Supplementary material

A Specifications of Experiments

A.1 Model architecture and dataset

MLP. The 2-layer multilayer perceptron (MLP) has 784 input units and 200 hidden units so that the
hidden layer parameters (157,000 parameters) are optimized for solving the upper-level problem and
the output layer parameters (2,010 parameters) are optimized for solving the lower-level problem.

CNN. We use the 7-layer CNN [33]] model to train CIFAR-10. We optimize the last fully connected
layer’s parameters for solving the lower-level problem and optimize the rest layers’ parameters for
solving the upper-level problem.

Dataset. For the hyper-representation experiment, we use full MNIST and CIFAR-10 datasets. In the
experiment with heterogeneous local computation, we treat the first 2000 images in MNIST’s default
training dataset as the training data and the first 1000 images in MNIST’s default test dataset as test
data.

A.2 Hyperparameter settings

For all comparison methods, we optimize their hyperparameters via grid search guided by the default
values in their source codes, to ensure the best performance given the algorithms are convergent.

Comparison to existing methods. First of all, for all methods, 10 clients from 100 clients are chosen
randomly and participate in each communication round. For the baseline methods FedNest and
LFedNest, we use their published codes in https://github.com/ucr-optml/FedNest. For FBO-AggITD,
we use the source codes sent from the authors. For our method, SimFBO, we take the number of
local updates,;, for each client ¢ to be 1, az(-t’k) to be 1, and p; to be 0.1. In MNIST-MLP experiment,

the stepsizes [1y, 1y, 1) and [y, Yo, V2] of our method for updating ik (), vl (0t), 25" (1)) are
both [0.2, 0.1, 0.05], respectively. Second, for the CIFAR-10-CNN experiment under the i.i.d. setup,
we only draw the result of FBO-AggITD and SimFBO because other algorithms cannot converge
under various hyperparameter configurations. We take the best inner stepsize as 0.003 and the best

outer stepsize as 0.005 for FBO-AggITD, and the stepsizes [1,, 7, 71| and [y, Yo, V2] of our method
for updating [y"* (y*), vI* (vt), 21¥ (21)] are both [0.1, 0.05, 0.03], respectively.

Ea2 R

Performance under heterogeneous local computation. In this experiment, we compare the results
among LFedNest, FedNest, FBO-AggITD, SimFBO, and ShroFBO. For all methods, the numbers
of local updates of different clients are randomly chosen in the range from 1 to 10 to simulate
the system-level heterogeneity and there are a total of 10 clients participating during the entire
procedure. In specific, inner stepsizes for LFedNest, FedNest, FBO-AggITD are [0.002, 0.01, 0.005],
respectively while outer stepsizes for LFedNest, FedNest, FBO-AggITD are [0.005, 0.03, 0.04],
respectively. Other hyperparameters of the above-mentioned three methods are chosen the same as

in the above experiment. Then for ShroFBO, we keep choosing agt’k) for each client 7 as 1 but the

values of ||a‘§.t) |l1 for j € [1,n] would be different since the number of local updates 7; is randomly
chosen between 1 and 10. The value of p; is chosen as 0.1. Similarly, the stepsizes [, 7, 7)z]
and [, Vv, 2] of our method for updating [y""* (y*), v"" (v1), 2% ()] are both [0.03, 0.02, 0.01],

’ 1

respectively. Lastly, SimFBO has the same settings mentioned above

B Notations

For notational convenience, we define

n
= Zwifi(xay)v G<$ay) = szgz ay w yY, v sz z,yY,v
=1
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https://github.com/ucr-optml/FedNest

For SimBFO, the problem we solve here is

min ®(z) = szfz (z, 7" ( szEg iz, 7 (x);6)]

T€RP
sty (x) = arygeflgmG x,y) Zw,gl x,y) ;wiEg [91(177%0]
Similarly, we define
O(x) = F(2,7"), VO(z) = an wiV f(x, 5", 5%) (11)
where y* = argmin,, Gz, y) and * = arg min,, R(z,5*,v).

We can see that §* and v* are unique due to the strong convexity of g;(x,y) and R;(z,y,v). Client
updates are aggregated to compute {h( NN t)} as
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forallt € {0,1,....,T — 1}, k € {0,1,...,7; —1}andi € {1,2,...,n}.

To ensure the robustness of server updates, we set upin < agt’k) < Qpay forallt = 0,1,...,7,

i=1,2,..nand k =0,1,...,7; — 1; we also set Bmin < w; < Bmax gpd Bumin <p; < Bumax for all
2_1 2 n n n n n
=1,2,..n.

At global iteration ¢, the server samples |C' ()| clients without replacement (WOR) uniformly at

random. On the server side, the aggregated client ¢ update is weighed by w; = ﬁwi. The

aggregates {hét), hv(f), h(zt)} computed at the server are of the form

M= S d W= S a0 - Y

ieC(t) ieC(t) ieC(®)

and we also have partial clients expectation as

Eow [h( )] Ecq, [ZH (i€ C(t))wt (t):| = szhgz,
i=1

i=1
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B [149] =By, | T € 0OmAL) = 3wl
Ecy, [h] = Ecy, [Z (ieC®) wzh(t):| szh(i)i.
i=1
Generally, the expectations we use contain both the expectations of samples and the expectations of
clients. And in analysis, we simply define \O(t)| = P for all t. And server updates y(t+1), oD
(t+1)
T as

ytth ® B, BB

=Y — P Yy y
o) = B (o0 _ p0 h0),
2D Z 0 0 b6

where the auxiliary projection function is defined as Pr.(v) := min{1, r7r}v and r = L1 is the server
Hg

