
A Useful Mathematical Results448

Theorem A.1. Let A be m ⇥ m random matrix whose entries Aij are independent identically449

distributed standard Gaussian random variables. Then, there exists absolute constant c, C > 0 such450

that451

kAkop  C
p
m, with probability at least 1� 2e�cm

. (16)

Theorem A.2 (Strong Bai-Yin theorem). Let A be m ⇥m random matrix whose entries Aij are452

independent identically distributed standard Gaussian random variables. Then453

lim
m!1

kAkop/
p
m =

p
2, almost surely. (17)

Theorem A.3 (Kolmogorov’s SLLN for i.i.d.). Let {Xn} be sequence of i.i.d. random variables and454

Sn =
P

n

i=1 Xi. Then Sn
n

a.s.! EX1 if and only if E |X1| < 1.455

Lemma A.1 (Almost surely convergence). Some important properties of almost surely convergence.456

1. If Xn

a.s.! X , then g(Xn)
a.s.! g(X) for all continuous function g.457

2. If Xn

a.s.! X and Yn

a.s.! Y , then XnYn

a.s.! XY .458

3. If Xn

a.s.! X and Yn

a.s.! Y , then aXn + bYn

a.s.! aX + bY .459

Lemma A.2 (Gaussian smoothing). Let f, g be a real-valued function. Define function F (�) :=460

Ez⇠N (µ,�2)f(z) and G(µ) = Ez⇠N (µ,�2)g(z) for � > 0 . Suppose f(x), g(x) 2 o(e�x
2

), then461

F
0(�) =

1

�
Ez⇠N (0,1)

⇥
f(µ+ �z)(z2 � 1)

⇤

G
0(µ) =

1

�
Ez⇠N (0,1) [g(µ+ �z)z]

Proof. Note that F (�) = Ez⇠N (0,1)f(µ+ �z), then462

F
0(�) =

d

d�

Z 1

�1
f(µ+ �z)

1p
2⇡

e
�z

2
/2
dz

=

Z 1

�1
f
0(µ+ �z)z

1p
2⇡

e
�z

2
/2
dz

=

Z 1

�1
f
0(u)

✓
u� µ

�

◆
1

�
p
2⇡

e
� (u�µ)2

2�2 du, u = µ+ �z

=
1

�

Z 1

�1
f(u)


(u� µ)2

�2
� 1

�
1

�
p
2⇡

e
� (u�µ)2

2�2 du

=
1

�

Z 1

�1
f(µ+ �z)

⇥
z
2 � 1

⇤ 1p
2⇡

e
� z2

2 dz

=
1

�
Ez⇠N (0,1)

⇥
f(µ+ �z)(z2 � 1)

⇤
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Similarly, we have463

G
0(µ) =

d

dµ

Z 1

�1
g(µ+ �z)

1p
2⇡

e
�z

2
/2
dz

=

Z 1

�1
g
0(µ+ �z)

1p
2⇡

e
�z

2
/2
dz

=

Z 1

�1
g
0(u)

1

�
p
2⇡

e
� (u�µ)2

2�2 du, u = µ+ �z

=
1

�

Z 1

�1
g(u)

✓
u� µ

�

◆
1

�
p
2⇡

e
� (u�µ)2

2�2 du

=
1

�

Z 1

�1
g(µ+ �z)z

1p
2⇡

e
� z2

2 dz

=
1

�
Ez⇠N (0,1) [g(µ+ �z)z]

464

Lemma A.3 (Gaussian conditioning). Given G 2 Rn⇥m and H 2 Rn⇥m, let W 2 Rn⇥n to follow465

matrix Gaussian distribution, i.e., W ⇠ MN (0,�In,�In) for some � > 0, suppose G = WH has466

feasible solutions. Then the conditional distribution of W given on G = WH is467

W |G=WH ⇠ MN (GH
†
, In,�

2⇧⇧T ).

where ⇧ = In �HH
† is the orthogonal projection onto the null(HT ).468

Proof. First, we consider the optimization problem469

min
W

1

2
kWk2

F
, s.t. G = WH.

The Lagrange function is given by470

L(W,V ) =
1

2
kWk2

F
+ hV,G�WHi .

The KKT condition implies rWL(W,V ) = W � V H
T = 0 and further W = V H

T . Since471

G = WH , we have V = G(HT
H)† and so W

⇤ = G(HT
H)†HT = GH

†.472

Then let ⇧ = In � HH
† be the orthogonal projection onto the null(HT ). Thus, the conditional473

distribution of W given G = WH is474

W |G=WH = GH
† + W̃⇧T = MN (GH

†
, In,�

2⇧⇧T ).

475

Lemma A.4 (Conditional distribution). Let X ⇠ MN (M,U, V ). Partition X , M , and V such that476

X =


X1

X2

�
, M =


M1

M2

�
U =


U11 U12

U21 U22

�

where X1 2 Rm⇥p. Then477

X1 ⇠ MN (M1, U11, V )

X2|X1 ⇠ MN
�
M2 + U21U

�1
11 (X1 �M2), U22 � U21U

�1
11 U12, V

�
.

Note, if U21 = 0, then X2|X1 ⇠ MN (M2, U22, V ) indicates X2 and X1 are independent.478

Lemma A.5. Let � be a L-Lipschitz continuous function. Then � is also a controllable function. In479

addition, �(x, y) := �(x)�(y) is also a controllable function.480
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Proof. WOLG, we can assume L = 1. As � is Lipschitz continuous on its region, there must exists481

some x0 such that �(x0) = c. Then we have482

|�(x)|  |�(x)� �(x0)|+ |c|  |x� x0|+ |c|  e
|c|�1|x�x0|  e

|c|�1|x0|e|c|
�1|x| = C1e

C2|x|.

Similarly, we have483

|�(x, y)| = |�(x)| |�(y)|  C1e
C2(|x|+|y|)

.

484

Lemma A.6. Let f be a controllable function. Then for all µ 2 R and � � 0, we have485

Ez⇠N (µ,�2) |f(z)|  2C1e
C2|µ|+C

2
2�

2
/2
.

