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Figure 4: Two other cuts of Figure 1.
B =
El El
e ]
= =
.o 10°
=102 ERT
& &
E E
% 10 g 10
g g

1

- 3
10-6 & 10-6
1074 B 104

@
&
L
Ieu,, b da

1072 3 A 1072 3
10° Y, 10°

Figure 5: Effective dimensions A (left) and N> (right) as a function of (A, o) in one dimension (top) and

two dimension (bottom) when px is uniform on X = [—1, 1]¢, and k is the Gaussian kernel.

A Generic proofs and discussions
Al What do we mean by transitory regimes?

In essence, by transitory regimes we mean any finite-time behavior that does not match an expected
long-time horizon “stationary” behavior. More precisely, let I' = {(n,Ep_[E(fn)]) |n € N} be
the graph of the expected excess risk. Theorem 2 provides a lower-upper bound of the form
I' c {(n,en (14 ah(n)))|n € N,a € [-1, 1]} with ¢,y two constants and & a function that goes
to zero when its argument goes to infinity. This shows that, as n grows large, Ep_[E( f,)] will behave
as cn~ 7. However, this stationary behavior in cn™" might take time to kick in, and when only
accessing a small number of samples 7, our bound does not lead to strong constraints on Ep_[E(f,,)],
which might arguably exhibit a very different profile. We illustrate this idea on Figure 6.

A2 Regularization is a change of kernel
Kernel ridge regression (6) with a kernel k; and a regularization parameter \; is equivalent to kernel

ridge regression with a kernel ky = )\flkl and a regularization parameter A\, = 1. Indeed, In the
definition of the regularized risk (6), the regularization parameter A and the kernel & only appear in

10
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Figure 6: Illustration of transitory regimes. In essence, Theorem 2 states that &, := Ep,, [E(fn,\)]
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n~Y2? and nh(n, \,) is known to be in [~102, 10?]. The upper-lower bound forces &, to behave in n~
when 7 goes to infinity, yet when n is small, it can showcase quite different “transitory” behaviors.

1

~
)

one term A || f|| . This term can be written as
~1 —1m\—1
)\<va f>L2(p):<fv()‘ K) f>L2(p)'

Because K depends linearly on k, A\~ ! K is the integral operator linked with the kernel A~'k when k
is the kernel associated with the operator K.

The interpolation setting where \; = 0 but f is searched in F = im K /2 corresponds to the barrier
regularization y =, where x 4(x) = 0 in z € A and 400 otherwise. In other terms, the limiting case
where A1 = 0 corresponds to kernel ridge regression with Ay = 1, || f|| z, = +o0/if f ¢ F5 and zero
otherwise.

A3 Excess risk bounds - Proof of Theorem 2 and corollaries

For ease of notation, we will use the finite-dimensional notation u " w also to denote the inner product
(u, v) in (infinite-dimensional) Hilbert spaces. Moreover, we will simply write ||-|| for both ||-||,,
and the operator norm on H (depending on context), L? for L?(px), and ||-||, for both ||-|| .. and the
operator norm on L?. While in our statements, for the sake of clarity, we have expressed everything
in terms of operators on L2, for the proofs it is more convenient to work on #. Let us introduce the
embedding
S:H — L 0 (z— 0" p(x)).
From .S, one can take its adjoint S* and check that K = 55*. K is isometric to the (non-centered)
covariance operator
Y =55 =E[p(X) @ ¢(X)].
Note that
150115 = E[(o(X)T0)] < Ellle(X)I1* 1017 = llel3 101*,

which implies that K is a continuous operator as soon as ¢ € L2. The kernel ridge regression
estimator (6) is characterized as
fa=8En+A)71SEY,
where
SptH =R 00 (070(X))icp),  Sn=Si8, Y= (Yi)icm €R"

1
T n

Endowing R™ with the scalar product {(a, b) > ic[n) @ibi, we have

3=

* 1 -
Sp¥ = — D Yip(X), B =) e(X) @ p(X).
i€[n) =1

It is useful to define ¢; as the difference between Y; and f*(X;) = E[Y; | X = X;], which can be
seen as the labeling noise and average to zero. We have, with £ = (&;);c[n] € R",

Vi=f"(X)+e=p(X;) 0. +e, Y=5,0,+E.

11
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As a consequence,
fro =80 +A)712,0, + S(Z, +\)ISHE.

Let X = (X;)ie(n)- When our model is well specified so that f* = S6., we have
Ep, [£(f) |X) = Ep, [Ifa — £113 1 X]
= |S(0 + N 180, — S6.[2
+Ep, [||S(S, + )11 E]; 1 X]
+ 2B, [(S(Sn+X) 1800, — 50.) T S(S0+ X)L B | X
= 22||S(S, + )76,
+Ep, [[S(S0 + 0SB, | X]

2
2

+2(Sn(Sn +X) ST, + 0716, Ep, [E | X]
= 22||S(Zn + X7 0.[; + Eo, [[|S(Sa+ N SLE]], 1 X]
where in the third equality we used I — (X, + A\)7'%,, = A(X, + A\)~!, and in the last one

Ep, [E|X] = 0. Assuming for simplicity that the noise is homoscedastic so that E[EET] = €21 for
€ > 0, we obtain

Ep, {HS(En +0)LSE|] | X} = T (Su(50 + N IE(E, + ) IS Ep, [EET | X))

2
=T (Z(Zn +A)7°%,),

O3

where the 1/n factor arises from the fact that E* = E" /n in the geometry we have considered on
R™. Finally we have retrieved the following standard bias-variance decomposition result.

Lemma 4 (Bias-Variance decomposition). When our model is well-specified so that f* = S0, with
0, € H, and when the noise in the label is homoscedastic with variance €2, the estimator (6) verifies

2
Ep, [E(fa) |X] = X2 [[S(S + A) 0. |7 +% Tr (S(Sn + A)725,) . (15)

Bn Vn

We would like to get the limit when n goes to infinity in equation (15). We expect the first term to
concentrate towards A? || S(Z + \) 716, ;, and the second term to Tr(X2(Z + \)72).

