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1 Appendix

A Proof Sketch

To better clarify our theoretical results, we provide a proof sketch here. Firstly, we decompose the
performance difference bound under the model-based setting into three terms (Theorem ). Sec-
ondly, by means of using Return Bound (Theorem D), we can bound these three terms individually
(Theorem B). Then, we can do some transformation to get Unified Model Shift and Model Bias
Bound (Theorem @), which bounds the model shift term and the model bias term in total variation
form. However, due to the intractable property of A, we further explore the upper bound of Al
(Theorem B), finding that A can be ignored. Finally, by the Integral Probability Metrics (Lemma B)
and the property of the Wasserstein distance, we derive the target which bounds the model shift term
and the model bias term in the Wasserstein distance form.

Definition
Performance
Intergral HE. . - .
B H i lipschitz continuity of value function
Difference Bound { Probability Metrics P Y
yrie _ym s o i (lemma3)
Target in total variation form Target
Decomposition Drv (pan ||Pasy) + Drv (pasy | |par+) Wa(pan, pars) + W (pary, par+)

Return Bound

th t
(Theorem 2) reeterms

(Theorem 1) ignore the [4|

Unified Model
Shift and Model

Decomposition-
individual bound
(Theorem 3)

|A] Upper Bound

transformation| ~ BiasBound  ||A|intractable|  (Theorem5)
(Theorem 4)

Figure 1: Theoretical sketch of USB-PO.

B Useful Lemmas

In this section, we provide some proof to support our theoretical analysis.

Lemma 1 (Total variation Distance). Consider a measurable space(), X.) and probability measures
P and Q are defined on (2, X). The total variation distance between P and Q) is defined as:

Drv (P||Q) = sup [P(A) — Q(A)] ¢y
Aex

Eq.() can be equivalently written as:

1
Drv(Pl|Q) =5 Y IP({w}) — Q({w})| o)
we
Proof: The proof of this lemma can be found in [[7]. O

Lemma 2 (Total Variation Distance of Joint Distributions). Given two distributions p(x,y) =
p(x)p(ylx) and q(x,y) = q(x)q(y|z), the total variation distance between them can be bounded
as:

Drv (p(z,y)lla(z,y)) < Drv(p(@)lla(2)) + max Drv (p(y|z)llg(ylz)) 3)
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Proof:

Dry (p(x, y)lla(=,y)) = % > Ip(x,y) — q(x,y)|

= 3 S Ip@plyke) - a@atula)
= 5 3 b@pvle) ~ p@)alula) + ple)alyle) - ala)alylo)

L @)
< 5 2 p@)lp(ylz) — a(lo)| + p(z) — q(@)la(ylo)
= 2 Y p@lpule) — atlo)] + 3 3 o) — a(a)
= By [Drv (p(yl2) lg(yl2))] + Dy (p(@)]g()
< Drv (p(z)lg(2)) + max Drv (p(yl2)|lg(y|z))

]

Lemma 3 (Integral Probability Metrics). Consider a measurable space(X,Y). The integral proba-
bility metric associated with a class F of real-valued functions on X is defined as

dr(P,Q) = ]chg Ex~p[f(X)] = Eylf(Y)]| ®)]

where P and Q are probability measures on X. We demonstrate the following special cases:

(@) IfF={f:||flleo < c}, then we have

dr(P,Q) = cDrv(P|Q) ©)
(b) If F is the set of L— Lipschitz function with a norm || - ||, then we have
dr(P,Q) = LW1(P,Q) ©)

In our paper, to distinguish the dynamic transition function, we choose F to be the class cover-
ing V. Since the value function can converge to Tlf”;, it only needs to satisfy the L.,-Lipschitz

continuity and thus we can get Tf'j;” Drv(pyml|lpar) = LoWi(pa, pur) for any arbitrary model
M, M.

C Missing Proof

Theorem 1 (Performance Difference Bound Decomposition). Let M; € M be the evaluated model
and 7; € 11 be the policy derived from the model. The performance difference bound can be decom-
posed into three terms,

Vit —ymith = (vt - Vi) - (v - VD + (V7 - Vi) ®)

Proof: We introduce two additional terms V]C?l and VJ\TZ that allow the performance difference bound
objective to be divided into three operators based on the return bounds, which can be reformulated
separately.

