Supplementary Materials

A Experiments

A.1 Toy Example

To demonstrate our proposed method can achieve better or comparable performance under stochastic
settings, we provide an empirical study on the two-objective toy example used in CAGrad [9]. The
two objectives L (z) and L (z) shown in Figure|l |are defined on = = (z1,22) " € R?,

Li(z) = fi(z)g1(x) + f2(z)h1 ()
Ly(x) = fi(z)g2(x) + fa()ha(w),

where the functions are given by

f1(z) = max(tanh(0.522),0)

fa(x) = max(tanh(—0.5x2), O)

g1(z) = log (max(\o.5(—x1 ~7) — tanh(—a»)|, 0.000005)) +6
g2(x) =log (max(\0.5(—331 + 3) — tanh(—x2) + 2|, 0.00000S)) +6
hi(z) = ((—z1 + 7)® + 0.1(—z1 — 8)) /10 — 20

ha(z) = ((—z1 — 7)® + 0.1(—z1 — 8)?) /10 — 20.
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Figure 1: A two-objective toy example.

‘We choose 3 initializations
2o € {(~8.5,7.5), (~8.5,5), (9,9)}

for different methods and visualize the optimization trajectories in Figure The starting point of
every trajectory in Figure Figureis given by the e symbol, and the color of every trajectory
changes gradually from red to . The gray line illustrates the Pareto front, and the x symbol
denotes the global optimum. To simulate the stochastic setting, we add zero-mean Gaussian noise
to the gradient of each objective for all the methods except MGDA. We adopt Adam optimizer with
learning rate of 0.002 and 70000 iterations for each run. As shown, GD can get stuck due to the
dominant gradient of a specific objective, which stops progressing towards the Pareto front. PCGrad
and CAGrad can also fail to converge to the Pareto front in certain circumstances.
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A.2 Consistency Verification

We conduct the experiment on the multi-task classification dataset Multi-Fashion+MNIST [45].
Each image contained in this dataset is constructed by overlaying two images randomly sampled
from MNIST and FashionMNIST respectively. We adopt shrinked Lenet as the shared
base-encoder and a task-specific linear classification head for each task. We report the training losses
obtained from different methods over 3 independent runs in Figure[2] As illustrated, the performance
of SDMGrad with large ) is similar to GD, and the performance when ) is small resembles MGDA.
With properly tuned A, lower average training loss can be obtained. Generally, the results confirm
the consistency of our formulation with the direction-oriented principle.
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Figure 2: Consistency verification on Multi-Fashion+MNIST dataset.

The Multi-Fashion+MNIST[43] includes images constructed from FashionMNIST[47] and
MNIST([46]. First, select one image from each dataset randomly, then transform the two images
into a single image with one put in the top-left corner and the other in bottom-right corner. The
dataset contains 120000 training images and 20000 test images. We use SGD optimizer with learn-
ing rate 0.001 and train for 100 epochs with batch size 256. We use multi-step scheduler with scale
factor 0.1 to decay learning rate every 15 epochs. The projected gradient descent is performed with
learning rate of 10 and momentum of 0.5 and 20 gradient descent steps are applied.

A.3 Supervised Learning

We implement the methods based on the library released by [10]. Following [9][13][10], we train
our method for 200 epochs, using Adam optimizer with learning rate 0.0001 for the first 100 epochs
and 0.00005 for the rest. The batch size for Cityscapes and NYU-v2 are 8 and 2 respectively. We
compute the averaged test performance over the last 10 epochs as final performance measure. The
inner projected gradient descent is performed with learning rate of 10 and momentum of 0.5 and
20 gradient descent steps are applied. The experiments on Cityscapes and NYU-v2 are run on RTX
3090 and Tesla V100 GPU, respectively. We also report additional experiment results over different
A and S = 1 in Table[5]and Table[6]

A.4 Reinforcement Learning

Following [9] [13][10], we conduct the experiments based on MTRL codebase[49]. We train our
method for 2 million steps with batch size of 1280. The inner projected gradient descent is performed
with learning rate of 10 for MT10 benchmark and 20 gradient descent steps are applied. The method
is evaluated once every 10000 steps and the best average test performance over 10 random seeds over
the entire training process is reported. We search A € {0.1,0.2,--- ,1.0} for MT10 benchmark and
the highest success rate is achieved when A = 0.6. For our objective sampling strategy, the number
of sampled objectives is a random variable obeying binomial distribution whose expectation is 7.
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Segmentation Depth