Hv
side auxiliary projection radius. To simplify the problem, we set ag ) such that pt e [% D, % 7
and c ?amm < ||a ) ||1 < CqTmax for some positive constant c,, ¢/, and i € C*), where j :=

% t o p(t) and7:=Y " | T

C Proofs of Preliminary Lemmas

LZ

Lemma 1 (Boundedness of v*). Under Assumptionsand we have for v* in eq. , v* H2 u£ .
Proof. Remind that we define v* = arg min, R(z,y*,v), then we have
.12 2 w7 —1 e 2 w1-1]2 w29 oo
o' ? = |[[V2,Gy) Vo P,y < ||[V2,66y)) 7 | IV, Feyl? < 2,
where (a) follows Assumptionsand defines r := % Then, the proof is complete. O

Lemma 2 (Boundedness of local v). Under Assumptions[I|and[2] for each global iteration t, client i,
and local iteration k = 1,2, ..., 1;, we have

ro= ol < (14 2 ) =
mln

Lj . . e Lo
where r = le is the server side auxiliary projection radius.
g

Proof. By the local update rule of vz(t’k) from step 6 in Algorithml we have
vgt,k) _ k=D - gt,k—l)v Ri(a! (tk—1) tok= D (kD). w(t k— 1))

A 2 Yi » Vg

= (I — nya a(th=1) g2 gi(a! (t.k—1) y_t,k 1) ‘w(t,k 1))>U§t,k 1)

vy 9i
0@l RV f (D kD), k=1
By taking > norm, we have
ol < (1 = moa™* Vg o) + moal™ VL. (12)
Telescope eq. over j € [0, ...,k — 1], and we have
tk tk—1 tk—1 tk—1
ol < (1 = moa™ g 0"+ moaf™ TV Ly

-1
,0 ]
S (1 - nvaminﬂg)kuvz(t )” + Z(l - naminﬂg)]nvamafo

j=0
0) Omax L
< (1= tomingtg)* 0| + T22L
O‘min,ug
(1 + Cmax ) T.
amln
Then, the proof is complete. O
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Since both ayax and oy, are preset constants, the bound of local v; has the same order « as
server-side auxiliary projection radius r.

Lemma 3 (Basic properties of linear system function R). Under Assumptions[I)and 2] we have
Ri(x,y,v) is pg-strongly convex w.r.t v and ¥V, R;(x,y,v) is Lr-Lipschitz continuous w.r.t (z,y),
where we define L%, := 2(L3r2,,. + L?).

Proof. The strong convexity can be easily observed since V2, R(x,y,v) = Vi, g(x,y) = pgl. By
using the definition of R;(x,y, v) and assumptions|I]and[2} we have
IV R (21, 51,0) — Vo Ri(22, y2,0) |1
<2[[(V3,9(x1,11) — Vi, g(x2,y2))v[]* + 2| Vy f (21,91) — Vy f (22, 2)|?
< 2(L3rmax + L) (21 — 22 + lly1 — v2l*) = LE(l21 — 2] + [ly1 — yol*)-
Then, the proof is complete. O

Lemma 4 ([13] lemma 2.2, [4] lemma 2 and extensions). Under Assumptions[I} 2land [3| we have,
forall x,x1, 25 € R% and y € R%,

IVf(@,y) = VO@)|I* < Ly — " (@)|°, V(1) = VO(wo)|” < L[y — 2],
ly* (1) = y* (@2)|I* < Lyllzr — @2, [IVy*(21) = Vy* (22)|* < Ly, o1 — 22|,
[v* (1) = v* (@) [* < Lifln — aa2?, [IV0* (21) = Vo™ (22) | < L7, a1 — 2]

where the constants are given by

~ L2 Ly LiL ~ LL
L—L1+1+Lf(2+122>’ La=L+70
Hg Hg Hg Hg
L 912 2L3L3\*? 1
L= n= (B 2EE) )
'ug :u‘g :ug
Ly+LsL, Ly(Ly+ LoL 2 3
Ly, = 2t lely | Inda+ Loly) Ly == ((L3 +72L3 + L3L2) (1 + L2) + 13L2) .
,[Lg :ug /u‘g

13)

Proof. The proof of the first 3 inequalities is provided in [15]]. For the fifth inequality, we have
* % 2
||v (1) —v (xg)H

= 1926y @) 7V @) — (V3,607 02)] 7 9y (a7 w) |
< QH [Vin(xl, y*(zl))]il (VyF(xl, y*(zl)) — va(l’Q,y*(I’g))) H2
2 (V3,0 (v @0)] ™ = [V3,G ey (2)] 1) Oy (a2, (2) |