Ve Ry V) V-V

_ (VW2\M2 — V) — (V‘m\Ml — VM) 4+ (V2 — V)

- Mo My Mo My
O

Theorem 2 (Return Bound). Let R,,.. denote the bound of the reward function, €, denote
maxg Dry (m1||m2) and e%f denote B, ,).qm [Drv(pa,llpas, )] For two arbitrary policies
’ 1

w1, mo € 11, the expected return under two arbitrary models My, My € M can be bounded as,

T T En Y M
Vi - Vi > 72Rm(w(<1 — A rear) (10)




43 Proof: We give the thorough proof referring to Lemma B.4 in MBPO [4] as follows.
Vig — Vi = Zv Z Pl (5:0) = Py, (s,)r(s, @)
> mZv le% s,a) — pphy, (s, a))| (11)
= —2Rymax thDTv@;?Ml (s, )|lpF3, (5, @)

44 According to the Lemma D, we have:

Drv (07, (5: @)lIPE, (5, @) < Drv (07, (9)I1P5 s, (5)) + max Dry (mi(-|s)][ma(-s))

. - (12)
= Drv (P v, (9)lIp£s, (5)) + €n
45 Further we expand the first term:
DTv(p?lMl( NP, (5))
= Z‘ptMl pth( s)|
= 72 Zp (81 )Pt ar, (87) = Pz, (18")P2 1 ay (5)]
<5 ZZ \p (sls")pi2, Ml( s) _pﬁQ(s‘Sl)pﬁl,Mg(S/N
T2 / T / T /
<5 Zpt 1, ( A (s18") = oz, (18] + Dz, (sIs) i 1w, (8) = P21 ar, (5]
1 T T
= 3Eap?t ) Z\le i (8181 + Drv (pi2 1 g, ($)11PE21 ag, (57))
=35 ZlEs Npt, 1My (s”) Z |p 8|S ( |S )H (13)
t/
— /
- fZEN RO I I ACE R ACER]
<5 ZES pr, 10y (s") Z |p 3 0,|S pﬁg(s’a|8/)|]
t’ 1

t

S Bt ) Drv i (s,als) 95 (5,0ls')
t'=1

< ZEa ~pyt 1My (s')[eﬂ’ + Eqnrm, [DTV(le (S|S/’Q)||pM2(S|SI7a))H
t'=1
t

=tex + ZES awpt, 1,0y (s’ a)DTV(le( |S a)”pMz( |8 a))
t'=1

46 Then move the result of Eq.(I3) to Eq.(I2), we can get:
t
Dry (0, (5, )P, (5, 0)) < (D ert D By s (.0 Drv (oar, (sl 0) [pas s5', )
t'=1 o
(14)



47 Next, we move the result of Eq.([4) to Eq.(I), we can get:
Vi, = Van,
[e'e] t
> —2Rmaz » 7' ((E+Dex+ Y By anpt | oy (o) DTV (021 (s|s',a)||pas, (s|s’, a)))

t=0 t'=1

15)
€r

(1=~

48 Here, we first simplify the second term of the Eq.(I3)

1 o0
ﬁ Z ryt]Es/,aNp:il’Ml (s’,a)DTV (le (s|sl> a’) ‘ |pM2 (S|S/7 a))
t=1

1 > t / /
= _2Rmax( )2 + 11—~ ;7 Es’,awpzril?Ml (s/,a)DTV(pM1 (S|S ?a)”pMQ (S|S ,CL)))

)
vy
= 1—~ Z ’yt]Es’,aNp;lMl (s’,a)DTV (le (S|S/a a)”pMz (S|S/7 CL))
t=0

v (16)

_ . / /
= (1_77)2(1 - 7) ;7 ES,’aNp:r’lMl (s’,a)DTV(le (5‘5 7a)||pM2 (S|S ,a))
v
- WEs/,aNd;}l (s/’a)DTV(le(S|S/, a)||par, (5|8, a))
Y Moy
T
49 Then we bring this result back to Eq.(I3) and the proof is complete.
0 T €r ¥ M
ViZ —VIit > —2Rnmax 5 7
Mo M; = ((177)2"‘(177)26]\/[1) ( )
50 .