Proof. Note that486

Ez⇠N (µ,�2) |f(z)| =Ez⇠N (0,1) |f(�z + µ)|
Ez⇠N (0,1)C1e

C2(�|z|+|µ|)

=C1e
C2|µ|Ez⇠N (0,1)e

C2�|z|

=C1e
|µ|
Z 1

�1
e
C2�|z| 1p

2⇡
e
�z

2
/2
dz

=C1e
|µ|
Z 0

�1
e
�C2�z

1p
2⇡

e
�z

2
/2
dz +

Z 1

0
e
C2�z

1p
2⇡

e
�z

2
/2
dz

�

=C1e
|µ|
Z 0

�1

1p
2⇡

e
� 1

2 (z+C2�)
2+

C2
2�2

2 dz +

Z 1

0

1p
2⇡

e
� 1

2 (z�C2�)
2+

C2
2�2

2 dz

�

2C1e
C2|µ|+C

2
2�

2
/2

487
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B Proof of Theorem 4.1488

In this Appendix, we show the preactivation g
`

k
acts like Gaussian random variable. As a consequence,489

the finite-depth neural network f
L

✓
tends to a Gaussian process as width n ! 1.490

Lemma B.1. Suppose the activation function � is nonlinear Lipschitz continuous function. For491

input x, let g1, · · · , g` be the resulting pre-activations for ` 2 [L]. Then for any ` 2 [L] and for any492

controllable function � : R` ! R, we have as m ! 1493

1

n

nX

k=1

�(g1
k
, · · · , g`

k
)

a.s.�! E
⇥
�(z1, · · · , z`)

⇤
, (18)

where (zi, zj) ⇠ N (0,⌃) and the covariance matrix ⌃ 2 R2⇥2 are computed recursively as follows494

⌃(z1, zi) = �1,i�
2
u
kxk2/nin, 8i � 1, (19)

⌃(zi, zj) = �
2
w
E�(ui�1)�(uj�1), 8i � 2. (20)

where u
1 = z

1 and u
` = z

` + z
1 with covariance495

⌃(u1
, u

i) = �
2
u
kxk2/nin, 8i � 1, (21)

⌃(ui
, u

j) = ⌃(zi, zj) + ⌃(z1, z1), 8i � 2. (22)

If, in addition, W i and W
j are independent, then496

⌃(zi, zj) = 0, 8i 6= j. (23)

Lemma B.2. [37, Theorem 5.4] For any NETSOR program whose weight matrices are random497

initiated as (5) and all activation functions are controllable. If g1, · · · , g` are any G-vars (i.e.,498

pre-activation in our case), then for any controllable function � : R` ! R, we have499

1

n

nX

k=1

�(g1
k
, · · · , g`

k
)

a.s.�! Ez⇠N (µ,⌃)�(z), (24)

where z := (z1, · · · , z`) and µ and ⌃ can computed by [37, Definition 5.2].500

Intuitively, these two Lemmas indicate that (g1
k
, · · · , g`

k
) acts like a multidimensional Gaussian501

vector whose covariance can be computed recursively. Lemma B.1 is a special case of Lemma B.2502

as Lemma B.1 requires each pre-activation g
` encoded same input x, while Lemma B.2 does not503

make such assumption. In fact, the proof techniques are identical, i.e., uses Gaussian conditions and504

smoothing inductively on previous results. To make the paper self-contained, here we provide a proof505

for Lemma B.1 where we simplify the proof of [37, Theorem 5.4] in the following subsections by506

removing so-called core set.507

B.1 Proof of Theorem 4.1 by Using Master Theorem B.1 or B.2508

Based on Lemma B.1 or B.2, we can immediately obtain the desired result.509

For simplicity, we assume �` = 1. We prove the desired result by induction. For L = 1, we have510

f
L

✓
(x) = g

1(x) = W
1
x and511

f
1
✓,k

(x) = g
1
k
(x) = hwk, xi

i.i.d.⇠ N (0, kxk2/nin).

Then we have512

⌃̂1(x, x0) = cov(fL

✓,k
(x), fL

✓,k
(x0)) = hx, x0i := ⌃1(x, x0).

For L = 2, we have f
L

✓
(x) = g

2(x) = W
2
h
1(x). By condition on g

1, we have513

f
2
✓,k

(x) = g
2
k
(x) =

⌦
w

2
k
, h

1(x)
↵ i.i.d.⇠ N (0, kh1(x)k2/n).
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Then514

⌃̂2(x, x0) =
⌦
h
1(x), h1(x0)

↵
/n

=
⌦
�(g1(x)),�(g1(x0))

↵
/n

=
1

n

nX

i=1

�(g1
i
(x))�(g1

i
(x0))

a.s.!E�(z1(x))�(z2(x0))

=:⌃2(x, x0),

where515

(z1(x), z1(x0)) ⇠ N
✓
0,


⌃1(x, x) ⌃1(x, x0)
⌃1(x0

, x) ⌃1(x0
, x

0)

�◆
.

Now, we assume the results holds for L. Then we show the result for fL+1
✓

(x). In this case, we have516

f
L+1
✓

(x) = g
L+1(x). By condition on the values g

L, we have the output fL+1
✓,k

are i.i.d.centered517

Gaussian random variables, i.e.,518

f
L+1
✓,k

(x) = g
L+1
k

(x) =
⌦
w

L+1
k

, h
L(x)

↵ i.i.d.⇠ N (0, khL(x)k2/n).

Then we have519

⌃̂L+1(x, x0) =Cov(fL+1
✓,k

(x), fL+1
✓,k

(x0))

=
⌦
h
L(x), hL(x0)

↵
/n

=
1

n

nX

i=1

�(gL
i
(x) + g

1
i
(x))�(gL

i
(x0) + g

1
i
(x0))

a.s.!E�(zL(x) + z
1(x))�(zL(x0) + z

1(x0))

=:⌃L+1(x, x0).

where520

2

64

z
1(x)

z
L(x)

z
1(x0)

z
L(x0)

3

75 ⇠ N

0

BB@0,

2

664

⌃1(x, x) 0 ⌃1(x, x0) 0
0 ⌃L(x, x) 0 ⌃L(x, x0)

⌃1(x0
, x) 0 ⌃1(x0

, x
0) 0

0 ⌃L(x0
, x) 0 ⌃L(x0

, x
0)

3

775

1

CCA .

Here the covariance is deterministic and independent of gL. Consequently, the conditioned and521

unconditioned distributions of fL+1
✓,k

are equal in the limit: they are i.i.d.centered Gaussian random522

variables with covariance ⌃L+1.523

B.2 Proof of Lemma B.1: the basic case ` = 1524

WLOG, we can assume �` = 1. We prove by induction. When ` = 1, we have525

g
1 = W1x

so that526

g
1
k

i.i.d.⇠ N (0, kxk2/nin).

Given a controllable function �, the random variables Xk = �(g1
k
) are still i.i.d.. It follows from527

Lemma A.6 that528

E |X1| = Ez⇠N (0,kxk2) |�(z)|  C1e
C

2
2kxk

2

< 1.

