In Multi-Agent Reinforcement Learning (MARL), the sizes of state and action spaces grow expo-
nentially in the number of agents, which is known as the “curse of many agents” [[Sonu et al.,|2017,
Wang et al.||2020] and restrict its applicability to large-scale scenarios. The Mean-Field Game (MFG)
has thus been proposed to mitigate this problem by exploiting the homogeneity assumption [Huang
et al.,|2006, |Lasry and Lions} 2007]], and it has achieved tremendous successes in many real-world
applications [Cousin et al., 2011} |/Achdou et al.,[2020]. However, the homogeneity assumption is an
impediment when modeling scenarios in which the agents are heterogeneous. GMFGs, as extensions
of MFGs, have thus been proposed to model the behaviors of heterogeneous agents and ameliorate
the “curse of many agents” at the same time [[Parise and Ozdaglar, 2019, |Carmona et al.| 2022].

Despite the empirical successes of the Graphon Mean-Field Game (GMFG) [Aurell et al., [2022a], its
theoretical understanding is lacking. First, sufficient conditions for Nash Equilibrium (NE) existence
in regularized GMFG have not been established. Most works only address the existence of the
NE in unregularized GMFGs. However, regularization is employed in practical implementations
for improved exploration and robustness [|Geist et al., [2019]. Moreover, previous works prove
the existence of NE in regularized MFGs, a special case of GMFGs, only under the contraction
condition, which is overly restrictive for real-world applications. Second, the analysis of discrete-
time algorithms for monotone GMFGs is lacking. Most existing works design provably efficient
discrete-time algorithms only under contraction conditions, as shown in Table|l] Complementarily,
previous works on monotone GMFGs either only derive the convergence rate for continuous-time
algorithms, which ignores the discretization error, or require extra conditions, (e.g., potential games)
to analyze discrete-time algorithms.
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Table 1: Comparison of GMFGs and MFGs learning algorithms

No population Online Discrete-time Convergence

Condition manipulation playing Heterogeneity algorithm rate
|Anahtarci et al.[[2022] Contraction No No No Yes Yes
Xie et al./[2021a]  Contraction No Yes No Yes Yes
Zaman et al.|[2022] Contraction No Yes No Yes Yes
Yardim et al.|[2022] Contraction Yes Yes No Yes Yes
Perrin et al.|[2020]  Monotone No No No No Yes
. Potential
Geist et al.|[2021]] &Monotone No No No Yes Yes
Perolat et al.|[2021] Monotone Yes Yes Yes No No
Fabian et al.|[2022] Monotone Yes Yes Yes No No
Our work Monotone Yes Yes Yes Yes Yes

In this paper, we first consider GMFGs in full generality, i.e., without any contraction or monotone
conditions. The goal is to establish the existence of NE in the regularized GMFG in this general
setting. Then we focus on monotone GMFGs motivated by [Lasry and Lions|[2007]. We aim to learn
the unique NE from the online interactions of all agents with and without the action-value function
oracle. When the oracle is absent, the action-value functions should be estimated from the data of
sampled agents generated in the online game.

In the analysis, we have to overcome difficulties that arise from both the existence of the NE problem
and the learning of the NE. First, the proof of the existence of NE in regularized GMFG involves
establishing some topological spaces and operators related to NE on which fixed point theorems
are applicable. However, the direct construction of the space and the operators for GMFGs with
uncountably infinite agents is challenging. Second, the design and analysis of the discrete-time NE
learning algorithm require subtle exploitation of the monotone condition. Unlike continuous-time
algorithms with infinitesimal step sizes, the design of appropriate step sizes is additionally required for
the discrete-time algorithm to guarantee that iterates evolve appropriately. This guarantee originates
from the delicate utilization of the monotone condition in the optimization procedures.

To address the difficulty of the existence problem, we construct a regularized MFG from the reg-
ularized GMFG and show that the NE of the constructed game can be converted into the NE of
the original game, thus mitigating the difficulty of having an uncountable number of agents. To
handle the difficulty in the NE learning problem, we design the Monotone GMFG Policy Mirror
Descent (MonoGMFG-PMD) algorithm, which iteratively implements policy mirror descent for each
player. We show that this procedure results in a decrease of the KL divergence between the iterate
and the NE, and this decrease is related to the gap appearing in the weakly monotone condition.
When the action-value function oracle is absent, we also design and analyze action-value functions
estimation algorithms to serve as a submodule of the optimization procedures.

Main Contributions: We first establish the existence of the NE in the A-regularized GMFG with
A > 0 assuming Lipschitzness of graphons and continuity of transition kernels and reward functions.
Our result relaxes the assumption of the Lipschitzness of transition kernels and rewards required
in previous works on unregularized GMFGs and the contraction condition in the literature on
regularized MFG [Cui and Koeppl, 2021a]. Then we design and analyze the MonoGMFG-PMD
algorithm. Using an action-value function oracle, the convergence rate for MonoGMFG-PMD is
proved to be O(T ~1/2) after T iterations. Without the oracle, the convergence rate includes an

additional O(K ~'/2 4+ N—1) term that arises from sampling N agents and collecting data from K
episodes, reflecting the generalization error and the approximation error of the estimation algorithm.
As shown in Table([T], our algorithm can be implemented from the online interaction of agents and
does not require the distribution flow manipulation. Detailed explanations of the properties stated in
the columns of Table[I]are provided in Appendix [A] Our result for MonoGMFG-PMD provides the
first convergence rate for discrete-time algorithms in monotone GMFGs.

2 Related Works

MFGs were proposed by [Huang et al.| [2006] and [Lasry and Lions| [2007] to model the interactions
among a set of homogeneous agents. In recent years, learning the NE of the MFGs formulated by



discrete-time Markov Decision Process (MDP)s has attracted a lot of interest. There is a large body
of works that design and analyze algorithms for the MFGs under contraction conditions [[Anahtarci
et al.} 2019, 2022, |Cui and Koeppl, 2021al Xie et al.,[2021a,[Zaman et al., 2022, |Yardim et al., 2022].
Typically, these works design reinforcement learning algorithms to approximate the contraction
operators in MFGs, and the NE is learned by iteratively applying this operator. In contrast, another
line of works focuses on the MFGs under monotone conditions. Motivated by [Lasry and Lions
[2007], the transition kernels in these works are independent of the mean fields. |Perrin et al.| [2020]
proposed and analyzed the continuous-time fictitious play algorithm, which dynamically weighs the
past mean fields and the best response policies to derive new mean fields and policies. With the
additional potential assumption, |Geist et al|[2021]] derived the convergence rate for the discrete-time
fictitious play algorithm. [Perolat et al.|[2021]] then proposed the continuous-time policy mirror descent
algorithm but only proved the asymptotic convergence, i.e., the consistency. In summary, there is
no convergence rate result for any discrete-time algorithm for MFGs under the monotone condition.
In addition, the relationship between the contraction conditions and the monotone conditions is not
clear from existing works, but they complement each other.

To capture the potential heterogeneity among agents, GMFGs have been proposed by |Parise and
Ozdaglar|[2019] in static settings as an extension of MFGs. The heterogeneous interactions among
agents are represented by graphons. |Aurell et al.| [2022b]], (Caines and Huang| [2019] then extended
the GMFGs to the continuous-time setting, where the existence and the uniqueness of NE were
established. |Vasal et al|[2020] formulated discrete-time GMFGs and provided way to compute
the NE with master equations. With the precise underlying graphons values, (Cui and Koeppl
[2021b]] proposed algorithms to learn the NE of GMFGs with the contraction condition by modifying
MFGs learning algorithms. [Fabian et al.|[2022]] considered the monotone GMFG and proposed the
continuous-time policy mirror descent algorithm to learn the NE. However, only consistency was
provided in the latter two works.

Notation Let [N] := {1,--- , N}. Given a measurable space (2, F), we denote the collection of
all the measures and the probability measures on (€2, F) as M(2) and A(?), respectively. For a
metric space (X, || - ||), we use C(X) and Cp(X) to denote the set of all continuous functions and

the set of all bounded continuous functions on X, respectively. For a measurable space (X, F) and
two distributions P, ) € A(X), the total variation distance between them is defined as TV(P, Q) :=
sup 4c 7 |P(A) — Q(A)|. A sequence of measures {,, } on X’ is said to converge weakly to a measure

pif [ g(x)pn(dz) = [ g(z)u(dz) forall g € Cy(X).

3 Preliminaries

3.1 Graphon Mean-Field Games

We consider a GMFG that is defined through a tuple (Z,S, A, H, P,r,W, u1). The horizon (or
length) of the game is denoted as H. In GMFG, we have infinite players, each corresponding to
apoint « € Z = [0,1]. The state and action space of them are the same, denoted as S C R%
and A C R% respectively. The interaction among players is captured by graphons. Graphons are
symmetric functions that map [0, 1]? to [0, 1]. Symmetry here refers to that W («, 8) = W (3, «) for
all o, B € [0,1]. We denote the set of graphons as W = {W : [0,1]> — [0,1] | W is symmetric.}.
The set of graphons of the game is W = {W}, }L | with W), € W. The state transition and reward
of each player are influenced by the collective behavior of all the other players through an aggregate
z € M(S). Attime h € [H]|, we denote the state distribution of player 8 € Z as NZ € A(S). The
aggregate for player a € Z with the underlying graphon W;, € W is then defined as

1
= /0 Wi (a, )il d. (1)

The transition kernels P = {P;,}}_, of the game are functions P, : S x A x M(S) — & for all
h € [H]. Attime h, if player « takes action aff € A at state s' € S, her state will transition according
to sy 1 ~ Pu(-]sy,af, z;). The reward functions are denoted as 7y, : S x A x M(S) — [0, 1] for
all h € [H]|. We note that the players in GMFG are heterogeneous. This means that different players
will, in general, receive different aggregates from other players. The distribution p; € A(S) is the
initial state distribution for all the players. A policy for an player « is 7 = {7 }}L | € IT¥, where
7 S — A(A) takes action based only on the current state, and IT is the set of all these policies.



