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1 Preliminaries

Definition S1 (e-DP, Dwork et al. (2006b)). A mechanism M is e-DP if the
following holds:

sup sup P(M(S) € A) —eP(M(S") € A) <0,
S,8'CX,S~S! ACZ

where S ~ S’ denotes that data sets S and S’ differ only by one individual.

Definition S2 ((e, §)-DP, Dwork et al. (2006a)). A mechanism M is (e, §)-DP
if the following holds:

sup sup P (M(S) € A) — e P(M(S") € A) < 4.
S,8'CX,S~S ACZ

Definition S3 (Locally private mechanism, variant of Duchi et al. (2013)). For
a multivariate mechanism (Z1,...,2,) = M(Xy,...,X,) defines a collection of
randomized mechanisms {M;}? | as M;(X1,...,X,) = Z;. Here, M is a locally
private mechanism if M; takes X; for its input. Furthermore, M is said to be
sequential if M; depends only on the realizations of Z1,...,Z;_1 for all 7.

Definition S4 ((¢,6)-LDP, Asoodeh et al. (2021)). A given locally private
mechanism M : X" — P (Z) is (¢,9)-LDP if

sup  sup |Pas, () (A) — €Pag, oy (A)] <6
z,x'€X ACZ

fori=1,...,n.

Definition S5 (FDP, Dong et al. (2022)). Let f : [0,1] — [0, 1] be a trade-off
function for some distributions P and Q). A given mechanism M is f-FDP if

T(M(S), M(S"))(a) = f(e)

for every S ~ S’ C X™ and « € [0,1].



Definition S6 (f-FLDP and pu-GLDP). A given locally private mechanism
M : X" — P (2)is f-FLDP (or u-GLDP) if

T(Mi(x), Mi(")(c) = f(e) (or Gp(a))

for every z,2’ € X and i1 =1,...,n.

Definition S7 (Minimax risk).

Ru(6(P),L) = inf _supEp [L (é (X1, ., Xn), 9(P))} .

2 Existing results

Proposition S1 (Le Cam’s method, LeCam (1973); Yu (1997); Tsybakov (2009)).
For two distributions Py, P» € P, suppose p(0(Py),0(Pz)) > 2n > 0 holds. Then,

R (0(P), ® 0 p) inf  sup Ep [@ (p (é (X1,...,Xn) ,9(13)))]

f:x7"—0 PeP

d
20 (1 by~ ).

v

Proposition S2 (Assoaud’s method, Assouad (1983); Yu (1997); Duchi et al.
(2018)). For a family P of distributions and a loss function ® o p, suppose a
set of distributions {PU}UE{_L_H}d C P induces 2n-Hamming separation under
® o p. Then, we have

d
R (0(P),®0p) > 772 (1 - prj - PfjHTV)
j=1
where PLi(x1,...,2n) = ST Zw}jzﬂ P,(x1) - Py(xy).

3 Contraction inequality of FLDP

In discussing involving private mechanisms, the term contraction is frequently
used. As pointed out by Duchi et al. (2018), one consequence of private mecha-
nisms on statistical utility is a contraction of the effective sample size. Another
usage is the contraction of the distribution mechanism. In this section, we focus
on the latter aspect, especially examining the f-FLDP mechanism. Both Le
Cam’s and Assouad’s methods obtain lower bounds by considering a random
selection from a set of distributions in P. Hence, we assume that target dis-
tributions are randomly chosen from a prior family of distributions {P, },cv.
Subsequently, our estimate 6 is fixed for given data, so the loss relies on the dis-
parity between the distributions { P, },cy and the target parameters {6(P,)},cv .
In the private setting, mechanisms impact the distributions by converting the
family of distributions { P, },cv into a family of closer distributions {M(P,)}yev,



but not target parameters, which can be seen in (1) and (2) in the main paper.
Consequently, the difference in minimax risk between non-private and private
estimation heavily depends on the contraction ability of the mechanism. The
characteristic of a mechanism that transforms input distributions into output
distributions that are closer has already been studied in the context of the
contraction coefficient of the Markov kernel (Asoodeh et al., 2021). The Markov
kernel can be identified with a mechanism in the theoretical sense, which we will
adopt in our study.