2132
< 2 (ln ="+ v @) -y @2)If)
g9

2

+ 203 (92,6 o0,y (00))] 7 [V3,G 147 @) = V3,6 (02,57 (22)]
112
(92,6 (@2 (@2)]
212 2L2L3
< (B0 222 (o = aal* + o) -0
Mg Hg
T :
S — + 1 + L X1 — T9 .
(35 + =22 ) 0+ L)l |
And for the sixth inequality, we have
VoR(z,y" (x),0"(2)) = V;, G (z,y* (2))v* (2) = V, F (,y"(x)) = 0,
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which implies that

awvvR(x,g;(x),v*(x)) — [ (@)] [ngxG(‘”’y (z)) +V5,,G(z y*(z))Vy*(x)}

+ Vin(:v, y*(z))Vo*(z) — V;x (z,y"(z))
= Vi F (2,57 (2)) Vi (2)
= 0gy g= (14)

and

Oy Vo R(z,y*(x), v* (7))
dy

By combining eq. (T4) and eq. (I3), we have

V2,60, (D) Vet (5,07 (@) =V F (. (@) - [ @] V3G @), ()
Then we can get that
Vin(xl,y*(xl))va* (a:l, y*(ajl)) = szG(xg,y*(xg))va* (xg,y* (332))
= szG(CEhy*(wl))sz* (50172/*(331)) - szG(fﬂzay*(ﬂﬂz))VmU* ($1,y*($1))
+ Vwa(mQ, y*(:cg))vzv* (xl, y*(xl)) — szG(:cg, y*(acg))vmv* (xg, y*(xg))
= [VyeF (21,57 (1)) = Vg F (2,57 (22)) |

([ @] V3G ey (@) = [0 (22)] V3,06 (w27 (22) )

=[v"@)] "V}, G e.y" (@) = V3, F (2,97 (@) = Or. (15)

By taking the norm and using Assumption[2] we have

2

|V, e (22) [V0°(00) = Vv )]

§4Hv§yF(x1,y( 1) = V2, F (22, y* (22)) 2

2
4| [0 (1) — 0" (22)] T V3,0 G (22, 5" (22))

+ 4| [v* (z1)] [Vwa(xl, (xl))—Vsz(xg,y*(acg))}

+4 [Vf/yG(xl,y*(xl)) - Vf/yG(xz,y*(xg))}va*(ml)

a(5E P ) (ool o) ) (5352 o -
< 4((E3 + 7213+ L3L2) (1 + L2) + L3L2) a1 — o (17)
By using the strong convexity of g; in Assumption|[I] we have

2
[Vo™ (@17 (1) = Vo™ (w2, @2) | < L2, o = (18)

1
where L, = ng ((L% +r2L3+ L3L2) (14 L) + L%L%) *. Then the proof is complete. O

Lemma 5 (Global Heterogeneity Extension). For any set of non-negative weight {w; }"_, such that
Zl 1 w; = 1, under Assumption |2|and Lemma (2| we have the bounds of global heterogenelty of
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v.gi (1‘7 y)’ VR; (3;‘7 Y, U) and Vfl(fﬂ, Y, U) as

S will Vygi(z, y)lI? < B2L3y — v (@)]]* + 02,

=1

> wil| Vo Ri(z,y,0)|* < 2r} LT + 217,
=1

Y will Vi, 0)|* < 2r70 LT + 207
=1

forallie {1,...,n}.

Proof. Under Assumption[d] we have

n

Z w; [Vygi(% y) — Vy9i(z, y*(m))]

i=1

< B2 L3y — v (@) + o2

2
2
+Ugh

szllvygz z ) < Bgn

i=1

For R; and f;, we can easily have

IVoRi(2,y,0)* < 2/|Vyyg(z, y)ol* + 2| Vy f (@, 9)|* < 2050 LT + 2L,
IV£i(z,y,0)1* < 2 Vayg(z, y)vll* + 20| Vaf (@, y)lI* < 2780 LT + 2L7.
Then the proof is complete. O

Lemma 6. Under Assumption[2] we have the following bounds

[V £:(a®, 40,0 ®) = V£, 50 o)|12 < AL,
[Vg:(2®,y®) — Vgi (2™ y=0)|* < AP
[V, Ri(2®,y®, o) — VR ("M, y ) olo)||* < ALY,

where we define the combinations of client drift as
A = g o= (i 2 L) [~ O+ ) O] 9o - O

A = R[4 =2+ ™ -y

Proof. According to the definition, we have

|V £i( (2® y® v ®) -V fi () (t, k)7 (t.k), (t,k') H2
< [IVafi@®,y®,0®) = Vo fila™
—V2,9:(x®,y®, (t)) M 4 V2, gD,
< 3||Vafi(a®, y®, v @) — v, £z tk) ol ||?
+3[[(V2,9:(x 2® y® y®) — V2,9:(x! (tk) y<tk> (tk))v(t)HQ

r

+ Bvaygl (t k)’ yz(t k) (t,k))(v(t) _ vit,k)> H

(t7k))
(

) ’L

k) (t, k))v(t,k) Hz

2 8(13 + 2L [ — 2O 4 [~y O] + 313 ult — O,

where (a) follows from Assumption?2|and Lemma([l] Similarly, we can easily get the results of Vg;
and V, R;, then the proof is complete. O
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D Proofs of Theorem 1]
D.1 Descent in Objective Function

Lemma 7. Under Asusmption |l l for non-convex and smooth @( ), the consecutive iterates of
Algorithm/[I]satisfy:

E[$(zV)] - E[@(z")]

()
PV ()\(12 (t
<-4 <EHV<I>( )| +1EH§ wih®)

)

(t) ‘
E (623 + * LE|y® - 7 ()1 + SL3E[0=") — @"“))”2)
3p(, < 1 (t,k) A (¢, k) P( )% (t)
+ Y wzwm H  a
i=1 || H iec®
forallt € {0,1,...,T —1}.

