A Omitted Details from Main Body
A.1 Minimum Suboptimality Gap Assumption

It is known that without any instance-specific assumptions we cannot get o(/T) regret. The
sub-optimality gap assumption is standard in the bandit literature and in the RL-literature that provides
o(/T) regret guarantees. We remark that gap;,; > 0 for all non-degenerate finite action-state spaces.
Notice that gapy, (s, a) = V;*(s) — Qj(s,a), gap,, — infh,s,a{gap,(s,a) : gapy(s,a) # 0}
(if this set is empty the MDP is degenerate). Notice that if there are multiple optimal actions a;
at some state s, then gap, (s, a;) = 0, so they will not be considered in the minimization. Thus,
the multiplicity of the optimal policies does not break the assumption. Note that gap,;, = 0
only in an infinite state-action space such that for all ¢ > 0, there are some h., s, a. such that
0 < V,;"E(sa) — Q;‘ls(sa,aa) < e (i.e. we get arbitrarily close to an optimal action). Hence, it
quantifies the hardness of the underlying problem because it provides a gap between the reward of an
optimal policy and the reward of the non-optimal policies, so it shows how “easy” it is to distinguish
an optimal one.

A.2  Omitted Algorithms

Algorithm 4 Model-Free Sampling Routine

Require: Function class F, current sub-sampled dataset Z , new element z = (s, a), failure proba-
bility § € (0,1)
1: Let p, be the smallest number such that 1/p, is an integer and p, is greater than

min{1, Csensitivity 5 log(T\(F, \/3/(64T%))/3)}

2: LetZ € C(S x A, 1/164/64T3 /) such that
sup | f(2) — f(2)] < 1/16,/64T3/5

feF

3: Add 1/p, copies of Z into Z with probability p,
4: Return Z

Algorithm 5 Model-Based Sampling Routine

Require: Function class F, current sub-sampled dataset 2, new element z = (s,a, V), failure
probability 6 € (0, 1)
1: Let p, be the smallest number such that 1/p, is an integer and p, is greater than

min{1,C - sensitivityg,}. log(TN(F, \/W)/(;)}

2: Add 1/p. copies of z into Z with probability p,
3: Return Z

B Proof of Theorem

In this section, our main goal is to prove Theorem [3.I. Recall that we assume we have access to a set
FC{f:8x A—[0,H + 1]}, which we use to approximate the Q-function. For this set, we work
with Assumption [2.2]and Assumption [2.3]

The proofs of the supporting lemmas are postponed to Appendix|B.1. Before we are ready to prove
our result, we need to discuss some results of prior works that are crucial to our proof.

The regret decomposition in [HZG21], gives us that
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Lemma B.1. [|[HZG21] For any MDP M we have that

K H
=E | ) gap,(sf, a’é)] :

k=1h=1

E [Regret(K

Moreover, for any T > 0 it holds with probability at least 1 — [log T'e™7 that

H 16H?r
Regret(K) < 2 Z Z gap,, (sk, af;) + 3 2.
k=1h=1

The following lemma resembles Lemma 6.3 [HZG21]. Its proof is postponed to Appendix [B.T.
Lemma B.2. If we pick

B = CH?log(TN(F,§/T?)/$) dimp(F,1/T)log” Tlog (C(S x A,§/T*)T/5)),
for come constant C and for h € [H|, then we have that with probability at least 1 — 2K ¢

K (Vi (sh) — Q3 s ab)) < CH' dimy(F, 1/T)log® Tlog(TN(F,§/T?)/6) log(C(S x A,6/T*)T/5)

Pt £3P iy

We are now ready to state the regret bound of our algorithm. In particular the regret guarantee follows
from the regret decomposition and the bound we established before.