A policy for all the players 77 € II = IT*7 is the collection of the policies of each player, i.e,
7L = {7} 4ez. In the following, we denote the state distributions of all the players at time h and
the state distributions of all the players at any time (distribution flow) respectively as u% = {ul}aez
and p? = {pI L € A = A(S)"*Z. Eqn. (T) shows that the aggregate 2§ is a function of z} and
Wiy, so to make this dependence explicit, we also write it as z,‘f(u% , Wh).

We consider the entropy-regularized GMFG. It has been shown that the regularization results in
policy gradient algorithms converging faster [Shani et al., 2020, |Cen et al.,|2022]. In this game, the
rewards of each player are the sum of the original rewards and the negative entropy of the policy
multiplied by a constant. In a A-regularized GMFG (A > 0), the value function and the action-value
function of player a with policy 7® on the MDP induced by the distribution flow i are defined as

H

A (s 0 yT) = B {Zrt(sf,a?,zf‘(uf, W) — Alog 7 (af* | s2)
t=h

Qn (s, 1) = i (s, a, 2 (1, W) + E™ [V (siyy, 7 u%) [sp = s,a =a]  (3)

Sp = S} ; @

for all h € [H|, where the expectation E™ is taken with respect to the stochastic process induced by
implementing policy 7 on the MDP induced by p%. The cumulative reward function of player « is

defined as J» (7@, ut) = E,, [V (s, w®, u%)]. Then the notion of an NE is defined as follows.

Definition 1. An NE of the \-regularized GMFG is a pair (%%, p*%) € I x A that satisfies:
(i) (player rationality) JN (75, u*7T) = maxzacnu JV (7Y, u*7T) for all a« € T up to a zero-
measure set on L with respect to the Lebesgue measure. (ii) (Distribution consistency) The distribution
flow p*7T is equal to the distribution flow induced by implementing the policy 7**.

Similar to the NE for the finite-player games, the NE of the A-regularized GMFG requires that the
policy of each player is optimal. However, in GMFGs, the optimality is with respect to *Z.

3.2 Mean-Field Games

As an important subclass of GMFG, MFG corresponds to the GMFG with constant graphons, i.e,
W(a, ) = pforall o, 8 € Z. MFGs involve infinite homogeneous players. All the players employ
the same policy and thus share the same distribution flow. The aggregate in Eqn. [I|degenerates to
2y = fol p- ,ufdﬁ =p - up for all @« € Z. Here py, is the state distribution of a representative player.
Thus, an MFG is denoted by a tuple (S, A, H, P, 7, u11). The state space, the action space, and the
horizon are respectively denoted as S, A, and H. Here, the transition kernels P = {Ph}th1 are
functions P, : S X A x A(S) — S, and reward functions 7, : S x A x A(S) — [0, 1] for all
h € [H]. In the MFG, all the players adopt the same policy ™ = {m; }fL_, where 7}, € II. The value
function and the action-value function in the A-regularized MFG with the underlying distribution
flow = {un}L, € A(S)H can be similarly defined as Eqn. (2) and (3) respectively as follows

sh:s],

Qi\b(s’ a, T, :U’) = fh(sa a, /’Lh) + E™ [Vh)\-‘rl(sh"rl? , :U’) | Shp = §,ap = a‘]

H

Vh)\(svﬂ-a p) =E" [Zﬁ(&ﬂulﬂ) — Aog i (ay | s¢)
t=h

for all h € [H]. The cumulative reward is J* (7, u) = E,,, [V;*(s, 7, i1)]. The notion of NE can be
similarly derived as follows.

Definition 2. An NE of the \-regularized MFG is a pair (7*, *) € IIH x A(S)! that satisfies:
(i) (player rationality) J(7*, u*) = maxzcpu JN(7, u*). (ii) (Distribution consistency) The
distribution flow |* is equal to the distribution flow induced by the policy 7*.

Remark 1. Compared with Definition[l] the definition of NE in MFG only involves the policy and
the distribution flow of a single representative player, since the agents are homogeneous in MFGs.

4 Existence of the NEs in Regularized GMFGs and MFGs

We now state some assumptions to demonstrate the existence of a NE for A-regularized GMFGs.



Assumption 1. The state space S is compact, and the action space A is finite.

This assumption imposes rather mild constraints on S and .A. In real-world applications, the states
are usually physical quantities and thus reside in a compact set. For the action space, many deep
reinforcement learning algorithms discretize the potential continuous action sets into finite sets [Lowe
et al.,[2017, Mordatch and Abbeel, 2018|.

Assumption 2. The graphons Wy, for h € [H| are continuous functions.

The stronger version of this assumption (Lipschitz continuity) is widely adopted in GMFG works [[Cui
and Koeppl, 2021b| [Fabian et al.| 2022]. It helps us to build the continuity of the transition kernels
and rewards with respect to players.

Assumption 3. For all h € [H], the reward function rp,(s, a, z) is continuous on S x A x M(S),
that is if (Sn,n,2n) — (8,a,2) as n — oo, then rp(Sp, an, 2n) — Th(S,a,2). The transition
kernel P (-| s, a, z) is weakly continuous in S x A x M(S), that is if (sn, n, 2n) — (8,0, 2) as
n — 00, Pr(-|8n, an, 2n) = Pn(-|s,a,z) weakly.

This assumption states the continuity of the models, i.e., the transition kernels and the rewards, as
functions of the state, action, and aggregate. We note that the Lipschitz continuity assumption of the
model in the previous works implies that our assumption is satisfied [[Cui and Koeppl, 2021b} [Fabian
et al.| 2022]]. Next, we state the existence result of regularized GMFG.

Theorem 1. Under Assumptions and [3] Jor all X > 0, the \-regularized GMFG
(Z,S, A, H, P,7,W, j11) admits an NE (z%, %) € 11 x A.

This theorem strengthens previous existence results in |Cui and Koeppl| [2021b|] and [Fabian et al.
[2022] in two aspects. First, our assumptions are weaker. These two existing works require a finite
state space and the Lipschitz continuity of the models. In contrast, we only need a compact state space
and the model continuity. Second, their results only hold for the unregularized case (A = 0), whereas
ours holds for any A > 0. In the proof of Theorem|[I] we construct a MFG from the given GMFG and
show that an NE of the constructed MFG can be converted to an NE of the GMFG. Then we prove
the existence of NE in the constructed regularized MFG. Our existence result for the regularized
MEFG is also a significant addition to the MFG literature.

Remark 2. Although we show that an NE of the constructed MFG can be converted to an NE of
GMFG, this proof does not imply that GMFG forms a subclass of or is equivalent to MFG. This is
because we have only demonstrated the relationship between the NEs of these two games, but the
exact realizations of the GMFG and the conceptually constructed MFG may differ. It means that the
sample paths of these two games may not be the same, which include the realizations of the states,
actions, and rewards of all the players.

We next state the assumption needed for the MFG.

Assumption 4. The MFG (S, A, H, P, 7, ju1) satisfies that: (i) The state space S is compact, and
the action space A is finite. (ii) The reward functions 71, (s,a, ) for h € [H| are continuous
on S x A x A(S). The transition kernels are weakly continuous on S x A x A(S); that is if
(Sny Ay i) = (8,0, 1) as o — 00, Pr(| 8, an, fin) = Pr(-| s, a, n) weakly.

Then the existence of the NE is stated as follows.

Theorem 2. UnderAssumption the \-regularzied MFG (S, A, H, P, 7, i) admits an NE (7, j1) €
I x A(S)H for any X > 0.

Our result in Theorem [2]imposes weaker conditions than previous works [[Cui and Koeppl} 2021a,
Anahtarci et al.,[2022]| to guarantee the existence of an NE. These existing works prove the existence
of NE by assuming a contractive property and the finiteness of the state space. They also require a
strong Lispchitz assumption [Anahtarci et al.,[2022], where the Lipschitz constants of the models
should be small enough. In contrast, we only require the continuity assumption in Theorem[2] This
is due to our analysis of the operator for the regularized MFG and the use of Kakutani fixed point
theorem |Guide] [2006]).



S Learning NE of Monotone GMFGs

In this section, we focus on GMFGs with transition kernels that are independent of the aggregate z,
ie., B, : S x A— S forh € [H]. This model is motivated by the seminal work |Lasry and Lions
[2007]], where the state evolution in continuous-time MFG is characterized by the Fokker—Plank
equation. However, the form of the Fokker—Plank equation results in the state transition of each
player being independent of other players. This model is also widely accepted in the discrete-time
GMFG and MFG literature [Fabian et al., [2022} [Perrin et al., 2020, [Perolat et al., 2021]].

5.1 Monotone GMFG

We first generalize the notion of monotonicity from multi-population MFGs in |Perolat et al.[[2021] to
GMFGs.

Definition 3 (Weakly Monotone Condition). A GMFG is said to be weakly monotone if for any
o, ot € A(S x A)T and their marginalizations on the states u*, i* € A(S)%, we have

/I Z /S (pa(s,a) - ﬁo‘(s,a)) (rh (s,a,zﬁ(uI,Wh)) — T (s,a,z,”[(ﬂz, Wh))> dsda <0
acA

forall h € [H|, where W}, is the underlying graphon. It is strictly weakly monotone if the inequality
is strict when p* # pr.

In two MDPs induced by the distribution flows pZ of 7 and jiZ of #Z, the weakly monotone
condition states that we can achieve higher rewards at stage h € [H] by swapping the policies. This
condition has two important implications. The first is the uniqueness of the NE.

Proposition 1. Under Assumptions and|3| a strictly weakly monotone \-regularized GMFG has
a unique NE for any A > 0 up to a zero-measure set on L with respect to the Lebesgue measure.

*,I’ *}I)

In the following, we denote this unique NE as (7%, u**), and we aim to learn this NE. The second
implication concerns the relationship between the cumulative rewards of two policies.