Then the desired result is obtained by following Theorem A.3 the classical Kolmogorov’s SLLN for529

i.i.d. random variables.530
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B.3 Proof of Lemma B.1: general case for independent matrices W k 6= W
`531

Suppose the desired result hold for `, then we show the result also hold for ` + 1. In addition, we532

assume the weight matrices W ` are independent to each other. Thus, the weight matrix W
`+1 are533

not used in previous layers. For brevity, we denote W := W
`+1 and so we have expression534

g
`+1 = Wh

`
.

Here the randomness of g`+1 comes from both W and h
`. As W is not used before, W and h

` are535

independent. Let B be the �-algebra spanned by all previous g1, g2, · · · , g`. Then the conditional536

distribution of g`+1 on B is given by537

g
`+1|B ⇠ N (0, kh`k2/nIn),

or equivalently538

g
`+1
k

|B i.i.d.⇠ N (0, kh`k2/n). (25)

By using the inductive hypothesis, we have539

�
2
n
:= kh`k2/n =

1

n

nX

k=1

�(g`
k
+ g

1
k
)2

a.s.! E
⇥
�(z` + z

1)
⇤2

= ⌃(z`+1
, z

`+1) := �
2
, (26)

where we use the fact �(x, y) := �(x+ y) is controllable, i.e.,540

|�(x, y)| = |�(x+ y)|  |x+ y|  e
|x|+|y|

.

By using triangle inequality, we have541

�����
1

n

nX

k=1

�(g1
k
, · · · , g`+1

k
)� E

⇥
�(z1, · · · , z`+1)

⇤
�����  |An|+ |Bn|+ |Cn| ,

where542

An =
1

n

nX

k=1

�(g1
k
, · · · , g`+1

k
)� 1

n

nX

k=1

Ez⇠N (0,�2
n)
�(g1

k
, · · · , g`

k
, z) (27)

Bn =
1

n

nX

k=1

Ez⇠N (0,�2
n)
�(g1

k
, · · · , g`

k
, z)� 1

n

nX

k=1

Ez⇠N (0,�2)�(g
1
k
, · · · , g`

k
, z) (28)

Cn =
1

n

nX

k=1

�(g1
k
, · · · , g`

k
, z)� E

⇥
�(z1, · · · , z`+1)

⇤
(29)

An converges to 0 almost surely543

Define random variables Zk := �(g1
k
, · · · , g`

k
, g

`+1
k

) � Ez⇠N (0,�2
n)
�(g1

k
, · · · , g`

k
, z). By equation544

(25), we have g
`+1
k

|B i.i.d.⇠ N (0,�2
n
), we can easily show Xk are centered and uncorrelated. Observe545

that546

EZk =EBEg`+1|BZk

=EBEg`+1|B
⇥
�(g1

k
, · · · , g`

k
, g

`+1
k

)� Ez⇠N (0,�2
n)
�(g1

k
, · · · , g`

k
, z)
⇤

=EB
⇥
Eg`+1|B�(g

1
k
, · · · , g`

k
, g

`+1
k

)� Ez⇠N (0,�2
n)
�(g1

k
, · · · , g`

k
, z)
⇤

=EB
⇥
Ez⇠N (0,�2

n)
�(g1

k
, · · · , g`

k
, z)� Ez⇠N (0,�2

n)
�(g1

k
, · · · , g`

k
, z)
⇤

=EB [0] = 0.
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Similarly, we obtain EZkZk0 = �kk0E |Zk|2. Moreover, we can upper bound E [Zk|B]2 as follows547

E [Zk|B]2 =Eg`+1|B
���(g1

k
, · · · , g`

k
, g

`+1
k

)� Ez⇠N (0,�2
n)
�(g1

k
, · · · , g`

k
, z)
��2

8Ez⇠N (0,�2
n)

���(g1
k
, · · · , g`

k
, z)
��2 , (a)

=8Ez⇠N (0,1)

���(g1
k
, · · · , g`

k
,�nz)

��2

8Ez⇠N (0,1)C1e
2C2(

P`
i=1 |gi

k|+�n|z|), � is controllable

=8C1e
2C2

P`
i=1 |gi

k|Ez⇠N (0,1)e
2C2�n|z|

8C1e
2C2

P`
i=1 |gi

k|e2C
2
2�

2
n .

where (a) is due to maximal and Jensen’s inequality.548

Since e
2C2

P`
i=1 |gi

k| is controllable and �n

a.s.! �, it follows from the inductive hypothesis that549

1

n

nX

k=1

E [Zk|B]2  8C1 ·
 
1

n

nX

k=1

e
2C2

P`
i=1 |gi

k|

!
· e2C

2
2�

2
n

a.s.! 8C1Ee2C2
P`

i=1|zi| · e2C
2
2�

2
2 .

As the RHS is a deterministic constant, we have550

1

n

nX

k=1

E [Zk|B]2 2 o(n⇢), 8⇢ > 0.

or equivalently, 1
n

P
n

k=1 E[Zk|B]2  n
⇢ for large enough n.551

Now, we will first show An2
a.s.! 0. For any ✏ > 0, we have for large enough n552

P(|An2 | � ✏) ✏
�2

n
�4E |An2 |2

=✏
�2

n
�4

n
2X

k,k0=1

E[ZkZk0 ]

=✏
�2

n
�4

n
2X

k=1

E |Zk|2

=✏
�2

n
�2EB

2

4 1

n2

n
2X

k=1

E |Zk|B|2
3

5

=✏
�2

n
�2EB

⇥
n
2⇢
⇤

✏
�2

n
�2+2⇢

.

Furthermore, we obtain553

1X

n=1

P(|An2 | � ✏) 
1X

n=1

✏
�2

n
�2+2⇢

< 1,

provided we choose 0 < ⇢ < 1/2. Thus, it follows from Borel-Cantelli lemma that An2
a.s.! 0.554

Now for each n, we define kn := sup{k 2 N : k2  n}, then we have k
2
n
 n  (kn + 1)2. Note555

that556

An =
1

n

nX

i=1

Zi =
1

n

k
2
nX

i=1

Zi +
1

n

nX

i=k2
n+1

Zi.

