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1 A SALT Optimization via Tensor Regression

Let y, € RV be the t-th outputs and X, € RV*M: be the ¢-th inputs. The regression weights are a
3 tensor A € RMMXNs which we model via a Tucker decomposition,

n

D, D, Dj

A=ZZZgijkll:i°V:j0W;k, (1)

i1 j=1 k=1
4 where u;, v;, and w; are columns of the factor matrices U € R¥*P1, V € RM*P2 and W € RV*Ds,
s respectively, and g; are entries in the core tensor G € RP1*P2xDs,

6 Consider the linear model, y, ~ N(A %33 X;, Q) where A X3 X, is defined using the Tucker decom-
7 position of A as,

A X23 X, = A(I)VCC(X,) (2)
=UG)(V" ® Wh)vec(X,) 3)
= US(DVCC(VTX[W) (4)

s where Ay € RY*MN and Gy € RPP2D5 are mode-1 matricizations of the corresponding tensors.
9 Note that these equations assume that matricization and vectorization are performed in row-major
10 order, as in Python but opposite to what is typically used in Wikipedia articles.

11 Equation (4) can be written in multiple ways, and these equivalent forms will be useful for deriving
12 the updates below. We have,

A %23 X, = UG, (Ip, ® WX )vec(VT) (5)
=UG)(V'X, ® Ip,)vec(W) (6)
= [U ® vec(VTX,W)| vec(S). 7)

13 We minimize the negative log likelihood by coordinate descent.

14 Optimizing the output factors Let

i] = 9(1)VCC(VTX,W) (8)
15 for fixed V, W, and G. The NLL as a function of U is,
1 _
L) = 5 >~ UF)TQ (3, ~ UR)). ©)
t

6 This is a standard least squares problem with solution
-1
Ut = [Z V! )[ZH’T ) - (10)
t t
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Optimizing the core tensors Let X, = U ® vec(VTX,W) € RM*P1D2Ds denote the coefficient on
vec(9) in eq. (7). The NLL as a function of g = vec(9) is,

1 — —
L= Z(yt -X.2)'Q 'y, - X,9). (11)

The minimizer of this quadratic form is,
-1
g = [Z X7 Q‘lfi,] [Z X7 Q‘lyf] (12)
t t

Optimizing the input factors Let
X, = UG((Ip, ® WTX/) (13)
for fixed U, W, and G. The NLL as a function of v = vec(V7) is,

1 — —
L) =5 )5 = XwTQ (3 - X, (14)

The minimizer of this quadratic form is,

-1
v = [Z SEIQ*SZ,] [Z X; Q‘ly,] (15)

t t

Optimizing the lag factors Let
X, =USG1(V'X, ®Ip,) (16)
for fixed U, V, and G. The NLL as a function of w = vec(W) is,

1 — —
L) =3 > 3= Xew) Qv - Xow). (17)

The minimizer of this quadratic form is,
-1
w* = (Z X/ Q‘li,] (Z ijQ‘ly,) (18)
t t

Multiple discrete states If we have discrete states z; € {1,...,H} and each state has its own
parameters (G, UM, VO 'W® Q) then letting u)ﬁh) = E[z, = h] denote the weights from the
E-step, the summations in coordinate updates are weighted by wgh). For example, the coordinate
update for the core tensors becomes,

-1
g = (Z “’ih’ii””Q“’liﬁ’”] (Z wﬁ’”iﬁ””QWyf] (19)
t t
B SALT approximates a Linear Dynamical System
A stationary linear dynamical system (LDS) is defined as follows:
X, =Ax,_ 1 +b+e€
Y. = CX[ + d + 6[

iid.

where y, € RM is the t-th observation, x, € RP! is the #-th hidden state, €, 4 a0,Q), 8, X N(O,R),

and 6 = (A, b, Q, C,d, R) are the parameters of the LDS.

Following the notation of Murphy [1], the one-step-ahead posterior predictive distribution for the
observations of the LDS defined above can be expressed as:

P(Ydy1:-1) = N(Cﬂm_l +d,CXy- Cc’ + R)
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where

-1 = A/Jz—l +b
He = pyy + Ko

o1 = AZt_]AT +Q
X =Ip, - KOZX)

px1) = Ny, E1j0)
K = (X, , +C'"RC)"'C'R"
r =y —Cpyy —d.