A3.1 Bounding the bias term

Let us begin by working out the term 5,, = HS (2, + )7L, ; We first introduce some notation to

make derivations shorter. Let £,, = >, — >, Xy =X+ Aand F}, = —Z;l/zEnE;1/2. As long as
|IE|| < 1, we have

B, =06](Z,+ N2, + N7,
=0](S\+ E,)7'2(Zy + E)) 7,
= 0] (I - F) SIS - Fy) ey,

= > oI VPRI RIS,
i,jEN

Let us assume for a moment that

| 2R 2| < 1Rl (16)

12



ss9 If equation (16) holds, then

B, — 075320, = | Y 0IsPEISTISEIN VR,

4,7 EN;i+75#0
SN A iy B v 3 p Sl
i+j#0
=y <2;1/2(2;12)1/29*, ((2;12)*1/215’;2;12@(2;12)*1/2) (2;12)1/22;1/20*>]
i+j#0
2 . .
< 3 e et e rs e |
i+j#0
= 0,530, > H((Ezil)‘an(Eﬁil)1/2)m‘
i+j7#0
i+j
<orvze, Y "(22;1)_1/21?”(22;1)1/2
i,jEN;i+5#0
i+1
= 0753220, Y (i +2) | (=35 V2R |
1€EN
<0I%37%0, ) (i+2)[|F [
i€N

_ 932;229*/0 (Lz] +2) | Fa]l ™ do

< 9,‘[2;229*/ (x4 2) || Fu||” da
0

log” (|| ll)

se0 This inequality is useful as long as || F}, | is small enough, which is not always true. When || F,, || is
391 large, we can instead proceed with the simpler bound

1B, — 0] 2250, | < B, + 62250, <20] 30,772 = 2| f*|; A2
392 Therefore, rewriting the limit as
A201 (2 4+ 072820, = N2(2Y20,) T (S + N) 72820, = A2(80.) T (K + \) 7280,
= N2 T + N2 = A+ 0L = B,
393 we split the bias error as

1 —2log(|| Full)
log® (|| Full)
3B(X\) 1

log([|E. ) (|Fnl|<1/2-

IN2B,, — A\20] 57250, < 2012 1k 5172 + B IFnlI<1/2

2
<2 ||f*||2 1||Fn|\>1/2 -

394 Taking the expectation and using the convexity of the absolute value, we obtain

Y2 3P (|| Fu| > )

log(z) dx.

[Ep, [\°B,] — A0, 1250,

sm¢@mmm>um—mn£

35 We now proceed with an exponential concentration inequality on ||F},||. We will use the one of
ses Cabannes et al. [5], Eq. (25). As long as A < ||X||, we have

P(||Fnll > t) < 28N1(X) exp (_/\@o()\n)t(lth)> :

13
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This inequality shows the restrictive notion of effective dimension, which is useful to ensure the good
conditioning of the linear system implicitly encoded in (6), and, in essence, bound all moments of
©(X). As long as Noo(A) < 3n/2, we can compute the integral as

V2P (||F,| > ) 12 exp(—3nz2 /2N ()
—/0 710g(x) dz < 728./\/'1()\)/0 o () dz

N2 2 exp(—u?)
~ BN 5,17 /0 o () + log (30232 (1)) T

N (WNL () /1/2 exp(—) | _ SNV
1.51/2p1/2  J; log(u) - nl/2 :

IA

—28

We recall that the bounds above were derived under condition (16), which is rather strong. However,
the attentive reader would remark that a much laxer assumption is sufficient, which we introduce
thereafter.

Asumption 1. There exists a constant c such that, forall i,j € N,

E (=23 Rmsy FEs) ) [ 1R < 1/2) < @B [|1F)

IRl <1/2]. a7)

Assumption 1 notably holds when F is finite dimensional with ¢? = || K~ Hz_ ' (K| + A). As such
all our lower-bound results can be cast with finite-dimensional approximation of infinite-dimensional
RKHS. Under Assumption 1, we get

E[|B. — 0] 5220, | | Fall < 1/2]

2 . .
< 3 [ty s [|ertn e ms n e 15 <172
i+j7#0
2 —1/2 \n—1§1\1/2 2 ity
<@ Y s e Efig
4,7 EN;i+j#£0

1Bl < 1/2]

which allows us to proceed with the precedent derivations without assuming that (16) holds.

While the previous results were achieved for f* € F, they can be extended by density to any f* in
the closure of F in L?(py), i.e. f € (ker K)=, leading to the following result.

Proposition 5. When f* € (ker K)* and A < |2
can be bounded from above and below by

(2 1/2
[Ep, [Ba] = S| < M) (56;;”2@,@ <_6NZ(A)) + 2O W)- (18)

, under the technical Assumption 1, the bias term

A3.2 Discussion on the bias bound

More direct upper bound. The precedent derivations can be made more direct with the following
series of implications, with A < B meaning that 2" Az < =" Bz for every x:

[ < 1/2 ~1/2I X F, < 1/2I
1/2I < I - F, <3/2I
4/9I < (I — F,)"% =4I

4/9B(\) = 0] 2257 — F,) 728820, < 4B(N).

Pl

Let us assume that
E[(I - F) 'S8 (I = F) 7 IIF] < 1/2]

19
< R[22 V21 - B R R < 172 ()

14
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which is always verified for ¢> = min(A~, || K 1|3 ') | K|, (although taking c? o A would slow
down our upper bound by a factor of A). This leads to the simple upper bound

B, =051 - F,)"'sy's( - F,)~'s, .
< 0[S - F) S 20. 4 £ 7 BOE > 1/2)

<APSOA) + (1715 M(N) exp (‘GA&A)) '

Improvement directions. In essence, we expect the bias upper-lower bound to behave as
SN —F,) 2 -1~S8S\\)F,
Getting this linear dependency in F}, explicitly would allow to improve the bound since
Ep, [|Full | 1Eall < 1/2] S N(ANo(W)nt
Moreover, going back to the definition of F,,

(% Z 2bhied %om)Q] o %(X)f

i=1

Ep, 0, 25 F, 2810, = Ep,

= EDn

(% i 0755, p(X;) - Ex [6’322;3/2@()()} )21 :
i=1

which suggests possible improvements of the bound in S(\)n 1.

A3.3 Bounding the variance term

Let us now work on the term V,, = TrX (%, + )\)’227,,. It works similarly to the bias term,
concentrating towards N2 (). With ¥, x = 3,, + AI, we have

Tr (32,575 - 32572) = Tr (S5 8.5, 4 (555 — 1) + I8 (3273 - 557
Using that, for any A positive semi-definite and any B, Tr(AB) < || B|| Tr(A), it follows that

Vi = N2(A)] < Ni(A

<N (A

g

‘2 En/\HHEMEA IH+/\/1 HE S 22;1”

g

[=2hms - 1|

+ M [[Zazzh - B3 H

Let us focus on the first term. Using a™* — b~ = a71(b — a)b™1, we get

HE,\Z;\ —1‘ - HZAZM (2 %,) H
< st
< (i [y — 1) [ mami|

< s
>0

For the second term,
[=m2d - 22| < [5aEd - 55 + 0 - 253
S DS IOES ) el BR[OS el
< 2|20 =)
= 2=y Rz

15
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Similarly as for (16), if we assume that
|22 ES 2 < el 20)
then we have, as long as || F, || < 1/2¢,

Vo — No(N)] SZHE;MFnZ;lm _’_2"21\/217”2;1/2“
i>0

_cliFll
T el
For the case when || F}, || is large, we can again proceed with a simple bound:
Vi = No(N)] < [T (B8, (En + X)) |+ Tr (22557) < 2Tr(Z)A
Splitting the full expectation as we did for the bias we thus obtain
|Ep, [Vn] = N2(A)] < Ep, [V = N2 (V)]
< 2TR(E)AB(| Full > 1/2¢) + 4B ([ Eall | |1 Full < 1/2¢] B(I ]| < 1/20).

