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A SALT Optimization via Tensor Regression

Let y; € RNt be the ¢-th outputs and X; € R™2*Ns be the ¢-th inputs. The regression weights are a
tensor A € RN1XN2xNs wwhich we model via a Tucker decomposition,

Dy D, Ds

A= ZZZM U;; 0 V5 O Wi, (10)

i=1 j=1 k=1
where u;, v, and wy, are columns of the factor matrices U € RNV1XP1 vV € RN2XD2 and W €
RNsxDs | respectively, and g, are entries in the core tensor G € RP1*D2xDs,

Consider the linear model, y; ~ N (A x23 Xy, Q) where A x4 3 X, is defined using the Tucker
decomposition of A as,

A X2.3 Xt = .A.(l)VeC(Xt) (11)
=UG1H (VT @ W vee(Xy) (12)
= UGyyvec(V X, W) (13)

where A ;) € RM1>*N2Ns and Gy € RP1*P2Ps are mode-1 matricizations of the corresponding
tensors. Note that these equations assume that matricization and vectorization are performed in
row-major order, as in Python but opposite to what is typically used in Wikipedia articles.

Equation (13) can be written in multiple ways, and these equivalent forms will be useful for deriving
the updates below. We have,

A x5 X, =UG)(Ip, @ W X/ Jvec(V") (14)
=UG1(VTX,; ® Ip,)vec(W) (15)
= [U® vec(V' X, W)] vec(S). (16)

We minimize the negative log likelihood by coordinate descent.
Optimizing the output factors Let

x¢ = G1yvee(VI X, W) (17)
for fixed V, W, and G. The NLL as a function of U is,

1

LU) =5 (v~ UZ) Q' (y: — Uy). (18)
t

This is a standard least squares problem with solution

-1
U* = <Z yix, ) ( X%/ ) . (19)
t t

Optimizing the core tensors Let X; = U@ vec(V T X, W) € RV1*DP1D2Ds denote the coefficient
on vec(§) in eq. (16). The NLL as a function of g = vec(9) is,

1

L(g) =5 (v: — Xig) Q' (v: — Xig). (20)
t

The minimizer of this quadratic form is,
-1
g = (Z b el Q1Xt> (Z X/ Qlyt> @1)
t t
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Optimizing the input factors Let

X, =UG(Ip, o WTX/) 22)
for fixed U, W, and G. The NLL as a function of v = vec(V ") is,
1 ~ ~

L(v) = 3 Z(Yt - Xv)'Q 7 (v — Xyv). (23)

t

The minimizer of this quadratic form is,
-1
v = <Z X lef,> (Z XZQlyt> (24)
t t

Optimizing the lag factors Let

X, = UGS (V'X, ®1p,) (25)
for fixed U, V, and G. The NLL as a function of w = vec(W) is,
1 . _
Lw) =5 > (ye = Xew) Q7 ye — Xyw). (26)

t

The minimizer of this quadratic form is,
-1
w* = (Z XIQ1Xt> (Z XIQlyt> 27)
t t

Multiple discrete states If we have discrete states z; € {1,..., H} and each state has its own
parameters (S(h), U, v W) Q) then letting wt(h) = E[z; = h] denote the weights from

the E-step, the summations in coordinate updates are weighted by wt(h). For example, the coordinate

update for the core tensors becomes,

—1
g(h)* _ (Z wﬁh)igh)TQ(h)Ai]gh)) (Z wlgh)igh)TQ(h)—lyt) (28)
t

t
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B SALT approximates a (Switching) Linear Dynamical System

We now re-state and provide a full proof for Proposition 1.