We can then expand the mean Cuyy,_ + d as follows:

=1 =1
Cpyy +d=C ) TAK,_y,;+C ) T)(b-AK, d) +d
=1 =1
where
-1
=] [Adp, - K0

i=1

If (A, Q) is stabilizable and (C, A) is detectable, lim;_, Xs;—; = X, where X is the unique solution
of the discrete algebraic Riccati equation £ = AXAT — AXCT(CZCT + R)"!CZAT + Q (Kumar
and Varaiya [2], Katayama et al. [3]). Consequently, the Kalman gain matrix converges to K =
X'+ CTRC)"'CTR! for large ¢.
Assuming that (A, Q) is stabilizable, (C, A) is detectable, and 7 is large enough, we can approximate
the mean as

-1 -1
C ) TiaacAKy,; + C )" Tigapie(b — AKd) + d

I =1

Cﬂtlt—l +d

Q
I

WY

N3
~C )" TiancAKy, 1+ C )" Tiunie(b — AKd) +d
=1 =1

~

where
-1

Tiqae = | [AdD, - KC) = (A, - KC)'"™!
i=1

and Nj is sufficiently large.

Now we further assume that A(I — KC) has linearly independent eigenvectors and let EAE~! be the
eigendecomposition of A(I — KC) in real modal form. If A(I — KC) has n real eigenvalues and m
pairs of complex eigenvalues (i.e., n + 2m = D), we can express E, A, and E! as:

E:[a1 ...a,byc...b, cm]
oF

01 w)
—w) 0

Om Wy
—Wpy Op |
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where a; ...a, are the right eigenvectors corresponding to n real eigenvalues 4, ... 4,, and b; and
¢; are the real and imaginary parts of the eigenvector corresponding to the complex eigenvalue
o+ Ja),

Since

Tgaie = (A(Ip, — KC)™' = EAF'E™!

The I"" power of A, A!, where [ > 0, can be expressed as:

r !l
/11
l
/ln
Al — 01 Wi
—wy 01
O-m,l Wl
—Wm,i Om,l |
— 2 2 — — — —
where gl = O-i,l—l - (1)’.’[_1, Wi = 20’,"1_1(1),‘,1_1 for [ > 2, g1 = 0, Wj] = W, 0,0 = 1, and

wio = 0.

Tucker Tensor Regression Let 3 € RP*P*L be a three-way tensor, whose [ frontal slice H.; =
A""'. Let G € RP*P*D be a three-way tensor, whose entry g;jx = L1i—j—x for | < k < n, and g;j =
(—1)Liv=izks1 Lz jmipvii=1=j—1=k)v(i= j+ 1=k+ DV i+ 1= j=k+1) TOT K € {n+1,n+3, ..., n+2m—1}. Let W € RLxD
be a matrix, whose entry wy, = /15(’1 forl<k<nwy=o0ypforke{n+1,n+3,....,n+2m— 1},
and wy = —wyi 1 fork € {n+2,n+4,...,n + 2m}. We can then decompose I into G € RP*P*D
and W € RP*P such that H = G x3 W (Figure 1).
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Figure 1: Decomposition of 3 into G and W such that H = G x; W: Given an LDS whose
A(I - KC) has n real eigenvalues and m pairs of complex eigenvalues, this decomposition illustrates
how Tucker-SALT can approximate the LDS well with rank n + 2m.

64 WithV=(E'TAK)",U=CE,m=C fol I';sable(b—AKd) +d, and X; = y,_..—n,, We can rearrange
65 the mean to:

N; N3
Cpyy +d ~C ) EA"'E'AKy,  + C ) Tygure(b - AKd) +d
=1 I=1

N3
=U> H,V'y +m
=1

N3
=U ) (G%w)V'y, +m
=1

N3
=U Z((g X2 V)>_<3wl)yt—l + m
=1
N3 D, D3
=U Z Z Z gk o V. j(wiy,) + m
=1 j=1 k=1
D, D3
=U Z Z g:jk(V;;X;W;k) +m
1 k=1
D, Dy Ds
Z Z Z w8k (v, X,wy) + m
i=1 j=1 k=1
D, D, Ds

Z Z Z gijkw;i o V.; o Wi | X23 Xy +m

i=1 j=1 k=1

es CP Tensor Regression By rearranging E,A’, and E™! into J, P;, and S respectively as fol-
67 lows:

J=[31 ...a,by+¢; by ¢ ... b, +¢C, b, cm]
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where J € RDX(’H3M), P[ € R(n+3m)><(n+3m)’ Se R(n+3m)><D’ i = Wi — 0y, and ﬂ,‘,[ = —Wwj; — 0|, W€
can diagonalize (A(Ip, — KC))' as JP;S.