We are left with the computation of two integrals. As long as A < ||X||, with a the coefficient
appearing in the exponential

2| Byl < 4Bl

1/2¢
P Fnll < 1/20)E [[|Ful [ [ Fnll < 1/2¢] < 281\/1(/\)/0 z exp(—3na” /2N (V) dz

- LN (AN ()

n

a1/2c/2
= 28./\/1(/\)(171/ xexp(—x?) dx
0
Once again, the condition (20) can be relaxed with the following assumption.

Asumption 2. There exists a constant c such that, for all i € N,

E {Hxi/anEXWH 1F| < 1/20] . 1)

17 < 172 < ¢ I

As for Assumption 1, Assumption 2 holds when F is finite-dimensional with ¢ = || K ~1|| (|| K[|+ ).
It holds in general with ¢ = A~1(||3|| + \), although this would deteriorate the bound by a factor of
A

We are finally ready to collect the different pieces.

Proposition 6. When f* € (ker K)* and A < |2
term can be bounded from above and below by

© .~ Mo < o (B0 gy () 0N

, under the technical Assumption 2, the variance

A3.4 Discussion to the variance bound

Once again, the bound presented here is somewhat unsatisfying, as it will not necessarily decrease
faster than A (\)/n if one considers target functions that are far away from F and requires a large
search space (i.e. B(\) decreases slowly with A, and given a fixed number of samples n the optimal
Ap, is found for A(A,,) quite large compared to n), so that N, (A\N(X)/n does not go to zero.
Several directions can be taken to improve the bound. For example, when Y is bounded by M, the
noise €2 can be replaced by M2, and it is possible to get an upper bound of the form

(thres.) 8M? . o2 2
Ep, [E(/A0 ) < == M) + it (I = 715 + A1)

for a truncated version f ;\tzres') of the estimator (6) as proved by Mourtada et al. [17] for ridge-less
regression and extended to ridge regression in Mourtada et al. [18]. Moreover, retaking the analysis

of Mourtada and Rosasco [16], one can get a lower bound of the form

Ep, Vo> ——Ep ., Tr (Enz;gznﬂz—l )

] n+1,A(n+1)/n
n 1 —1 y—1
> - Ep, Tr (Z023) = ABp,, T (a0 s iyn) -

16
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which might lead to some lower bound with

1 e n+1 _ _
Ep,,, Tr (Enzn,l)\zniL)\(n-‘rl)/n) = p EonxTr (Z"En,&(zw +e(X) ®p(X)) 1)

n—+1

< P Ep, T (20574 ) Ex [[|(Snn + 900 ©0(X) 7]

We also note that it should not be too hard to replace F;, by ©'/2% 1 £, %1/25 1! which would lead
to 2N3(A)/n instead of €21 ()\)/n in the right-hand side of (10).

A Full theorem

Collecting the precedent results leads to the following theorem.

Theorem 3. Under the technical Assumptions 1 and 2, as long as X < | X
closure of F in L?(px), the estimator (6) verifies

€2N2(>\)
n

, when f* belongs to the

o, [E(fan)] - A

- )\28()\)’ <Ni(\) (an et a}/QAQS()\))
Tr(X)e? 3
n

2100 FIF IR ) expl-can),

where a, = Noo(N)/n.

As long as its right-hand side decreases faster then Ep, [£(f,,)], Theorem 3 states that Ep, [E(f,)]

behaves like
~ €2N2 ()\)

Ep, [E(fn)] = ===+ N°S().

When optimizing for A, assuming that A'; ~ N5, the right-hand side of Theorem 3 decreases faster

than Ep_ [E(f,)] if and only if N} (/\)a;l/2 goes to zero with n. This implies N'(\)? < n, which is
a much stronger condition than the high-sample regime condition N'(X) < n.

M.1 Upper bound application to local polynomials

The following recalls a proof of convergence rates for local polynomial estimation. Consider the case
where X' = [0, 1) with uniform distribution, and f = f* is assumed to be («, L)-Holder,

[P (@) = oD (y)| < Lo =yt

Then, by fitting Taylor expansions on intervals [(i — 1)/m,i/m) for i € [m] and m € Z, with

polynomials
2i — 1Y)’
olz) = ((x ) L

one can ensure that [see 11, Lemma 11.1]

)

) ie[m],j€0,a]]

L
Tef* — . < |[TT=Ff* = F* < —
|| ]:f f ||2 = H ]:f f ||oo = 9 Laﬂma’

where I1x denotes the orthogonal projection from L? onto F. The same type of result also holds
in dimension d using m? multivariate polynomials of degree less then [a|. The number of such
polynomials is mdhLa 1(1q), where h|,) is the complete homogeneous symmetric polynomial of
degree | ] in d variables and 14 is the vector of all ones. Thus,

d+ |a d+ |a|)! al?

Balancing the bias and the variance term, we get an excess risk that behaves as

2,.d d 2
2] < e*m o] L — 20/ (d+2a)
E[If— FI7) £ inf =4 o iz ="

)
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for some constant ¢ that depends on «, d and grows with L, 02, the infimum being found for
m o (L?n)'/(4+29) This shows an important point for practitioners: the size of the window should
depend on how smooth f* is expected to be among the functions in C'*.

Covering issues in high-dimension? Intuitively in high-dimension problems, where d = dim(X)
is big, leveraging local properties is not very reasonable, since the covering of X with local neigh-
borhoods grows exponentially with the dimension d, meaning that if one wants to have enough
samples per neighborhood, 7 should scale exponentially with d. Because rates in O(n 2%/ (2a+d))
are minimax optimal and of the lower bound in (10), it appears explicitly that to ensure minimax
optimal convergence rates (i.e. make sure the rates hold for all functions in C“), the partition size
of X' should scale in O(n%/(22+4)) = O(n x n=2*/(22+d)) when trying to leverage the fact that
f* € C%. Indeed and in contrast with the prior intuition, the partition size does not deteriorate with
the dimension of the input space nor with the regularity of the target function, nor the percentage of
the total volume contained in each region of the partition.> As a consequence, we expect the length
of transitory regimes to suffer from the difficulty to leverage smoothness in high-dimension rather
than to the fact that Taylor expansions need to be localized, and expect similar pessimistic pictures to
take place when estimating target function through Fourier expansion.

AM.2 Upper bound application to translation-invariant kernels

Table 1 depicts two types of kernels: the Matérn kernels (the exponential kernel corresponding to
a Matérn kernel of low smoothness), and the Gaussian kernel (which can be seen as the limit of
a Matérn kernel to infinite smoothness). By balancing bias and variance, one can prove the usual
convergence rates for functions in Sobolev spaces, i.e. f* € H*. We refer to Appendix B for an
explanation of those bounds on the variance and bias terms.