Proposition 1 (Low-Rank Tensor Autoregressions Approximate Stable Linear Dynamical Systems).
Consider a stable linear time-invariant Gaussian dynamical system. We define the steady-state
Kalman gain matrix as K = limy_,, Ky, and T = A(I — KC). The matrix T € RP*P has
eigenvalues M1, ..., A\p. Let Amax = maxy |Ag|; for a stable LDS, \yax < 1[22]. Let n denote the

number of real eigenvalues and m the number of complex conjugate pairs. Let yELDS) =Ely: | y<¢]
denote the predictive mean under a steady-state LDS, and yﬁSA”) the predictive mean under a SALT
model. An order-L Tucker-SALT model with rank n+2m, or a CP-SALT model with rank n+3m, can

approximate the predictive mean of the steady-state LDS with error ||57§LDS) - yﬁSA”) o = OAL).

Proof. A stationary linear dynamical system (LDS) is defined as follows:
Xy = AXt_l + b + € (29)
Y = CXt -+ d -+ 6,5 (30)
where y; € RY is the t-th observation, x;, € R is the ¢-th hidden state, €, N (0,Q), d; )
N(0,R),and 8 = (A, b, Q, C,d, R) are the parameters of the LDS.

Following the notation of Murphy [19], the one-step-ahead posterior predictive distribution for the
observations of the LDS defined above can be expressed as:

p(yelyri-1) = N(Cpyp_y +d,CZy 1 C" +R) (€29
where
M1 =Apy_+Db (32)
I Kyry (33)
i1 = AD AT +Q (34)
X = (I - KtC)Etlt—l (35)
p(x1) = N(N1|07 1p0) (36)
K, = (%, , +C"RC)"'C"R™" (37)
ry =yt — Cpypq —d. (38)

We can then expand the mean Cp,,_; + d as follows:

t—1 t—1

Ctu’t\t—l +d=C Z I''AK, 1y:—1+C Z I'i(b—-AK; ;d)+d 39)
1=1 1=1
where
-1
I =][AO-K,iC) for 1€{23,. .}, (40)
i=1
T, =1 A1)

Theorem 3.3.3 of Davis and Vinter [22] (reproduced with our notation below) states that for a
stabilizable and detectable system, the lim; 3,1 = X, where X is the unique solution of the
discrete algebraic Riccati equation

¥ =AZAT —Axch(c=c? +R)'CZAT + Q. (42)

As we are considering stable autonomous LDSs here, the system is stabilizable and detectable, as all
unobservable states are themselves stable [22, 36]

Theorem 3.3.3 [Reproduced from Davis and Vinter [22], updated to our notation and context].
(a) If the pair (A, C) is detectable then there exists at least one non-negative solution to the discrete
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algebraic Riccati equation (42).

(b) If further the pair (A, C) is stabilizable then this solution X is unique, and 3;;_; — X as
t — oo, where 3;;_; is the sequence generated by (32)-(38) with arbitrary initial covariance 3.
The matrix I' = A (I — KC) is stable, where K is the Kalman gain corresponding to X, i.e.

K=(X'+C'RC)"'C"R™! (43)
Proof. See Davis and Vinter [22]. Note that Davis and Vinter [22] define the Kalman gain as AK.

The convergence of the Kalman gain also implies that each term in the sequence I'; converges to
-1
I =][JA@-KC) = (A@-KC))"' =T'"", (44)
i=1
where, concretely, we define I' = A (I — KC). We can therefore make the following substitution and
approximation

t—1 t—1
Cpypy +d ME*CY I'AKy, +CY I'(b - AKd) +d (45)
=1 =1

L L [e%s)
=CY I'AKy, +CY T'(b- AKd)+d+ > F (rl) (46)
=1 =1 I=L+1

L L
~C) T'AKy, ;+C>» T'(b— AKd)+d (47)
1=1 =1
The approximation is introduced as a result of truncating the sequence to consider just the “first” L
terms, and discarding the higher-order terms (indicated in blue). It is important to note that each term
in (45) is the sum of a geometric sequence multiplied elementwise with y;.

There are two components we prove from here. First, we derive an element-wise bound on the error
introduced by the truncation, and verify that under the conditions outlined that the bound decays
monotonically in L. We then show that Tucker and CP decompositions can represent the truncated
summations in (47), and derive the minimum rank required for this representation to be exact.