We will show the two terms goes 0 a.s.. As we just proved, the first term goes to 0 a.s., since557
������
1

n

k
2
nX

i=1

Zi

������


������
1

k2
n

k
2
nX

i=1

Zi

������
a.s.! 0.
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For the second term, let Tn := 1
n

P
n

i=k2
n+1 Zi, then for n large enough558

P(|Tn| � ✏) ✏
�2

n
�2

nX

i=k2
n+1

EZ2
i

✏
�2

k
�4
n

nX

i=k2
n+1

EZ2
i

✏
�2

k
�4
n

�
n� k

2
n

�
0

@ 1

n� k2
n

nX

i=k2
n+1

EZ2
i

1

A

✏
�2

k
�4
n

�
n� k

2
n

�1+⇢

C✏
�2

k
�4
n

(2kn + 1)1+⇢

C✏
�2

k
�3+⇢

n

where C is some fixed constant. Then we have559

1X

n=1

P(|Tn| � ✏) 
1X

n=1

C✏
�2

k
�3+⇢

n


1X

n=1

C✏
�2(

p
n� 1)�3+⇢


4X

n=1

C✏
�2(

p
n� 1)�3+⇢ + 2C✏

�2
1X

n=4

n
�(3�⇢)/2

< 1,

provided we choose 0 < ⇢ < 1. Therefore, by choosing 0 < ⇢ < 1/2, it follows from Borel-Cantelli560

lemma that Tn

a.s.! 0 and further An

a.s.! 0.561

Bn converges to 0 almost surely562

First of all, we will show � > 0 by which we can use Gaussian smoothing to show Bn

a.s.! 0.563

Lemma B.3. For ` � 1, if ⌃(z`, z`) > 0, then ⌃(z`+1
, z

`+1) > 0.564

Proof. We prove by contradiction. Assume ⌃(z`+1
, z

`+1) = 0. Then we have565

0 = ⌃(z`+1
, z

`+1) = E�(z` + z
1)2 = E�(u`)2,

where u
` ⇠ N (0,⌃(z`, z`) + kxk2/nin). It implies �(z) = 0 almost surely, but it contradicts � is566

non-constant function since ⌃(z`, z`) + kxk2/nin > 0.567

It follows from Lemma B.3 that � > 0. Then �n

a.s.! �, we have �n � �/2 > 0 eventually, almost568

surely. To use Gaussian smoothing, we define following functions569

fk(x) := �(g1
k
, · · · , g`

k
, x), Fk(�) := Ez⇠N (0,�2)fk(z).
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By using Gaussian smoothing, we have for large enough n570

|Bn| 
1

n

nX

k=1

|Fk(�n)� Fk(�)|

 1

n

nX

k=1

Z
�n

�

|F 0
k
(t)| dt, assume �  �n

 1

n

nX

k=1

Z
�n

�

t
�1Ez⇠N (0,1)

��fk(tz)(t2 � 1)
�� dt, (a)

 1

n

nX

k=1

Z
�n

�

t
�1Ez⇠N (0,1)C1e

C2
P`

i=1 |gi
k|+C2t|z|+t

dt, (b)

 1

n

nX

k=1

Z
�n

�

t
�1

C1e
C2

P`
i=1 |gi

k|+C2t
2
/2+t

dt, (c)

=C1

 
1

n

nX

k=1

e
C2

P`
i=1 |gi

k|

!
(↵(�n)� ↵(�))

where (a) is by Lemma A.2 and Jensen’s inequality, (b) is because fk is controllable since � is, (c) is571

by Lemma A.6, and ↵(t) is the anti-derivative of the function ↵̇(t) = t
�1

C1e
C2t

2
/2+t. Here, ↵̇(t) is572

continuous, so that ↵(t) is well-defined and continuous. Since eC2
P`

i=1 |gi
k| is controllable, it follows573

from result for the basic case that574

1

n

nX

k=1

e
C2

P`
i=1 |gi

k| a.s.�! Ez⇠N (0,⌃|g1)e
C2

P`
i=1|zi|

.

Since �n

a.s.! � and ↵ is continuous, it follows from Lemma A.1 that ↵(�n)
a.s.! ↵(�) and further575

|Bn|  C1

 
1

n

nX

k=1

e
C2

P`
i=1 |gi

k|

!
(↵(�n)� ↵(�))

a.s.�! 0.

Cn converges to 0 almost surely576

Define function �̂(z1, · · · , z`) := Ez⇠N (0,1)�(z
1
, · · · , z`,�z). Since � is controllable, �̂ is also a577

controllable function. Then it follows from the inductive hypothesis that578

1

n

nX

k=1

Ez⇠N (0,�2)�(g
1
k
, · · · , g`

k
, z) =

1

n

nX

k=1

Ez⇠N (0,1)�(g
1
k
, · · · , g`

k
,�z)

=
1

n

nX

k=1

�̂(g1
k
, · · · , g`

k
)

a.s.! E
h
�̂(z1, . . . , z`)

i

= E
⇥
Ez⇠N (0,1)�(z

1
, · · · , z`,�z)

⇤

= E
⇥
�(z1, · · · , z`, z`+1)

⇤

Thus, Cn

a.s.! 0.579

B.4 Proof of Lemma B.1: general case for shared matrices580

Now in this section, we prove the desired result when the weight matrices are shared, i.e., W ` = W .581

Assume the result holds for `, then we will show the desired result still holds for `+ 1. Note that582

g
`+1 = Wh

`
.
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As W is used before, we have583

g
i = Wh

i�1
, 8i 2 [`].

Then define584

G :=
⇥
g
1

g
2 · · · g

`
⇤
2 Rn⇥`

, H :=
⇥
h
0

h
1 · · · h

`�1
⇤
2 Rn⇥`

. (30)

Then we have G = WH . Let B be the �-algebra spanned by all previous g1, g2, · · · , g`. To obtain585

the conditional distribution of g`+1 on B, we first compute the conditional distribution of W on B. It586

follows from Lemma A.3 that587

W |B =G
�
H

T
H
�†

H
T + W̃⇧T

H

⇠MN
�
G(HT

H)†HT
, In,⇧H⇧T

H
/n
�

where ⇧ = In�HH
† is the orthogonal projection onto null(HT ), respectively. Therefore, we obtain588

g
`+1|B ⇠ N

⇣
G
�
H

T
H
�†

H
T
h
`
, k⇧T

h
`k2/nIn

⌘

or equivalently589

g
`+1
k

|B independent⇠ N
⇣
Gk

�
H

T
H
�†

H
T
h
`
, k⇧T

h
`k2/n

⌘
,

where Gk 2 R1⇥` is the k-th row of G.590

Since the activation function � is controllable by Lemma A.5, it follows from the inductive hypothesis591

that592

(hi)T (hj)/n =
1

n

nX

k=1

�(gi
k
+ g

1
k
)�(gj

k
+ g

1
k
)

a.s.�! E�(zi + z
1)�(zj + z

1) = ⌃(zi+1
, z

j+1) 8i, j.