Lemma B.3. There exists a constant C and proper values of the parameter 3 of Algorithm|I such
that with probability at least 1 — [logT'|e™™ — 2K the regret of the algorithm is bounded by

CH® dim%,(F,1/T) log® T'log(TN (F,5/T?)/8)1log(C(S x A,6/T*)T/5) N 16H?T

R t(K 2.
cgreil) < £3Pmin 3
The choice of the parameter is
B =CH?log(TN(F,6/T?)/5) dimp(F,1/T)log” Tlog (C(S x A,§/T*)T/5)).
Proof. Throughout the proof, we condition on the events described in Lemma[B.T] [B.2] which happen
with probability at least 1 — [log T'le™" — 2K3.
From Lemma [B.T we have that
K H
16H 2r
Regret(K 2.
egret( kg; gap;, ( sh,ah 3 +
We can bound the first term on the RHS using Lemma [B.2 as follows
K H
2zzgaph (st ap) —QZZ Vh sh) Q;‘L(s’,i,aﬁ))
k=1h=1 k=1h=1
_ CH° dim%,(F,1/T) log? Tlog(TN (F,8/T?)/8)log(C(S x A, 6/T2)T/5)'
B £aPmin
Hence, for the total regret we have that
H® dim%,(F, 1/T) log® T log (T 5/T?%)/5)1 §/T*)T/5) 16H?
Regret(K) < c 1mE(~F7 / ) og Og( N(*Fv / )/ ) Og(C(SXAv / ) / ) + 6 T + 9.
£aPin 3
O
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We remark that the value of 3 we use in the main body is simply an upper bound on this value.

Finally, we state the bound on the adaptivity of our algorithm. In particular, since our algorithm is the
same as in [KSWY21], the logarithmic switching cost follows directly from their result.

Lemma B.4. [KSWY21] For any fixed h € [H|, With probability 1 — ¢, the sub-sampled dataset ZA,’f
changes at most

0 <log(TN(]-", V3/T3)/8) dimp(F, 1/T)log? T)

times.

We are now ready to prove Theorem [3.1
Proof of Theorem[3.1}

The proof of this theorem follows by using Lemma|[B.3|and taking a union on the result of Lemma[B.4]
and setting the error probability accordingly. []

B.1 Supporting Lemmas: Theorem 3.1

In this section, we present the proof of Lemma|B.2!

First, we need to show that the sub-sampled dataset is a good approximation of the original one. To
this end, we use Proposition 1 from [KSWY21].

Proposition B.5. [KSWY2I] For any h,k € [H] x [K] we let

() = sup 1f1C0) = fo (o),
Hfl*fZszili <B/100
By = sup () — falo)]

\|f1—f2H22}k <1008

Then, with probability at least 1 — §/32 we have that

BE() S BEC,) < Bhle).

We now present a generalized version of Lemma 11 [KSWY?21] that will be used to bound the regret
of our algorithm. Essentially, this gives a bound on the summation of the bonus terms over a set of
episodes K’ C [K] in terms of the eluder dimension of the function class and the number of episodes.

Lemma B.6. For any set K' C [K], with probability at least 1 — §/32 we have that
\K'| H
SN bpi(syi,ap) < H+ H(H + 1) - dimp(F, 1/T) + CH+/dimg(F,1/T)| K| - B,
i=1 h=1

where C > 0 is some constant.

Proof. Throughout the proof, we condition on the event defined in Proposition[B.5] This gives us
that forany k € K/ ) h € H

by (sh» ar,) < by (sh, ap) = sup [f1(shsak) = fa(sh. ap)l-
£ £21l2%, <1008

We bound Zfil Z;Zi (s’ff , afj) for each h € [H] separately.

Given some ¢ > 0, we define £, = {(s",al) : k; € K',b}*(s}",a}*) > €}, ie. the set of
state-action pairs at step i and some episode in K’ where the bonus function has value greater than
e. Consider some k € K'. We denote L, = |Ly], Z?;f = {(sk,ak) € ZF,k € K'} . Our goal is
to show that there is some 2 = (sF,af) € L), that is e-dependent on at least Ly, /dimp (F, €) — 1
disjoint subsequences in ZF N £L,. We also denote N = Lj, /dimg(F,€) — 1.
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To do that, we decompose L, into N + 1 disjoint subsets and we denote the j-th subset by E{;. We
use the following procedure. Initially we set Efl = () forall j € [N + 1] and consider every zF € L,
in a sequential manner. For each such z,’j we find the smallest index j,1 < j < N, such that z,’j is
e-independent of the elements in Efl with respect to F. If there is no such j, we set j = N + 1. Then,
we update 52 — Cfl U z,’j Notice that after we go through all the elements of L;, we must have
that /.ZhN +1 # (). This is because every set E{L, 1 < j < N, contains at most dimg (F, €) elements.
Moreover, by definition, every element zf € £ ! is e-dependent on N = Ly, /dimp(F,¢) — 1
disjoint subsequences in ZF N L".