Bounding The Error Term We first rearrange the truncated terms in (45), where we define
x; = AKy, ;+b— AKd

o0 (o) o0
3 f(rl) =C Y I'AKy,,+C Y T'(b-AKd)+d, 48)
I=L+1 l=L+1 l=L+1
= Z Crix,, (49)
I=L+1
= Y CEA"'E'x, (50)
I=L+1
o0
= ) PA'q, (51)
I=L+1

where EAE ! is the eigendecomposition of ', P £ CE, and q £ E—1x;. We now consider the
infinity-norm of the error, and apply the triangle and Cauchy-Schwartz inequalities. We can write the
bound on the as

€= (f: f(rl)>n . where n = argmax (f: f(rl))k (52)

k

l=L+1 I=L+1
e’} D
= > > pua vl (53)
I=L+1d=1
s} D
< 0D pnal [N vl - (54)
I=L+1d=1
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Upper bounding the absolute magnitude of ¢; 4 by W provides a further upper bound, which we can
then rearrange

0o D
e<W 3 Ipaal [N, (55)
I=L+1d=1
D )
=W lpnal Y [N (56)
d=1 l=L+1

The first two terms are constant, and hence the upper bound is determined by the sum of the of the

I*" power of the eigenvalues. We can again bound this sum by setting all eigenvalues equal to the
magnitude of the eigenvalue with the maximum magnitude (spectral norm), denoted A4,
D 0o
e<W pnal Y Aok, (57)
d=1 I=L+1

where these second summation is not a function of d, and W 25:1 |pral is constant. This summation
is a truncated geometric sequence. Invoking Theorem 3.3.3 of Davis and Vinter [22] again, the matrix
T has only stable eigenvalues, and hence A, ,x < 1. Therefore the sequence sum will converge to

-1 _ _ Zmax
E Anax = A (58)
I=L+1

Rearranging again, we see that the absolute error on the n'® element of y; is therefore bounded
according to a power of the spectral norm

L
/\max

)
1- max

D
e<W Y |pndl (59)
d=1

=0 (Moax) - (60)
More specifically, for a stable linear time-invariant dynamical system, and where q — and hence y —

is bounded, then the bound on the error incurred reduces exponentially in the length of the window L.
Furthermore, this error bound will reduce faster for systems with a lower spectral norm.

Diagonalizing the System We first transform I into real modal form, defined as EAE~!, where E
and A are the eigenvectors and diagonal matrix of eigenvalues of I'. Letting I' have n real eigenvalues
and m pairs of complex eigenvalues (i.e., n + 2m = D), we can express E, A, and E-!as:

E:[al...anblcl...bmcm] (61)

A1 i

o1 Wi
—Ww1 01

(62)

Om Wm
—Wm Om i

E'=| (63)
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where a; ... a, are the right eigenvectors corresponding to n real eigenvalues A; ... \,, and b;
and c; are the real and imaginary parts of the eigenvector corresponding to the complex eigenvalue
o; + jw;. Note that

IM"=(A(I-KC)'=EA"'E™! (64)

The [t" power of A, Al, where [ > 0, can be expressed as:

l
Al
l
)‘n
Al _ 01,0 Wi (65)
—Wi1,1 01
Om,l Wm,l
L —Wm,l Om,l |
— 42 2 — — — —
where 041 = O.i,lfl — wi’lfl, Wil = 20’1'_’1_1(&)7;7[_1 for { Z 2, 03,1 = 04, Wi,1 = Wi, 04,0 = 1, and

wio0 = 0.

Tucker Tensor Regression Let H{ € RP*P*XL be a three-way tensor, whose [*" frontal slice
H., = A" Let G € RPXPXD be a three-way tensor, whose entry g;jx = Li—j—y, for 1 < k < n,
and g;jx = <_1)1i+1=j=k+1]l(i:j:k)v(iflzjf1:k)v(i:j+1:k+1)\/(z’+1:j:k+1) fork € {n+1,n+
3,...,m42m — 1}. Let W € REXP be a matrix, whose entry wyy, = AL~ * for 1 < k < n, wy, =
oki—1fork € {n+1,n+3,...,n+2m—1},andwy, = —wy ;1 fork € {n+2,n+4,...,n+2m}.
We can then decompose I into G € RP*PXP and W € RE*P such that H = G x3 W (Figure 6).