Proposition 2. If a A-regularized GMFG satisfies the weakly monotone condition, then for any two
policies w, #1 € 11 and their induced distribution flows u*, it € A, we have

1
/ J)\’a(ﬂ'a,/l,I) + J)\,a(ﬁ_a7ﬁ1) _ J/\,a(,ﬁa”uZ) _ J’\’O‘(']TO‘“&I) da < 0
0

If the \-regularized GMFG satisfies the strictly weakly monotone condition, then the inequality is
strict when 't # 7~

Proposition[2]shows that if we have two policies, we can improve the cumulative rewards on the MDP
induced by these policies by swapping the policies. This implies an important property of the NE

(7T, 1), Since 77 is optimal on the MDP induced by p*Z, we have fol Jhe (e ot da >
fol JN(n®, 11*T) de for any 72 € II. Then Proposition [2| shows that fol Jr (e py da >
fol JN(r, uT) da for any policy 7% and the distribution flow p7 it induces. This means that the

NE policy gains cumulative rewards not less than any policy 7 on the MDP induced by 7Z. This
motivates the design of our NE learning algorithm.

5.2 Policy Mirror Descent Algorithm for Monotone GMFG

In this section, we introduce the algorithm to learn the NE, which is called MonoGMFG-PMD and
whose pseudo-code is outlined in Algorithm|I] It consists of three main steps. The first step estimates
the action-value function (Line 3). We need to evaluate the action-value function of a policy on the
MDP induced by itself. This estimate can be obtained for each player independently by playing the
7l several times. We assume access to a sub-module for this and quantify the estimation error in
our analysis. The second step is the policy mirror descent (Line 4). Given An; < 1, This step can be

equivalently formulated as

Ao i AN, « @
w2y |8) = argmax 5 [(QN° (s, 77, 1), p) = AR(p)| = Dua(pllm(c]s) Vs €S,
pEA(A) Tt




Algorithm 1 MonoGMFG-PMD
Procedure:
I: Initialize 7", (- | s) = Unif(A) forall s € S,h € [H] and o € Z.
2: fort=1,2,--- ,Tdo
3:  Compute the action-value function Q;a (s,a,m, ul) foralla € Z and h € [H], where uf is
the distribution flow induced by 77.
A n(1s) (Tl'?jh(- |s))17Mt exp (m@ﬁ’a(s,a,wf‘, pt)) forallo € Z and h € [H]
Toeon(18) = (1= By 5 (- [s) + B Unif(A)
end for
: Output 71 = Unif(wﬁ:T])

AN AN

where R(p) = (p,logp) is the negative entropy function. This step aims to improve the performance
of the policy 77 on its own induced MDP. Intuitively, since the policy 7*7 in NE performs better
than 7 on the MDP induced by ;I as shown in Section the improved policy 77, ; should be
closer to 7 than 7Z. The third step mixes the current policy with the uniform policy (Line 5) to
encourage exploration.

MonoGMFG-PMD is different from previous NE learning algorithms for monotone GMFG in|Perolat
et al.[[2021], [Fabian et al.| [2022]] in three different ways. First, MonoGMFG-PMD is designed to
learn the NE of the A-regularized GMFG with A > 0, whereas other algorithms learn the NE of
the unregularized GMFGs. As a result, our policy improvement (Line 4) discounts the previous
policy as (w? ,L)lf)‘”t , but other algorithms retain 73", . Second, our algorithm is discrete-time and
thus amenable for practical implementation. However, other provably efficient algorithms evolve in
continuous time. Finally, MonoGMFG-PMD encourages exploration in Line 5, which is important
for the theoretical analysis. Such a step is missing in other algorithms.

5.3 Theoretical Analysis for MonoGMFG-PMD with Estimation Oracle

This section provides theoretical analysis for the MonoGMFG-PMD algorithm given an action-value
function oracle in Line 3, i.e., Qz’a = 2’0‘. We denote the unique NE of the A-regularized GMFG
as (77, p*7T). For any policy w7, we measure the distance to the policy 7* of NE using

1 H
D(r?) = / S By [DalwCIs)lnf (| 55))] dor

h=1

This metric measures the weighted KL divergence between policy 77 and the NE policy, and the
weights are the NE distribution flow p*7.

Theorem 3. Assume that the GMFG is strictly weakly monotone and we have an action-value
function oracle. Letn, = n = O(T~'/?) and B; = B = O(T~') in MonoGMFG-PMD. For any

A > 0 we have
T 2
1 T Alog® T
D(TZJ) o(rm )

Theorem 3| provides the first convergence rate result for a discrete-time algorithm on strictly weakly
monotone GMFGs under mild assumptions. In contrast, [Perolat et al.| [2021]], Fabian et al.|[2022] only
consider the continuous-time policy mirror descent, which is difficult for the practical implementation,
and only provide the asymptotic consistency results. |Geist et al.|[2021]] derive exploitability results
for a fictitious play algorithm but require the potential structure and the Lipschitzness of the reward
function. Our proof for Theorem [3] mainly exploits properties of NE discussed in Section [5.1]
Concretely, we use the fact that the policy mirror descent procedure reduces the distance between
the policy iterate and the NE as D(r#, ;) — D(nf) ~ j;)l Jre (e uk) — Jhe(ro2 i) da. Thus,
the policy iterate becomes closer to the NE. However, the discretization error and the exploration
influence (Line 5) also appear, requiring additional care to show that D(rf), in general, decreases.



Algorithm 2 Estimation of Action-value Function
Procedure:
1: Sample N players {i/N}Y¥., C [0,1].

2: The it® player implements 7" for i € [N], and the other players implement 7Z.
3: Collect data {(si b ai, W riy h)}qNTI; 1 of sampled players from K independent episodes.
4: Initialize V,;\il(s, a)=0foralls € S,a € Aandi € [N].
5: for time h=H,--- ,1do
6: for Playeri =1,---, N(in parallel) do
AN, . K i i i > W1 i 2
7: Q, = argmi ¢ 7, ZT 1 (f(ST,h»aT R) =T h T Vh+1(57,h+1)) .
SOV AN N i/N
8 V) = (@ ) ml () = AR (5 9)).
9:  end for
0: end for
1:

—_ =

Output {Q }1 iy

5.4 Theoretical Analysis for MonoGMFG-PMD with General Function Classes

In this section, we remove the requirement that one is given oracle access to an action-value function
and we estimate it in Line 3 of MonoGMFG-PMD using general function classes. We consider the
action-value function class F = Fy X --- x Fg, where Fj, C {f : Sx A — [0,(H —h+1)(1+
Alog|AJ)]} is the class of action-value functions at time h € [H]. Then we estimate the action-value
functions using Algorithm 2]

This algorithm mainly involves two steps. The first is involves data collection (Line 3). Here we
assign policies to players and Collect data from their interactions. We let the sampled NV players
implement behavior policies {x}"*}¥ |, which can be different from {7rt/ }V . This will not change
the aggregate z;f(/l% ,Wp,) for any a € Z, since only a zero-measure set of players change their
policies. The second is the action-value function estimation (Lines 7 and 8). The action-value
function is selected based on the previous value function, and the value function is updated from the
derived estimate. This can be implemented in parallel for all players. We highlight that the estimation
analysis cannot leverage results from general non- parametnc regression [Wainwrightl 2019]], since

the response variable Vh is not independent of s? , ., in our setting.

Assumption 5 (Realizability). For any policy 7 € II and the induced distribution flow it € A, we
have Q2 (-, -, w, u) € Fi, for h € [H].

This assumption ensures that we can find the nominal action-value function in the function class.
For a policy 7 € I and a function f : S x A — R, we define the operator (7," f)(s,a) =
Eg opy (15,0 [(f(5's), Tha1(-]8")) — AR(mp41(¢|s"))]. For a policy 7% and the induced distribution

flow pZ, we have Q) (s, a, 7, u%) = 11 (s, a, 28) + (T,* szl)(s, a).

Assumption 6 (Completeness). For any policy 7 € 11 and the induced distribution flow i~ € A,
we have that for all [ € Fyi1, Th (-, 28 (uE, Wi)) + (T;7" f) € F foralla € T, h € [H — 1].

This completeness assumption ensures that the estimates from JF also satisfy the relationship between
nominal action-value functions through ’Efa. These realizability and completeness assumptions are
widely adopted in the off-policy evaluation and offline reinforcement learning literature [Uehara et al.}
2022, Xie et al.l 2021b].

Assumption 7. The reward functions {r,}_, are Lipschitz in z, i.e., [rp(s,a,2) — rp(s,a,2")| <
L.z =21 foralls € S,a € A, h € [H|. The graphons W), for h € [H| are Lipschitz continuous

functions, i.e., there exists a constant L = Ly, > 0 (depending only on W = {V[/;L}hH:1 ) such that
(Wh(e, ) = Wi(, 8')| < Lw (|l — o/ | + |8 = B']) for all o, o', B, B" € [0,1], and h € [H].

The Lipschitzness assumption is common in the GMFG works [Parise and Ozdaglar, 2019} (Carmona
et al.} 2022 |Cui and Koeppl, |2021b]. It helps us to approximate the action-value function of a player

by that of sampled players. We denote the state d1str1but10ns of player ¢ induced by policy 7rt *as
t *. Then we require the behavior policies {7rt N | to satisfy the following requirements.
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Figure 1: Simulation results for Beach Bar problem with SBM and exp-graphons.
Assumption 8. For any t € [T, the behavior policies explore sufficiently. More precisely, for any

policy m € I and induced distributions ju € A(S)™, we have sup ¢ 4e4 Th(a | s)/ﬂ'?g (a]s) <
Cy and sup,cs dpn (s)/du?g(s) < Cy for h € [H] and i € [N] where Cy,Cy > 0 are constants.

This assumption guarantees that the behavior policies explore the actions that may be adopted by
7 and 7. Such an assumption is widely adopted in offline reinforcement learning and off-policy
evaluation works [Uehara et al., [2022, [Xie et al., [2021b].