Method Am% |
mloU1T Pix AccT AbsErr] RelEmr]
STL 74.01 93.16 0.0125 27.77
SDMGrad (A = 0.1) 72.56 92.68 0.0156 40.89 18.65
SDMGrad (A = 0.2) 74.79 93.30 0.0149 32.46 8.62
SDMGrad (A = 0.3) 74.53 93.52 0.0137 34.01 7.79
SDMGrad (A = 0.4) 75.10 93.48 0.0137 35.66 9.11
SDMGrad (A = 0.5) 74.63 93.46 0.0131 38.99 11.09
SDMGrad (A = 0.6) 74.42 93.22 0.0138 38.79 12.30
SDMGrad (A = 0.7) 75.06 93.42 0.0158 39.98 17.24
SDMGrad (A = 0.8) 74.99 93.40 0.0155 39.65 16.30
SDMGrad (A = 0.9) 75.60 93.50 0.0134 43.52 15.39
SDMGrad (A = 1.0) 74.50 93.47 0.0142 42.80 16.41
SDMGrad (A = 10) 74.17 93.13 0.0154 41.77 18.36
SDMGrad (A =0.3,S =1) 7541 93.62 0.0139 38.83 12.22

Table 5: Addtional supervised learning experiments on Cityscapes dataset.

Segmentation Depth Surface Normal
Method - S Am% |
mloU 1T Pix AcctT AbsErr] RelErmrr] Angle Distance | Within #° 1
Mean Median 11.25 225 30

STL 38.30 63.76 0.6754 0.2780 25.01 19.21 30.14 5720 69.15
SDMGrad (A = 0.1) 40.23 66.01 0.5360 0.2268 25.03  19.99 2845 5580 68.65 -3.86
SDMGrad (A = 0.2) 39.23 65.67 0.5315 0.2189 2513 20.02 28.12 55771 68.46 -3.66
SDMGrad (A = 0.3) 40.47 65.90 0.5225 0.2084 25.07 19.99 28.54 55774 68.53 -4.84
SDMGrad (A = 0.4) 40.68 66.53 0.5248 0.2199 25.21 20.01 27.69 5572 68.58 -4.14
SDMGrad (A = 0.5) 41.08 66.82 0.5184 0.2116 25.65 20.68 26.70 5427 67.46 -3.33
SDMGrad (A = 0.6) 41.20 66.86 0.5258 0.2175 25.85 21.03 26.47 53.51 6682 -2.39
SDMGrad (A = 0.7) 41.00 66.31 0.5224 0.2202 25.60 20.64 27.64 5430 67.15 -3.16
SDMGrad (A = 0.8) 39.88 66.13 0.5406 0.2266 2620 21.57 25.67 5233 65.65 -0.09
SDMGrad (A = 0.9) 41.03 67.16 0.5314 0.2271 25.89  20.97 2722 5358 6648 -2.17
SDMGrad (A = 1.0) 39.94 66.27 0.5224 0.2155 26.51 21.95 25.15 51.54 6494 -0.06
SDMGrad (A = 10) 39.81 66.11 0.5352 0.2232 27.05 2257 2453 5024 6359 1.82
SDMGrad (A =0.3,5 =1) 39.63 65.43 0.5296 0.2140 25.66 20.83 27.18 5393 67.05 -2.34

Table 6: Addtional supervised learning experiments on NYU-v2 dataset.

To compare with CAGrad-Fast[9], we choose n = 4 for MT10 benchmark. We cite the reported
success rates of all baseline methods in Table[4] but independently run each experiment 5 times to
calculate the average running time. All experiments on MT10 are run on RTX 2080Ti GPU. We also
report addtional experiments results over S = 1 on MT10 in Table

Metaworld MT10

Method

success time

(mean = stderr)

SDMGrad 0.84 +0.10 13.6
SDMGrad (S=1) 0.83 £0.05 11.2
SDMGrad-0S 0.82 +0.08 9.7
SDMGrad-OS (S=1) 0.80+0.12 6.8

Table 7: Additonal reinforcement learning experiments on Metaworld MT10 benchmarks.