With V = (E"!AK)?, U=CE,m = C Zlel I''(b— AKd) +d, and X; = y;_1._1, we can
rearrange the mean to:

L L
Cpy 1 +d~CY EAT'ET'AKy, ;+C) I'(b— AKd)+d (66)
=1 =1
L
=U>Y H,V'y, +m (67)
=1
L
=U (Sxsw)V'yi +m (68)
=1
L
=UD ((§x2 V)xaWi)yi—1 + m (69)
=1
L D D
=UY NN gjrovi(wwyi—) +m (70)
=1 j=1k=1
D D
=U> > gin(vjXiwy) +m (71)
j=1k=1

Il
WE
Mo
WE
IS
s
=
S
e
g
¥
5

(72)
n+2m n+2m n+2m

= > gipmiovowy | xa3X, +m (73)
i=1 j=1 k=1
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Figure 6: Decomposition of 3 into G and W such that H = G x3 W: Given an LDS whose
A (I-KC) has n real eigenvalues and m pairs of complex eigenvalues, this decomposition illustrates
how Tucker-SALT can approximate the LDS well with rank n + 2m.

CP Tensor Regression By rearranging E, Al and E~'into J, Py, and S respectively as follows:

J=[a; ...a, bi+ci by ci ... by +cpy by, cpy ] (74)

P, (75)

Om,l
Q1

ﬂm,l |

S = T (76)

where J € RPX(n43m) p; ¢ ROrE3m)x(ntdm) g ¢ RIn+3m)XD ) = ;) — 0y, and B;; =
—wj | — 0y, we can diagonalize (A (I — KC))! as JP;S.

Let V = (SAK)”, U = CJ, m = CY."  T'(b — AKd) + d, and X; = y;_1. 1. Let
W ¢ REX(+3m) be a matrix, whose element in the [ row and k" column is p;_1 xx (€.,
the element in the k' row and k' column of P;_;), and G € R(n+3m)x(nt3m)x(nt+3m) pe 4
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541 superdiagonal 3-way tensor, where g;;, = 1;—;—;. We can then rearrange the mean to:

L L
Cpy +d~CY EA'ET'AKy, ;+C) TI'(b— AKd)+d (77)
=1 =1
L
=C Z JP,_1SAKy;_; + m (78)
=1
L
=U> P ,V'y,,+m (79)

=1
L n+3mn+3mn+3m

Z Z Z Z Gijk Wi © Vi (pr—1,kkYi—1) + M (80)
=1 i

n+3m n+3m n+3m

Z Z Z Gijk Wi © V5 (Xywip) +m (81)
k

n+3m n+3m n+3m

=1 > > Zgwkulov oW, | Xa3X;+m (82)
it

s42  And so concludes the proof. O
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C Single-subspace SALT

Here we explicitly define the generative model of multi-subspace and single-subspace Tucker-SALT
and CP-SALT. Single-subspace SALT is analogous to single-subspace SLDSs (also defined below),
where certain emission parameters (e.g., C, d, and R) are shared across discrete states. This reduces
the expressivity of the model, but also reduces the number of parameters in the model. Note that both
variants of all models have the same structure on the transition dynamics of z;.

Multi-subspace SALT Note that the SALT model defined in (6) and (7) in the main text was a
multi-subspace SALT. We repeat the definition here for ease of comparison

D1

iid. 2t zt) 2t 2t Zt Zt
0 (30555 i vl owle | s yioras b0 20

D>

D3

=1 j=1 k=1

D; = Dy = D3 = D and § is diagonal for CP-SALT.