52 M be the evaluated model and w; € 11 be the policy derived from the model. The decomposition
53 terms can be bounded as,

st Theorem 3 (Decomposition TVD Bound). Let €y denote B, 4y 47 [Drv (pas,

Vﬂ'g\l\/lg _ V7r1|M1 > 2Rma$7( T 2Rmaa:€ﬂ'

T M.
(]_ _ ’)’)2 My 61\52 - 6Mr;)) - (1 — 7)2 (18)
54 Proof: According to CMLO [5] and Eq.(Md), the term ymiMy V]\?l can be approximated as
55— 2(1;‘1«;;] €11, » thus we only need to bound the remaining two terms.
s6  For the term V™21M2 _ VJ’VZ, we use Eq.(IM) to bound it.
" (maXDTv(’]T2||7T2) ~ )
Yl Yy > 2R, 2 + €2
Me e (1—7)? (1—9)? Mz (19)
_ QRmam"Y 671—2
(1—7)2 M
57 Similarly, for the term VJCZ - VATZ , We can get:
T T Ex Y M.
Vi = Vit > 2R, 2 20
iy~ Vit 2 ~2fiman o ¥ ) .

58 We now combine these three bounds together and complete the proof.

Vﬂ'Q\Mz _ V7r1|M1 _ (Vﬂ'g\Mz o VJ\ZZ) o (V7r1|]v11 . VJ\E) + (VJ\T?Q . V]\TZ)

2Rma17 T2 2Rmawry T €r v M-
2T T o M (Tm H rEan) an
2RmazY , T M. 2R az€xn
— 7(6 Lo T2 2) _ “lmaxtr
(T2 B =B =) = (e
59 O
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Theorem 4 (Unified Model Shift and Model Bias Bound). Ler x denote the constant ﬁfgv;gg and
A denotes E(s (l)Nd"rl [DT\/(ngHpM*)] — E(s,a)wd;i [DTV(pMszM* )] Let M; € M be the

evaluated model and w; € 11 be the policy derived from the model. The unified model shift and
model bias bound can be derived as,

VTF2|M2 _ Vﬂ'l‘]\/fl

22
SO B0yt (D rsllpas-) = Drv (s, [Ipa,) = Drv (as loas)] + A) = ) @

Proof: Based on Eq.(I), we add a new term <[, a)~d?} [Drv (pas,||par+)] to reformulate the
’ 1
optimization objective. O

Theorem 5 (IAl Upper Bound). Let M; € M be the evaluated model and w; € 11 be the policy
derived from the model. The term A can be upper bounded as:

27y 2en
Al < V]E(g oy~ PV (P [[Par) max Drv (pas [[par)] + T, ax x Doy (par||py+)

(23)
Proof: First, we combine these two terms.
Al = B apnagy, [D1v (0rs[[P20-)] = Eqg 0y agz [Drv (s [[pace)]|
h|ZvZaMm>ﬂwwwwmm%wwwww
) (24)
< (1 =) max Dry (par, (s'[s, @) [pas- ('], a) Zv let L (5,0) = Py, (s.a))|

=2(1-7) maXDTv(pMszM* ZV Drv (p} iy, (s,0)l|pf 5y, (s a))
t=0

Recalling that we get the result of the sum equation above in Eq.(I4), and then we have:

€
Tt )

1—7)2 (1-9)?
2,)/ 2€7r
= mEs,adell [Drv (pan | |Pas,) max Drv (pas, [[par-)] + T, ax Drv (par,|[par-)
(25)
[

Al <2(1—7) H;%XDTV(PMQHPM*)((

D Experimental Details

D.1 Environment Setup

We evaluate the algorithm over a series of MuJoCo [I[T] continuous control benchmark tasks. To
ensure fairness, we use the standard 1000-step version of all the environments. The details of the
environment setup are from OpenAl Gym [[I], as shown in Table [.