The contraction coefficient of a mechanism under D-divergence is defined as
follows:

sup Dy(M(P)||M(Q))
roerx)  Dr(PlQ)

where the f-divergence D;(P||Q) is defined as Df(P||Q) = Eq [f (g)} for a

given convex function f : (0,00) — R such that f(1) = 0. Although it cannot
be represented in the form of a contraction coefficient of a specific divergence,
Duchi et al. (2018) showed D;Y (M (P)||M(Q)) < 2(e€ — 1)?||P — Q|3+, for the
e-LDP mechanism M where D}} is defined in (2). This result indicates the
contraction property of the e-LDP mechanism. By establishing such contraction
inequality for a mechanism, we can employ Le Cam’s or Assouad’s method to
derive the minimax lower bound for a given estimation problem. Therefore,
considering the contraction inequality of f-FLDP mechanisms with respect to
divergence measures can enhance our understanding of private minimax risk.
The contraction inequality for the f-FLDP mechanism, which is also utilized in
the proofs of Theorem 1 and Theorem 3, is presented in Theorem 2 in the main
paper.

For a given locally private mechanism M : X — P(Z) and distributions
Py, P, € P(X), denote m; and my for the distributions of M (X) and M (Y'),
respectively, where X ~ P; and Y ~ P,. Thus, the mechanism discussed in this
section is designed for a dataset of size 1.

Recall the definition of d7(y) = sup,ejo.1)1 — yz — f(z). For given two trade-
off functions f and g, if f > g on [0,1], then 0(y) < d,4(y) for all y. Thus,
¢ < g if f > g on [0,1]. This implies that with less private mechanism
(9 < f), its resulting distribution is less contracted (cq . > cy,.), which aligns
with our intuitive expectation. We state the result of Duchi et al. (2018) for
comparison.

Proposition S3 (Contraction in e-LDP mechanism, Duchi et al. (2018)). For
the e-LDP mechanism,

Dy (malmg) < 2(e = 1)*||Py — P27y
holds for any Py, P, € P(X).

Our bound extends the result presented in Proposition S3. If ¢y, exists for
k =1 and a given trade-off function f, then Theorem 2 bounds Dy;(mq]||mz)



by ||P1 — P:||%,,. This implies that the contraction and minimax rate for
inference problems under f-FLDP are analogous to those of e-LDP, as shown in
Theorem 1,Theorem 3 and Theorem 2. Combining Theorem 2 and Lemma 1, we
obtain the following contraction inequality.

Corollary S1. If a given trade-off function f(x) > 1 — coz* on [0,1] for some
co >0 and ¢y € (0.5,1), or §¢(x) < csz™ 172 for x > x¢ and some c3,c2, 10 > 0,
then [~ 85 () dt converges, and

| — Pall7y
1—||P. — Pallry

Dyf(mallmz) < cfa

holds for f-FLDP mechanim M and for every distributions P, and Py over X.

Combining with the fact that G, satisfies the condition of Corollary S1, we can
also state the contraction inequality for p-GLDP.

Corollary S2. For u-GLDP mechanism M, the following holds:

| Py — P27y
1= [Py = P 7v

DyY(mq|lmg) < ¢

for every distributions Py and Py over X.

Recall that the minimax rates of u-GLDP are equivalent to those of e-LDP
with respect to n. There exists a mechanism that is u-GLDP but not e-LDP
for any € > 0. Hence, u-GLDP offers a more lenient privacy guarantee, yet its
optimal statistical utility does not differ from that of e-LDP. This phenomenon
can be explained using the concept of contraction. The contraction inequality
of the y-GLDP mechanism is not significantly different from that of e-LDP, as
demonstrated in Proposition S3 and Corollary S2. Additionally, we note another
result regarding the contraction of the mechanism. Asoodeh et al. (2021) showed
Dy(ma]lme) < (1= (1 —38)e ) Ds(P1||P2) for a (¢, §)-DP mechanism where Dy
represents an f-divergence. This result provides an intuitive understanding of
the contraction capability of the mechanism. However, as they pointed out, the
bounds in their work are loose in exchange for their generality. In comparison, our
result is more powerful when considering the K-L divergence, as our bound can
provide a finite upper bound even for distributions P; and P» with diverging K-L
divergence. Furthermore, our inequality allows for the classification of private
mechanisms based on their characteristics. For example, consider Gaussian
mechanisms with different variances of noise. With a fixed ¢, these mechanisms
satisfy (e,01)-LDP and (e, d2)-LDP for different values of §; and d5. While
they may be treated differently from the perspective of (¢, §)-LDP, they exhibit
essentially the same contraction ability according to (2), as the contraction is
bounded by the square of the total variation.