(83)

Single-subspace Tucker-SALT In single-subspace methods, the output factors are shared across

discrete states

2 3
ii.d. (z¢ Zt
yie ~ N m**) 4 E E 8.k )0 ;(k ) X2,3Yt—1:t—L

where m(*t) € RP1,

j=1 k=1

+b, B¢ | (84)

Single-subspace CP-SALT Single-subspace CP-SALT requires an extra tensor compared to
Tucker-SALT, as this tensor can no longer be absorbed in to the core tensor.

L PG Z Z g0 0 viE0) o i)

v N | U [ m)

where U’ € RV*D1 P(z) ¢ RP1xD1 ;) ¢ RPY, D) = Dy = Dy = D, and G is diago-

nal.

j=1k=1

X23Yt—1:4—L

+ b, B

(85)

Multi-subspace SLDS Multi-subspace SLDS is a much harder optimization problem, which we
found was often numerically unstable. We therefore do not consider multi-subspace SLDS in these
experiments, but include its definition here for completeness

X~ N (wat_l 4+ b)) Q(zn) ’

yi~ N (C(Z‘)xt +de), RW) .

(86)

87

Single-subspace SLDS Single-subspace SLDS was used in all of our experiments, and is typically

used in practice [8, 15]

x; ~ N (A“‘)XH + b)), Q(zt)) ’

Y NN(CXt+d, R)

21

(88)
(89)

)



564

565

566
567
568
569
570
571
572
573
574
575

576
577
578
579
580

582
583
584
585

586

587
588
589
590
591

592

593
594
595

D Synthetic Data Experiments

D.1 Extended Experiments for Proposition 1

In Section 5.1 we showed that Proposition 1 can accurately predict the required rank for CP- and
Tucker-SALT models. We showed results for a single LDS for clarity. We now extend this analysis
across multiple random LDS and SALT models. We randomly sampled LDSs with latent dimensions
ranging from 4 to 10, and observation dimensions ranging from 9 to 20. For each LDS, we fit
5 randomly initialized CP-SALT and Tucker-SALT models with L = 50 lags. We varied the
rank of our fit SALT models according to the rank predicted by Proposition 1. Specifically, we
computed the estimated number of ranks for a given LDS, denoted D*, and then fit SALT models
with {D* — 2, D* — 1, D*, D* + 1, D* + 2} ranks. According to Proposition 1, we would expect
to see the reconstruction error of the autoregressive tensor be minimized, and for prediction accuracy
to saturate, at D = D*.

To analyze these model fits, we first computed the average mean squared error of the autoregressive
tensor corresponding to the LDS simulation, as a function of SALT rank relative to the rank required
by Proposition 1. We see, as predicted by Proposition 1, that error in the autoregressive tensor is
nearly always minimized at D* (Figure 7A). Tucker-SALT was always minimized at D*. Some
CP-SALT fits have lower MSE at ranks other than predicted by Proposition 1. We believe this is
due to local minima in the optimization. We next investigated the test log-likelihood as a function of
the relative rank (Figure 7B). Interestingly, the test log-likelihood shows that Tucker-SALT strongly
requires the correct number of ranks for accurate prediction, but CP-SALT can often perform well
with fewer ranks than predicted (although still a comparable number of ranks to Tucker-SALT). As
in Figure 2, these analyses empirically confirm Proposition 1.

x107°
< 0.00
4 o
3 2
2 ;: —0.05
EE = —0.10 f
E 1 b clf
= —0.15 ¥ 1 Tucker-SALT
0 2 b~ CP-SALT
~ —0.20 |«
-2 -1 0 1 2 -2 -1 0 1 2
D — D D — D
(a) Normalized MSE of autoregressive tensor. (b) Normalized log-likelihood on held-out test set.

Figure 7: Extended results examining Proposition 1. Results are shown for the ability of SALT to
estimate ten randomly generated LDSs, using five SALT repeats for each LDS. MSEs (in panel A)
and log-likelihoods (in panel B) are normalized by the mean MSE and mean log-likelihood of SALT
models trained with D = D*. D is the rank of the fit SALT model, and D* is the necessary rank
predicted by Proposition 1.