Proof. Using the L in Lemmafd] we have

E[:I;(x(“rl))] < E[‘i(ﬂv(t))] —]E<V51V>(x(t)),p(t)% Z @1h¥1>

ieC(t)

Z @ih(t)- ?

ieC(t)

@ B [§(2)] - p(t>%E<v§>(x(t>), > wﬁff»
i=1

)~ )2
+ (p ’Yx) L<I>E’

2

() )2 2
(P9v2) Lo (1)
ieC(®)
zon] _ P sl s~ 0
= E[®(z )]fTIE HVCI)(:U "+ ;wm
(t) (t) . 2L 2
+ v Z a0 + L el s~ g0l s

ieC(t)

where (a) holds because clients are selected without replacement. For the third part of the right-hand
side in eq. (T9), we have

froon gt

n

Zwl [sz( (x(t)) (x(t))) Vf( (t) Ly (t) v (x(t )) +vfi(x(t),y(t),v*(x(t)))

i=1

=E

2
(20,50, 60 4 £ D, 5O, (t))_?l(t)}

T,

n

> wi (Ve y (@) = Ve fila,y)

=1

< 3E

2

~ (V2,9: 0,y (@) = V2,02, 5 ) )" (@)

+3EHZ“W2 (@50 (v (xm)_v(t))HQ
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+ 3]EH Zw Vfi(z®, y® o®) - hff)l) ‘2
6(L2 +7%L3) y* (M) — y® || + 313 ®)y — p® H2
Ti—1 (tk

b
< 6(LE + 1Ly (o) — y O P+ SLE[* () — o7

(t,k)

(k)
+3 Zl Z o BV A1) - e L)

o)

) z

Ti—1
“’2 Z|| ”H Ag

where (a) follows from smoothness of V, f;(x,y) and Lo-Lipschitz continuity of V2 g(a:, y) in

Assumption 2]and (b) uses Lemma 6] O
D.2 Bounds of Client Drifts
Lemma 8. Under Assumptlonl @andl the local iterates client drifts of y(75 k) (t k), xgt’k) are
bounded as
n Ti—1
1 tk bk _
> w3 o VB 20| <o,
i=1 || =1
n 1 T, —1
t,k) tk _
S i > alMEP — o2 < 7oty
i1 el =
n 1 Ti—1 ,,7277_
(t,k (t,k _
Z T Z o ||y1 ) _ y(t)HQ < — Qqu__a B ailaxa'g + 2Cq0max L2023 703
i=1 H [F My CaT ¥max ]

+ 2¢0max LIE| |y —

foralt e {0,1,...,T — 1}, k € {0,1,...

.7 — 1} and i € {1,2, ...

. 2
Y (:C(t))H +20aamaX0§h

,n}. We define o3, =

(afnax(aj% + T axOog) + amaX(Lfc + rfnaXL%)) And 1y, Ny, Nz are local stepsizes.

Proof. For Hy(t *)

iw

—y® HQ, we have

Ti—

S

El|yi"? — y®|?

(t)
=1 k=0 \ 1
S et kz ) (t.3) . (8). ~(t3)
Z Z J(vg {9 y(b), ()Y
t y I 9
= Dl “||1 =
2
t, t, t, t,
V0@ D) 47, (2, J>))H
= = Cl(tk) = t.5)\ 2 t t t NNk
2J 2J 2J \J ) t,j
=my 2w ) 109, 2 Z(a( j)) EHVygi(a:E Do) = Vg () gl )H
=1 k=0
— a ( RN
t, t, t,
erlz Z H (t)” HZ 2 ygz ’ ' Y; / )H
1 j=0
;i —1 (tk) k—1 ) 2
t,j 2
—nyz (t Z(ai )Ug
=1 k=0 H ||1 =0
Ti—1 (tk) k-1

””yz 2

=0
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izl k) k-l ) O
"'277712 Z “la (t)le a;’ EHvygi(x Y )H
=1 7=0
n Ti—1 (t,k)

@ ,& ,
< nizwiﬂagt)H;ffﬁ+2njcammax2w 3 Ia(”ll B[ 7,01 (2", 5"7) = V020, ) |
' i=1 k=0

+277yzwz||a | EHVyg (t 7y(t) H

O) n Ti—1 a(t k) ) 2
< nyTarrlax g—|—277yca7'ozmm2w Z o (t)H EHvygz( (J),yZ(tJ)) _vygi(x(t)vy(t))H
i=1 k=0
n 2
+ 277§Ca7iamax6§hE Z w; |:Vygz (l‘(t)a Z/(t)) - Vygi (x(t), Y (I(t)))} + 2n§ca?amaxagh
i=1
(c) T;,—1 )
(t.5) I (t.5) N
x0Ty + Qnyc“TamaXZ Z o (t [Hx O+ |y =y }
=1
+ 202 CaT Qmax 82, LIE |y ® — y* ()] +2nycmmax/3maxa§h (20)
where (a) holds because of Assumption [3]and
1 T;i—1 k—1 2 1 T;i—1 T, —2 2 Ti—2 2
t,k t,j t,k t,j t,j
—— >l (0l ) < = 3Tl N () = 3 (af) < il
la; " ll1 =0 =0 la; "1 k=0 j:O j—O
Ti—1 Ti—1
LN 0 N 00 S (66) (t.4) _ (td) < . (1)
® Z Z (t) Z Z Za < lla; "|l1;
lla; " Ih +=o §=0 | (I §=0 §=0

(b) is obtained from Assumpt10n|§| and (¢) follows from Assumption |Zl As an easier case, we can
easily know that V f; and V,, R; are bounded from Assumption |2} Ipand Lemma I Then we have

n Ti—1

1 S tk th
Z H (t I Z E )EHI‘E ) _ (t)H2 <n; T( max(Uf""Tmax gg)+amax(Lf+TmaxL2))
i=1 k=1
n Ti—1

1 S
S ws TR 3" ARt — o ®)2 < n?,f(afnax(a} + ToaxOag) + Omax (L7 + rfnaXL%)),
i=1 1 k=1
n 1 Ti—1

)