Table 1: The general outline of the MuJoCo environment.

Environment-Version | State Dim | Action Dim Termination
Ant-v2 27 8 obs[0]<0.2 or obs[0] > 1.0
HalfCheetah-v2 17 6 -
Hopper-v2 11 3 obs[1] > 0.2 or obs[0] < 0.7
Humanoid-v2 45 17 obs[0] < 1.0 or obs[0] > 2.0
InvertedPendulum-v2 4 1 obs[1]> 0.2 or obs[1] <-0.2
obs[0] > 2.0 or obs[0] < 0.8 or

Walker2d-v2 17 6 obs[1] > 1.0 or obs[1] < -1.0
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D.2 Baseline implementation

MFRL Baselines. We use two state-of-the-art model-free algorithms, i.e. SAC [B] and PPO [d],
to do baseline comparison. To demonstrate the final performance and sampling efficiency of our
method, we train SAC for 3M steps, which is much more than MBRL algorithms. The hyperparam-
eters are consistent with the author’s settings.

MBRL Baselines. We use several state-of-the-art model-based algorithms to do baseline compar-
ison, covering CMLO [8], MBPO [4], SLBO [&] and STEVE [I]. The implementation of CMLO is
based on the opensource repo published by the author and all of the hyperparameters are set accord-
ing to the paper [5]. Our algorithm USB-PO is implemented based on the opensource repo published
by Janner who is the author of MBPO.

We present the final performance on six continuous benchmark tasks in Table D. The results demon-
strate that our algorithm achieves competitive performance compared to both MBRL and MFRL
baselines over these tasks. Each result in the table shows the average and standard deviation on the
maximum average returns among different random seeds and we choose 250K for HalfCheetah-v2,
300K for Walker2d-v2, 300K for Humanoid-v2, 250K for Ant-v2, 15K for Inverted-Pendulum-v2,
120K for Hopper-v2.

Table 2: The final performance on six continuous benchmark tasks.

HalfCheetah Humanoid Walker2d
STEVE | 12406.29+458.08 | 4318.32+853.60 | 1109.23+1163.74
SLBO 1915.47+1398.73 459.46+£34.27 3107.934+1887.09
MBRL MBPO | 12765.674+594.54 | 5546.774+221.72 4582.06+67.44
CMLO | 10143.55+193.82 | 5577.01£219.89 4807.60+99.89
USB-PO | 15105.91+177.75 | 5973.75+110.99 5691.62+162.57
MFRL(@3M steps) SAC 15012 6207 5879
Ant InvertedPendulum Hopper
STEVE 779.72+£45.67 778.54+£265.51 1131.61+623.52
SLBO 707.79+218.80 793.24+334.90 898.68+233.21
MBRL MBPO 4926.10+£818.38 1000.00+0.00 3436.00+120.72
CMLO 5123.71+783.97 1000.00+0.00 3495.414+71.02
USB-PO | 6340.84+119.06 1000.00+0.00 3694.22+46.19
MFRL(@3M steps) SAC 5934 1000 3610

D.3 Hyperparameters

Our algorithm USB-PO is based on MBPO [4] and is implemented according to the opensource repo
published by the MBPO author. Except for the learning rate in phase 2 of our USB-PO algorithm,
the hyperparameters are completely identical to the MBPO settings for all environments. In all
benchmark tasks, we set this learning rate to le-4.

D.4 Computing Infrastructure

In Table B, we list our computing infrastructure and the computational time for training USB-PO
on these six continuous benchmark tasks. Note that the time we report is the cost for 4 random
seeds simultaneously on one graphics card. For Humanoid, only two random seeds can be run
simultaneously because of the limitation of graphics memory.

Table 3: Computing infrastructure and the computational time for each benchmark task compared
to MBPO, where the time unit d denotes day and h denotes hour.