D.2 Quantitative Performance: Synthetic Switching LDS Experiments

We include further results and analysis for the NASCAR® and Lorenz attractor experiments presented
in Section 5.2. We compare the marginal likelihood achieved by single-subspace SALT models of
different sizes. We see that SALT outperforms ARHMMs, and can fit larger models (more lags)
without overfitting (Figure 8). Note that the SLDS does not admit exact inference, and so we cannot
readily compute the exact marginal likelihood for the SLDS.

D.3 TVART versus SALT in recovering the parameters of SLDSs

We compared SALT to TVART [24], another tensor-based method for modeling autoregressive
processes. We modified TVART (as briefly described in the original paper) so that it can handle
AR(p) processes, as opposed to only AR(1) processes. TVART is also not a probabilistic model (i.e.,

22
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(a) NASCAR. (b) Lorenz.

Figure 8: Quantitative performance of different SALT models and ARHMMs (averaged over 3
different runs) on the synthetic experiments presented in Section 5.2. The test-set log likelihood is
shown as a function of lags in the SALT model, for both (A) the NASCAR® and (B) Lorenz synthetic
datasets.

cannot compute log-likelihoods), and so we focus our comparison on how well these methods recover
the parameters of a ground-truth SLDS.

We used the same SLDS that we used to generate the NASCAR® dataset in Section 5.2. We then
used L = 7 CP-SALT and Tucker-SALT with ranks 3 and 2, respectively, and computed the MSE
between the ground truth tensor and SALT tensors. For TVART, we used L = 7, bin size of 10,
and ranks 2 and 3 to fit the model to the data. We then clustered the inferred dynamics parameters
to assign discrete states. To get the TVART parameter estimation, we computed the mean of the
dynamics parameters for each discrete state and computed the MSE against the ground truth tensor.
The MSE results are as follows:

Table 2: Results comparing SALT and TVART [24] on the NASCAR example.

Model Rank Tensor Reconstruction MSE (x10~3) Number of parameters
TVART 2 0.423 1.4K
TVART 3 0.488 2.0K
Tucker-SALT 2 0.294 0.6K
CP-SALT 3 0.297 0.7K

Table 2 shows that SALT models recover the dynamics parameters of the ground truth SLDS more
accurately. Furthermore, we see that SALT models use fewer parameters than TVART models for
the dataset (as the number of parameters in TVART scales linearly with the number of windows). We
also note that TVART cannot be applied to held-out data, and, without post-hoc analysis, does not
readily have a notion of re-usable dynamics or syllables.

D.4 The effect of the number of switches on the recovery of the parameters of the
autoregressive dynamic tensors

We asked how the frequency of discrete state switches affected SALT’s ability to recover the au-
toregressive tensors. We trained CP-SALT, Tucker-SALT, the ARHMM, all with L = 5 lags, and
the SLDS on data sampled from an SLDS with varying number of discrete state switches. The
ground-truth SLDS model had H = 2 discrete states, N = 20 observations and D = 7 dimensional
continuous latent states. The matrix A (T — KM CM) of each discrete state of the ground-
truth SLDS had 1 real eigenvalue and 3 pairs of complex eigenvalues. We sampled 5 batches of
T = 15,000 timesteps of data from the ground-truth SLDS, with s,, € {1, 10,25,75,125} num-
ber of discrete state switches that were evenly spaced out across the data. We then computed the
mean squared error (MSE) between the SLDS tensors and the tensors reconstructed by SALT, the
ARHMM, and the SLDS. (Figure 9). More precisely, we combined the 3rd order autoregressive
tensors from each discrete state into a 4th order tensor, and calculated the MSE based on these 4th
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Figure 9: The quality of SALT approximation of SLDSs decreases as the number of discrete
state switches increases: The data comes from an SLDS with H = 2, N = 20,and D = 7. 15,000
timesteps were generated, with varying numbers of evenly spaced discrete state switches (x-axis).
The mean squared error of reconstructing the autoregressive tensors increased as a function of the
number of discrete state switches. Note that we combined the 3rd order autoregressive tensors from
each discrete state into a 4th order tensor, and calculated the MSE based on these 4th order tensors.