> wi RO S al"VE[y"" — )2
= e =

T 2 2 2. 2-( 2 2
S 1= 22caromml? [amaxag + 2CaamaxL1an< mlx(af +r2 gg) + amax(Lf 472 L2 ))

- 2aomaBL2E |y — ()| + zcaamxagh]
which finished the proof. O

In the later part, we will take {2027 cqmax L3 < 1} and {477yca7amaxL1 < 1}, then we can simplify
Lemma[8]as

n Ti—1
1 < t,k t,k =
S wi—— > al"VE[e{™ — 2 W) <n2roly,
i a3
n Ti
1 (L) (t.k =
dw TZ aof"ME[Jo{" — v W2 < n2Fody,
- e h (=
n 1= tk t,k) = 7 - ’
2 gTHom > al"™R[y Y -y O )2 < 22703 15 + AT Catmax B LIE [y ™ — v (21|
i=1 k=1
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2 . .2 2 4,2 2 2,2 72 2
where we define 03,5 := 07,07 + 0f . (0F + 17000) + Qmax (L7 + 750 LT) 4 2Ca0max0 -

As the combination of Lemmal6]and Lemma|8] we have

Ti—1 tk Ti—1 ( ,k)

Z (t) fik) Z Z (t) Rq-,
=1 llai "l i=1 la; {11

=1

< 3773377'(L2 + ’]"2L2)0'M1 +3027L20%,, + 67757’—(L% + 7‘2L§)012V[2
+ 12ny (L2 + T2L2)Ca05max5 L%EHy(t) - y*(z(t))HQ

Ti—1

2
Z Z H (t gt k) = nxTL%O-Ml + 277yTL101V12 + 4nyTCaamaxﬁghL4EHy(t) -y ( (t))H .
i=1

(22)
D.3 Bounds of Aggregated Estimations

Lemma 9. Suppose the server selects |C (t)| = P clients in each round. Under Assumption and
the aggregated estimation of ) satisfies

Mg w? P-1 ~w 112
E| Y and) <2y W > ()2 (0% + 1202, + D=1 1>Eszih;{1
iec® i=1 ||a I3 = (n—1) i=1
Mmn—P) o~ w? S~ () (t ) 4(n — P)Bmax 2, 2
+ < a;’ A +7(maxL +L)
PO 2, 2 Pei 1)
the aggregated estimation of y®) satisfies
n 2 Ti—1
~ 4 (1) 2 n w; (t,k)\2 2 2(n_P)Bmax 2
Bl 3 il <5 2w 2 @ e gy
icc® =1 llag M =0
n Ti—1 (t,k) n Ti—1 (t,k)
2n(n — P) 5 a; a; (t,k)
(o Dt X e +9 o X o)Al
i=1 o lla; "ll1 i=1 o lla; " [lx
2(” - P)ﬂmaxﬂgh
3L2 E (t) _ % (t) 2.
(Fr e 4 32 Bl — )]
and the aggregated estimation of v satisfies
2 2TL wzz = (t,k) 2 2 4(n_P)ﬂmaX 2 2
EH Z 74 Z (t)2 Z (a’i ) (Uf +Tlogg) + P(’I’L—l) ( maxL +L )
i€eCc® =1 e F =0

2nn n Ti—1 tk) Ti—1 a(t,k) ()

— i t,

+( Y s ) al
=1 k=0 IIa =S 1

+ 3L§EHU ) v*(x )H2

forallt € {0,1,....T —1}, k€ {0,1,....,7; — 1} and i € {1,2,...,n}.

Proof. For the aggregated estimation of z(*), we have

2 2
B| 3 an)| =5 & a5 +50)
ieC(®) ieC(t)
2
_g| ¥ @i(hg_hgﬁz)‘ +E‘ T mg}i
ieC(®) ieC®)
a ~ 2
Og] ¥ a0 +e| 3w
ieC() ieC(®)

24



h;t) h(t

2
y ]EH S @)

cC @)

(©) 2 & w? s (t,k) 2 5 2 2
SFZ 322(‘% ) (0F +7i0g9) +E

t
i=1 ||az(' 13 k=0

Z wlh(t)

ieC(t)
where (a) holds because clients are selected without replacement; (b) follows from the definition
w; = %wi; (c) uses Assumption For the second term in eq. ll we have

;o (23)

2
E|l > @k

1eC®)
. n " n _ 2

=E|| Y @nl -3 wih + 3 winl)

icc® i=i i=i
n 2 2
25 D)@y =Y wihl)| +E Ay

h(t)

n

E{(H(z e CW)2@2 w2 —20(i e C(t))wzwz)

i=1
+ Z]E<(]I(i e Y, —w) Y, (1 € €Dy —w;)hl > +E
i#]
~= St + Yoefur (- )]
i=1
+ ZE |:(H(’L,j S C(t))wﬂﬂj — ]I(] c C(t))iji — ]I(Z c C(t))qﬂiwj + ’LUﬂUj) <h(zt)l, hit)J>:|
i#]
2
+ (3-1) Sefu
n/P—-1 ( )
+§E{wi“’j<p(n_1) ) (000
_n(P-1 L~ ) 2 n/n—-P\ &
_P<n—l>E Z_:wzhztl +P(n—1>;wl

where (a) holds because clients are selected without replacement. And for the second term in eq. (24),
we have

n
> w]
i=1

h“

h(t)