Then we have as n ! 1593

H
T
H/n

a.s.�! ⌃(Z`
, Z

`)

H
T
h
`
/n

a.s.�! ⌃(Z`
, z

`+1)

where Z
` = [z1 · · · z`]T 2 R`⇥1. Since (pseudo-)inverse is continuous function, we further obtain594

vn :=
�
H

T
H
�†

H
T
h
` =

�
H

T
H/n

�†
H

T
h
`
/n

a.s.�! ⌃(Z`
, Z

`)†⌃(Z`
, z

`+1) := v. (31)

By using the equality HH
† = H(HT

H)†HT , we have595

k⇧T
h
`k2/n =

1

n
(h`)T

�
In �HH

†�2
h
`

=
1

n
(h`)T

�
In �HH

†�
h
`

=
1

n
(h`)Th` �

�
(h`)TH/n

�
(HT

H/n)†
�
H

T
h
`
/n
�

a.s.�!⌃(z`+1
, z

`+1)� ⌃(z`+1
, Z

`)⌃(Z`
, Z

`)†⌃(Z`
, z

`+1).

By using triangular inequality, we have596 �����
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nX
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�(g1
k
, · · · , g`

k
, g

`+1
k

)� E
⇥
�(z1, · · · , , z`+1)

⇤
�����  |An|+ |Bn|+ |Cn|+ |Dn| ,

where597

An =
1
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nX

k=1

�(g1
k
, · · · , g`

k
, g

`+1
k

)� 1

n

nX

k=1

Ez⇠N (µk,n,�
2
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�(g1

k
, · · · , g`

k
, z) (32)

Bn =
1

n

nX

k=1

Ez⇠N (µk,n,�
2
n)
�(g1

k
, · · · , g`

k
, z)� 1

n

nX

k=1

Ez⇠N (µk,n,�
2)�(g

1
k
, · · · , g`

k
, z) (33)

Cn =
1

n

nX

k=1

Ez⇠N (µk,n,�
2)�(g

1
k
, · · · , g`

k
, z)� 1

n

nX

k=1

Ez⇠N (µk,�
2)�(g

1
k
, · · · , g`

k
, z) (34)

Dn =
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nX
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Ez⇠N (µk,�
2)�(g

1
k
, · · · , g`

k
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⇥
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where598

µk,n = G
`

k
(HT

H)†HT
h` = G

`

k
vn, (36)

µk = G
`

k
⌃(Z`

, Z
`)†⌃(Z`

, z
`+1) = G

`

k
v, (37)

�
2
n
= k⇧T

h
`k2 (38)

�
2 = ⌃(z`+1

, z
`+1)� ⌃(z`+1

, Z
`)⌃(Z`

, Z
`)†⌃(Z`

, z
`+1). (39)

B.4.1 An converges to 0 almost surely599

Define random variables Zk = �(g1
k
, · · · , g`

k
, g

`+1
k

) � Ez⇠N (µk,n,�
2
n)
�(g1

k
, · · · , g`

k
, z). As Xk|B600

are independent, we can easily show Xk are centered and uncorrelated. By using Jensen’s inequality,601

Z
2
k
|B can be upper bounded as follows602

E
⇥
Z

2
k
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2
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2
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2
n (40)

As vn
a.s.! v by equation (31), we have kvnk  1 + kvk, eventually, almost surely. Thus, for large603

enough n, we have604
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k
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h
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�����

`X

i=1

vn,ig
i

k

�����  (kvk+ 1)
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��gi
k

�� , (41)

where we also use the Cauchy-Schwartz inequality and square root inequality. It follows from605

equation (40) that606
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where �̂(x1
, · · · , x`) := 8C1e

(2C2+kvk+1)
P`

i=1|xi| is clearly a controllable function. It follows from607

inductive hypothesis and some basic properties of almost surely convergence in Lemma A.1 that608
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As RHS is a deterministic constant, we have 1
n

P
n

k=1 E
⇥
X

2
k
|B
⇤
2 o(n⇢) for all ⇢ > 0. Then by609

using the same argument provided in Section B.3, we have An

a.s.! 0.610

Bn converges to 0 almost surely611

If � > 0612

In this subsection, we assume � > 0. In addition, since �n

a.s.! �, we have �n � �/2 > 0 almost613

surely for large enough n.614

We can obtain the desired result Bn

a.s.! 0 by applying the same argument in Section B.3 to functions615

fk and Fk redefined as follows616

fk(x) := �(g1
k
, · · · , g`

k
, x), Fk(�) := Ez⇠N (µk,n,�

2)fk(z).
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By using Gaussian smoothing, for large enough n, we have617
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(↵(�n)� ↵(�)),

where (a) is by Lemma A.2, (b) is because fk is controllable since � is, (c) is by Lemma A.6 and618

equation (41), and ↵(t) is the anti-derivative of the function ↵̇(t) = t
�1

C1e
C2t

2
/2+t. Here, ↵̇(t) is619

continuous, so that ↵(t) is well-defined and continuous. Since e
C

P`
i=1 |gi

k| is controllable for any620

constant C, it follows from the inductive hypothesis that621
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Since �n

a.s.! � and ↵ is continuous, it follows from Lemma A.1 that ↵(�n)
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If � = 0623

In this subsection, we consider when � = 0. Note that the argument in the case � > 0 also holds if624

� = 0 and �n 6= 0 (infinitely often), because the derivatives F 0
k
(t) are well-defined if either � > 0 or625

�n > 0. Thus, we only need to analyze the case where � = 0 and �n = 0 eventually.626

For � = 0, we have ⌃(z`+1
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where the second inequality follows from equation (31). By using the inductive hypothesis, we obtain631
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Moreover, as we assume �n = 0 for all large enough n, we obtain g
`+1
k

|B = G
`

k
vn almost surely.632

Then for large enough n, we obtain633

1

n

nX

k=1

Ez⇠N (µk,n,�
2
n)
�(G`

k
, z) =

1

n

nX

k=1

�(g1
k
, · · · , g`

k
, µk,n) =

1

n

nX

k=1

�(g1
k
, · · · , g`

k
, G

`

k
vn) (43)

Combining An

a.s.! 0 with equations (42) and (43) yields Bn

a.s.! 0.634

B.4.2 Cn converges to 0 almost surely635

As discussed in Section B.4.1, we can assume � > 0. By using Gaussian smoothing again, we can636

easiliy show Cn

a.s.! 0 since µk,n

a.s.! µk. Define functions637

fk(x) = �(g1
k
, · · · , g`

k
, x), Fk(µ) = Ez⇠N (µ,�2)fk(z).