Theorem 4. Assume that the GMFG is weakly monotone and that Assumptions 5} [6] [7] and|[8| hold.
Letn; =n =0T ?)and By = B = O(T 1) in Algorithm(MonoGMFG-PMD). Then with
probability at least 1 — 6, Algorithms|[I|and[2]yield

T 2 3/2 p2 . K. F
1 Mog? T H3/2B TNH -Noo(5Bu /K, Fig)) = HlogT
D f§:7r1 =0 —=— +C\C H 1o + ;
<Tt_1 t) ( VT VR 8 4 N

where By = H(1 4+ Mog|A|), and Noo(5Bg /K, Firr)) = maxpeg) Noo(5BH /K, F) is the
Loo-covering number of the function class.

The error in Theorem [ consists of both the optimization and estimation errors. The optimization
error corresponds to the first term, which also appears in Theorem [3] The estimation error consists
of the generalization error and the approximation error, in the second and third terms respectively.
When the function class F is finite, this term scales as O(K ~'/2), which originates from the fact that
we estimate the action-value function from the empirical error instead of its population counterpart.
The approximation error scales as O(/N ~1). This term originates from the fact that the action-value
function of player « is approximated by that of the sampled player near «. To learn a policy that is
at most ¢ > 0 far from the NE, we can set T = O(¢2), K = O(¢~2),and N = O(¢~'), which in
total results in 7K = O(e~*) episodes of online plays.

6 Experiments

In this section, we conduct experiments to corroborate our theoretical findings. We run different
algorithms on the Beach Bar problem [Perrin et al.| [2020], [Fabian et al.| [2022]]. The underlying
graphons are set to Stochastic Block Model (SBM) and exp-graphons. The details of experiments are
deferred to Appendix B} Since the NEs of the games are not available, we adopt the exploitability to
measure the proximity between a policy and the NE. For a policy 7% and its induced distribution
flow pZ, the exploitability for the A\-regularized GMFG is defined as

1

Exploit(7%) = max JN(7, ut) — TN (x?, pF)da.
g welld

First, the experimental results demonstrate the necessity of modelling the heterogeneity of agents.
Figure [I|demonstrates the performance degradation of approximating GMFG by MFG. Here we let
the agents play in the GMFG with constant graphons W}, («, 3) = p for p € {0,0.5,1}. The agents
have oracle access to the action-value function. We observe that this approximation results in gross
errors for learning the NEs of GMFGs with non-constant graphons.

Second, the experiments show that the algorithms designed for unregularized GMFG cannot learn the
NE of regularized GMFG. We implement the discrete-time version of the algorithm in |Fabian et al.



[2022]]; results marked “Unreg PMD” show that the exploitability first decreases and then increases.
In line with the discussion in Section[5.2} this originates from keeping too much gradient knowledge
in previous iterates 77. The gradient of the policy is largely correct in the several initial iterations, but
a large amount of past knowledge results in it deviating in later iterations, since the past knowledge

accumulates. In contrast, our algorithm discounts the past knowledge as (7)1 =27,

Finally, the results indicate the influence of action-value function estimation. In the experiments,
we run our algorithm when N = 5, K = 300, N = 10, K = 100, and N = 10, K = 300. Figure[]
shows that the algorithm with N = 10, K = 300 can achieve a smaller error than the algorithms both
with N =10, K =100 and N = 5, K = 300. This is in agreement with Theorem [4]

7 Conclusion

In this paper, we focused on two fundamental problems of A-regularized GMFG. Firstly, we
established the existence of NE. This result greatly weakened the conditions in the previous works.
Secondly, the provably efficient NE learning algorithms were proposed and analyzed in the weakly
monotone GMFG motivated by |[Lasry and Lions| [2007]. The convergence rate of MonoGMFG-PMD
features the first performance guarantee of discrete-time algorithm without extra conditions in
monotone GMFGs. We leave the lower bound of this problem to the future works.
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Appendix for
“Learning Regularized Monotone Graphon Mean-Field Games”

A Detailed Explanations of Table[]|

We first explain Table [T column by column. The first column lists the conditions required by each
work. Although the detailed statements of these conditions are usually different, these conditions can
be largely categorized into contraction conditions and monotone conditions. Here ‘potential’ means
the extra potential reward structure required in |Geist et al.|[2021]].

‘No population manipulation’ means that during the learning process, the distribution flow is indeed
induced by the current policy. For example, Xie et al.|[2021a] and Perrin et al.|[2020] mix the current
distribution flow with the previous ones to form the distribution flow required by the next step. In
contrast, the distribution flows required in algorithms in |Perolat et al.|[2021], [Fabian et al.|[2022]] and
our work are those induced by the policies in each step.

‘Online playing’ means that the algorithms can be implemented with the data collected from the
online playing of agents. In general, the algorithms that do not require population manipulations can
be implemented by letting agents play their policies in the online game. Thus, these algorithms admit
online playing. In contrast, Anahtarci et al.| [2022]], Perrin et al.|[2020] and |Geist et al.|[2021]] need to
solve the optimal policy on specific distribution flows. Thus, they need the access to a simulator for
this purpose.

‘Heterogeneity’ means the modeling of the heterogeneity among agents. The works for MFG only
consider homogeneous agents, and thus cannot model the heterogeneity.

‘Discrete-time algorithm’ means the provably efficient discrete-time algorithms here. Although some
discrete-time algorithms are provided in |Perrin et al.| [2020]],Perolat et al.|[2021]] and |Fabian et al.
[2022]], neither the consistency nor the convergence rate is provided therein.

‘Convergence rate’ in the final column refers to the convergence rate of both discrete-time algo-
rithms and continuous-time algorithms. [Perrin et al.|[2020] provides the convergence rate for their
continuous-time algorithm, and other works with “Yes’ all provide the convergence rate for the
discrete-time algorithms.

In summary, our work provides the first provably efficient discrete-time algorithm in the monotone
GMFG without any extra conditions. This result deepen our understanding of the monotone GMFGs,
as a complementary setting of contractive GMFGs.

B Experiment Details

We adopt the Beach Bar problem as our GMFG. This problem is initially proposed in|Perolat et al.
[2021]], |Perrin et al.|[2020] for MFG and modified by |[Fabian et al.|[2022] to GMFG. In the Beach Bar
problem, Agents can move their towels between locations and try to be close to the bar but also avoid
crowded areas and neighbors in an underlying network. The state space S is {1,2, - ,|S|}, and we
set | S| = 10 in our experiments. The bar is located at B = |S|/2. The action space is A = {—1,0, 1},
which indicates the movement of the towel. The transition kernel is s§!, ; = sf + a + &f, where &¢*
is the noise that takes +1 or —1 with probability 1/2. The reward function is defined as
[e3 (03 (0% 2 (03 2 [ [
re(sy,ay, zf) = E|B —s7| + EMt | — 8z forall ¢t € [H].
In our experiments, we regualrize this reward function with A = 1. The underlying graphons in our
experiments are SBM and exp-graphons. The exp-graphon is defined as
2exp(f - af)
Wy =—— -1
o (@ h) 1+exp(f-ab) ’

where 6 > 0 is the parameter. In our simulation, we set § = 3. The SBM in our experiments has two
communities with 70% and 30% population respectively. The inter-community rate is 0.3, and the
intra-community rate is 0.9. In our experiments, we adopt the exploitability to measure the closeness
between a policy and the NE.
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Since the Beach Bar problem only involves the finite state and action spaces, our algorithms take the
function class 7, = {f : S x A — [0, H(1 4+ Alog |A|)]} for all h € [H].

Figure[I]is generated from five Monte-Carlo implementations for each algorithm. The error bar in
the figure indicates the maximal and the minimal error in the Monte-Carlo. To simulate cases with
constant graphons, we implement mirror descent algorithm with the nominal action-value functions,
which are directly calculated from the ground-truth transition kernels and reward functions. Thus,
there is no error bar for thm. To simulate the policy mirror descent for unregularized GMFG, we
directly use the code of [Fabian et al.|[2022], and the action-value functions are also calculated from
the ground-truth model. Thus, there is no error bar for it, either. Our simulations run on a single
Intel(R) Xeon(R) CPU E5-2697 v4 @ 2.30 GHz, and the experiments take about two days,

C Proof of Theorem [T

Proof of Theorem[l] We prove the existence of NE by three steps:

* We construct a A-regularized MFG based on the A-regularized GMFG.

* We show that we can construct an NE of the A-regularized GMFG from an NE of the
constructed A-regularized MFG.

 We show that the constructed A-regularized MFG has NE under Assumptions ?? and 3]

Step 1: Construction of a A-regularized MFG

The state and action spaces of the A-regularized MFG is S = S x Z and A respectively, where Z =
[0, 1]. Here, we treat the positions of players as a state in MFG. The state of the player is denoted as
Sp = (sn,ayp) € S, and we denote the distribution of the state at time h as £, = L£(5) = L(sp, ap),
which is the law of state ;.

At time h, the transition kernel of such MFG is P, : S x A x A(S) — A(S). To specify Py, we first
define a function of «;, and Ly, as f(apn, Ln, Wh) : T X A(S X I) x W — M(S), whose output is
a measure supported on S, i.e.,

1
[f(an, Ln, Wh)](-) = / Wh(an, B)Ln (-, 8)dB. (C.1)
0
Eqn. (C:I)) enables us to define the transition kernel P, as
Pr(Sht1 | Shyan, L) = 6anii—an - Pr(She1 | sy an, fan, Lo, Wh))
1
= 6o¢h+1:ah . Ph (Sh—i-l | Sh, ahv/ Wh(ah7 /B)Eh(7 B)dﬁ)a (CZ)
0

where 0y, ,—q, is the Dirac’s delta function at «, and P, is the transition kernel of the GMFG.
The reward function of the MFG can be similarly defined as

1
i noan. £4) = 1 (s1on, | Wilon )£ 5)a8). ©3)

The initial state distribution of the MFG is specified as £, = 1 x Unif([0, 1]). The value functions
of the A-regularized MFG are defined as

H
Vit((s,a),m, L) =E7 {Zrh(st, ag, L) — MNog my(ay | 8¢, o)
t=h

shzs,ahza],

where the expectation E™ is taken with respect to the MDP a; ~ m(-|s;,q) and 5,49 ~
Py(-|5¢, at, L) for t € [H]. Then the cumulative reward function is defined as

JNm, L) =Eg, [V (s, a,m, L)]. (C.4)

Step 2: Construction of the NE of the \-regularized GMFG from the NE of the \-regularized
MFG
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In this step, we assume that the A-regularized MFG defined in Eqn. (C.2) and (C.3) admits an NE

(7, ﬁ), which is defined in Definition |2} replacing the discounted reward function therein by the
reward defined in Eqn. (C:4). We will construct a policy and distribution flow pair (7%, u%) of

the A-regularized GMFG from (7, £) and show that (77, 1% is indeed an NE of the \-regularized
GMFG.