4 Additional experiments

For our experiments, we utilized a CPU with an 11th Gen Intel(R) Core(TM)
i7-1185G7 processor. Also, we employed the Laplace random number generator
proposed by Chen (2023) for private mean estimation.

4.1 Univariate mean estimation

This experiment compares the univariate mean estimation for e-LDP, u-GLDP,
and non-private mechanisms. Our proposed mechanism in Section 3.1 under
p~-GLDP is compared with the mechanism in Duchi et al. (2018) and the non-
private mechanism, which is obtained by the sample mean. We generate the
data from x?(1). We set € € {0.4,0.8,1.6,3.2,6.4} for eLDP and p € {0.5,1}
for u-GLDP. Also, we vary the sample size from n = 10 to n = 100 and the
moment from k=2 to k = 60. Estimation errors are calculated by taking the
square of the difference between the true and estimated means. We repeat the
experiment 100 times for each mechanism.
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Figure S1: (a) Trade-off functions of each ¢-LDP for ¢ € {0.4,0.8,1.6,3.2,6.4}
and p-GLDP for p € {0.5,1}. (b) The mean squared errors for univariate mean
estimation with the best assumed moment k for each privacy mechanism.

Fig. Sla presents a graphical comparison of the trade-off function for each
assumed local differential privacy mechanism. In the mean estimation, we
observe that the higher-utility-less-private rule remains consistent across all
mechanisms, unlike in the density estimation, as can be seen in Fig. S1b. This
implies that if an optimal mechanism is partially more private than the others
(exhibiting smaller trade-off function values for some given Type I errors), its
estimation errors are worse, even when selecting the kth moment that yields the
smallest error for each mechanism, except for n = 10.



5 Proofs

Notation. For a given mechanism M : X — P (Z) we denote ¢pr(z) as the
density of the random variable M (x) for © € X. When the specific mechanism
being referenced is clear, we omit the subscript and use ¢(z|z). Also, for a
distribution P on X, we denote M (P) as the distribution of M (X) with X ~ P.
The density of M(P) can be expressed as [, q(z|x)dP(x).

Proposition S4 (Asoodeh et al. (2021)). If a mechanism M : X — Z is
(¢,0)-DP, then
Eee [M(P)[|M(Q)] < 0Ee [P||Q] <6

holds for every distributions P and @ over X.

5.1 Proof of Theorem 2

We prove the following lemma first before proving Theorem 2.

1— g 1-kK
log(1+1) < tr
K

holds fort >0 and 0 < k < 1.

Lemma S1.

Proof. The generalized AM-GM inequality states that
oy < kx + (1 —kK)y
for z,y > 0 and « € [0,1]. Thus, for k € [0,1] and ¢ > 0,
11\ 1 t\"
- <1
K1+t 1-r1+4t -

holds by the generalized AM-GM inequality. Then,

1-k
C(iit<<1—li> tn_log(1+t)> :(1_,€)17%~t,€71_i>0.

" 14+t~
Therefore, the inequality holds for ¢ > 0. -
Note that
Dy/(mallms) = /Zml log %dz—i—/zmg log %jdz

/ (my1 — mo) log @dz
z ma

max{mq,ms}

/ (max{my, mo} — min{m, mo}) log dz
Z

min{ml s mz}

/ |my1 — mallog (1 + |ml—mg) dz.
= min{my,msy}



Then, by Lemma S1,

1K>1K hn144ﬂ2P+K
zZ

DZ?(mlllmz) < ( m
)

I

Define distributions P, and P_ following the distributions ”(Iff% and
1 QHTV

%, respectively, where (x); = max{z,0}. Note that P, and P_ are
distributions since their densities are non-negative and integrals are 1 by defini-
tion. Then, we can derive the densities of my = M(P;) and m_ = M(P-) as

follows:

1
meld) = g [ 4k (@A) — aPa(@),
1
mo2) = T [ Ak (@) —aP @),
Thus, we have
1
m(z) —m—(2) = |P1—P2TV/XQ(Z|x) (dPy(z) — dPy(z))
_ ma(z) —ma(2)
1P = Palrv

since max{x,0} — max{—=z,0} = x. Then,

1+k

11—k
s 1-k K |ﬂ@+,—’ﬂlf‘
Ditmlima) < (25)in - paly [ el g

11—k 1+k 1+kK
1-— m +m_
( “) Py — Py tr ( R S dz> .
K z min{my, ma}*

Also, if we define mpyin = M (Ppin) where Py, is the distribution defined by
min{P;,Ps}
T min{dPy,dP;}’

we have

min = P)7 P
Mmin (2) T mln{dPl,dPQ}/ z|z) min{dPy,dPs}

< L min{/ q(z|x)dPy / q(z|:z:)dP2}

- meln{dpl,dPQ} X ’ X

1 .
= min{my,ms}.
1—|[P1 = Py b, ma}

Hence,

11—k 14k 1+k 1+kK
1—k& | P — Pall7y /m +m
l)sy < d .
“(ml”’”?)—< i ) =7 Plrv)” M



For each term in the right-hand side, we can obtain the following inequal-
ity:

m1+n
+ dz = // (1+ k) t”l{ >t}mmmdtdz

mln
= // rt" 11 s > ttmodtdz,
ZJ0 Mmin

which yields the following bound:

1+k 1+k 1+~x
m m m

+ dz = (1+ Ii)/ + dz / : dz

mm m Z min

/ / k(1 + k)" 11{ - > t} (my — tMumin) dtdz

/O k(14 )t 1]Et[m+||mmm]dt
< /0 k(14 g)t"o(t)dt

Then, the integral converges by the assumption of Theorem 2. Also, the inequality
1

+r
—. Therefore, we obtain the desired inequality:

min

symmetrically holds for :::

| Py — P /OO 1
1 tF () dt
A8 ol ) Sy LHRT00)

5.2 Proof of Corollary S1

Dy (ma|Jms) < 26" (1= #)' "

First, we consider the case when a trade-off function f(xz) > 1 — cpa® for some
co >0 and ¢; € (0.5,1). Recall the definition of 0(y) := sup,cpo,1) 1 — yz — f(2).
Thus, if we denote

Sf(y) = sup 1 —yx— f(x), d4(y)= sup 1—yx—g(x)
z€([0,1] z€[0,1]

for trade-off functions f and g such that f(t) > g(¢) on [0, 1], respectively,

then
59 (y)

sup 1 —yx—g(x) > sup 1—yx— f(x)=0d(y).
z€[0,1] z€[0,1]

Now assume that a given trade-off function f satisfies f(z) > 1 — coz® for some
¢p > 0and ¢; € (0.5,1) and define g( ) = max{l—cox,0}. Then, d;(y) < d4(y).
Thus, if [ &, (t) dt converges, [ &7 (t)dt also converges. By performing spec1ﬁc
calculatlons of 5 , we can obtain the desired conclusion:

dg(y) = sup 1—yxr—g(z)= sup Ty + cox®
relo] 0<w<e, '



for y > 0. By differentiating the objective function, we can determine that it has
1 1
a local maximum in [0,1] at © = (cocy) =1y~ T-°1, and their boundary values

_ IR
are non-positive on [0, ¢, 1/81]. For sufficiently large y > yo, (coc1)Tery” T=a <
cal/cl and

59(?/) = Cy—ﬁa

where C' = (cge1) ™7 (¢c;* — 1). Note that ,(y) € [0,1] by definition, which
gives

Yo
/ dy(y)dy < yo.
0

Thus, we can show the convergence of the integral

oo oo e
/ 6g(y)dy < yo+/ Cy Tedy
0 Yo
1 _ Cl _210171
P— C Cl
Yo + 1— 26, Yo
< o0

if ¢; € (0.5,1). Now we consider the case when 6(z) < cgz=17 for x > z¢ for
some cg, ¢z, xo > 0. Since §(y) € [0,1], we have

/15(y)dy <1
0

%) 0o ’ o
/ 6(y)dy < / cay” T dy = =
1 1

b)
C2

and

thus the integral converges and Theorem 2 yields the desired result.