It follows from Lemma A.2 that638
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where �(µ) is the anti-derivative of the function �̇(t) = e
C2t. Here � is well-defined and continuous639

since �̇ is continuous. As µk,n

a.s.! µk, it follows from inductive hypothesis and Lemma A.1 that640

Cn

a.s.! 0.641

Dn converges to 0 almost surely642

In this section, we can show Dn

a.s.! 0 straightforward from the induction. Define functions643
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Here �̂ is controllable as � is. By applying the inductive hypothesis on �̂, we obtain644
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`

k
v =

P
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i=1 vig
i

k
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C Proof of Corollary 4.2646

Define Gaussian random variables u`(x) that is encoded by input x as follows for all ` = [2, L� 1]647

u
1(x) =z

1(x) (44)

u
`(x) =z

`(x) + z
1(x). (45)

Then we can easily compute the corresponding covariance as follows for ` � 2648

cov(u1(x), u1(x0)) =cov(z1(x), z1(x0))

=⌃1(x, x0)

cov(u`(x), u`(x0)) =cov(z`(x) + z
1(x), z`(x0) + z

1(x0))

=cov(z`(x), z`(x0)) + cov(z1(x), z1(x0))

=⌃`(x, x0) + ⌃1(x, x0)
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D Proof of Theorem 4.3649

This section is deducted to prove the strict positive definiteness of ⌃L. We will prove it by using the650

notion of dual activation and Hermitian expansion.651

Let x ⇠ N (0, 1) and f : R ! R. Then we can define an inner product652

hf, gi := Ex⇠N (0,1)f(x)g(x).

Thus, we define a Hilbert space of functions H, that is, f 2 H if and only if653

kfk2 = Ex⇠N (0,1) |f(x)|2 < 1.

Next, consider the function sequence 1, x, x2
, · · · . Clearly, they are independent. Then apply Gram-654

Schmidt process to the function sequence w.r.t. the inner product we define before, and we obtain655

{hn} the (normalized) Hermite polynomial that is an orthonormal basis to the Hilbert space H.656

Now, we are ready to introduce dual activation. The dual activation �̂ : [�1, 1] ! R of an activation657

� : R ! R is defined by658

�̂(⇢) := E(X,Y )⇠N⇢
�(X)�(Y ). (46)

where N⇢ is multidimensional Gaussian distribution with mean 0 and covariance matrix

1 ⇢

⇢ 1

�
.659

Then the dual kernel k� is given by660

k�(x, x
0) := �̂(hx, x0i).

If a function � 2 H, we not only can obtain an expansion by using the orthonormal basis of Hermitian661

polynomials but also an expansion to the dual activation �̂ by using the same Hermitian coefficients.662

As a consequence, the corresponding dual kernel k� can be shown to be strict positive definite by663

using the Hermitian expansion.664

Lemma D.1. [11, Lemma 12] If � 2 H, then665

�(x) =
1X

n=0

anhn(x), (47)

�̂(⇢) =
1X

n=0

a
2
n
⇢
n
. (48)

where an := hhn,�i is the Hermite coefficients, and the above is Hermitian expansion.666

Theorem D.1. [21, Theorem 3][15, Theorem 1] For a function f : [�1, 1] ! R with f =667 P1
n=0 bnhn, the kernel Kf : Sn0�1 ⇥ S

n0�1 ! R defined by668

Kf (x, x
0) := f(xT

x
0)

is strictly positive define for any n0 � 1 if and only if the coefficients bn > 0 for infinitely many even669

and odd integer n.670

Now we are ready to prove the kernel or covariance function ⌃L is strict positive definite by using671

Gaussian measure techniques on the existence of positive definiteness.672

Lemma D.2. Suppose � is non-polynomial Lipschitz continuous. If ⌃` is strictly positive, then ⌃`+1673

is also strictly positive definite.674

Proof. Assume the contrary. Then there exists a finite distinct collection {xi}ni=1 and some constants675

{ci}ni=1 such that676

0 =
nX

i,j=1

cicj⌃
`+1(xi, xj) = E

"
nX

i=1

ci�(ui)

#2
.
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This indicates
P

n

i=1 ci�(ui) = 0 almost surely. Note that we have the random variables (ui, uj)677

follows Gaussian distribution given by678

(ui, uj) ⇠ N (0, A`(xi, xj)).

WLOG, we can assume c1 6= 0. Then for some �(u1) 6= 0, we choose u1 = · · · = un = u2. Then679

c1�(u1) + (c2 + · · ·+ cn)�(u1) = 0,

indicates c1 = �(c2 + · · ·+ cn). Then for any u 6= u
0, we have680

c1�(u) + (�c1)�(u
0) = 0

This implies �(u) = �(u0), but it contradicts � is non-constant.681

682

Lemma D.3. Suppose � is non-polynomial Lipschitz continuous. Then ⌃2 is strictly positive definite.683

Proof. For ` = 2, we have684

⌃2(x, x0) = �
2
2E(u,v)⇠N (0,A1(x,x0)) [�(u)�(v)] ,

where685

A
1(x, x0) =


1 hx, x0i

hx0
, xi 1

�
.

Then we have686

⌃2(x, x0) = �
2
2µ̂(x

T
x
0)

where µ(x) := �(x�u).687

Clearly, µ is Lipschitz continuous since � is. Let the expansion of µ in Hermite polynomials {hn}1n=0688

to be given as µ =
P1

n=0 anhn. Then we can write µ̂ as µ̂(⇢) =
P1

n=0 a
2
n
⇢
n. Then we have689

⌃2(x, x0) = �
2
w
µ̂(xT

x
0) = �

2
w

1X

n=0

a
2
n
(xT

x
0)n.

Since � is assumed non-polynomials, µ is also non-polynomial, and so there are infinitely many690

number of nonzero an in the expansion. Thus, bn := a
2
n
> 0 for infinitely many even and odd691

numbers. Since �
2
w
> 0, we have ⌃2 is strictly positive definite.692

Then we obtain ⌃L is strict positive definite by combining Lemma D.2 and D.3693
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E Proof of Lemma 4.1694

This section we show the limiting covariance function ⌃⇤ is well defined. As each ⌃L satisfies Cauchy-695

Schwartz inequality, it suffices to show ⌃⇤(x, x) is well defined, which is given in Lemma E.1.696

Lemma E.1. Choose �w > 0 small for which � := �
2
w
2 E|z|2|z2 � 1| < 1, where z is standard697

Gaussian random variable. Then we have for every x 2 Snin�1 and ` 2 [2, L]698

��⌃`+1(x, x)� ⌃`(x, x)
��  �

��⌃`(x, x)� ⌃`�1(x, x)
�� . (49)

Therefore, ⌃⇤(x, x) := lim`!1 ⌃`(x, x) exists uniquely and699

0 < ⌃⇤(x, x)  (1 + 1/�)⌃2(x, x). (50)

Proof. Fix x and we denote �
2
`
:= ⌃`(x, x) to simplify the notation. Define function �(�) :=700