We construct the policy and distribution flow pair as 7 (- | s) = 75 (- | 5, ) and p$(-) = Ly (-, a) for
all h € [H], s € S, and a € Z. To prove that (7%, ) is an NE of GMFG, we need to show: (i) u*
is induced by the policy 77, i.e., I'o(7Z, W) = pZ. (ii) 77 is the optimal policy given p for all the
players.

We use induction to prove (i). Define jiZ = T'y(7, W). We will show that i = uZ. For h = 1, we
have pi® = p1 = L£1(-,a) = u§ for all a € Z. Assume that 1, * = p§ for all € Z, for time h + 1
and any s’ € S and « € Z, we have

1
u;ﬁl(s’)://uga(s)ﬁﬁ(a|s)Ph(8’|s,a,/ Wh(a,ﬁ)uzadﬁ)dads
SJA 0

1 1
:/// Eh(s7a’)7~rh(a|s7a’)Ph(3’|s,a,/ Wh(o/,ﬁ)ﬁh(-7ﬁ)dﬁ)5a:a/da’dads
sJaJo 0
= £h+1 (S/a Oé),

where the first equation follows from the definition of L, the second equation follows from the fact
that p;® = pf and pf(-) = L (-, a), and the last equation follows from the definition of £. Then (i)
results from the fact that 11§, | (-) = Lp1(-, @) = 3% ().

To prove (i), we compare the MDPs given £ and i~ in MEG and GMFG. The MDP for the player o in
GMFG is specified by the transition kernel sj,  , ~ Py, (- | sf), afy, fol Wh(a, B)ugdﬂ), and the reward
function r,(s¢, af, fol Wi(a, B)pdB). We want to prove that V;¥ (s, 7%, u%) > V) (s, 7%, u%)
forall s € S, and 7* € II.

Since 7 is optimal with respect to £, we have V) (s,a, 7, L) > V*(s,a,7, L) forall s € S,
a € 7, and policy 7. Given s; = s and oy = «, the MDP in MFG is specified by the
transition kernel sp11 ~ Pr(Sp41 |sh,ah,f01 Wh(a,ﬁ)ft(-,ﬁ)dﬂ), ap+1 = «, and the reward
function rp,(s%, a®, fol Wi(a, B)L: (-, )dB). We note that these two MDPs are the same, and
VM (s,m®, uT) = V) (s, a, 7, L). This proves the claim (ii).

Step 3: Prove the existence of NE in the constructed MFG under Assumptions 2| and

In order to prove the existence of NE in the constructed MFG, we only need to verify Assumption 4]
in Theorem

We first verify Assumption[d](1) and (2) hold. Our reward functions 7}, are bounded, A is finite, and
the state space S x Z is compact.

For Assumption [ (3) and (4), we only need to verify that the reward function in Eqn. (C3) is
continuous and the transition kernel in Eqn. (C.2)) is continuous with respect to total variation. Since

rp, is continuous, we only need to prove that fol W (an, B)Lnr(-, 8)dS is continuous for the continuity
of 7. In the following, we make use of the fact that the convergence in total variation implies the
weak convergence.

Given two sequences {ay, } and {L£,,} such that o, — a and £,, converges to £ in total variation, we

have
/.

1 1
/0 Wi (s B)Ln(s, B)dB — /0 Wi (a, B)L(s, B)dB|ds

< /S /0 Wi, B) L5, B)5 /0 W B)La(s, BB

o

ds

/ Wi(a, B)Ln(s, BB — / Wi(a, B)£(s, B)dB]ds
0 0
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1 1
/0 Wi, B)Ln (s, 8)A8 — /0 Wi(a, B)Ln(s, B)dB|ds

<.

1
[ [ a2 ) asas, 3

where the first inequality follows from the triangle inequality. Since «,, — « and the uniform
continuity of graphons, the first term in the right-hand side of inequality (C.3)) tends to 0. Since £,
converges to L in total variation, the second term in the right-hand side of inequality (C.3) tends to 0.
Thus, the reward function is continuous, which verifies Assumption (3). For any g € Cp(S x ),
given four sequences {s,}, {an}, {an}, and {L,,} such that s,, — s, &, — @, a, — a, and L,
weakly converges to L, we have

1
‘ / / g(s',a’) [Ph(s', o | Bpyan, L) — Pr(s',d | E,a,ﬁ)]ds’da'
0 S

=| Lo anm(s

< ’/9(8’,%)1%(8’
S

+ ‘ /Sg(s',a)Ph (5’ ‘ s,a, 2y (L, Wh))ds’ — /Sg(s’,a)Ph (5’ ‘ s,a, 2y (L, Wh))ds",
(C.6)

Spy Gy 25" (Lo, Wh))ds' — /

: g(s',a) Py (s/ ’ s,a, 25 (L, Wh))ds’

Sny @y 25" (Lo, Wh))ds’ — /

g(s', )Py <s’ ’ s,a, 2" (L, Wh))dS’
s

where 2" (L, W),) = fol Wi (on, B) Lo (-, B)dB, 25 (L, Wh) = fol Wh(a, B)L(-, 8)dB, the equa-
tion follows from Eqn. (C.2), and the inequality follows from the triangle inequality. Since
g € Cp(S x T) is a continuous function on a compact set and a, — «, the first term in the right-hand
side of inequality (C.6) tends to 0. Since inequality (C.5) proves that z;," (L,,, W},) converges to
2 (L, W) in ¢1 and g(-, ) € Cy(S), the second term in the right-hand side of inequality (C.6)
tends to 0. Thus, the transition kernel is continuous, which verifies Assumption@ It concludes the
verification of Assumption[d]in Theorem 2] Thus, we conclude the proof of Theorem [I] O

D Proof of Theorem 2
Proof of Theorem[2] We prove the existence of NE by two steps:

* We construct an operator I that is defined for the state-action distribution flow and show
that we can construct the NE from the fixed point of this operator.

* We show that the fixed point set of the operator I' is not empty.

Step 1: Construction of an operator I'.

Without the loss of generality, we assume that 7, : S x A X A(S) — [0,1] for h € [H]. Define
constants L, = (H — h + 1)(1 + Alog|.AJ) for h € [H]. Given the continuous functions set C(S),
we define the L, —bounded continuous function set Cy, = {f € C(S) | sup,es | f(s)| < Ly} and

the product of them C = Hf:l Ch(S). Given a constant 0 < o < 1, we equip C with the metric
H __ .

plu,v) = 3 0 "|up — vplleo for any u,v € C and |||l = sup,cs |f(s)]- Then (C,p) is

complete.

We define the state-action distribution flow set as = = Hle A(S x A). For ease of notation, we

denote the marginalization of any v € Zon S as Up(s) = >, 4 Vn(s,a).

For any v € =, define an operator 7} actingon S — R as

T/ u(s) = sup Z pla)T(s,a, ) — AR(p) + Z p(a)Pu(s" | s,a,p)u(s")ds for h € [H — 1],
PEA(A) fea acA’S

Thu(s)= sup S pla)rin(s,a 71) — AR(p),
PEA(A) g u
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where R(-) is the negative entropy. When A = 0, the supremum is taken with respect to the action
a € A, and the following proposition can be similarly built for A = 0.

Proposition 3. Let v € E be arbitrary distribution flow. For all h € [H|, T} maps Cy41(S) into
Cw(S). In addition, for any u,v € Chy1, we have || T} u — T} 0|00 < ||t — V||oo-

Proof of Proposition[3] See Appendix O

We then define an operator T : C — C as (T"uw);, = T}/ up+1 for all h € [H]. We then have

H H

p(T"u, T"v) = Z oMY upgr — T vhsa oo < Za‘h||uh+1 = Untilleo < op(u,v), (D.1)
h=1 h=1

where the first inequality results from Proposition [3| Thus, 7" is a contraction on (C, p), and it

has an unique fixed point. For any state-action distribution ¥ € =, we use Vh)"” : S — R for
h € [H] to denote the value functions of the optimal policy in the A-regularized MDP induced by
vas 7p(s,a,vp) and Py(-|s,a, o) for h € [H]. Then the theory of Markov process shows that
[Hinderer, |1970, Theorem 14.1, Theorem 17.1]

Proposition 4. Foranyv € =, VA = (VhA’V)thl is the unique fixed point of T". A policy = € 17
is optimal if and only if the following equation holds for any h € [H| and ,u; — a.s. state s € S,
where pt is the distribution of states when implementing 7 on the MDP induced by v.

Zp a)th(s,a,vp) — AR(p) + Z/ a)Py(s'| s, a, Vh)Vh+1( s')ds’ —TthtVl( ).
acA ac€A

For any v € =, we define the sets

AWw) =€ €E & = 1, Py(-|5,a,0,)vp(ds,a) forall h € [H — 1]
{ M h+ ;/ h h)Vh }
B(v) = {g € Z|Forallh € [H], Y &u(a|s)rn(s,a,mn) — AR(En(- | 5))
a€A
+Z/§ha| VP (s | s,a,7,) Vi (s))ds' = VM (s), ghas}
acA

I'(v) = A(v) N B(v).
We note that T'(v) # (), since set A(v) imposes constraints on &, while B(v) imposes constraints on
&n(-|s). We say that v is a fixed point of T" if v € T'(v).
Step 2: The existence of the fixed point of I'.