5.3 Proof of GLDP holding the condition of Lemma 1

Dong et al. (2022) showed that if a trade-off function is given as f(z) = G, (z) for
some (1 > 0, the corresponding 6(y) := sup,¢(o1] 1 — y2 — f(z) has the following

closed form:
€ u € u
(e =P ——+=) —€P|———=].
() ( u+2) ‘ ( 1% 2)

Denote y = e and note that

2 1 42

—t —t
L ol _

d(—t) = e Pdx < e ¥ dx = e

(=) /,oo 2T _/;oo [t|v/ 27 2tV 27




Then,

(=9
—~
<
~—

IN

o (Jogy +u) < 1 o5 —t)’
weo2) 7ol g o

2
1 _%Ty'*'logy

e
4/ 27

1 yfb%ﬂ
4/ 27

1
—Y
4/ 27

for y > e3. Therefore, [ §(t)dt converges by Lemma 1.

IN

< -2

5.4 Proof of Theorem 1

For a given mechanism M, denote the estimator §(Z) = 6 (M(X1,...,X,)).
Then,

swE|[@(p(0.0(P)))] =

PeP

E [@ (p (9,9 (PQ))) \Z ~ M(Pg)} . (S1)
Since p is a metric,
p(0.0(P)) +0(0.0(P) > p(0(P).6(F)) = 2n.

Thus, at least one of the terms in the left-hand side is greater or equal to 7.
Since ® is increasing, we have

o (p(0.0(P)))+0(p(0.0(P))) = ®m).

For X = (X1,...,X,) € X", let Li(Z) = ® (p (é(Z),e (Pi))) for i =1 and 2,

Li(Z Ls(Z
wy(Z2) = W, and we(Z) = W Then, (S1) becomes

sup [cp (p (é,a(P)))] @ </nw1dM(P1")+/n wng(PQ")>

2O [ infan (P, aM(Py)}
2 Jan
(

Y]

Vv

_ d 77) n n i
- / AM(PY) - (AM(P) — AM(PY)),,

_ @ (1= |M(P]) = M(P})lrv) -

10



Pinsker’s inequality (Tsybakov, 2009) states that

1D (PlQ). ($2)

IP-Qlldv < 5

Using Pinsker’s inequality in (S2), we have

M) - M <\ [SDu i),

Note that we can decompose the K-L divergence for multivariate distributions
as:

Dy, (f(l‘l,"',$n)||g($1,"‘,$n))

f(xlzn)
o f(xl. )og 9(z1m) T
f(@ilz1:-1)
- n 1 ————=d n
an o Z ® g(zilari) g(xz\iﬂl 171) o
- z o tog LOD gy
g(xi\ml:i—l)

Z f T1:4 log 7]0 xi|x1:%_1)dwl:i

= Z/ /f371|3311 1) log ————= UGTLER 1) dz; f(z1:-1)dr1:0-1
Xi—1 ( z|x12 1)

= Z Dy (f (@i]z1:i-1)l|g(@il@1:-1)) f(@1:-1)dw1i-1
it

where f(x1,...,2;) and f(x;|z1.,—1) denote the marginal distribution of (X1, ..., X;)
and conditional distribution of X;| X7, ..., X;_1, respectively, under the distribu-
tion with density f(z1,---,2,). Hence, the K-L divergence is decomposed into
the summation of the expected K-L divergences:

Dy (f(z1:0)ll9(21:0) ZE Dy (f (2] X1:-1)[|g(@i X1:i-1)) [ X1m ~ f].

(54)
Denote (Z1,...,2Zy) = M(P}), W1,...,Wy) = M(P}), then Eq. (S4) gives

n

Dyt (M(PP)||M(P3)) =Y B [Dii (2] Zvial|wil Z1:i1) | Zam ~ M(P])] .

=1

The locally private mechanism is f-FLDP if, for given i — 1 outputs, the
mechanism M (X;|z1,...,%-1) is f-FDP for X;, which is also the case of f-
FLDP with only one input. As a result, Dy (2;|Z1.5—1||wi|Z1.5—1) is bounded by

11



[1Pr=Pa 74" .
Cfvﬁ(l—HPl—W based on Theorem 2 since Z7,|Z1:/L_1 ~ M(Pl) and wZ|Z1:Z—1 ~

M (Py), which leads to the following inequality:
[P = Pof|7" .
(=[P = Paflrv)"

Dyt (M(PP')[[M(Py')) < neyp

Combining it with Eq. (S3), we have

1 |PL — Poitr
M(PP') = M(P)|lrv <4/ 5ncsx 8
| M (Pr") ( 2)|Tv_\/2 A=\ Py = Pory)

and

T I o =

Consequently, for a given family My of f-FLDP mechanisms, we have

|PL — Pyl
1= [P = Poflrv)”

RH(G(P),(I)Op,Mf)ZM 1\/716]0%(

2

5.5 Proof of Corollary 1
For 0 << 1and v € {—1,+1}, define distributions P, such that

1 1+
P, (X:j:n*f>: 2v7), P,(X=0)=1-n.