B Notations for Technical Proofs

In this part, we first summarize all the notations that we used in this paper in order to help readers
understand. First, in multi-objective optimization, we have K > 2 different objectives and each
of them has the loss function Ll(g) Let g; denote the gradient of objective ¢ and gy denotes the
target gradient. w = (wy, ..., wx)? € RE and W denotes the probability simplex. Other useful
notations are listed as below:

K
. _ : al _ _ _ i
0* = arg Juin {LO(G) =% ;LZ(G)}, go = go(0) = G(O)w
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gw:Zwigi s.t. W:{w:Zwizl and w; >0}

wh = arg min g + Aol w = arg min g%, wi = arg min 2G(0)w?

1
o= in F(w) = in =||G(6 Ao (01
wix = arg min (w) argggvaHG( )w + Ago(0:) |

Vi F(w) = G(0,)T(G(01)w + Ago(61)), Va F(w) = G(04;€)" (G0, € )w + Ago(6:,€))). (11)

We use E[-] 4| 5 to denote taking expectation over A conditioning on B and O omits the order of log.

C Detailed proofs for convergence analysis with nonconvex Objectives

We now provide some auxiliary lemmas for proving Propositionand Theorem
Lemma 1. Let d* be the solution of
1
(3 - slld 2 A 7d )
max igl[lirg]<g d) = 5lld]|” + Xgo. d)
then we have
d* = Guws + Ago-

In addition, wy, is the solution of
1
min — + Agoll*.
min =g + Agol

Proof. First, it can be seen that

1
max min (g;,d) — §Hd||2 + X(go, d)

deR™ je[K]
= i iJi ldll* + Xgo, d
max min { E w;gi,d | 17 + Xgo, d)
_ - 2
= max m mln gu'd ||dH + Xgo, d). (12)

Noting that the problem is concave w.r.t. d and convex w.r.t w and using the Von Neumann-Fan
minimax theorem [50], we can exchange the min and max problems without changing the solution.
Then, we can solve the following equivalent problem.

1 2
- 1
Iin, max gu’ 5 d]* + A(go, d) (13)

Then by fixing w, we have d* = g,, + Ago. Substituting this solution to the eq. and rearranging
the equation, we turn to solve the following problem.

1
in =g + Agol|*.
min > lgw + Agol|
Let w} be the solution of the above problem, and hence the final updating direction d* = g3 + Ago.
Then, the proof is complete.

Lemma 2. Suppose Assumptlon“are satisfied. According to the definition of go(0) in eq. .
we have the following inequalities,

lgo(@)Il < Cy, Elllgo(8:€) — g0(0)II°] < Ko

Proof. Based on the definitions, we have
90O = IG(O)w]| < Cy,
where the inequality follows from the fact that ||w|| < 1 and Assumption Then, we have
Ee[lgo(6:€) — 9o(0)II"] < Ec[|G(05€) — G(O)|°] < Ko

where 02 = max; 0 and the proof is complete. O
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Lemma 3. Suppose Assumptionsare satisfied and recall that F(w) = 1||G(6;)w + Ago(6;)||*

is a convex function. Let wy = argmin,eyy %ng + Ago||? and set step size Bis = c/+/s where
¢ > 0 is a constant. Then for any S > 1, it holds that,

E[|[V.F(w)[] <G,

. 2 2+ log(S
E{IG(0:)ws + Ago(62) ]2 — [GO)w} + Ago(6)]2) <2 + 200,) 21095

c VS
where Oy = \/8(K08+C§)2+8)\2(K03+Cg2)2 = O(K + A\K), Vy,F(w) =

G(0::€)" (G(04: € )w + Ago (01 €"))-

Proof. This lemma mostly follows from Theorem 2 in [51]. However, we did not take that
E[||V ., F(w)]|] is bounded by a constant as an assumption. Therefore, we first provide a bound
for it in our method. Based on the definition in Equation , Vo F(w) = G0 6)T(G(0,; € )w +
Ago(0:;€")). According to the fact that E[X] < /E[X2], we have

E{IV. ()] < VE[IVWE(w)[2] = \/EIG(0::€)T (G601 €)w + Ago(6::€)) 2
(

)
< \/QE[HG(et, TG0, € )l 422 [ G(04:€) g0 (6::€)) %), (14)
A B

where (i) follows from the Young’s inequality. Next, we provide bounds for E[A] and E[B], sepa-
rately:

E[A] CE[|(G0:)7 — C0)T + CO)T)(G(0:: ) — G0 + G(6) )
E[(G(0:6)T — G0)T)C 0 ) — G0)) + (G0, — G(0)T)C(0))
LGB (CO:E) — G6) + GO