For the Matérn kernels, the generalization error reads, with 7 = 25 — d,

T\\—d/2p
f/ % +

DY a/,B.
L o

E{lf = 11]

This is optimized for
o™ = n—26/(2o¢+d)’

leading to minimax convergence rates in O(n~2/(2a+d)),

For the Gaussian kernel, we get

+ 02 log(A"tod) 7,

. O.fd log Aflo.d d/2
E [If, - |P] 5 T8 o)
which is optimized for

0,72 log(Aflo,d) — n2/(20¢+d)’

leading to the same minimax convergence rate. In particular, when o is fixed, this leads to

A=A, = 0% exp(—o?n?/ Gatd)y,

Based on Theorem 2, this is true as long as A/(\) 010/2()\)/111/2 goes to zero with n, which imposes
some constraints on « when assuming f* € H®. However, considering the refinement of Mourtada
et al. [18], the upper bound is actually true without this constraint, which allows to prove the
convergence rates in O(n2®/(22+d) for any a.

AM.3 Lower bound application to local polynomials - Proof of Proposition 1

Proposition 1 is a straightforward adaptation of Theorem 2, using the fact that A/(0) = dim F is
larger than the number of unknowns in a single Taylor expansion of order « in dimension d, which
corresponds to the number of coefficients in a polynomial of degree o with d variables, and is equal
to the number of sets of d elements among d + « elements.

2However, the radius of those regions will scale as r = v*/? for v the volume of those regions, meaning that

when this volume will shrink to zero, the radius will shrink slower as the dimension grows, which will lead to a
slower minimization of the approximation error.
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M.4 Lower bound application to translation-invariant kernels - Proof of Proposition 2

Using the bias and variance 10wpr bounds decomposition and Proposition 14, we get, when f* = f,,
is a single frequency function f(w) = d,,(w) with m € Z4,
20L (N dr(d—1)/2 A2
% +B(\) > s 4l \—d/28 + 5
n 29120((d — 1)/2)n (1 + [|m]*)=8 + \)2

1 dr(d=1)/2
> Z
-2 <2d+1F((d— 1)/2)n
From the fact that

inf az—® + br? — <a2/(2+a) 4 Ofa/(zm)) po/ (24) 42/ (2+a) 5 po/(2+a) 42/ (2+a)
z€R - ’

A~28  min(A2(1 + ||m]|*)?”, 1)) )

we have that, whatsoever A is (if it is fixed for all n independently of the realization D,,).
dr(d=1)/2
2¢+17((d — 1)/2)n
dnld—1)/2 4p3/(4B+d)
- (2d-1r<<d— 1)/2))

Once again, this lower bound is also true when d is replaced by any [ € [d].

R I

o\ 284/ (48+d)
(14 ) .

AS Interpolation spaces, capacity and source conditions

In this section, we discuss the values of A/(\) and B(\) for classical problems.

A5.1 Relation between variances

We begin with simple facts.
Proposition 7. For any search space F and regularization A > 0,

No(A) < NM(A) < Noo(A). (24)

Once again, the precise study of the variance is easier in H with the operator ¥ rather than in L2.
First of all, notice that X' = S.5* has the same spectrum as ¥ = S*S, so that, for a € [1, 2],

a

No(N) = Te((K + N °K) = Tr(S+ A8 = Y K

A a
pEspec() ( + M)
This shows the first part of the inequality (24):
x T z®
0< <1 = < = A < A).
( T+ a:+/\(a:+>\)“> Mo(N) = MY

For the second part of the inequality, we need to reformulate N, ().
Lemma 8. N, ()\) can be expressed in H as

2
Noo(A) = esssup H(E + /\)_1/24,0(33)“ .

r~px
Proof. Observe that, for x € X,

[+ 0 720@)| " = 0@ E+ 0 6l) = T (4 X)Hole) @ o))
Let us introduce the operator
S, H— L*(px), O+ (' — p(x)70).
From

(S0, 9) = E[g(X)p(x) 0] = (6, Ex[g(X)p(x)])
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we get S*g = E[g(X)e(x)]. Similarly, one can check that

Ka(g9)(@) = (82579)(x) = (Sa(Ex[9(X)]p(2)))(2') = ¢(2) T ¢(2)Ex[9(X)] = Elglk(z, 2),

and that

S0 = 555:0 = Ex[p(z) " 0]p(x) = (o(z) @ o(x))9,

from which we deduce that there exists e € {—1, 1} such that

[l + ) R = T (K X)) = TH(E + ) (@) @ (@) = |2+ 0 (@)

Necessarily € = 1 since the right term is positive. Taking the essential supremum ends the proof. [

In view of Lemma 8, the last inequality in (24) follows from

No(A) =Ex [Tr((Z + A) (X)) ® (X)] < ess sup Tr((Z + A" lo(X) ® p(X))

AS5.2 Bounding the variance with interpolation inequalities

The following is a reinterpretation of Proposition 29 of Cabannes et al. [5].

N (A).

Proposition 9 (Capacity condition). When KP?(L?(px)) is continuously embedded in L°°(px) with

p < 1/2, there exists a constant ¢ such that

Noo(N) <A™,

(25)

Proof. The continuous embedding means that there exists a constant ¢ such that, for any A > 0,

K7 flloo < €llfl2-

Stated in H, we get

150]lc < e[ 786, = ||z

for every 6 € H. In other terms,

€ess sup ’ga(x)—r0| <c HEUQ*’)@

E

Let us denote by (\;, ;) the eigenvalue decomposition of ¥. Then

2
esssup(p(z) '0)% < ¢? HZUQ_”QH =c? Z)\}_QP(H;FG)z.
¥ i€N

When considering § = 6, this leads to

107 p(2)] < AP

Therefore,

./\/20/2(/\) = sup

’(Z + /\)_1/2<p(m)H = sup

—sup sup 076:6] p(x) _
v ofol<t iy A+ )2
)\3/2*?
= A O WEVE R 8
=c(2p)7P(1 - 2p)1/2_p)\_p,

where the last equality follows from basic calculus.
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?
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AS5.3 Bounding the bias with source conditions

‘We now focus our attention on the bias term.

Proposition 10 (Capacity condition). When f* € K%(L?(px) with q < 1, there exists a constant c
such that, for any A > 0,
B(\) = A2S(\) < e, (26)

Proof. The proof is straight-forward. If f* = K%g with g € L?, then
S\ = H(K—i—x\)_lf* g = H(K—l—/\)_lK‘IgH2
= ([ + 0|, (& + 27K llglly < AT ETP S

9"

Squaring this term and multiplying it by A? leads to the result. O

AS5.4 Classical interpolation inequalities

We begin with a simple proposition.

Proposition 11. When the function x — k(x, ) is bounded, the RKHS associated with k verifies

Nao(V) = O(A71).