Then, )
E,[X]=vn'"%, E,[X["]=1,

thus P, € P,. Noting [E;1[X]—E_1[X]] = 2p'~%, we can apply Theo-

rem 1:
1\ 2 Pl — P_q||Atr
(771—%) 1— 4 [ncs. [| Pi1 17y _
(1= [[P+1 = Pallrv)

N =

Putting | P41 — P-1|lrv = n, we have

) 1 1_% 2 771+f€
Ra (6 (P 113, My)) 2 5 (%) ll‘ ”fu—m]

Set n = (2ncf7,£)7ﬁ, then

-1
e S\ 1 2V2
(1=m)7" = (1= @nes) ™) §<1 W) <5

12



4
Cf.k .

if n>

As a result,

1 2(k-1) V2
2ne TRTF |l =y ———
( fﬁ) 2\/5_ 1

1

Therefore,
1 2(k—1)

R (0 (Prs |13, My)) > co (neyp,) T F

if n > ¢; where ¢y > 0 depends on k and x and ¢; depends on cy .

5.6 Proof of Corollary 2

The lower bound is evident from the fact that G, satisfies the conditions stated
in Lemma 1 and Corollary 1. The coefficient in the lower bound is given as
follows:

cG,1 = 4/ (5GM(t)dt
0

logt logt
= 4/ <I><Og+'u>tq)<0g1u)dt
0 p 2 @ 2
,logt+% logt % 1

> 1 1.2 T e
= 4 e 2% dz —t/
/0 [00 V2T NS V2T

o) 71051+% 1
= 4/ / e~ 3% (1 - te“zfé“rz) dxdt
0 —oo V 27

e~ 2% dadt

= 2 et 3 gy
oo V2T

1,2
= 2@5“

To establish the upper bound, we provide an explicit mechanism and estimator
that resemble those of e-LDP. For T' > 0, define

M(z) = max{—T,min{z,T}} + ¢

I M2

where ¢ ~ N (0 4T2). It is -GDP since

T(if —+ Gi,x/ —+ Ei) = T(iﬁ — (E/ —+ Ei,Ei) = T (%(‘T - 55/) + N(O; ]_),N(O, 1)) )
>

and ’%(m — x’)‘ < . Thus, T(M(z), M (")) > T(N(u, 1), N(0,1)) = G, and
the mechanism is u-GDP. For given data Xi,...,X,, define a locally private

13



mechanism such that Z; = M (X;) for all ¢, which is u-GLDP. Under the u-GLDP
mechanism, we can evaluate the estimator 8 = % Z?:l Z;. Then, we have

E {(9 - 9) 1 = Var(d) + (E[Z:] — E[X1])?.

We can bound the first term in the right-hand side as follows:

. 472 1

Var(0) = —5+ IE [max{—7, min{z, T}}*] — —E [max{—T, min{z, T}

nu?  n n

2
< . + 12

nuZ n
For the second term, we use the fact that the bounded kth moment implies a
tail bounded by the kth order, and we have

E[Z)] ~E[Xi]| = [E[max{-T,min{X;,T}} - Xi]|
E[|X1] 1{|X:[> T}]
E[ X1 TFE[L{|X1|> TH'*

IN

IN

by Holder’s inequality. Thus,

1
E[Z)] —E[X1]| < P(IX4|>T)' "% =P (|X,[F> T%) 7 F <
by Markov’s inequality since E [|X1]*] < 1. As a result,

. 2 4 1 1
E[(G—@) } < (H/ﬂ) ST s

L
1] 2%

and setting T = {n (1 + %>_ } , we have

Therefore,
R (0(Pr) @0 p, M,) < (np?(4+ 21" (7H)