Proposition 5. Suppose that I" has a fixed point v € &. Then we construct a policy as: 7, (- | s) =
vp (| s) for all s € supp(vp) and h € [H|, (| s) for s ¢ supp(Dy) can be arbitrarily defined.
Then the pair (7, D) is an NE of the \-regularized MFG.

Proof of Proposition] Since v € A(v), the distribution consistency condition in Definition 2| Iholds.
Since v € B(v), the policy defined in Proposmonl 5| satisfies the optimality condition in Proposmonl
which verifies the player rationality condition in Definition 2]

Proposition 6. The graph of T, i.e, Gr(T') = {(v,§) € Ex 2| & € T'(v)} is closed.
Proof of Proposition[6] See Appendix [[.2] O
The existence of the fixed point of operator I" follows from the Kakutani’s Theorem [|Guidel 2006,

Corollary 17.55 ]. We note that the existence of the NE is the direct result of Proposition 4] This
concludes the proof of Theorem [2]

O
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E Proof of Theorem

Proof of Theorem 3] According to the policy update procedures Line 5 and Line 6 in Algorithm|[T}
we have that

Dua (m, (I sl n (- s5))
< Dua(m ([ si)ll72an (- [57)) +B8/(1 = B)
< —n(Qy (s s 1) — Mog it (- | 87 (- ) = wiia (- s7))

o 1 AN
+ Dkl(ﬂh’ Csillmen( |8‘fj)) + 5772 (H + AH log | A| + Alog |5> + %

Ao o @ a @ *,Q0 a el @
§—77< h (Shm?ﬂs7MtI)_>\10g7Th('|3h)a7Th ('|sh)_7rt,h('|5h)>

*,00 « @ @ 1 A «
+ Dia (- sl (-] 52)) + (H+/\Hlog|A| + Alog 'B> + % -y
(E.1)

where the first inequality results from Lemma|[I0} and the second inequality results from Lemma [12}
and the last inequality follows from the definition of ¢}, which is defined as the upperbound of

‘< A27a(sﬁa 'aﬂ-tanutz) - 2’(1(32‘7 '7”?7”?)’772,&(' | 52‘) - Trtojh(' | 3%»‘ S €ﬁ forall t € [T]

Taking expectation with respect to £;,"" on the both sides of inequality (E-I), we can upper bound the
difference between D(nf, ) and D(r}) as

D(mfy) - D(Wf)

/ g [Dia (™ sl -1 52)) = Diamy” (| s i | 57) ] da

0 h=1

1
<o [l - P dawy/ ZE v [Dua(m L slng | s) | da

1
+ =n?H | H + AH log |A| + Xlog "=+ A +LH+277/ Z]E ~alef]d
2 B 1 h=1

1
< )\nD(ﬂt)+27]2H<H+/\Hlog|A|+)\log|Jg|) +1LH+27]/ ZE*“%

(E.2)

where the first equation results from the definition of H (-), the first inequality results from inequal-

ity (E-I) and Lemma|TT] and the last inequality results from Proposition [2]and the definition of NE.
The inequality (E-Z) can be reformulated as

1 141\ ? BH
D(rF) < —n(D(th) — D(rk,)) + 2)\H<H+)\Hlog|A| + Mog B) + T A
L2k,
0 p—1
Thus, we have that
Al BH
. . | _BH
TZD ) < nD(WIH 2/\H<H+>\Hlog|A|+)\log 3 > a Ty

2
+X/0 ZEM*@ €h
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Take 7 = O(T~'/?) and 8 = O(T~!), then we have /(1 — 3) = O(T~1). Thus, we have
T 2 1H o
1 AMog? T Jo 2op=1 Eppeleq]da
TZD(WI)O< LRSS :
t=1

TY/2 A

The desired result in Theorem [3]follows from the convexity of KL divergence. Thus, we conclude
the proof of Theorem 3| by noting that ey = 0 in this case. O

F Proof of Theorem 4

Proof of TheoremH] The proof of Theorem [ mainly involves two steps:

* Derive the performance guarantee for Algorithm 2}

* Combine the estimation result with the optimization result in Theorem [3]

Step 1: Derive the performance guarantee for Algorithm 2}

Now we focus on estimating the action-value function of i player with policy wz/ N We first
introduce some notations. The nominal action-value and the value functions of the z“‘ player

with policy Wti/ N and underlying distribution flow pZ are respectively denoted as Q A (5, a) =
Qz’i(s, a,wz/N,utI) and Vh’\l(s) = Vh)" (s, W:/N, p¥) for h € [H]. In the following, we use 2§ to
denote the aggregate zf) (y17 j,, Wj,). The distribution of (s}, aj,, rfl, 37}1 1) induced by the behavior

b,i/N

policy ; and the distribution flow p7 as (sh, Ty Shi) ~ uh X T X 8y X Py = py’, and

the marginalization of this distribution on (s!, a,, % ) is denoted as ph For any function f : § — R,
we define an operator Py, as (Pn f)(s,a) = Egp,(|s,a)[f(5")]. Then we adopt recurrence on the
time step h € [H] to derive the estimation performance guarantee.

For time h = H, Line 7 in Algorithm 2] simpliﬁes to

A i\ 2
QHZ = argmmz S ns Or, wh) — T:—,h)
fEFn T=1

This corresponds to the classical non-parametric regression problem, Theorem 11.4 of (Gyorfi et al.
[2002] shows that the performance guarantee can be derived as

Q' (s,0) — Q' (s, a)ﬂ = O(lﬁ’ log NOO(5B%/K’ ]:H)>.

E [
PH

For a time step h € [H — 1], we have that

E pbi |: Qz’i(sa a) — Qg’i(su a)‘2:|
< 2B | (5,0) — (s, 0 5™ = PV (5,00
+ QEp:,i [ ru(s,a, zh/ )+ (th/hjril)(s,a) - Qh’i(s,a)|2] (E1)

For the first term in the right-hand side of inequality (F.I), we have

Q,)Z"i(s,a) —rn(s,a, zZ/N) - (thhyl)(s, a)ﬂ

s, )+ (T Qi) (,0) = s, 2™ = (17 Q) s, 00
<GBy [[Qni(s.0) - @y (.0 (F2)

where the equality follows from the definition of operator T, and the inequality follows from

Assumption[§] In the follow, we control the second term in the right-hand side of inequality (F.I).
i/N

E b[
Ph

:Eb,i[
Ph

For any function g € F, 1, we define the value function at time h + 1 for ,

Vi(s) = (g(s,)smi/ N (- 19)) + AR(m/N (-] 9)).

induced by g as
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Then the value function defined in Line 8 of Algorithm [2|can be expressed as Vh)\+ll = Vé i - For
h+1

any function g € Fp41, we define the regression problem and the corresponding estimate

2

Qg = argminz (f(sj—,hv @i,h) - Ti,h - Vgl(slrhﬂ)) .

Then Qzl = Q oMy Thus, the second term on the right-hand side of inequality |F.1{can be bounded
as

E g [Irn(s.0.5/™) + (PUTX) (. 0) = QY (s, )]
< sup E P [ ru(s,a, zh M+ (Pth)( )—Qg(s,a)ﬂ.
9€Fh+1

The term inside the supremum can be handled as
i A 2
(s, a,2/N) + (PaV)(s,0) = Qyls,0)°]
7 7 A 2
=B { ra(s,a, 2™ + Vi(s") — Qq(s,a)] }

7Eﬁz,i|:7‘h($azh )+ (PrVy)(s,a) — Th(sazh My — Vy (s )”,

E .. [
Pp,

which follows from the basic calculation. For any g € Fp 41, Assumption@implies that
Th( 3 az;/N) (thql) € ]:h~

Thus, the definition of Qg shows that

Tnt V S, 1) — Trn — (PrVy) (85 p a:—,h)) .

Mw

K
Z( e+ Vy (st pi) — Qg(sznhva?rh
=1

‘r:l

Further, we have that

sup B,y [[ra(sa,5/N) + (PuV)(s,a) = Qy(s,a)|’]
9EFn+1
< sup {Eﬁ»}),i{ (S,a,ZZ/N)-s—V;(S’)_Qg(S,a)ﬂ_Eﬁ?,i{(”Pthi)(s7a)—Vgi(8/)|2}
gEFh+1 t L
2 [y = Y i 2
2 [ Cha Vi) = Gyl = 3 (Vo) = PVt |
=1 =1
, i/N T 2|l , i i 2
o (o e fw Ny
2 X = 1 7 2
_K{Z(7h+V(Th+l) f(‘rh’ Th Z Th+1 (th)( Srhy G Th)):|}
T=1 T=1
We define that

eg.f(s,a,8") = (Th(s,a,z,i/N) + V;(s’) — f(s,a))2 — (Vgi(s’) — (Pthi)(s,a))Q.

Then we have that

AN 2
E,p [[r(s a,5/N) + PV (s,0) = @y (s,0)|]
5 K
< sup {E~b,i eg.r(5,a,8)] — =Y ey (st al,, st )}
9€Fh+1,f€Fn Pr [ ! ] K 7; I T e

Define By = (1 + Alog|.A|)H. The bound for the generalization error is as follows.
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Proposition 7. For any €,7,0 > 0 we have
1 K S
(Elf € Fn,9 € Fry1, E 5o [eg r(s,a,s ) K Zeg,f(SlT,hvalr,ha Sy ht1)
=1
> 5(7 +6+ Eﬁ}z,i leg.r(s,a, s’)}))
6 el e2(1 —e)vK
<12 . - |.