Proof. This follows from the fact that K'/2(L?) < L as soon as ¢ is bounded since, for any
f=9()'0eF=5H=KV*L?,

@) = [e@)T6] <l 101 = Il 171 = Nl | K128 -

The previous characterization of N leads to the claim. O

We now turn ourselves to more complicated interpolations, and offer an informal proposition of facts
that are well-known in approximation theory [28, 9].

Proposition 12 (Informal source condition). When F = H? and f* € H®, it holds

fr e KPP (L2 (p).

Proof. In essence, as explained in Appendix B, K takes a function in L?(px) and multiply its
Fourier transform by §(w)™* = (1 + ||w||?)?, with ¢ defining the Matérn kernel, making it 23
smooth in the Sobolev sense. In harmonic settings where the Fourier functions diagonalize K
and §(w) parameterizes the spectrum of K, the fractional operator KP can be seen as multiplying
the Fourier transform of f by §(w) P, making it 2pS-smooth. This fact can be extended beyond
those harmonic settings, notably with interpolation inequalities as the one used for the last part of
Proposition 3. On the opposite direction, any a-smooth function can be multiplied by ¢(w)®/?# in
Fourier while staying in L?(py ), so that, if f* is a-smooth, it belongs to K /27, O

Proposition 13 (Informal interpolation inequality). When F = HP is the space of a-Sobolev
functions,
KY28(1%) — L.

Proof. Note that F = SH = K'/?(L?. We have seen informally in the proof of the previous
lemma how KP(L? C H?"8. Now, let us recall the Sobolev embedding theorems [1]. Under mild
assumptions on py, for k,r,1,s > 0

L

7
We want to use it with k = 2p8, r = 2,1 = 0 and s = +o00, which leads to p = 43/d. O

<

S|~
®w |~

ISHIEN

WET (px) = W (px), as long as

These results partially explained Table 1, which we derive formally in Appendix B.
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B Translation-invariant kernels and Fourier analysis

Let us recall basic facts about kernel methods and Fourier analysis, before providing proofs to
Propositions 2 and 3.

B.1 Stylized analysis on the torus

When £ is a translation-invariant kernel, i.e. k(x,2’) = ¢(z — 2’), the integral operator K is a
convolution against ¢. Let us expand on the friendly case provided by the torus X = T¢ := R?/Z4 =
[0,1]¢/ ~, where ~ is the relation identifying opposite faces of the hypercube, and px the uniform
distribution. On the torus, a translation invariant kernel is defined through ¢ being a one-periodic
function on R%. The integral operator K : L?(X, dz) — L?(X,dx) is the convolution

K@ = [ W) = [ - of) e = ge g,

[0,1)¢

For m € 74, define the Fourier function f,, :  + exp(2im (m, x)). One can check that the f,,’s
form an orthonormal family that diagonalizes K with?

Kfm = Gnfm,  where o= / o(z) exp(2im (z, m)) dz.
[0,1]4

Hence, using Pythagoras theorem, we can define the norm on F through its action on Fourier
coefficients as

1 = (LK Py = 3 TlFal = [ 000) 717w P,
mezZ?

where f,, = (f, fm) 12(p)> and # is the counting measure on Z¢ C R?.

B.1.1 First part of the proof of Proposition 3
Since K is diagonalized in Fourier, we compute the size of F for a € {1, 2} with
@y
NaA:TI' KaK+A7a: Aim
W) =Tr (KK +)7) = 3 ==t

mezZ?

For kernels whose scales are explicitly defined through ¢, = ¢(x/c), we have g, (w) = ¢?q(ow),
which leads to (12).

Similarly, the bound on the bias term follows from Fourier analysis by

N =K K407 = e, = \fm\ ( - 1) = \fm‘ <q +>\>2

which provides (13).

B.1.2 Second part of the proof of Proposition 3

When p is a distribution that is absolutely continuous with respect to the Lebesgue measure and
whose density is bounded from above, we get

dpx

K = pooKd:ra with Poo = H
L (px)

where K, is the integral operator associated to the kernel k on L?(dz) endowed with the Lebesgue
measure. Using the fact the effective dimension is an increasing function of the eigenvalues (since

*Indeed, the Fourier transform of a function f € L?(T?) can be defined as the mapping from N to
((fi, f))ien where (f;) is a basis that diagonalizes all convolution operators (note that this definition is possible
because p is uniform on the torus).
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x +— x/(x + 1) is increasing), and that eigenvalues are increasing with the Loewner order, this leads
to, with the Fourier transform on L?(dz),

1 q(w)
Note that those derivations are written informally (since K and K g, do not act on the same space),
but could be made formal with the isomorphic covariance operators on 7, plus some technicalities
to make sure X4, is well defined (assuming (X)) as a fourth-order moment against Lebesgue, or
approaching K4, within its action on compact space of X where it is bounded, before taking the
limit of Mgz (N)).

For the bias term, using the fact that L?(px) is continuously embedded in L?(dz) and the isometry
between the spatial and the Fourier domain

1F = I 2 (ony < PLEIS = ol 2amy = PRL2NF = F* 122 (aa)-

Finally, it should be noted that the norm associated with F does not depend on the density of X,
hence the formula can be written independently of py. Indeed, under definition assumption, this
formula can even be written with a measure of infinite mass. For example, when X' = R, one can
consider the Fourier transform associated with L?(dz) endowed with the Lebesgue measure, and get

2 N1 ~ .
1913 = [ @) fe) e, whee  Gw)= [ g esp(-2in (.w) de, @D
weX R
although some care is needed to deal with the continuous version of the spectral theorem (the set of

eigenvalues being non-countable). From there the same derivations as for Proposition 3 lead to the
desired result.

B.2 Sobolev spaces

Recall the action of derivation on the Fourier transform, for m € N¢,

m| := ||m||;, and f € L?(dx),
5y
[Licig 0m ai

It characterizes the pseudo-norm

2
8‘m‘f($) 2m;
191 = [ | o= (2o [ T
Rd Hie[d]a Yy Rd Z.gl]

This pseudo-norm is associated with the translation-invariant kernel such that g(w) = [];¢ (4 @i

(w) = 2im)"™ T i flw).

i€[d]

‘de.

flw)

2mi

as per (27). Note that ¢ is well defined when g belongs to L!(dz) (Bochner’s theorem), that is
|m| > d. Those observations are usual to deduce that the so-call Matérn kernel, which are defined

from g(w) o< (1+ Hng)_B, corresponds to ||-|| - the Sobolev space H” (dz) endowed with the norm
2 2
1A 5s = > 1l
m;|lm|<B

It follows from Bochner theorem that H7? is a reproducing kernel Hilbert space if only if 23 > d.
Remarkably, the exponential kernel corresponds to the Matérn kernel with 5 = (d 4 1)/2 [22]. For

the Gaussian kernel, §(w) = 7~ %2 exp(—=2 ||w||?), and the associated function class F are analytic
(Paley-Wiener theorem).