Eu⇠N (0,�2)�(u)
2701

�
2
`+1 � �

2
`
=�

2
w

⇣
Eu`+1⇠N (0,�2

`+�
2
1)
�(u`+1)2 � Eu`⇠N (0,�2

`�1+�
2
1)
�(u`)2

⌘
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2
w

✓
�

✓q
�
2
`
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2
1

◆
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⇣q
�
2
`�1 + �

2
1

⌘◆

=�
2
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�
2
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2
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p
�
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2
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�0(t)dt
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2
w
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�
2
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2
1

p
�
2
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2
1

1

t
Ez�(tz)

2(z2 � 1)dt

�
2
w

Z p
�
2
`+�

2
1

p
�
2
`�1+�

2
1

1

t
Ez |tz|2

��z2 � 1
�� dt

=�
2
w
Ez |z|2

��z2 � 1
��
Z p

�
2
`+�

2
1

p
�
2
`�1+�

2
1

tdt

=
�
2
w
Ez |z|2

��z2 � 1
��

2

���2
`
� �

2
`�1

��

=�
���2

`
� �

2
`�1

�� ,

where � :=
�
2
wEz|z|2|z2�1|

2 . As we choose �w small such that � < 1, then the mapping702

�
2
`+1 = Eu⇠N (0,�2

`+�
2
1)

⇥
�(u)2

⇤

is a contraction. Thus, it has unique fixed point �⇤ such that703

�
2
⇤ = Ez⇠N (0,�2

⇤+�
2
1)
�(u)2. (51)

In addition, let ⌧2
`
= �

2
`
+ �

2
1 and ⌧

2
1 = �

2
1 , then we have704

��⌧2
`+1 � ⌧

2
`

�� =
���2

`+1 � �
2
`

��  �
���2

`
� �

2
`�1

�� = �
��⌧2

`
� ⌧

2
`�1

�� .
Then we repeat this inequality for ` times and obtain705

��⌧2
`+1 � ⌧

2
`

��  �
`�1
��⌧22 � ⌧

2
1

�� .

As LHS is
���2

`+1 � �
2
`

�� and RHS is �2
2 , we obtain706

���2
`+1 � �

2
`

��  �
`�1

�
2
2 .

Thus, we have707

���2
`+1 � �

2
2

�� 
`X

s=2

���2
s+1 � �

2
s

�� 
`X

s=2

�
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�
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2  1

�
�
2
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Therefore, we obtain708

�
2
`

✓
1 +

1

�

◆
�
2
2 < 1, 8` � 2.

Now, suppose �⇤ = 0, then we have equation709

0 =�
2
⇤

=Eu⇠N (0,�2
⇤+�

2
1)
�(u)2

=Eu⇠N (0,�2
1)
�(u)2

=Eu⇠N (0,1)�(u)
2

where we use the fact �2
1 = 1. The equation above implies �(u) = 0 almost surely, which is710

impossible since u follows standard Gaussian and � is nonconstant.711

E.1 ⌃⇤(x, x) = ⌃⇤(x0
, x

0)712

In this subsection, we will first show ⌃`(x, x) = ⌃`(x0
, x

0) for all x, x0. The desired result is obtained713

by letting ` ! 1.714

Given xi and xj , let A`

ij
:= ⌃`(xi, xj). We prove by induction. For the basic case, we have715

A
1
ii
= E

���(xT

i
z)
��2 = E

���(u1
j
)
��2 = E

���(u1
j
)
��2 = A

1
jj
,

where we use the fact ui

i.i.d.⇠ N (0, 1) due to kxik2 = 1.716

Assume the result holds for `� 1. Then we will show the result for `. Note that717

Var(u`�1
i

) = A
`�1
ii

+A
1
ii
= A

`�1
jj

+A
1
jj

= Var(u`�1
j

),

where the last equality holds follow from the inductive hypothesis. As each u
`�1
i

is a centered718

Gaussian random variable, equal variance implies equal distribution. Then we obtain719

A
`

ii
= E

u
`�1
i ⇠N (0,A`�1

ii +A
1
ii)

���(u`�1
i

)
��2 = E

u
`�1
j ⇠N (0,A`�1

jj +A
1
jj)

���(u`

j
)
��2 = A

`

jj
.

Then let ` ! 1 and we obtain the desired result.720
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F Proof of Lemma 4.2721

In Theorem 4.1 and Appendix B, we have shown that for any controllable function �, 1
n
�(g1

k
, · · · , g`

k
)722

converges almost surely. Here we conduct a stronger result by providing the convergence rates.723

Lemma F.1. Let � be a controllable function. Then for any ` � 1, quantities724
1
n

P
n

k=1 �(g
1
k
(x), g1

k
(x0)g`

k
(x), g`

k
(x0)) converges to E

⇥
�(z1(x), z1(x0), z`(x), z`(x0))

⇤
a.s. with a725

rate at least n�1/4, i.e.,726
�����
1

n

nX

k=1

�(g1
k
(x), g1

k
(x0)g`

k
(x), g`

k
(x0))� E

⇥
�(z1(x), z1(x0), z`(x), z`(x0))

⇤
�����  n

�1/4
, a.s.

(52)

Intuitively, Lemma F.1 provides a convergence rate of width. Th following Lemma provides a727

convergence rate for depth.728

Lemma F.2. Choose �w > 0 small for which � := 2
p
2�w < 1. Then for every x 2 Snin�1 and for729

any k and `, we have kh`(x)� h
k(x)k  �

`

1��
kh1k a.s. Consequently, the equilibrium point h⇤(x)730

is uniquely determined a.s. Additionally, we have kh`(x)k  1��
`

1��
kh1k a.s.731

Now, combines these two convergence rates, we can show the two limits can be switched. As a result,732

the DEQ f✓ defined in (1) tends to a Gaussian Process.733

F.1 Proof of Lemma 4.2734

Let h`

n
(x) to denote the post-activation at the `-th layer with width m and input x encoded. Let x735

and x
0 in Sd�1. Then for any n  m and `  k, we have that736
����
1
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⌦
h
`

n
(x), h`

n
(x0)

↵
� 1

m
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h
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n
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↵
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m

⌦
h
k

m
(x), hk

m
(x0)

↵���� .