Moo (32033 ’F") Noo (320133 ’f“l) eXp( 280(1 + £) BY,

Proof of Proposition[7} See Appendix [[.3] O

We take e = 1/2, v = 6 = /2, then we have

K
2 , . ,
P su E.v:leg f(s,a,s) ——Ee st .al,, st >t

(gefh+1l,ofefh{ st 0. K 2 Cord i o T’hH)} - )

t ¢ tK
< 1N [ o Fi ) Noo [ o Frit ) - - ),
= NOO(128OB§{’ h) NOO(12SOB§{’ h“) eXp( 672033%1)

Thus, with probability at least 1 — §, we have

EP}ZJ [ T4 (8, a, Zh ) (PthA+11)( a) — Ai’i(saa)ﬂ

_ O<i§{ log N (5Bu /K, ]'—h)f?sfoo(5BH/K, ]:h+1))

Substituting this inequality and inequality (F-2) into inequality (FI), we have that
Ai AN 2
Ep}bL,i [}Qh (s,a) — Q" (s, a)’ ]
A AN 2
<CEEpe [[Qiti(s,0) = Qb (s,0) 7]

n O(B%I log N (5By /K, fh)/(\sfoo(5BH/K7 -Fh-&-l)).

Define the maximal covering number Noo (0, F{g]) = maxpe[p] Noo (0, F1). Then from the union
bound, we have that with probability at least 1 — §, for any ¢ € [N], h € [H]

4
M(s,a) — Az’i(s,a)ﬂ 0(01 HBHI NH - Noo (5fH/K]: )>.

Ebl|:

Ph

Step 2: Combine the estimation result with the optimization result in Theorem 3]

From the proof of Theoreml we need to bound the term eff. We divide the interval Z = [0, 1] into
N small intervals Z; = ((¢ —1)/N,i/N]fori € {2,--- ,N} and Z; = [0,i/N]. For any o € Z;, we
have that

A A

Qi m8 E) = Qi 8 ), L) = )|
AN,i A, ,

< (@M ) = @V (s ) T ) = min | s))]
Ag A, )

(@ s — @ s i) (i) — w57

ANl o i o i a Alog T
§2C1’< 2’(3}1")_ 2 (Sh )W?h(sh»""O( ?\% )’

I

where the first inequality results from the triangle inequality, the second inequality results from
Assumption 8] the Lipschitzness of reward function in Assumption ??, the Lipschiz constant of R for
distributions p > Unif(.A)/T, and Cauchy—Schwarz inequality, and we omit the Lipschitz constant
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dependency on L, for ease of notation. Then with probability at least 1 — , the first term on the
right-hand side of this inequality can be controlled as

(@ (s — @ (s L)

< OB [[(@N(68) = @ (s i s7))

AN Ai 2
<C2\/ p'ﬁ”[( B (s,a) — Q" (s,a)) }
VHB%  TNH-Nw(5Bu/K, Fiu)
IOg )
VK y
where the first inequality results from Assumption [§] the second inequality results from Holder
inequality, and the last inequality results from Step 1 and the union bound for ¢ € [T]. Thus, we have

E,;e|

< CiCqy

H32B%  TNH-Ny(5Bu/K,Fiz) AHlogT
E E, o = H d :
/0 Eh dOé O<0102 \/F og 5 + N )

h=1
Combined with the proof of Theorem [3] this concludes the proof of Theorem 4] O

G Proof of Proposition[I]
Proof of Proposition[l] The existence of the NE follows from Theorem Here we only prove that

there are at most one NE. Suppose there exists two different NEs (7%, u”) and (7%, i%). According
to the definition of NE, we have that

1
/ JN (e, ) = TR pF)da > 0
0
1
/ Jk,a(,fra7ﬂf)_J)\,a( « ~I)d0[>0
0
Summing these two inequalities, we have
1
/ J/\’a<7Ta,/l,I) + J)\,a(,ﬁ_a,ﬂl) o J)\,a(,ﬁa7uI) o J)"O‘(ﬂa,ﬂz)da > 0’
0

which contradicts the strictly weak monotone condition. O

H Proof of Proposition 2|

Proof of Proposition[2] We first note that
Jk,oz( a I)_J/\,oc( e’ ~I) J"‘( (x I)_Joc( oc“aI)
TN ) = T E ) = TR ) T ),

since the transition kernel is independent of the distribution flow, where we denote J*< (7, u%) for
A= 0as J*(n®, u?). Thus, the desired inequality is equivalent to

/1J ( )_|_J°‘( « ~I)_Joz(ﬁ_a’lul)_Ja( e ~I)da<0
0

We define pf,pf € A(S x A)T for h € [H] as pf(s,a) = uf(s)m¥(a|s) and % (s,a) =
A5 (s)m(a|s) forall h € [H] and o € Z. Then the weakly monotone condition implies that

/ Z/ pi(s,a) — pi(s,a)) (rh(s a, 25 (1, W) — r1(s, a, zh(,uh,Wh)))dsdoz <0.

aE.A
Then we have that

/1 JO‘( a >+Ja( « ~I) Ja( a ) JO‘( a ~I)da
0

22



) / a5, 0) = (5, )) (5 00 2, W) = 7 (5, 0, 253, W) ) dsda

L

<0.

Thus, we conclude the proof of Proposition 2] O

I Supporting Propositions and Lemmas

L1 Proof of Proposition

Proof of Proposition[5] We first prove that T}u € C(S) for any u € Cy41(S). By Proposition
7.32 in Bertsekas and Shreve|[[1996], T} u is continuous. The sup-norm of it can be upper-bounded as
|1 T7 ul|oo <14 Nog| Al + (H — h)(1+ Aog|A]) = (H —h+1)(1 + Alog|Al).

For the second claim, we have that

1T w = Ty vlloo

=sup| sup Zp a)Th (s, a,vp) — AR(p +Z/ a)Py,(s" | s,a, v )u(s")ds

s€S peA(A) sen acA
— sup Zq( V7n(s, a,vp) — AR(q) + Z/ a)Pu(s' | s,a,p)v(s")ds’|
1€A(A) ge 4 a€A
< sup ‘ Z / p(a)Py(s"|s,a, o) (v(s") — u(s'))ds’
s€ES,pEA(A) ! (e VS

<l = vfloo,
where the first inequality results from that | sup,cy f(2) — sup,er 9(2)| < sup,ex |f(2) — g()]
for any real-valued functions f, g and set X'. Thus, we conclude the proof of Proposition 3] O

1.2 Proof of Proposition [6]

Proof of Proposition[6] Let {(v(™,¢(™)},5, C = x = be a sequence such that £ € T'(v(™) for
alln > 1and (v, €M) — (1, €) as n — oo with respect to the total variation distance for some
(v,€) € 2 x E. To prove the graph of I is closed, we need to prove that £ € T'(v).

We first prove that £ € A(v). For any n > 1 and h € [H], we have
f(:i-)l Z / Py(-|s,a l/h ) }(Ln)(ds,a).
acA

Since £(™ — ¢ in total variation, §h" — &, weakly. Take any bounded continuous function
g € Cp(S). Then

lim E // "\ Py (ds’ |saV}(L) dsa E // "\Py(ds'| s, a, 7h)vn(ds, a),
n—oo aeA
(L.1)

which results from Langen|[1981]], [ g(s') Py (ds’ | s, a, 1/}(1 )) converges to Js9(s")Pu(ds’ | s,a,0p)

continuously, and v("™) converges to v. Eqn. ([T) implies that >, 4 [s Pa(: | s, a, V}S ))1/,(1 )(ds7 a)
weakly converges to Y -+ [ Pu(-| s, a, 7p)vn(ds, a). Thus, we have

Enr1(s) Z / Py(-|s,a,vp)vp(ds, a).

acA

We then prove that £ € B( ). Since £(™) € B(v(™), there exists sets A;L") C Sforalln > 1 and
h € [H] such that 5(")( ")) =1, and forany n > 1, h € [H] and s € A'™, the following equation
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holds

n () e
Z§ s)Th(s,a, Vh ) AR §( Z / f s'|s,a, 1/,(1 ))thﬂ (s')ds" = Vh’\’ (s).

acA acA
(12)

We construct the set Ay, = NP2, USS Aé") for all h € [H]. Then the following proposition shows

that £,(A,) = 1 forall h € [H].

Proposition 8. Suppose that { P,,}2° | and P are distributions on a measurable space, and P, — P
with respect to the total variation distance as n — oc. Take any sequence of sets { A, }22 , such that
P,(A,,) = 1. Then we have

Proof of Proposition[§] See Appendix[[.3] O
We are going to prove that for any s € Ay, the following equation holds,

th(a\s)fh(s,a,ﬁh) AR (& (- | —|—Z/fh al|s)Pu(s"|s,a,vp) thl( s)ds' = VM (s).

acA acA

. . A, (") = .
We first show that the optimal value functions Vh’\’V converge to Vh’\’V continuously.

Proposition 9. Given S is compact, if V") — v in total variation, we have

lim sup|V’\” (s) — Vh’\’”(s)‘ = 0forall h € [H].

n— oo SES
Proof of Proposition[9] See Appendix O

From the definition of Ay, for any s € Ay, there is a sequence {n;}7° ; such that s € Ag:”“) for all

k > 1. Since 5}(:”") — &), in total variation, }(Lnk)(a |s) — &n(als) foralla € Aand s € supp(&y).
Thus, we have

. n _ n n n v
klirgoZSfl )(a\s)rh (s,a, Vh ) AR f( Z/f( ) s'|s,a, l/( ))Vh’\+1 (s')ds’

acA acA

= th(a\s)fh(s,a, ﬂh) )\R gh -l— Z / fh a\ Ph |S a, Vh) h+1( /)ds/’ (1.3)

acA acA

which results from |[Langen| [[1981], Assumption I (3) and (4), Proposition |§| and & ,(L"" )(a |s) —

&n(als). Combining Eqn. (I3) and that Vh’\Jr”1 ( ) — Vh’\+l’1( ), we prove the Eqn. (L2). Thus, we
conclude the proof of Proposition [6] O

L3 Proof of Proposition

Proof of Proposition[8] Define the event G = N2, U A, and By, = N2 AL Then we have
that G = Up 1 Bi. Note that By, € By, and the monotone convergence theorem, we have that