HalfCheetah | Humanoid | Walker2d | Ant | InvertedPendulum | Hopper
CPU AMD EPYC 7B12 64-Core Processor
GPU NVIDIA 2080Ti
MBPO times 2.46d 1.64d 1.75d 2.88d 3.43h 17.81h
USB-PO times 2.29d 1.51d 1.65d 2.91d 3.42h 18.28h
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E Comparison with Prior Works

In this section, we compare USB-PO with prior theoretical works to emphasize our contribution, as
a complementary to the main paper. First, we give a summary and then show the details as follows.
MBPO-Style does not consider model shift and CMLO-Style rely on a fixed threshold to constrain
model shift. Our algorithm, USB-PO, adaptively adjusts the model updates in a unified manner
(unify model shift and model bias) to get the performance improvement guarantee.

MBPO-Style [4, U, i, 12]. They use the return discrepancy bound V7™ > Vi — Clem, €x) to
improve the lower bound on the performance under the real environment, i.e. as long as improving
Vi by more than C(e,, €,) can guarantee improvement on V™M Obviously, This scheme is
guaranteed under a fixed model and it does not consider the change in model dynamic during updates
nor the performance variation concerning model shift. Even worse, if the model has some excessive
updates, it is impractical to find a feasible solution to meet the improvement guarantee.

CMLO-Style [S]. They use the performance difference bound under the model-based setting
ymelMz _ ymilMy > (' to directly consider model shift and model bias. However, they finally
derive a constrained lower-bound optimization problem and use a fixed threshold to constrain model
shift, i.e. supges ae 4 Drv (Par, (+s, a)||Par, (+]8, a)) < oar, v, and determine when to update the
model accordingly. Notably, we find that this fixed threshold plays a key role in the whole algorithm
and needs to be carefully adjusted for each environment. If this threshold is set too low, the model
bias of the following iteration will be large, which impairs the subsequent optimization process. If
this threshold is set too high, the performance improvement can no longer be guaranteed. Addition-
ally, using a fixed threshold during the whole training process makes the algorithm problematic to
adjust adaptively.

USB-PO (Ours). Following CMLO-Style [8], we also use the performance difference bound un-
der the model-based setting to directly consider model shift and model bias. Compared to relying on
a fixed threshold to constrain model shift, we use a transformation to unify model shift and model
bias into one formulation without the constraint (Theorem B). Due to the intractable property of
A, we further explore the upper bound of |A|, finding that A can be ignored with respect to model
shift and model bias alone (Theorem H). Finally, the optimization objective we get can be used
to fine-tune M- in a unified manner to adaptively adjust the model updates to get a performance
improvement guarantee. Notably, our algorithm can use the same learning rate of Phase 2 and our
algorithm is robust to this learning rate. To the best of our knowledge, this is the first method that
unifies model shift and model bias and adaptively fine-tunes the model updates during the training
process.

HalfCheetah-v2 Walker2d-v2 Humanoid-v2
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Figure 2: We choose a specific random seed to show the details of the first 30 training times on all
benchmark tasks, covering the difference of optimization objective value, the model shift term and
the model bias term before and after the fine-tuning process.
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F Additional Experiment

F.1 Working Mechanism Extension

To illustrate that the ability of USB-PO to reduce both model shift and model bias potentially is not
a coincidence that exists only in the Walker2d environment, we add experimental results in other
MulJoCo [I1] environments. As shown in Figure [, when the fine-tuning actually operates, the
difference of the model shift term and the model bias term among all of the benchmark tasks are
generally both positive, further validating our superiority.

F.2 Ablation Study Extension

Here, we show the results of the ablation study on all of the MuJoCo benchmark tasks.

As shown in Figure B, only optimizing the model shift term results in a drop in sample efficiency
while only optimizing the model bias term leads to performance deterioration. Only fine-tuning the
model updates in a unified manner can achieve excellent performance.
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Figure 3: Optimization Objective Variants on all MuJoCo benchmark tasks.

F.3 Ensemble numbers

To illustrate the justification of the ensemble numbers we set, we conduct the ablation experiment
on more ensemble numbers containing 3, 5, and 7. As Figure B shows, as the number of ensemble
models goes up, the performance will be higher and more stable, but it will cost more time. To
maintain the balance between performance and time, we finally set the value of this parameter to 7,
which is recommended by the MBPO [4] original repo.
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Figure 4: Ablation experimental results of the ensemble model numbers.
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