(i§41EH|G(9t; & =GO IPIIGO:) = GO + G016 — GO IPIGO)]?
+IGO)TIPINGO0:€) = GO + 1G0T G(0)]1%]

(2i1)
< 4K?05 + 8KojC2 +4C) = A(Kop + C2)?, (15)

where (i) follows from Cauchy—Schwarz inequality and w € W where W is the simplex, (i)
follows from Young’s inequality and (#7) follows from Assumptlonl 2| and Assumptlonl 3| Then for
term B, we have,

E[B] =E[|(G(0: €)™ = G(0:)" + G(0)")(90(0::€") = 90(0) + 90(60) %]

(@)
<AE[|(G(0:: €)™ = G(0:)")(90(04:€") — go(0)I” + [1(G(01:6)" — G(6:)")g0(6e)1?
+ G0 (90(645€") = go(0:))1 + [|G(6 ) g0(6:) 1]
Dircot + 8K02C2 4+ 4CH = 4(Ko? + C2)?, (16)

where (%) follows from Young’s 1nequa11ty, (i) follows from Assumptlonland Lemma Then
substituting eq. (15) and eq. . 16) into eq. (14), we can obtain,

B[V, F(w)]] < \/8(1(03 +C2)? + 8X2(Ko2 + C2)2 = (.

Meanwhile, since E[||V,,F(w)|]] < Ci, SUp,, . |[w — w’|| < 1 and by choosing step size 3, =
¢/+/s where ¢ > 0 is a constant, we can obtain the following inequality from Theorem 2 in [51]:

E[F(ws) ~ F(u3)] < (= + ccl)ZHg(S)

Then after multiplying by 2 on both sides, the proof is complete. O

a7
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C.1 Proof of Proposition|[]

CA distance. Now we show the upper bound for the distance to CA direction. Recall that we define
the CA distance as [|E¢ w, 416, [G(0:; Qwe,s + Ago(61: C)] — G(O)wy x — Ago(0:)]l-

Proof. Based on the Jensen’s inequality, we have
B¢ w510, [G (825 Owe,s + Ago(B4; C)] — G(B)wy 5 — Ago(6e)|?
X 2
<Ew1 5|0+ [||EC[G(9t; C)U/t,s + )\90(9t; C)] - G(9t)wt,,\ - )\go(gt)H ]

2olell; we,s — G(0:)wy \||°]
=E[||G(6:)wr,s + Ago(6:) — G(0:)wy \ — Ago(0:)|1%]
=E[[|G(0:)wr,s + Ago(0:)[|” + [|G(6:)w; 5 + Ago(6:) |
— 2E(G(01)wt,s + Ago(0r), G(Or)wy  + Ago(6:))]
=E[||G(0:)wr,s + Ago(0:) > + |G (0r)w; 5 + Ago(6:)1?]
—2E[(G(0)wy,s, G(0)wi \ + Ago(0r))] — 2E[(Ago(0:), G(Or)wy  + Ago(6r))]

(i)
<E[|G(0:)we.s + Ago(00)|1 + [G(0)w; 5 + Ago(0:) 7]

—2E[(G(0)w; x, G(01)wy 5 + Ago(0:))] — 2E[{Ago(62), G(01)wy \ + Ago(6:))]
=E[[|G(0:)wr,s + Ago(0:)[I” + [|G(0:)w; 5 + Ago(6:)]1%]
—2E[(G(O)wy \ + Ago(01), G(01)wz \ + Ago(6:))]
=E[[|G(0:)wr,s + Ago(0:) [ — [|G(6:)w; 5 + Ago(6:)]1%]
(ziz)(i o 01)2 +\l/o§(5)

where (i) omits the subscript of taking expectation over w; s conditioning on ;, (i7) follows from
optimality condition that

(w, G(0)" (G(Or)wy x + Ago(0))) = (wi 5, G(0) T (G(Oe)w; x + Ago(61)))- (19)

(18)

(#i1) follows from Lemmawhenwe choose ;s = ¢/+/s where c is a constant. Then take the
square root on both sides, the proof is complete. O

C.2 Proof of Theorem[d]