P, (G° N A,) = liminf P, (By, N Ay). (L4)
Exde el
We then have that

1 = lim sup lim inf [Pn (G N An) + P, (Bk N An)}

n—oo k—oo

< liminflim sup [P (G 1 Ay) + Pa(Bi 0 4,)], (L5)

k—o0  n—oo
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where the equation results from Eqn. ([4). For the second term in the right-hand side of inequal-
ity @, we fix any k& > 0, then for n > k, we have that P,,(Bx N A,,) = 0 from the definition of By.
Thus, we have that

limsup P, (Bk N An) =0, hmmf limsup P, (G N An) =1

n—oo n— oo

where the second equation results from the first equation and inequality ([:3). Since P, converges to
P in total variation distance, the weak convergence of P,, to P is guaranteed. Portmanteau Theorem
shows that

P(G) > limsup P,(G) > liminf lim sup P, (G N An) =1

n—oo k—oo  nooo

This concludes the proof of Proposition 8] O

L4 Proof of Proposition 9]

(n) (n)
s

Proof of Proposition[9 For ease of notation, we define TM) =77, T =T, VA" = yAv

VA=V v, (n) = ug = 0 and we let
u,(;i)l = T(")ufcn) ug+1 = Tuy for k > 1.
From the contraction property in inequality (D.I), we have
p(u,gn),VA7(")) <o*Ly plug, VV) < oF L.
We then prove that lim,, o SUp,cs |u,(€n,)1( ) — uk.n(s)| = 0forall h € [H] and k > 0. We prove

this by induction. When & = 0, ué"}z( )= ué”,i( ) = 0 from definition. Suppose that the claim holds
for k and all h € [H]. Consider k + 1 and any h € [H], we have that

sup [ul)) ,(8) = ks 1.0(5)]
sES

=sup| sup Zp a)iy (s, a, Vh — AR(p) + Z/ a)Py(s'] s, a, 1/ )u,(cnlzﬂ(s’)ds’
s€S pEA(A) sea acA

— sup Zq( Vr(s,a, ) — AR(q) + Z/ a)Py(s"| s, a, vp)ug py1(s")ds’ f
9€A(A) e acA

sup Z [gp(a)ph(s’|s,a *}(l"))ug€ h+1 Z/ a)Py(s'| s, a, U )ug pt1(s")ds’

s€S,pEA(A) | e acA

IN

+  sup ‘ Z p(a)(7n(s,a, ﬁ}(Ln)) — Tn(s,a,)) ‘
seS,peA(A) acA
From AssumptionI(Z) (-, 717,(1")) converges to 7, (-, -, ¥,) continuously. Also, since continuous

function u; ,)l 41 uniformly converges to uy p41 on compact sets S as n — oo, we have that u,(f",i 11

converges to uy p+1 continuously. By [Langen, 1981} Theorem 3.5] and Assumpt10n|§|(4) we have

that [ Pu(s' |-, ,_(n))uén}{“( ")ds’ continuously converges to [ Pr(s |, -, 7 )ug,ny1(s')ds’.

Since the continuous convergence is equivalent to uniform convergence on compact sets, we have

that lim,, o0 SUp,cs |u,(:_"~_)17h( ) — u,(c_s_1 n(s)] =0.

Thus, we have that
(n) _
sup |V)"V (s) — Vh)"y(s)|

seS

. i
<V = ul) oo + gy — wkplloo + 1V = wknllos

<"V u™) + [lu) — uk wlloo + 0™ p(V, ug)
< 26" Lo + [[ul") — win oo (L6)

The right-hand side of inequality ([.6) can be made arbitrarily small by first choosing a large enough
k and then let n — co. Thus, we conclude the proof of Proposition 0] O
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L5 Proof of Proposition|7]

Proof of Proposition[7] The proof of Proposition [7] generally follows the proof of Theorem 11.4 in
Gyorﬁ et al.|[2002]]. Here we only specify the different parts. In the followmg, We bound the /4
covering number of function class {eg, 7 | f € Fn,g € Fny1} onsamples {(s% ;,,a’ ;s 1)}

Assume that we have the §-covers C5 and Cg 41 of Fp, and Fj 1 with respect to the £, i.e., for any
f € Fp, there exists f. € Cj) such that || f — fe|lc = SUPses aca |f(5,a) = fe(s,a)| < 0. Then for
any e, s, we can find f. € C) and g, € C;SL+1 such that || f — felloo, |9 — gelloo < 0. The ¢ distance
between e, 7 and ey, s, on samples {(s. ;,a% 5., 1) }2; can be bounded as

K Z }@g,f(Si,ha ai,ha sfr,h—&-l) - 6gmfc(sﬁ—,h7 ai,h,, Si,h+1)|
T=1

| K
< K;{ (7’
— (ru(s S7.h @ }hazh )+ Vg, (Th+1) fc(Si,hvai,h))Q‘

0 Eha) = PV at) = (Vi) = (PaVi )t
@L.7)

i i i 2
T]’L? Th?zh/ )+ V ( Th—i—l) f(ST,haaq—JL))

For the first term in the right-hand side of this inequality can be bounded as

i i 2
Tha Th’zh )+ V ( Th+1) f(ST,hJaTJ‘I,))

- (Th( 81 hs Th7Zh )JFV (i,h+1) fe(s? 87 h G Th))Q'

ZB , ) . ) )
== Z Vg (sp 1) = Vo (stng)| + [F (870 a50) = fe(55nsa50)|

< 4BH(S

where the last inequality results from the definition of f. and g.. The second term in the right-hand
side of inequality |l.7|can be similarly bounded, then we have that

1 . . . _ . _
K Z |€g,f(slr,hv s s Sy 1) — €ge.fe(S7h Q5 s 5:—,h+1)’ < 8Bp0.
T=1

The covering number can be correspondingly bounded as
N1 (6 {eg p}, {(shpabpy st i) En)) S Noo(8/8Bn, Fi) - Noo(8/8Bn, Frg)-
Combined with the proof of Theorem 11.4 in (Gyorfi et al.| [2002], this concludes the proof of
Proposition 7} O
Lemma 10. For any two distributions p*,p € A(A) and p = (1 — B)p + BUnif(A) with 8 € (0, 1).
Then
.l A A
Dua(p°1) < log 5
Dia(p*[Ip) — Dwa(p*llp) < B/(1 = B).

Proof of Lemma|I0}

*

. ) » . 1 Al
Dy (p*||p) < <p ,log (1—5)p+5/\v4|> < <p ,logﬁ/|A|> log —= 3

Thus, we prove the first inequality. For the second inequality, we have

b

®

D (p*|Ip) — Da(p”llp) = <p ,log( +ﬁ/|A|> < <p*,log ﬁ> < <p*, 1? > = 1=
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where the second inequality results from log(z) < 2 — 1 for z > 0. Thus, we conclude the proof of
Lemma 10l

O

Lemma 11 (Performance Difference Lemma). Given a policy % and the corresponding mean-field
flow u?, for any player oo € T and any policy 7, we have

H
VN (s, 7%, i) = Vi (s, 7%, 1F) 4+ Bz iz {Z D (7R (- [ spllmi (-] s7)) I s§ = 3]
h=1
H

Ao o a @ a\ ~a a a a @
:E%Q,AAI[Z@;/ (8hyo T aHI)—)\logﬂh('|5h)a77h('\3h)—Wh('|3h)>\51 :5]:

h=1

where the expectation Ezo ,z is taken with respect to the randomness in implementing policy 7 for
player o under the MDP induced by ji*.

Proof of Lemma(I1] From the definition of Vl’\’o‘ (5,7, uT), we have

VI (s, 7%t

- A
wo,ut R\Shs>@psZp) — r\Qp | Sp ’Q(S%Ja,ﬂz)—V/\’a(sﬁaﬂavﬂz) 57
" E rh(sy,ay, zp) — Xog 7y (ap | siy) + Vy f

2

H

- A
= Eja ,z {Zrh(sg,aﬁf,zg) — Mog 7y (af | si) + thr‘){(sj‘{“,ﬂ“,uz)
h=1

A
- Vh ’a(szt? 71,047 MI)

50 = s} + Vl’\’(’(s,ﬂ'a,ul), 1.8)

where the second equation results from the rearrangement from the terms. We then focus on a part of
the right-hand side of Eqn. (L8).

]Eﬁ'“‘,p,z [rh(S‘f{,aﬁf,zh) AMog 7y (aj, | sy,) + Vh+1(sh+1v ,#I) |s] = 5]
= Efro‘,uz [T‘h(S;O;, a}o;a Zg) + Vhil(sh-‘rla 7T s 1 ) | Sl = S] - AE‘H’“,;AI [R(ﬁg( | S}o:)) | 8(11 = 3:|
= By [ (QN° (s, i) AR [ 5)) |58 = 8| = Bz [R(FR(5) |58 = 5]
1.9)

where R(-) is the negative entropy function, the inner product (-, -) is taken with respect to the action
space A, and the second equation results from the definition of Qﬁ’a and Vh’\ﬁ. Substituting Eqn. (L9)

into Eqn. (C8) and noting the fact that V¥ (s&, 7, uZ) = (Qn*(s%, - 7, pu), 72 (-| 58)) —
R(mg (-] %)), we derive that

VN (s, 7 ) — VO (s, 7, i)

H
{Z (@ (s, 7™ T, 75 (] 53) — wz<-sﬁ>>|s?s]

A, [ZR (188) = RORC15) |5t =
H

A, -
— Ese .z [Z (@ (s, %, D), 7O (| 55) — (- 53)) | 85 = ]

h=1

H
—AEﬁa,#z[ZDkl(ﬁﬁ('|82)||7TZ‘('8%))+<10g7h( [ si), @R (1) = mi (| si)) | s1 = s,
h=1
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where the last equation results from the definition of the negative entropy R(-). This concludes the
proof of Lemma TT]

O

Lemma 12 (Lemma 3.3 in|Cai et al.| [2020]). For any distribution p,p* € A(A) and any function
g: A — [0, H), it holds for g € A(A) with q(-) o« p(-) exp (ag(-)) that

(9(-),p*() = p()) < aH?/24 o [Dw(p*|lp) — Dua(p*[lq)]
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