17

30

ZE

(24)

= ngEH’FLS,)i - ?f(x(t)my(t)a U(t)) + vf(x(t)7y(t)7’l}(t))H2
i=1

(%) ) i o
i=1

_ 2 Jéi n
_T (2D B ,® H 22m N B
f@ gy oM+ n w

_ 2
’Vf(x(t), y®, p(®) H

O Ti—1 (t k) ) (R () e
<QZ Z || t)” H (xt Y ) Vs )*Vf(fﬂ Y, )H
4 max
n
© < (t k) 4Bmax 2 2
<2 Z t>H AR+ S L + L) (25)
i=1 k=

25


Eafan Yang

Eafan Yang


where (a) w; < Bmax/n forall i € {1,..,n}; the first term of (b) uses Jensen’s inequality and the
second part of (b) follows from Lemma [5} (c) uses theLemmal[6] By incorporating eq. (24) and

eq. (23) into eq. @, we get
2 T, —1
w; (t,k)
| 52 ol <53 g X e e+ S

ieC(t)
M(n—P) o~ W = (k) x (k)
+ E L E a; AL
P(n—1) i=1 Haz('t)Hl k=0 g
4(n — P)Bmax 2, 2
_ L L
+ P(n . 1) ( Tmax1 + )

Similarly, by replacing h(t)Z and V f with h?(f)l and Vg, we can easily get

x

n 2 Ti—1
(t) w; (t,k) (f)
E|| Y ainy) SPZH o 2 (@) g+ EHZ i
i€C® 1 k=0
n T;—1
- P) W (k) Ak 2(n— P)Bmax o
AR 4 20 ) Pmax
n—l Z (t” Z % gi T P(n—1) o
i=1 1144 1 k=0
( - )Bmaxﬁgh
Elly® — y* (x®)] 2. 26
P 1) [y =y ()] (26)
For the second terms in eq. (26)), we have
2 n 2
Rl < 3E( D wiv,gi@®,y (@)
i=1
n 2
+3E|| > w; (Vygi (2", y") = Vygi (:v(t),y*(:v(t))))
i=1
N 2
+ 38| > wi (B - Vy0: (2.5 )) H
=1
@ el () (0 CRPTROINN
< 3E wi(Vygi(x ) = Vygi (', y (x )))
i=1
n 2
+ 3E sz<h H_y g( (t),y(t)))
i=1
(b)
< BLIE[y" —y* (& @)|?
= al"® tk)  (tk 2
+3 Z Z ”a(t)H H ygi(( ),yf ))—Vygi(x(t),y(t))H
=1
(b) il (t k) R
< 3L3E[y" — y* ()|* + Z Z T “)H AP, 27)
=1 1

where (a) follows from 37 w; V,g:(z®), y*(z(!))) = 0; the first term of (b) uses Assumpt10nl
and the second term of (b) uses Jensen 1nequa11ty (c) follows from Lemma@ By 1ncorporate|2]1nto

26] we get

() n n Ti—1 ( 2 2(77, P)B
t n t,k 2 - max _2
EH Z Y pz |at)H Z a; ") og + Pln—1) Tgh
iec® i=1 1 k=0
n Ti—1 (t,k) n Ti—1 (t,k)
2n(n — P) 2 a a (t,F)
(T ot X e A X Al
i=1 o lla; " ll1 i=1 Ha ||
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2 7Pﬂmaxﬂ3 *
(Hpr e 1 a0t el -y (2O

Similarly, by replacing by replacing hg(fz and Vg with hg?i and VR, we can easily get

2 27’L n w2 T;,—1
~ 7 (1) 2h i (t,k) 2 2
B| 3 @it <5 X w2 @) e+ ril,)
iec® = ||a- H =
Ti—1
2n(n — X AR
I E =0 ) S ) S DL R I
i—1 la; "l i3 lla; 1
* ( - )ﬁmax
+3L3E|[v® — v* (D) + W( Foax L7 + L3)- (28)
Then, the proof is complete. O

D.4 Descent in iterates of the inner- and LS-problem

Lemma 10. Under the Assumption[l} 2and[3| the iterates of the inner-problem generated according
to Algorithm/[1|satisfy

Byt - (@) |2~ Blly® — 77 (2)

2
<(6¢ = p gty — PV pag Elly® — 5 (@) > + (1 + 5t)(p(t)vy)2EH > wihy)
ieC®)

Ti—1

(146 %2 12 z %o

T (pD,)? (ij LS’C)E‘

and the iterates of the LS problem satisfy
]E”,U(t—l-l) ~*( (t+1))||2 EHU(t) _17*(x(t))“2

i [| Ol B =l
1

> anl)

ieC(®)

2 4L
-|-( t y]EHsz

2
< = Pty = 0O E0® = T @ O)2 + (1+ ) (0O B D2 wihl)
ieC(t)

Ti—1 (t k)
+(148)p

t
5 lla “||1

=1

E[Hw“’ - xx“u ¥ Hy“’ P+ [0 o D]

Z @h(t) ?