5.7 Proof of Theorem 3

For {P,},e(—1,4+132 and V : © — {—1,+1}7 satisfying 27-Hamming separation
for ® o p, we have

d
R (0(P),®0p, M Zl—IIM i) = M(P)|lrv)

14



by Proposition S2. The Pinsker’s inequality in (S2) gives

IM(P) - MP2lry <\ 3D (PRI (PE,))

Again, we can decompose the K-L divergence by Eq. (S4). Denote m4;(z1,- -+, 2n)
for the distribution of (Z1,...,2,) =M (ng), then the chain rule gives

n

Dy (mej]|m—j) = ZE [Dit (Mg (@] Z1:i-1) [Im—;j (2] Z1:5-1))]

where m (;]21.;,—1) is the distribution of Z; = M;(x;, z1.,—1) for given z1.;_1.

Now we show that m;(z;|Z1.,-1) = M (Py;), implying that X, and Z;.,;_, are
independent. It was previously noted by Duchi et al. (2018) but we show it
for the sake of completeness in the proof. Note that, if X;s are i.i.d. drawn
from P,, X; and Zy.;_; are independent due to the sequential assumption of
the locally private mechanism. Without loss of generality, we only need to show
M (il Z1:i-1) = M(Py;). Let (Xi,...,X,) be a random vector following P,
and (Z1,...,2,) = M(X4,...,X,). In what follows, we use the induction on i.
When 7 = 1, the statement is trivial. For ¢ > 1, we have

m+j($iazi71|zlzi72) = /m+j($z‘7Zifl\xifhZl:z‘fz)dpﬂ(ffifﬂzlzifz)
X
= /m+j($i7Zifl‘xiflvZl:ifQ)quLj(-Tifl)
X
= /m+j($i7Zifl‘xifh21:i72)p+j(xi71)d$i—1
X

by the induction hypothesis and the fact that the ith marginal of PP, is Py,
which leads to

m+j($i,2i71|21:i72):/ m+j(xi‘xi717Zl:i72)Q(zi71|mi71;Zl:i72)dP+j($i71)~
X

Also, X; and X,;_; are independent since

P(X; €A X,_1€B) = /// Py,
AJB Jxn—2
1 /// n
= 5ig Po(T;)dx
gx [ ) e

vivj=-+1

1
= Y P (Xi€ AP, (X;y € B)

viv;=+1
= P (Xi€ APy (Xio1 € B)
= P(X; € A[X1 ~ PT))P(Xiy € B| Xy ~ PP,) .

15



Consequently, we have

m4 (551', Zi—1 |thi72) = / m4 (xi|21:i72)Q(Zi71 ‘xifl, Zl:i72)p+j (xifl)dxi—l
X
= myj(wilz1i-2)myj(zi-1|21:-2)-

Repeating the procedure inductively, we arrive at the independency between X;
and Z1.;_1. Thus, we have

||P+J P—JHH_Ii
Dy (myj (i Z1:i-a)[Im—j (24 Z1:-1)) < APy = Pl )
J 7J
Therefore,
ners  ||Prj = Pjlirys

M(P?.) — M(P", <
| M(PY;) (P llrv \/ 2 (1—||Pyj— P_jllrv)”

for all j =1,...,d, which yields

d

nes . |P P_. ||1+m
Ro(O(P.®op.f) > di- Z 2 TP = Pl
7 J
N
= 17 |P+] P—J”TV)K
nc d ||P HHK
> 1o 1S et
jf

—1 1— Hpﬂ fJ”TV)K

by the Cauchy-Schwarz inquality.

5.8 Proof of Corollary 3

Duchi et al. (2018) showed that there exists a function gg : [0, 1] — R such that
gs is B-times differentiable, non-negative on [0,1/2] and non-positive on [1/2, 1]

with g@(0) = ¢® (1) for i < f -1, [ gs(x)dz = 0, |¢ ()], and |gs(z)|< 1.