B.2.1 Functional sizes

Let us now express the capacity and bias bound within Sobolev spaces.

Proposition 14 (Sobolev capacity). When q(w) = (1 + |[w||*)~? for 8 > d, when Ao~ is bounded,
and p has a bounded density

23,0 7 (d+1)/2 —d _ _
\ o) < 2PPo™ T —dyap —d(26-d) /26
M) < T ’
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634 Moreover when X = T and py is uniform, we get
Ir(+1)/2

=1)> —___\7l/%
Moo = 1) 2 e omr @ n/2)

635 Proof. In this setting, Proposition 3 leads to

L= Lo = 1
— g dw= — w=
ra 1+ Ago(w)~! ra 1+ Ao 9q(ow) 1 Rt 14+ Ao—4(1 4 02 ||w||*)B
d=1qy
— swf(§4 / :
surf( ) v, 1 T Ao (1 + o2r2)P
0 _ )\1/5 —d/B d/2—1d
= 27TV01(Sd)/ (u 02 ) “
AL/Bg—d/B A4/28 gd—d /Qﬁ(l + uﬁ)
d/2—1 d
_ dyy—d/2B _d(d—28)/28 €z x
2m vol(ST)A 7 /ﬂh 1+ (z+ \Y/Bg—d/B)B
< 21B vol(SHN~V/2B g Ad=26)/258
636 Where we have used the fact that
/oo d/271 dz d/271 dz
o 1+ (z+\/Bg—d/B)s max (1, max(x?, \o—4))

oo ,.d/2—1 d
o [ ptergg g [TEE e /2 — (d)2 - B) = B,
0 1 zh
637 which is true as long as § > d/2 to ensure proper convergence of the last integral.

638 For the part on the torus, in order to get a sharp learning limit, we need to be slightly more precise.
639 In particular, we want to relate the discrete Fourier transform integral of Proposition 3 with the
s40 continuous one through series-integral comparison, and to get a lower bound on the last integral. We
s41  will fix o = 1 for simplicity. A simple cut of R? into unit cubes, and the fact that our integrand is
e42 decreasing leads to

Z 1o¢m G </ Aa(w)Q dw < Z o# (i€ d]\ml_0}72
+/\) (q(w) +A)? @+ V)2

meZd mezZd

643 We simplify it as

g(w)?

Mo =2

644 We compute the integral with the same techniques as before

aw? ! Y !
= | armae =/ (1+ (1 + [w]P))2

‘rd—l

= 27Tv01(8d)/ DN dz

l‘d_l

B dy \— /2

xdfl

> 27 vol(S* xd/w/ d
Z 2 vol(S7) 4max(1,4” max(A\2, z*8)) .

1 oo .d—1
= 271 vol(SHA~Y/28 (/ 2 dx +4_5/ e 7 dx)
0 1 T
= 271 vol(SHA™V2B(d + 4P (48 — d))

> 27w vol(SHN"4/28 g,

645 It should be noted that this last bound is somewhat too lax, as it tends to zero when the dimension
ss6 increases. Since, ) 4 a(||m||) for a > 0 strictly increasing with d, we deduce that this lower
647 bound holds for any k < d. O

dw.
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Proposition 15 (Gaussian capacity). When (w) = exp(— ||w||?), and p has a bounded density

poom(@=D/2g
204

where L is defined by Eq. (28). In particular, L(z) < x when x < 1, and L(x) < log(z)%? when x
gets large. Moreover when X = T? and px is uniform, we get

Ni(\ o) < L\ "to?),

ﬂ(d_l)/Q

Ng()\, 0') > WL()\_lo'd)7

Proof. With the Gaussian kernel, Proposition 3 leads to

1 d 2zd-1
/ 2dw:vol(S)/ — 5 do
rd 1+ Ao—dexp(o? ||w|*) r, 1+ Ao~ %exp(o?2?)

d/2—1
— vol(§%)o / B —
vol(§)e r, 1+ Ao~ dexp(u) “
—Lig/s (—0?/X
= vol(Sd)F(d/2)%,
where Li is the polylogarithm function, hence the definition of L as
) e (—1)k+1xk

We recognize an alternating sequence, whose terms amplitudes are decreasing as a function of £ € N
when x < 1, which explains that L(z) is smaller than the first term in this case. The expansion of the
polylogarithm function in infinity leads to the upper bound when x goes to infinity.

When it comes to an lower bound, we can proceed as the precedent lemma with

a [ dw —d/diw
NQ(U,)\) Z 2 /(1+>\a(w)—1)2 2 2 1—'—)\&\((&1)_17

which corresponds to the integral computed for the upper bound. Once again, this also holds when d
is replaced by any [ € [d]. O
B.2.2 Alherences

Let us now turn our attention to the bias, i.e. the adherence of functions in those spaces. For proof
readability, we will assume that px has compact support. In this setting, W2 is continuously
embedded in CoT4/2 = Watd/2,50 which can be defined as

o2 = { £ R o R[], = esssup )] 1+ [l ™+ < oo |
weR
Proposition 16 (Adherence of H* in H?). When §(w) = (1 + ||w||*)™? hence F = HP, if o > 23,
Sforany f* € H*(px), and X\ small enough,
12
Blo.N) < M [|E 2, -

If a < B, and px has a bounded density, then for any function f* € C*td/?

2
Apm T D2p | FIS B \o/B 5 (28-d)a/B.

B(o,)\) < pes (B2 — )T ((d—1)/2)

(29)

Proof. The first part results from previous consideration on the source condition since we have the
inclusion f* € H® c H?*® = K(L*(px)). The second part follows from an L! — L Holder
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inequality
~ 2
Jel e [ (1+ o) =04/
— w < o

O qlow) + 12 7= P o (0 104(1 4 02 JlulP) 7 4 1)2

2(1 +I2)7(d/2+a)xd71
= 27 vol(S* 2 /
VO ( )Poo Hf”a R, (Aflad(l + 02:,62)7’@ + 1)2

— d 2 o 2«a > (u —a+ aUZ)i(d/2+a) (U _ a)d/271
— 27 vol(S%) o |12 a%0 / "

< 487 vol(S%) poc ||f||i B)\a/ga(zgfd)a/g

= 2 _a? )
where a was set to be A\!/#5 %8 and the last integral can be computed with

o [ 2\—(d/24a) () _ \d/2—1 oo /2481
/ (u—a+aoc?) (u—a) dug/ u
a CRES: o Tt alo? D)L+ )

oo ud/2+B8-1 1,,d/2+B8-1 +oo . .d/248-1
< / du < / ———du+ / ————-du
= Jo (w+a(o®—1)d2ta(1+uf)2 = J, ud/2te L ud/rrey2p

B(o, ) < poo/
Rd

dz

du

2du

S SR SR
CB-a Bta aB-a)
The volume of the sphere ends the proof. O

Proposition 17 (Adherence of H® in Gaussian RKHS). When F is associated with the Gaussian
kernel and px has a bounded density, for any f* € Co+/2,