623 order tensors. As expected, the MSE increased with the number of switches in the data, indicating that
624 the quality of SALT approximation of SLDSs decreases as the frequency of discrete state switches
625 1ncreases.
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E Modeling Mouse Behavior

We include further details for the mouse experiments in Section 5.3.

E.1 Training Details

We used the first 35,949 timesteps of data from each of the three mice, which were collected at
30Hz resolution. We used H = 50 discrete states and fitted ARHMMSs and CP-SALT models with
varying lags and ranks. Similar to Wiltschko et al. [2], we imposed stickiness on the discrete state
transition matrix via a Dirichlet prior with concentration of 1.1 on non-diagonals and 6 x 10* on
the diagonals. These prior hyperparameters were empirically chosen such that the durations of the
inferred discrete states and the given labels were comparable. We trained each model 5 times with
random initialization for each hyperparameter, using 100 iterations of EM on a single NVIDIA Tesla
P100 GPU.

E.2 Video Generation

Here we describe how the mouse behavioral videos were generated. We first determined the CP-
SALT hyperparameters as those which led to the highest log-likelihood on the validation dataset.
Then, using that CP-SALT model, we computed the most likely discrete states on the train and test
data. Given a discrete state h, we extracted slices of the data whose most likely discrete state was
h. We padded the data by 30 frames (i.e. 1 second) both at the beginning and the end of each slice
for the movie. A red dot appears on each mouse for the duration of discrete state h. We generated
such videos for all 50 discrete states (as long as there existed at least one slice for each discrete
state) on the train and test data. For a given discrete state, the mice in each video behaved very
similarly (e.g., the mice in the video for state 18 “pause"” when the red dots appear, and those in
the video for state 32 “walk" forward), suggesting that CP-SALT is capable of segmenting the data
into useful behavioral syllables. See “MoSeq_salt_videos_train" and “MoSeq_salt_videos_test"
in the supplementary material for the videos generated from the train and test data, respectively.
“salt_crowd_i.mp4" refers to the crowd video for state . We show the principal components for states
1,2,13, 32, 33,47 in Figure 10.

E.3 Modeling Mouse Behavior: Additional Analyses

We also investigated whether SALT qualitatively led to a good segmentation of the behavioral data
into discrete states, shown in Figure 10. Figure 10A shows a 30 second example snippet of the test
data from one mouse colored by the discrete states inferred by CP-SALT. CP-SALT used fewer
discrete states to model the data than the ARHMM (Figure 10B). Coupled with the finding that
CP-SALT improves test-set likelihoods, this suggests that the ARHMM may have oversegmented
the data and CP-SALT may be better able to capture the number of behavioral syllables. Figure 10C
shows average test data (with two standard deviations) for a short time window around the onset
of a discrete state (we also include mouse videos corresponding to that state in the supplementary
materials). The shrinking gray area around the time of state onset, along with the similar behaviors
of the mice in the video, suggests that CP-SALT is capable of segmenting the data into consistent
behavioral syllables.
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Figure 10: CP-SALT leads to qualitatively good segmentation of the mouse behavioral data
into distinct syllables.: (A) 30 seconds of test data (Mouse 1) with the discrete states inferred by
CP-SALT as the background color. (B) For one mouse, the cumulative number of frames that are
captured by each discrete state, where the discrete states are ordered according to how frequently they
occur. (C) The average test data, with two standard deviations, for six states of CP-SALT, aligned to
the time of state onset. The shrinkage of the gray region around the state onset tells us that CP-SALT
segments the test data consistently.
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F Modeling C. elegans Neural Data

We include further details and results for the C. elegans example presented in Section 5.4. This
example highlights how SALT can be used to gain scientific insight in to the system.