2
(L4 0, BB — )+ (0)? (224 552 )
" 1€C(t)

AL, 2
+(p zz(%l]EHZ wh®|

forallt € {0,1,....T — 1}, k€ {0,1,...,7; — 1} andi € {1,2,...,n}.
Proof. For the gap of y and y* on server, we have

E||y(t+1)_§*(x(t+1))||2 :EHy(tJrl) 7 ( x(t H +E||y x(t) ~*(t+1)||

+ 2]E<y(t+1) _ ﬂ*(x(t)),gj (x(t)) — 7 (w (t+1))>. (29)
For the last term in eq. (29), we have

2B(y" Y — g (@), 5 (@) — g ()
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n
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yzp 'Yw EH Z h(t
@)

(t) 272 n _
=5,E||y*Y _g*(x(t))u2+ (p 5%) yEHZwihff
t,1 i—1

(30)
where (a) follows from lemm (b) define 0; := ;1 + Ly (r2, L3+ LQ)(p(t 2)?/2. By
incorporating eq. (30) into eq. (29), we have

E|y*+) — ﬂ*(:n(t+1))||2 <(1+6, ]EHy(t+1) — 7 (a®) || +EH @) - 7 (x (t+1))||2
b (o2 L IEH sz (0 WEH Z @n®|’.
c® an

Similarly, we have
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t,1 i=1

7 (a®) - 7 (2 (t+1))H2

oot 3

(32)
where 07 := 8} | + Lya (rfa L3 + L7)(p'"72)? /2. For the first part in eq. ( , we have
By -5 O
— EHy(t) _ g*(x(t)) _ P(t)'}/y Z wzh(t)
ieC(t)
2 , 2
= EHy(” —7 @)+ (p“) Bl Y @i
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For the last term in eq. (33), we have

B0 - 76O, 3 ail)

i€C(t)

_ _E<y<t) L), Y i) -, G, )

=1
£V, G0, y®) = v, G (), g*(x<f>))>
n Ti—1  (t,k)
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ﬂ; z; Z ! (t [’ © — a7 4 [y =y k)HQ} - SE[ly" - (@],
(34)

where (a) follows from the strong convexity of g;; (b) uses Assumption[2] Incorporate eq. (34) into
eq. (33) and we have
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For the first part in[29] using Lemmald] we have
2
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ieC®)
By incorporating eq. (35) and eq. (36) into eq. (29), we have
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Following similar steps of eq. 1] by replacing h;t)z and V,g; with hff)l and V, R;, we can easily
have
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where (a) uses the strong convexity of R;; (b) follows from Lemma [3] Since the projection is
non-expansive, we can easily have that
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ieC(t)
<Ep® v @®) =y 37 @i
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Thus, we can have the similar result
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Then, the proof is complete. O
D.5 Descent in the Lyapunov Function
We define the Lyapunov function as
V() =E[3@®)| + KiEly" — 7 (@) + KE[® — 7 @D)E, 67
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where the coefficients are given by

_[40(L3 +72L3)  B84LRIFV1+B5, . 6LF o pyuy o pWyp,
K1 = + 3 ) K2 - 3 5t - ’ 5t - .
Hg Hg Cry HgCy, 4 4
For server and local stepsizes, we choose
P
Yz = O( ﬁ)a Yy = Cyy Yy Yo = Cy,Va,
1 1 1
- o( ) m0(ln) n-o().
7 A A VA T
where ¢, > 26K Ly and Cyy = 256K5Ly e also set
v Hg v Hg
2 max -1 P va -1 P 4
p(“%gmin{ L (B +3) ’%@% ) L
12L%¢,, " 36L7c,, P 36 L% Bmax 2 6LgBmax Lo

4 4 p [ 2Binax 5 2BmaxBa, N Coy by
L 3)12 ¢ mleh 4 gy } : v :
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1 u?
< ———, o7 < mi g : 39
T = 2CqOmax L3 yT = i { 4CqQmax L3’ 960aozmaxL‘11} (39)

To simplify our proof, we define constants:

B 1 n B 1T71 ©
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2 P \4
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Ky |de, 2148 ( max
+ 1 |: C'Yy Ly + C'Yv P

We apply Lemma[7]and Lemma I0]to eq. (37), and incorporate Lemmal9} then we have
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2

47, _ _
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= al
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L Ly
+(p(t)%)2{;+K1(L§+ o)+ Ko (L

2(n—P ﬂmax
e 4

where (a) holds when we set K7, K5, §; and d; as eq. . We rearrange eq. @) and separate it into
three error terms. Here, we define the error from full synchronization as

t . t 2 2 yx 2 vx 2
gy)m 1= (P( )’Yz) [2 + K, (Ly + 9 ) + K2(LU 5 ) + 2K2C%} 2
“ wlai” |13 n o~ w?fa;” |13
) 2(0)2‘ +rz'20§g) + (p(t)'Ym)QKlC?yyﬁz || t)||220527 (42)
i=1 1

®)2
izt llag |t
and the error from partial participation as

L L xT L’UI
s = (002 [ B+ (234 1) 4 a2+ B2 2 |

pa'r‘t .