27T(d+1)/2poo Hf||2 1 210g(2)7(d/2+2a)
B(o, ) < _ “N\ =i
T(d—-1)/2) \o d+2a

Proof. We follow the same path as the adherence of H* in H B,

1+ HwH2)7(d/2+a)
- 2 [
B(o, ) < poo Hflla/Rd (A 1odg(ow) + 1)2

=p Hf||2/ (1+ Hw“2)7(d/2+a)
T Jra (AL exp(—o? w]|?) + 1)2

) O_2a log()\ilad)ia

(1 +x2)7(d/2+a)$d71
(A 1lodexp(—o2z?) 4+ 1)2
d/2—1

= 27 vol(S%) poc ||f||i/ e
R

—+oo

log(z)
(02 + log(z))d+2(a + z)

=21 vol(SY) pes || F112 02“/
1

_ _ 1 log(2)~«
< 27 vol(S") pos || |17, 0** Tog (A~ "o ) (0’2d+4a + (a) ) .

where the integral was computed with

+oo 1 d/2—1 | +oo 1
/ og(z) dxg/ og(x) dx—l—/ de
1 (0% +log(2)) 2 (a + x) | oPdtae e (log(z))d/2t2etly

1 log(2)~(d/2+20)
- g2d+ia d/2 + 2«
The same type of derivations can be made for the bias in the lower bound. O

Note that the proofs also work when the L' — L° Hélder inequality is replaced by a L> — L one,
showcasing the norm of f in H® instead of in C**%/2, We refer to Bach [4] for details.

Remark 18 (Blessing of dimensionality). It should be noted that all our integral calculations show a
constant 27 po, vol(S®) which will be present in front of the excess risk. As d increases, this constant
goes to zero faster than any exponential profile. To see that, note how the volume of the d-sphere is
always smaller than twice the one of its inscribed hypercube, whose volume is d—%?2. We do not have
clear intuition to understand this behavior at time of writing.
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Figure 7: (Right) Noise-free convergence rates for f*(z) = z} with k(z,y) < (1 + z'y)>. We
observed similar deterioration of convergence rates as a function of the dimension d as on Figure 2.
The fact that the error is not exactly zero when d = 1 and n > 5 is due to a small regularization
added in our algorithm to avoid running into computational issues when inverting a matrix online. (Left)
Convergence rates for f*(x) = cos(4mzy) on the torus X = T? with the (periodic) exponential kernel
k(z,y) = q(—100||z — y||* /d). We observe similar behavior as on Figure 2, the picture being worse
because the kernel weights all frequencies in the Fourier domain, and not only the first (d+5) ones.

C Experimental details

C.1 Online solving of problems of increasing size

In order to solve a big number of least-squares problems with increasing numbers of samples, one
can use recursive matrix inversion. When A € R™"*"™ x € R™ and b € R, one can check that

A z _1_ A b eyy”  —cy
x’ b o —cy' c

1
= —, d = A_l .
C b_ xTy an y X

This allows efficient computation of matrix inversion online as the number of samples is increasing.

where

C.2 Example of convergence rates for “sparse” functions

Polynomial estimation. Consider the target function f*(x) = 6323 — 7023 + 1521, learned with
the polynomial kernel k(z,y) = (1 + 2 "y)¢ with X = [0, 1]¢ and p uniform, in the interpolation
regime A = 0. In this setting, F is exactly the space of polynomials of degree less than 5, which
follows from the fact that k& can be rewritten through a vector ¢ that enumerates monomials

(1+a Tyl = Z}(?) > ( )Hw“yj’:so )T o(y).

i€[0,d (45)5322;15=1

As a consequence, f* belongs to F, and we expect the bias term to be zero. Yet, we expect the
variance, hence the generalization error, to behave in £2 dim F/n where € corresponds to some
notion of variability between labels. The dimension of dimensionality of the class of functions made
by polynomials of degree q verifies F = (qzd). In particular, in dimension d = 100, a polynomial
of degree at most ¢ = 5 can have up to one hundred million coefficients, meaning that, one need
about one hundred million observations to enter the high-sample regime and expect an excess risk
R(fn) — R(f*) of order 2 as per Theorem 2. While one could fit a smaller polynomial of degree
four instead of five, since f* is actually orthogonal to all polynomials of lower degree, there is no
hope to get better rates with such a smaller functional space. On Figure 2, the target function is
f*(z) = 2%, and the polynomial kernel is normalized as

l+zTy °
k’(l“,ll) = (1—1—d> )

to avoid running into computational issues. The noise level ¢ is set to 10~2, and the lower bound in
€2 dim F /n is plotted on Figure 2. In practice, this lower bound describes well the learning dynamic
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Figure 8: Excess risk when the target at the top is taken as f* () = exp(— max(z?,C)) — exp(C) with
C =1/4, and = € R with unit Gaussian distribution. Note that the learning of the smooth part is more
efficient when the regularizer is big, which forces the reconstruction to be smooth.

when the number of samples is high compared to the effective dimension of the space of functions
considered.

Same example in Fourier. To transpose the previous example in the Fourier domain, one can
consider f*(x) = cos(wpx) together with some translation-invariant kernel. We illustrate it on
Figure 7. The deterioration of the rates with respect to dimension can be understood precisely. In
harmonic setting, such as on the torus with uniform measure, one can consider f* as an eigenfunction
of the integral operator K, associated with the eigenvalue \,,,. The lower bound on the bias is given
by
)\2
(A +Awo)?

When £ is translation invariant with ¢(0), we get that

B:

TrK =) A =Tr (E[p(X)e(X)T]) = E[p(X)To(X)] = E[(X, X)] = (0).

weZd

When ¢(0) does not depend on d, this quantity is constant. On the other hand, we expect the A\, to
decrease with ||w||, and because the number of frequencies below ||wy|| grows exponentially with
the dimension, in order to keep this sum constant, A, has to decrease exponentially fast with the
dimension, hence the bias increase exponentially fast with the dimension.

Example of “wrongfully” arbitrarily fast convergence rates. To further emphasis on the impor-
tance of constants and transitory regimes, let us discuss an even simpler example. Assume that one
wants to learn a polynomial of a unknown degree s € N in a noiseless setting; or equivalently, learn
an analytical function such that f(**+1) = 0 for an unknown s € N. This polynomial can be learned
exactly when provided with as many points as there are unknown coefficients in the polynomials.
Meaning that the generalization error will almost surely go zero when provided enough points, as a
consequence
Vh:N—=R, E(fn) < O(h(n)).

where f,, is defined in (5) with F the space of polynomials of any degree. In other terms, we are able
to prove arbitrarily fast convergence rates. Yet those convergence rates hide constants that are the
real quantities governing convergence behaviors of any learning procedure. Figure 7 shows how the
number of coefficients in a Taylor expansion of order s is once again the right quantity to look at.