Theorem 5 (Restatement of Theorem([l). Suppose Assumptions [I|3]are satisfied. Set oy = o =
O((1 4+ N 'K~2T"2), B, = ¢/\/s where ¢ is a constant, and S = O((1 + \)~"2T?). The
outputs of the proposed SDMGrad algorithm satisfy
=
1
7 2 BllG 0w\ +Ago(00)[7] = O((1+ N KT~ %),
t=0

Proof. Recall that d = G(6;; ()we. s + Ago(0¢; ¢). According to Assumption we have for any 4,

I ia?
Li(B41) + ALo(0r41) < Li(6,) + Ao (00) + c{ga(0r) + Ago(0r), —d) + 5= [1d]]*. (20)

where l§,1 =l;1 + Amax; [;; = ©(1 + X). Then we bound the second and third terms separately
on the right-hand side (RHS). First, for the second term, conditioning on #; and taking expectation,
we have

E[(gi(0:) + Ago(01), =G (8¢5 Q)we s — Ago(04; €))|0:]
=E[(g:(0¢) + Ago(0:), =G (0r)wr.s — Ago(0:))[0:]
=E[(g:(0:) + Ago(01), G(0)w; \ — G(O)we,s) — (9i(0r) + Ago(0r), G(0r)wy  + Ago(0:))164]
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)
<E[(li + ACy)IG(O)wi x — G(O)we.sl10d] — E[|G(0)wy » + Ago(6:)|7]6:]

(i)
<@+ /\Cg)\/E[IIG(Gt)WZA = G(0)we,s[?10:]) — E[|G (0 )wy 5 + Ago(6:)]%]6:]

2+ 1og(95)
VS

where () follows from Cauchy-Schwarz inequality and optimality condition in eq. , (i) follows
from the fact that E[X] < /E[X?] and (4i%) follows from eq.

Then for the third term,
E[l|d||*] =E[IIG(6:; Q)we,s + Ago(0; O)II]
=E[|G(0:; Qwr,s — G(0)we,s + G(0)we,s + Ago (013 C) — Ago(0r) + Ago () [1°]

) 2
< (Li+ )\Cg)\/(c + 2cCy) —E[|G(0)w; 5 + Ago(0:)]|%16¢] 2D

E[G(015¢) — GO0 |2) + B[ G812 + 4XE l90(615) — go(0,)
+4NEl90(00) %]

(i)
< 4Kop +4C]) + 4N Ko + 4X*C) (22)

Cs

where (¢) follows from Young’s inequality, and (%) follows from Assumption|3Jand Lemma|2| Note
that Cy = O(K + K \?). Then taking expectation on eq. (20), substituting eq. (21) and eq. (22) into
it, and unconditioning on 6,, we have

E[LZ (9t+1) + >\L0 (6t+1 )]

/

SE[L(6) + Mo0))] + cEL(g:(8,) + Aao(6,). ~d)] + A L[ a2

2 2+ log(S
<E[Li(6:) + ALo(8:)] + au(ls + )\C’g)\/ Gy 2001)\/0;()
* 2 l’/b 10[?
— a4 B[[|G(0r)wy 5 + Ago(0:) 1] + -5 Co (23)

Then, choosing o; = «, and rearranging the above inequality, we have
aE[[|G(0:)wy \ + Ago(0:)[1*] <E[Li(6:) + ALo(8:) — Li(Br11) — ALo(8r11)]

2+ 1log(S) = 1j,a?
0g(S5) 4l

all; + )\Cg)\/(i + 2¢Ch)

NG 2 "
Telescoping over ¢ € [T in the above inequality yields
Z (G (@)wix + Ago(8:) %]
t=0
1 . . li o
< rE[Li(00) — inf Li(0) + A(Lo(6o) — inf Lo(6))] + ——C2
2 2 +log(S)
. 219 L A e
+(ZZ+ACQ)\/(C+ CCI) \/g )
If we choose o« = O((1 + A) K27~ 2) and S = O((1 4+ A)~272), we have
T—
Z GO + Ago(6:) 2] = O((1+ M) KSTH),
where O means the order of logT is omitted. The proof is complete. O
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C.3 Proof of Corollary/[T]

Proof. Since A > 0 and go(0;) = G(0;)w, we have
E[|G(0e)wi x + Ago(0)[%] = (1 + A)E[|G(0:)w'[] = (1 + N)E[[|G (1) wy[|*)

where w' = =5 (W}, \ + A1, w, \ + Mg, ..., i, + M0k )" such that w’ € W. According
to parameter selection in Theorem and by choosing a constant \, we have