4(n - P)ﬂmax 2( P)ﬂmax
SR T B D) 4 (0O B, T, @)

Next, we define the error due to client drifts as

3 max
egi) :=3(pM,) [2 +24K5¢,, + BP ( 1 + 16K20%)] (LT +r2L3)

_ _ 4L% _ _
(2 +n2)7odn + 22708 ) + e Kac, o (2 +n2)y7d + 20270%)
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L? 2Bmax
+ p Py, Ky [4%; 50, (2 e +3)L%] (7ot + 2n2rats). (44)
9
Then we have the Descent in the Lyapunov function as
(t)
Tty — gz < -2 %“EHVQ 1) H O+t e (45)
D.6 Proof of Theorem[I]
Proof. Summing eq. #3), we have
minE|[Vé(z® H Z]EHV@ (z®) H
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where (a) uses p*) € [%ﬁ % p]. For the error with partial participation in eq. ( we have

T—1 T—1
— < - P2 My < 6pye————— M 47
T;m epm_th;ﬁ%(p V)P(n_l) 1S 00 g gy M 47)
where (a) simplifies the problem by defining
3o) H E (LD + 57) + 2K200 | Bnax (L7 + 1 L)

M, ::2[%‘1’ + K1 (L2 + 5

+ ch?yy Bmaxa—gh
and (b) holds due to p® € [, 2p]. By the definition of p(*) in eq. (EI) we can easily see that

p = O(T). Then we have
T ] DYV pa'r‘t 1 ( — 1)/)7 - n PT
by taking v, = O (, | == ) Similarly, for the error with full synchronization in eq. we have
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@1 (o027 3 wEller 1B
5ync — = T t
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where (a) simplifies the problem by defining
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L Lys
My = 2[=F + K1 (L] + =2%) + K (L +
and (b) holds since ¢/, Tamin < ||a§t) Ili < ¢aTmax. Then we have
3a I5; 0 M.
- 2 : (t) max/max M ( 2 ) 50
sync - c, o Qmin P_ Taliz = \/ﬁ ( )
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by taking v, = O (, [ =7 ) Similarly, for the error due to client drifts in eq. li we have
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We define constant M3 as
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% 28 AL
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Then we have
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by setting 1, = 0(%) Ny = O(ﬁ) and 7, = O(% 1

T) . Last but not least, for the first tern
on the right-hand side of eq. (46)), we have

2 (\Il(z(o)) \I/(x(T))) :C’)( 1 ) 53)

T\ v P P7T

when we take v, = (9(, / %) Finally, by combining eq. , eq. , eq. and eq. , we
have
) ~ 2 Mi(n—P) | T 1 M3
b = o( 25 57) + 00y p) + 0(57).
mtlnEHV (') o - BT +O( M, T +0 =T 54

Then, the first part of the proof of Theorem E]IS complete. Next, we provide the detail of complexity
analysis. First, for nearly full client participation, which means that — P ~ 0, we can easily have

win ][ vaEo)| = o/ L) +o(%) < 59

As a result, we can see that the per-client sample complexity 77" = O(n~'e~?2). Since the local
update rounds contribute to saving communication rounds, we take 7 = (’)(I) then we have
T = O(e~1). Second, for partial client participation, we have

o) = oD ) <o pip) v (3) < 60

when participating client number P is not close to full client number n, we can find that the
local update date rounds will increase the partial participation error, which may affect the whole
convergence rate. As a consequence, taking 7 = O(") will result in the best performance. We
can see that

mthEHvEIS(x(t))HQ = O((M1 + M) 7;]_;) + 0( ) <e (57)

Since T' > P, we have the per-client sample complexity 77" = O(P~'¢~2) and communication
rounds T = O(P 1¢=2). Then, we finish the proof of Theoreml O

E Proof of Theorem 2]

Proof. Recall the definitions:

(2 = F(z®,y* (™)) szfz )y (2®)),

B(2W) = F2®, 7 (2®)) szfz g ().

Then we have

Vo(z (t)),v?f)( (t))
- Z [plvfz ®) Y (x(t ), v (x(t))) —w;V f; (m(t),ﬂ*(x(t)),ﬁ*(x(t)))}
N Zpi V5@, g @), v @) = Vi@, 5 @), 5 (@)

+ 3 (pi —wi) Vi (2D, g7 (21), 5% (1))

= VF (2", y (@), 0" (@) = VF (2", 5" (), 5" ("))
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+Zpl ‘wiV i (z (t),ﬂ*(x(t)),'ﬁ*(x(t))). (58)
By taking the norm of eq. (]3_?[) and using Assumption 2] we have
- 2
HV@(x(t)) - V@(x“))H

() _5*($(t))H2
2

(<)6(L2—|—7“2L2)Hy (t)

i — Wj = ~x ~x
Zp o wivfi($(t)7y (=), (x(t)))
i=1 v

+ 2

b
< 6(L + L)y (@) — 7 (@) + 6L o @) — @)

2
49 ‘Bma% ﬂmln szvf x(t W(l'(t)),%j*(l'(t)))
mln Z 1

= 6(L3 +2L3) [y (V) — 7 (@) |* + 6L3Jo* (=) — 7" ()
+2(mETf“) vai(x)‘ ’ (59)

where (a) uses Assumptlonl (b) uses the setting B <w; < ’B“‘a" and ﬁ fmin < g, < B “max for g]]
i =1,2,...n. Then we can see that

A

T—

2 1
- ®) ®)
i [wata)[ < 3 v |

t=0
o T-1 _ ) N )
=53 (pr (™) 7V<I>(x(t))H + Hw(g:(t))H >
t=0
g
< 2N |1 4 o Pmax — Pmin vab(x(t))H
T t:0 ( 5mln )
+12(L‘{+r2L2) Z e *(2®)|”
+ 12L2 (@®) — 5" (). (60)

By taking w; = p; in eq. (60) for all 7, we have y*(z(*)) = 7*(2®) and v* (z®)) = 7* (), which
results in
T-1

ot < oo |

t=0

=MD [ s o(my k) + 0(22),

Since we have the convergence rate of SIimFBO and ShroFBO, the complexity analysis is the same as
the complexity analysis Theorem[I] Thus, we finish the proof. O
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