Finally,
1/2 1
: dz = D)) de >
9s(x)dx = c1/2, 93 (2) Tz C
0 0

for some ¢y /5,¢ > 0 for i < 8. For d > 1 if we define f, = 1+ Z‘j:l TV 98,
where gg; = 2795 (d (z — %)) 1{3@ € [JT %] } then,

f(J)() f(j)(l) /0

()‘ dr <r?
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for j < 8 —1. It is shown that such f, is a member of Fp [WLB} C Fplr] in
Tsybakov (2009). Define

Vi(f) :==arg min /H (f(x) — rvgg,j(:r))2 dx

ve{-1,+1} %
for j =1,2,...,d. Then, we have

i
d

|- @+ i@t ar = [ 6@ - rVi(hgase)* s

i—1

d d

which gives |
ﬁ,l f@)rV;(f)gp,;(x)dz > 0,

and _
pa
d r2c

|- 0@+ i@t ar =2 1w = 5

d d

As a result,

d pA
15=2l = 3 [ ) = rosgns(e)) da

j=1 d
d rlc ric d
> D WV # v oasrr = ey 2 M) # v}
Jj=1 j=1

for all f € Fg[r]. Setting V : Fg[r] — {—1,+1}¢, we can apply Theorem 3 to
derive

2 d 1+~x
2 2 rc Nefk Z 1P+j — Pjllry
,R”ﬂ(]:ﬁ[r]’HHQ?f)szQﬂ 1_\l d
where fi; = Qd%l Zvi::ﬂ fo=1%£rgg; for j €1,...,d. Consequently,

i—0.5

1 |
a5 =1l = [ @rgps@ede = [T 295 @)aa

d
Ji—0.5

T 2 j—1
fo (o 5))
2r
= /0 Wﬂﬁ(“)du

rC1/2
dB+1°

N= R

2

17



Therefore, the lower bound becomes

9 r?c Y. 1 2re )\
R (Fall B ) 2 g |1 |22 3 (ot
Jj=1 (1 T TGpFI )
S rlely nepe  (2reyp)the
B P¢1 h (1 27“(:1/2)5 d(B+1)(1+k)
@B+t

Put d = (2% . 21 rpltrpe, ) FFDOF to get

1 2
R (Faltl I3, ) > 2 P07 <1 _ \@ .

for n > cf% (01/2)1+H

5.9 Proof of Corollary 4

The lower bound can be shown by using Corollary 3 and the fact that G, satisfies
the condition of Corollary 3 for kK = 1. Also, the coefficient can be obtained
similarly as in the proof of Corollary 2. Now as in the proof of Corollary 2, we
show the upper bound with the explicit estimator and mechanism. For d € N
and given x € [0, 1], define the mechanism M as

M(z) = (¢1(2), - -+, dalz)) + €

where € ~ N(O,i—gldxd). Then, the mechanism ¢;(z) — N(qbi(gc),i—g) is
%—GDP. It is known that composition of pi—,---, ug-GDP mechanisms is
2 2
/ui + -+ + p2-GDP (Dong et al., 2022). So, M is u-GDP since \/(&‘3) N (%) =
L.
Let X; ~ f € Fg[r?] and (Z;1,...,Zi4) = M(X;), and define the estimator as
follows:

Then, the risk under /5 norm is give as:

d n 2
E{é_ﬂ%}:;E (:Lzzij_ej> —|—Zﬁj2-.

i=1 j>d

Note that if f =} 0;¢;, E[¢;(X)|X ~ f] =0, thus E[Z;;] = E[¢;(X)] = 0;.
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Denote Z; ; = ¢;(X;) + €, ; where ¢ ; ~ N(0, Z—Z) Then, we have

2
1< 1
<n ZZU - 9j> = Var(Zy)
=1
1 1 2d
= E[VCLT((bj(Xl))—FVCLT(QJ)} S +?,
since |¢;|< 1. Note that
Sy e
= 28 J705 < d2,8
j>d j>d
As a result,

12d2 r? d
E[10- 78] < 725 + g + oy

and by setting d = (0.571/127"2)%7 we have
2841

E (10— £18] < r2(0.5mpits?) =55 4 0520 e H,

Therefore,

R” (9 (‘FB[TQ]) ’ HH%aMu) < C'fdﬁni 28+2

for some ¢ > 0 depending on p and .

5.10 Proof of Lemma 2
Note that

P, (Z;Eg; > a) = /Zl{gl > a}mg(z)dz
/Z [(”mt —a+ 1)+ - (ﬂm; - a>+] ma(2)dz

= Eq_1(mi||mz) — Eq(mai]ima).

IN

Then, Proposition S4 states that E,_1(m||mz2) < d7(a — 1) for a > 2, which

leads to
Py, (ZQEQ > a) <d(a—1).
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