1= NS
7 2 ElGO)wi|*) = O(K2T~%). (24)
t=0

To achieve an e-accurate Pareto stationary point, it requires T = o (Ke=?) and each objective re-
quires O(K3e=6) samples in & (¢') and O(Ke~2) samples in ¢, respectively. Meanwhile, according
to the choice of S and 7', we have the following result for CA distance,

Emwsﬂwwh0mﬁ+xww501Gwm@AA%won—éqﬂ§»—6@> (25)

Remark. Our algorithm with a constant A helps mitigate gradient conflict and it guarantees an
e—accurate Pareto stationary point and the CA distance takes the order of O(¢) simultaneously. [J

C.4  Proof of Corollary|2|

Proof. According to the inequality ||a + b — b||*> < 2|la + b||* + 2|b]|?, we have
N llgo(B)l* <2 G(0)wix + Ago(00) 1 + 2| G (6:)wy |
<2||G(O)wi x + Ago(00)]]* +2C7

where the last inequality follows from Assumption Then we take the expectation on the above
inequality and sum up it over ¢ € [T] such that

| T-1 o T-1 o2
T Z E[llgo(62)]%] ST Z E[[|G(0:)w; \ + Ago(0:)[1*] + 7;’
t=0 t=0

—O(AN 24+ 1)K2T"% + A72),
where the last inequality follows from Theorem If we choose A\ = @(T% ), then we have

T-1
1 ~ooolo 1
= S Ellgo(00)|?] = O(K AT H).
t=0
To achieve an e-accurate stationary point, it requires 7' = (5([( €~2) and each objective requires
O(K?%e*) samples in & (¢') and O(K e ~2) samples in ¢, respectively. Meanwhile, according to the
choice of A, S and T', we have the following result for CA distance,

. ~ [K(14))? ~

||]E<7wt,s\9t [G(0:, Qw5 + Ago(6s;C)] — G(at)wt,/\ = Ago(0s)]| = O( #) = O(\/?)
Remark. With an increasing A, our algorithm approaches GD and it has a faster convergence rate
to the stationary point. However, the CA distance takes the order of O(V'K). O

C.5 Proof of Theorem|2]

Now we provide the convergence analysis with nonconvex objectives with objective sampling.
Theorem 6 (Restatement of Theorem . Suppose Assumptions are satisfied. Set v = %,

oy =a=0(1+X)"2y 2K 2T 2), B, = ¢/\/sand S = O((1 + \)~"2y~2T2). Then by
choosing a constant ), the iterates of the proposed SDMGrad-OS algorithm satisfy

[N

T-1

1 " ~,ol 1.
T 2 EllGO)ui) = O AT ).
t=
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Proof. Recall that updating direction for 0, is &’ = £ H(6;; ¢, S)wy s + £ \ho (645 ¢, S). Similarly,
we have

e
Li(0t11) + ALo(011) < Li(0:) + ALo(0:) + (g (0:) + Ago(6:), —d') + %Hd/ﬂz- (26)

Then for the inner product term on the RHS of eq. {26), conditioning on 6, and taking expectation,
we have

E[{gi(0:)+Ago(0:), —d")|0:] = E[(g:(0%) + Ago(0:), =G (0:)we,s — Ago(6:))]0]

qu+x%x¢@+odnf+j§“%—Encwm@A+A%meML @

where the last inequality follows from eq (21). Then following the same step as in eq. (22), we can
bound the last term on the RHS of eq. (26) as

E[l|ld'|? ]é 49*(1+ A*)(nog + C3). (28)

Cs

Then taking expectation on eq. (26), substituting eq. and eq. into it and unconditioning on
0;, we have

2+ log(S))

/ 2

% o, linog
— E[G(0r)wy \ + Ago(04) ] + -5 G

Then choosing a; = a, telescoping the above inequality over ¢ € [T, and rearranging the terms,
we have

T-1 /
L3 EG( i+ Ago80) ) < ELL(60) — inf Li(6) + ALo(6o) — inf Lo(8))] + "1

t=0

2+ 1og(95)
VS

If We choose a = 0((1+ Az)*%V*%K*%T’l), and S = @((1 + A)72y727?), we can get
T t 0 E[||G(6:)w;  + Ago(8:)]?] = O((1 + A\2)K 22T~ 2). Furthermore, by choosing \ as
constant and followmg the same step as in Appendlxn we have