C.3 Different convergence rates profiles

Figure 3 was computed with the Gaussian kernel on either the torus or R. One hundred runs were
launched and averaged to get a meaningful estimate of the expected excess risks. Convergence
rates were computed for different hyperparameters, and the best set of hyperparameters (changing
with respect to the number of samples but constant over run) was taken to show the best achievable
convergence rates.

28



737
738
739
740
741
742
743
744
745
746
747

748
749
750
751
752

753

754
755

756
757
758
759

0.2

0.50 [/\\ === Ground truth
/ \ / 10* samples
0-25 7 \ 0.0 —h_—___a"/ == 102 samples
0.00 - I—L~J . \se-l . .
-2 0 2 —1.50 —1.25 —1.00 —0.75

Figure 9: Example of a smooth target function with a C*-singularity whose estimation is expected to
showcase convergence rates that decrease fast first then slowly. The x-axis represent the input space
X = [~2,2], the y-axis represent the output space f*(z) and f,, » for n = 10% and n = 10*. The first
fast decrease of excess risk corresponds to the easy estimation of the coarse details of the function, while
the then slow decrease corresponds to the precise estimation of the C'*-singularity. The target function
x — exp(—max(x?,1)) — exp(—1) is represented in blue, while the estimation with 10* samples is
represented in orange, and the one with 10? samples is represented in dashed green. The left picture zooms
in on the estimation of the singularity, we see that the increase from 10? to 10* does not lead to a much
better estimate.
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Figure 10: Excess of risk when the target at the top is taken as f*(z) = cos(2rwz) with w = 20, and

x € S = R/[—1, 1] uniform on the circle. Observe how the risk first stalls, before learning the function
quite fast. The two graphs {(n, N, (X, o)} for a € {1,2} are plotted with the blue lines.

Fast then slow profile. Let us focus on the example provided by f* : 2 — exp(— max(||z||*,C)) —
exp(—C'). Note that for ¢, = exp(—a2 /), the convolution g, * f for a large o will not modify f
much, while making it analytical. This follows from Fourier analysis. If f is integrable, its Fourier
transform is bounded. Since a convolution corresponds to a product in Fourier, and since the Fourier
transform ¢, decays exponentially fast, so does f * g., which implies its analytical property. As
a consequence, all functions are close to analytical functions whose approximation should exhibit
convergence rates in n 1. In particular for f* defined as before for a big C, one does not have enough
observations, one will not be able to distinguish between f* and g, * f*, and as the number of sample
first increase, one will learn quite fast a smooth version of f*. After a certain number of samples,
the learning will stall until enough points are provided to distinguish between f* and its smoothing,
and learn the C''-singularity of the former. Figure 8 illustrates this observation. Note that similar
reasoning could be made for any RKHS that is dense in L2

Slow then fast profile. The slow then fast profile was computed with X = R/[—1, 1] being the
sphere, py being uniform and f* : © — cos(2mwz) with w = 20. One hundred runs were launched
and averaged to get an estimate of the excess risk of the estimator in (6) for different values of o and
A. Again, the best results for different sample sizes were reported to get an estimate of convergence
rates on Figure 3. A log-log-log-log plot of the results is provided by Figure 10.

C.4 Exploring the low-sample regime
Looking at the population weights first. When given access to the knowledge of the full distribution
p, the estimator in (6) can be rewritten as

foor=E[Yax], ax:z— (K+X)'k(X,z). (30)

This shows an interesting property of kernel ridge regression: it can be seen as learning in an
unsupervised fashion the weights o : X — L?(p), which then indicate on how to fold the input space
to use information provided by the labels. At a high-level, one can think of a scheme, given some
input points, to perform finite differences and leverage the result to build an estimate of the target
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function from Taylor expansions, whatsoever would be the labels observations. Figure 11 shows how
when ) is not to big, the reconstruction f x(zo) (x¢ being the same point at the bluest center on
the different pictures on this Figure) depends on observations made far away from z according to
some periodic pattern, implicitly assuming that the target function should be regular when looked at
in the Fourier domain. From this picture, one can build examples of non-smooth functions where this
inductive bias will have adversarial effects.

Looking at the empirical weights. While the previous paragraph discusses the weights ax ()
when given access to the full distribution, similar derivations can be made when accessing a finite
number of samples. Indeed, kernel ridge regression reads

Fam( Z Y6 (x a(z) = (K +n\) 'K, € R,
[n]
where . .
K = (k(X4,X;))ijem € RV, Ky = (E(Xi,2))icm) € R™
Note that &; () = dx,|p, , (x) where Dy, = (X1, -+, X,,) is the input dataset. As a consequence,
we check that
Ep, [fn(z Z Ep, [Yidx, |Dx, L(@)]=n-Ep, [Yl@xl\Dx,n(x)]-
i€[n]

In other terms, f;, is a bias estimator whose average is defined as
EDn [fn] = E(X,Y)[YdX]a ax =mn- EDx,n [dxllDX,n X = X] : (3D

Those are the weights plotted on Figure 12. In order to compute those weights efficiently, one can
use the block matrix inversion, we have, using classical matrix notations

ax,p, () = [(K +n\) " Kx]n = [(K +n\) ", x K,
[(K"‘ ”A)il]n,:n—l X [f(x]:n—l + [(K + ”A)il]n,n X [f(x]n
—(b—a" AT ) T ([Kyn — 2T AT X [Ko]in1).

K +nAl = ( ﬁ ) > = ( [K]ﬂf}%l]’*n._l . [f[f]JT;i_;A )

n,m—1

where

Let us denote

K = (k(X:, X;))ijem—1) € RV K, = (k(Xi,2))ign-1) € R™,
we get
dxip, (@) = (X, X) = Z% Zx +nX) " ((X,2) — Z%2.),  Zo = (K +n)) 2K,

Those weights are plotted on Figures 12 and 13.

Figure 11: Level lines of the welghts x — ag(zo) (30) for a given zp € X, when X is the torus
R?/[—1,1]? and the kernel is taken as the Gaussian kernel with the Riemannian metric on the torus (think
of an unrolled donut). Parameters are taken as o = 1 together with A = 10° (left), A = 102 (middle) or
A =1 (right).
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Figure 12: Weights + — ax(x) as per (30), for X = —1/2 (blue), X = 0 (orange) and X = 1/2
(green), when X = [—1,1] and px is uniform. The weights are computed with the Gaussian kernel
with bandwidth ¢ = .1 and A = 10° which yields an effective dimension of A/ = 45, and for
n € {27,45,90,180, 360,720} which explains the high-sample ratio n/A seen on the titles of the
different plots. When this ratio is close to one, the weights present weird behaviors which could explain
the pic observed in convergence rates when transitioning from low-sample to high-sample regimes.
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Figure 13: Same picture as Figure 12 yet with o = .05, which leads to an effective dimension N = 85.
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