F.1 Training Details

We used ~3200 timesteps of data (recorded at 3Hz) from one worm, for which 48 neurons were
confidently identified. The data were manually segmented in to seven labels (reverse sustained, slow,
forward, ventral turn, dorsal turn, reversal (type 1) and reversal (type 2). We therefore used H = 7
discrete states in all models (apart from the GLM). After testing multiple lag values, we selected
L = 9 for all models, as these longer lags allow us to examine longer-timescale interactions and
produced better segmentations across models, with only a small reduction in variance explained.
We trained each model 5 times with KMeans initialization, using 100 iterations of EM on a single
NVIDIA Tesla V100 GPU. Models that achieved 90% explained variance on a held-out test set were
then selected and analyzed (similar to Linderman et al. [9]).

F.2 Additional Quantitative Results

Figure 11 shows additional results for training different models. In Figure 11A we see that models
with larger ranks (or latent dimension) achieve higher explained variance. Interestingly, longer lags
can lead to a slight reduction in the explained variance, likely due to overfitting. This effect is less
pronounced in the more constrained single-subspace SALT, but, these models achieve lower explained
variance ratios throughout. Longer lag models allow us to inspect longer-timescale dependencies,
and so are more experimentally insightful. Figure 11B shows the confusion matrix for discrete states
between learned models and the given labels. The segmentations were similar across all models that
achieved 90% explained variance.
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Figure 11: SALT and SLDS perform comparably on held-out data: (A): Explained variance on
a held-out sequence. Single-subspace (SS) SALT and SLDS perform comparably. Multi-subspace
(MS) SALT achieves a higher explained variance with fewer ranks. Multi-subspace SLDS was
numerically unstable. (B): Confusion matrices between given labels and predicted labels. All
methods produce similar quality segmentations.

F.3 Additional Autoregressive Filters

Figures 12 and 13 show extended versions of the autoregressive filters included in Section 5.4. Figure
12 shows the filters learned for ventral and dorsal turns (for which panel A was included in Figure 5),
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while Figure 13 shows the filters for forward and backward locomotion. Note that the GLM does not
have multiple discrete states, and hence the same filters are used across states. We see for ARHMM
and SALT that known-behavior tuned neurons have higher magnitude filters (determined by area
under curve), whereas the SLDS and GLM do not recover such strong state-specific tuning. Since
the learned SLDS did not have stable within-state dynamics, the autoregressive filters could not be
computed using Equation (47). We thus show C A!C* for lag [ as a proxy for the autoregressive
filters of discrete state i of the SLDS. Note that this is a post-hoc method and does not capture the
true dependencies in the observation space.

We see that SALT consistently assigns high autoregressive weight to neurons known to be involved
in certain behaviors (see Figures 12 and 13). In contrast, the ARHMM identifies these relationships
less reliably, and the estimate of the SLDS autoregressive filters identifies few strong relationships.
As the GLM only have one “state”, the autoregressive filters are averaged across state, and so few
strong relationships are found. This highlights how the low-rank and switching properties of SALT
can be leveraged to glean insight into the system.
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Figure 12: Autoregressive tensors learned by different models (Ventral and Dorsal Turns): (A-C)
One-dimensional autoregressive filters learned in two states by SALT, SLDS, ARHMM (identified
as ventral and dorsal turns), and (D) by a GLM. RIV and SMDV are known to mediate ventral turns,
while SMDD mediate dorsal turns [31, 32, 34].
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Figure 13: Autoregressive tensors learned by different models (Forward Locomotion and
Reversal): (A-C) One-dimensional autoregressive filters learned in two states by SALT, SLDS,
ARHMM (identified as forward and reverse), and (D) by a GLM. AVB and RIB are known to mediate
forward locomotion, while AVA and AVE are involved in initiating reversals [31, 32, 37, 38].
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G Code Availability

As part of Supplementary materials, we include the source code for SALT (in Python) and an example
Jupyter Notebook. This notebook shows how to sampling data from SALT, and then re-fita SALT
model to the data with an EM algorithm. We include just the core code here for ease of inspection,
and will release the full source code after the review process.
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