- +Acg)(\/(i +200y) )

1Tl

i 1 1
= Y E[IG (0w |?] = O(K242T~2).
t=0

N

To achieve an e-accurate Pareto stationary point, it requires 1’ = (5(K ve=2). In this case, each
objective requires a similar number of samples O(K?>ve) in ¢ (¢’) and O(K~ye=?) samples in ¢,
respectively. As far as we know, this is the first provable objective sampling strategy for stochastic
multi-objective optimization. O

D Lower sample complexity but higher CA distance

When we do not have requirements on CA distance, we can have a much lower sample complexity.
In Algorithm the update process for w is to reduce the CA distance, which increases the sample
complexity. Thus, we will set S = 1 to make Algorithm|l|more sample-efficient. In addition, we
will use wy41 = w1 and B; instead of B; s in Algorithm [1|for simplicity. The following proof is
mostly motivated by Theorem 3 in [14].
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D.1 Proof of Theorem 3]

Theorem 7 (Restatement of Theorem [3). Suppose Assumptions[I[3]are satisfied and S = 1. Set

v =a=0(K2T"2),5 =4=0(K 2) and X as constant. The iterates of the proposed
SDMGrad algorithm satisfy,

T—1
1 N 1
T Y ElGO)w;|?) = O(KT™2).
t=0
Proof. Now we define a new function, with a fixed weight w € W,
For this new function, we have

l/
U (Br41) <U(0:) + (G (Or)w + Ago(6r), —d) + 1at [l

" o?
=1"(0;) + a(G(0:)w + Ago(0:), —=G(0s; Qwig1 — Ago(6y;€)) + %Hd”2
where { = max; l;1 + A, 1. Then taking expectations over ¢ on both sides and rearranging the
inequality, we have

E[l'(0:11)] — E[I'(6:)] <auE[(G(0:)w + Ago(0:), =G (0 )we 1 — Ago(6:))] + lll & LE[|ld)]

= — aE[(G(01)w + Ago(01), G(01)wer1 — G(Or)wy)]
Iy

— o E[(G(01)w + Ago(01), G(0)we + Ago(6:))] + at LE[||d||?)

= — aE[(G(01)w + Ago(01), G(01)wer1 — G(Or)wy)]
— thEKG(et)U} — G(@t)wt, G(Qt)wt + /\go(ﬁt»]

l/2
— QB[ G (0w + Ago(0,) 2] + S Edlf?

<at E[(G(0e)w + Ago(6:))" G(00) | we — w1 ]

C
+ o E{G(0:)wy — G(0:)w, G(0y)wy + Ago(64))]
D
— aB{IG(O0)un + Ago(01) 2] + LB, (0)

where (i) follows from Cauchy-Schwarz inequlaity. Then we provide bound for term C and term D,
respectively. For term C,

E[[[(G(0:)w + Ago(8:))" G(0) | [|wr — wer1 ]
=BE[[[(G(0:)w + Ago(0:)) T GO G (0 €)T (G (65 € )ws + Ago (65 €"))]]
<BE[I(G (0w + Ago(0:) T G(0) (G (0:; )T (G0 € )we || + MG (01 ) g0(6; ) ))]
<Bi(1+ N)?Ca (Koo + Cy)* = BiCs, (31

where C3 = O((1 + X\)?2K?). Then for term D, we first follow the non-expansive property of
projection onto the convex set,

lweer —wl® <we = B:G (60 €)T (GO € Ywe + Ago(6::€)) — w?
=|lw: — w||2 — 2B {wy — w, G(f)t;f)T(G(Qt;f/)wt + Ago(6::€7)))
+ BEIG (04 )T (G(04; € Ywe + Ago(0:: €))7
Then taking expectation on the above inequality, we can obtain,

Ef||wer — wlf?] SE[lwe — wl*] — 28E[(w; — w, G(04;€)" (G043 € )we + Ago(04:€)))]
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+ BIE[||G(04:€) T (G(04; € )wi + Ago(04:€)) 1]
<E[||w; — w|]*] = 2BE[(w; — w, G(6:)" (G(8:)we + Ago(6:)))] + BZCT,

where the last inequality follows from Lemma Then by rearranging the above inequality, we can
obtain,