LetV=(SAK), U=CJ,m=C Zf\fl [/uble(b — AKd) + d, and X; = y,_1.,_n,. Let W € RNs*(r+3m)
be a matrix, whose element in the /”* row and k™ column is Pi-1.kk (1.e., the element in the k™ row and
k™ column of Py_;), and G € RP*P¥D1 be a superdiagonal 3-way tensor, where g;x = 1;-j—. We can
then rearrange the mean to:

N3 N3
Cpyy +d ~C Y EA"'E'AKy,  + C ) Tygunie(b - AKd) +d
=1 =1
N3
=C Z JP,_,SAKy,; +m
=1
N3
=U » P V'y,+m
=1

= Z Z : Z 8ijk Wi © V(P14 Yi-1) + M
Tk

= Z gijkW;oV.;joWy|Xo3 Xy +m

Correspondence between SALT and Switching Linear Dynamical Systems Above, we demon-
strated how SALT can approximate a linear dynamical system. For a switching linear dynamical
system, this correspondence will hold within each discrete state. It is important to note, however, that
this correspondence will be less exact near the boundary between discrete states.
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Figure 2: The quality of SALT approximation of SLDSs decreases as the number of discrete
state switches increases: The data comes from an SLDS with H =2, N = 20, and D = 7. 15,000
timesteps were generated, with varying numbers of evenly spaced out discrete state switches (x-axis).
The mean squared error of reconstructing the autoregressive tensors increased with the number of
discrete state switches.

This is because in SALT, the autoregressive dynamics only depend on the current discrete state.
However, in an SLDS, when we marginalize out the continuous latent states, the autoregressive
dynamics in the observation space will depend on previous discrete states as well.

C Modeling Mouse Behavior: Videos

Here we describe how the mouse behavioral videos were generated. We first determined the CP-
SALT hyperparameters as those which led to the highest log-likelihood on the validation dataset.
Then, using that CP-SALT model, we computed the most likely discrete states on the train and test
data. Given a discrete state i, we extracted slices of the data whose most likely discrete state was
h. We padded the data by 30 frames (i.e. 1 second) both at the beginning and the end of each slice
for the movie. A red dot appears on each mouse for the duration of discrete state 1. We generated
such videos for all 50 discrete states (as long as there existed at least one slice for each discrete state)
on the train and test data. For a given discrete state, the mice in each video behaved very similarly
(e.g., the mice in the video for state 18 “pause” when the red dots appear, and those in the video for
state 32 “walk" forward), suggesting that CP-SALT is capable of segmenting the data into useful
behavioral syllables.

D Additional Synthetic Data Experiments

D.1 The effect of the number of switches on the recovery of the parameters of the
autoregressive dynamic tensors

We asked how the number of discrete state switches affected SALT’s ability to recover the autoregres-
sive tensors. We trained CP-SALT, Tucker-SALT, the ARHMM, all with L = 5 lags, and the SLDS
on data sampled from an SLDS with varying number of discrete state switches. The ground-truth
SLDS model had H = 2 discrete states, N = 20 observations and D = 7 dimensional continuous
latent states. The matrix A (I — K C™) of each discrete state of the ground-truth SLDS had 1 real
eigenvalue and 3 pairs of complex eigenvalues. We sampled 5 batches of 7 = 15,000 timesteps of
data from the ground-truth SLDS, with s, € {1, 10,25, 75, 125} number of discrete state switches that
were evenly spaced out across the data. We then computed the mean squared error (MSE) between
the SLDS tensors and the tensors reconstructed by SALT, the ARHMM, and the SLDS. (Figure 2).
More precisely, we combined the 3rd order autoregressive tensors from each discrete into a 4th order
tensor, and calculated the MSE based on these 4th order tensors. As expected, the MSE increased
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with the number of switches in the data, indicating that the quality of SALT approximation of SLDSs
decreases as the number of discrete state switches increases.

E Code

As part of Supplementary materials, we include the source code for SALT (in Python) and an example
Jupyter Notebook for sampling data from SALT and fitting SALT to the data with an EM algorithm.
SALT code requires the ssm-jax package.
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