In the following, we will bound each term. For the first term, by using Lemma F.2, we have737
����
1
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⌦
h
`

n
(x), h`

n
(x0)

↵
� 1
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(x), hk

n
(x0)

↵����

 1

n
kh`
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n
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k

m
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n
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n
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k

n
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n
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n
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`
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n
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n
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Combining Theorem A.2 with assumption kxk = 1, we have kUxk  2�u

p
n/

p
nin a.s. WLOG,738

we assume �u =
p
nin, then we have kh1

n
(x)k  2

p
n and so739

����
1

n

⌦
h
`

n
(x), h`

n
(x0)

↵
� 1
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⌦
h
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(x), hk

n
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↵���� 
4

(1� �)2
�
`
. (53)

For the second term, we have740
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1
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⌦
h
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n
(x), hk

n
(x0)

↵
� 1
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⌦
h
k

m
(x), hk

m
(x0)

↵����  In + Im, (54)

where741

In =

����
1

n

⌦
h
k

n
(x), hk

n
(x0)

↵
� ⌃k(x, x0)

���� (55)

By using Lemma F.1, we have742

In  n
�1/4 (56)
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Similarly, Im  m
�1/4. Then we can combine these and get743
����
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⌦
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m
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where A = 4(1� �)2 and B = 2. Then letting m, ` ! 1 sequentially yields744
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⌦
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n
(x), h`

n
(x0)

↵
� ⌃⇤(x, x0)

����  A�
` +Bn

�1/4
,

F.2 Proof of Lemma F.1745

As we discussed before, Lemma B.1 can be easily extended to Lemma B.2 by using same argument746

on different inputs x and x
0. Similarly, here it suffices to show the desired result for single input x,747

i.e.,748
�����
1

n

nX

k=1

�(g1
k
(x), g`

k
(x))� E

⇥
�(z1(x), z`(x), )

⇤
�����  n

�1/4
, a.s. (58)

F.2.1 Consider the basic case ` = 1749

For ` = 1, we have g
1 = Ux and so750

g
1
k

i.i.d.⇠ N (0, kxk2/nin).

Let Xk := �(g1
k
)� E�(g1

k
). Then EXk = 0 and751

E |Xk|2 = E
���(g1

k
)� E�(g1

k
)
��2  8E

���(z1)
��2  8CEec|z1| < 1,

where we use the fact z1 and g
1
k

are identically distributed.752

It follows from Markov’s inequality, we have for any t > 0753

P
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Therefore, we have
�� 1
n

P
n

k=1 �(g
1
k
)� E�(z1)

�� ! 0 in probability as n ! 1. It follows from754

Levy’s Theorem that this convergence is almost surely because Xk are independent. Additionally, for755

any ", � > 0, let t = R(n)" and let RHS be less than �. Then we obtain756

R(n) � �
�1/2

✏
�1E |Xk|2 n�1/2

,

which indicates the convergence rate is at least n�1/2.757

F.2.2 The general case `758

We can use similar argument from Appendix C to obtain the desired result. Lemma B.2 or Lemma B.1759

has been shown weight-tied and weight-untied converges to the same Gaussian process. WLOG, we760

can just focus on the weight-untied case. Let B be the �-algebra spanned by g
1 and g

`, then we have761

g
`+1
k

|B i.i.d.⇠ N (0, kh`k2/n).
By using the inductive hypothesis, we have762
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with convergence rate n
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By using triangle inequality, we have764
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where765
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Convergence of An766

Let Zk := �(g1
k
, g

`+1
k

)�E�(g1
k
,�`,nz). With the same argument in Appendix B, we have E[Zk|B] =767

0 and E |Zk|B|2  8C1e
2C2|g1

k|e2C
2
2�

2
`,n . As �`,n ! �`, we have768
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Additionally, it follows from Theorem 4.4 that �` ! �⇤ as ` ! 1, we obtain �`  C3�⇤ for some769

absolute constant C3. Then for large enough n, we have770
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As RHS is a deterministic constant, we obtain for large enough n771
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⇢
, 8⇢ > 0.

It is worth to note that we obtain the same result in Appendix B. However, RHS of (61) is independent772

of `. As a consequence, the inequality (61) holds uniformly over all `. This potentially indicates the773

limits of depth and width commutes. From here, with almost identical argument in Appendix B, we774

obtain An

a.s.! 0 at rate n
�1/4 by choosing ⇢ = 1/2.775

Convergence of Bn776

Similarly, we can use the same argument in Appendix B to get777
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k| is a controllable function of g1
k
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a.s.! �`, the inductive hypothesis implies778
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a.s.! 0 at a rate n
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Convergence of Cn780

Define function �̂(x) = Ez⇠N (0,1)�(x,�`z). Then Cn becomes781
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As �̂ is controllable since �is, the inductive hypothesis implies directly Cn

a.s.! 0 at a rate of n�1/4.782
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F.3 Proof of Lemma F.2783

It follows from Theorem A.2 that 1p
n
kWk  2

p
2�w a.s. Then we can choose a small �w for which784

� := 2
p
2�w < 1. Then for any ` � 0, the Lipschitz continuity of � implies785
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Thus, it follows from the completeness of Rm that the unique h
⇤(x) exists. Additionally, let k ! 1,788

then we have789
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`
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Let ` = 0, then we obtain790

khkk  1� �
k
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G Proof of Theorem 4.4791

By condition on the values of h⇤, the outputs792

f✓,k(x) = hvk, h⇤i

are i.i.d.centered Gaussian random variables with covariance793

⌃̂(x, x0) = hh⇤(x), h⇤(x0)i /n.

It follows from Lemma 4.2 that794

⌃̂(x, x0)
a.s.! ⌃⇤(x, x0).

Specifically, the covariance ⌃⇤ is deterministic and hence independent to h
⇤. Consequently, the795

conditioned and unconditioned distributions of f✓,k are equal in the limit of n ! 1: they are796

i.i.d.centered Gaussian random variables with covariance ⌃⇤.797
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H Proof of Theorem 4.5798

Equipped with the notion of dual activation and Theorem D.1, we are ready to prove Theorem 4.5,799

i.e., ⌃⇤ is strict positive definite.800

By Lemma E.1, we have ⌃⇤(x, x) = ⌃⇤(x0
, x

0) := c and 0 < c < 1 for all x, x0. Then we have801
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By changing variable with u(x) =
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c+ 1z(x), we obtain803
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◆
,

where µ̂ : [�1, 1] ! R is dual activation of activation function µ(z) := �(
p
c+ 1z).804

Let µ =
P1

n=0 anhn be the Hermite expansion, then we obtain µ̂ as805

µ̂(⇢) =
1X

n=0

a
2
n
⇢
n
.

Therefore, ⌃⇤ has the expression806

⌃⇤(x, x0) =
1X

n=0

a
2
n

✓
⌃⇤(x, x0) + hx, x0i

c+ 1

◆n

.

Since � is non-polynomial, so is µ, and hence, there is an infinite number of nonzero an’s. By807

Theorem 2, we can conclude that ⌃⇤ is strictly positive definite and complete the proof.808
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I Additional Experimental Results809

Figure 5: Histplot of the output distributions for five neural networks with widths 10, 50, 100, 200,
1000 (left to right); KS statistics: 0.02641, 0.00677, 0.00550, 0.00321, 0.00302, pvalue: 9, 74 ⇥
10�31

, 0.0202, 0.0969, 0.6808, 0.7498.
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