B

1
E[(w; —w, G(6:)" (G (0 )we + Ago(61)))] ST&E[HU& —w|? = [wpsr = w|?] + ECf (32)
Then substituting eq. (31) and eq. (32) into eq. (30), we can obtain,
a a
B[ (6111) — (60)] SafiCa+ Sl — wl = s — wl] + 25403
t
lia?
— aE[||G(0s)wy + Ago(0:)[1*] + Tt]E[HdHQ}
(4) o «
LB+ By — wl? ~ s — w]?] + 220
2034 2
5, liaf
— a4 E[|G(0r)wi + Ago(0:)7] + 7/02 (33)

Then we take oy = o and B; = [ as constants, telescope and rearrange the above inequality,

T-1

1 5 1 1 ) )
T ; E[[|G(0:)w: + Ago(6:)|°] SOTTEUI(QO) —1'(0r)] + TﬁTE[IIwo —w|® = [lwr — wl|]
c2.
+ B(Cs + 71) + %CQ
(QO(L baK =+ BEK?) (34)
ST T T ar ’

where (i) follows from that we choose X as a constant. If we choose o = O(K 27T 2) and
B = O(K'T"%), we can get & S E[|G(6:)w; + Ago(6:)[|?] = O(KT~%). Furthermore,
following the same steps as in Appendix|C.3| we have

1= ,
> BlIG (0w ) = O(KT ).
t=0

=l

To achieve an e-accurate Pareto stationary point, it requires 7 = O(K?2e¢~2). In this case, each
objective requires a similar number of samples O(K2e~2) in £(¢') and ¢, respectively. O

Convergence under objective sampling. We next analyze the convergence of SDMGrad-OS.
Theorem 8 (Restatement of Theorem. Suppose Assumptionsare satisfied and S = 1. Set
TE = a = O(K~ 2y 2T"2), B, = B = O(K~'y"'T~2) and \ as a constant. The
iterates of the proposed SDMGrad-OS algorithm satisfy,

1 T-1 )
7 O EllG@)wi|*] = O(KAT%).
t=0

Proof. In SDMGrad-OS, the vector for updating 6, is d' = £H(;;¢, S)wep1 + Mpo(6y; ¢, S).
Using the same function defined in eq. (29), we have

/a2
U'(0r11) <U'(0:) + e (G(0r)w + Ago(0:), —d') + %Hd/HQ-

Then by taking expectation over ¢ and S, we have

/2
e’

E[l"(0:11) = 1'(0:)] <a:E[(G(0:)w + Ago (1), =G (0r)wer1 + Ago(6:))] + 5

Ef]ld']%]
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= E[(G(0r)w + Ago(0r), G(0r) (we — wy41))]
+ ozﬂE[(G(@t)wt — G(Ht)w, G(Gt)wt + )\go(et»]

~ B[, + Ago(61) 2] + BB
<aE[[[(G(0r)w + Ago(0:)" G (00)[[[|wi — w1 |l]
+ aﬂE[(G(@t)wt — G(Gt)w, G(Ht)wt + )\go(et»]

h

— E[||G(8:)w + Ago(6:)]|7] + ‘” AZLE(||d?) (35)

Then following the same steps in eq. and eq. (32}, we can obtain,

B (6u41) ~ 1(60)] ScBiCh + SB[ — wl = fover — w] + “Prep
(a2
—aE[|G(0)wi + Ago(64)]1?] + 5 L ¢y, (36)

where C1? = 4v*(14A?) (nog+Cy)?, Cy = 47*(14X?) (nog+C3), and Ch = 42 (14+X)2C2 (nojg +
C,)?. Then we take oy = o and 3; = 3 as constants and telescope the above inequality,

T-1
1 9 1 , , 1 , .
CP? 4
+B(Cy+ =) + 10‘02
SO( +ayK + o+ AV, (37)
sOF+oy ﬂT v

where () follows from that we choose A as constant. Similarly, if we choose v = © (K ~ = 7’ 3T 7)
and 8 = O(K~1y~1T2), we can get % tT 01 G(0)w; + Ago(6)]?] = O(K~yT~2). Fur-
thermore, following the same step as in Appendix|C.3] we have

1 T-1 )
= D ElG(6)w]|P] = O(KAT %),
t=0

To achieve an e-accurate Pareto stationary point, it requires T = O(72K2e~2). In this case, each
objective requires a similar number of samples O(y2K?¢~2) in £(¢’) and ¢, respectively. O
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