Furthermore, since by (s, af) > eforall z}' € L}, there mustexist f1, fo € F such that | f1 (s}, af)—
2(sF,al)| > eand || f1 — fo|%x < . Hence, since 2} € is e-dependent on N disjoint
Koak d 2, <1008. H ince 2§ € L)t is e-depend N disjoi
h

subsequences Efl and for each such subsequence, by the definition of e-dependence, it holds that
||f1 — f2l| s > €* we have that
h

100
N <|[|fi = fallZ; 1008 = (Ly/dimp(F,€) — 1)e* <1008 = Ly, < ( 626

+ 1) dimg(F,e).

We now pick a permutation by > by > ... > by of the bonus functions {b} (s}, a¥)} ke k. For all
br > 1/|K'| it holds that

100 . - 100 -
k< ( biﬁ + 1> dimg(F,bg) < (b,%ﬁ + 1) dimg(F,1/K') =

b

IA

2 ~1/2
(dimE<f, 1K) ~ 1) V1005

Moreover, notice that we get by definition that b, < H + 1. Hence, we have that

|K'|
ki ki ki ki ki ki ki ki ki
th(sh7ah): Z by (i’ ap') + Z by (s ap’)
i=1 itbi, <1/|K'| i:by, >1/ K|
<|K'|-1/|K'| + Z by’ ("> a')
i:by, >1/|K'|,i<dimp (F,1/|K’|)

ibye, >1/| K || K' | >i>dimp (F,1/|K'|)

—1/2

|K’|>i>dimg (F,1/|K'|)

<1+ (H+1)-dimg(F,1/|K'|) + C\/dimg(F,1/|K'|)|K’|5
<1+ (H+1)-dimg(F,1/T) + C\/dimg(F,1/T)|K'|3

for some constant C' > 0, where the second to last inequality can be obtained by bounding the
summation by the integral and the last one by the definition of the eluder dimension. Summing up all
the inequalities for h € [H|, we get the result. 0

We need the Azuma-Hoeffding inequality to bound a martingale difference sequence. For complete-
ness, we present it here as well.

Lemma B.7. [CBLOG6] Let {x;}? | be a martingale difference sequence with respect to some
Siltration {F;} for which |z;| < M for some constant M, x; is F; 1 measurable and E[xz;|F;] = 0.
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Then, for any 0 < § < 1, we have that with probability at least 1 — § it holds that

3w < My/2nlog(1/9).

i=1

The following lemma that appears in [KSWY21] shows that the estimate of the Q)-function upper
bounds the optimal one.

Lemma B.8. [KSWY2[|] With probability at least 1 — 6 /2 we have that for all (k,h) € [K] x [H|
and all (s,a) € S x A

Qi (s,a) < Qi(s,a) < fy(s,a) + 2bj (s, a)
where fll;(’ ) = Zs’es Ph(s/"’ ')V}f+1(s/) + rh(" )

We now present a lemma that bounds the number of rounds that the suboptimilaty gap falls in some
interval. It is inspired by Lemma 6.2 [HZG21].

Lemma B.9. If we pick
B = CH?log(TN(F,6/T?)/5) dimp(F,1/T)log” Tlog (C(S x A,§/T*)T/5)),

then there exists a constant C such that for all h € [H],n € [N] with probability at least 1 — 2K,
we have that

K ~

. N CH*dim%,(F,1/T) log® T'log(TN (F,8/T?)/8)1log(C(S x A,8/T>)T/§
S LV (sF) — QFF(sk.ak) > 2"gap,,) < B(F,1/T)log” T log( 4ng(ap2 ./ )/6)log(C( [T*)T/3)
k=1 min

Proof. We keep h fixed.
We denote by K the set of episodes where the gap at step h is at least 2™, i.e.

- {k E Vh (sh) h (waa’h) > 2 gapmln} .

The goal is to bound the quantity Z‘Z (Q h (sh ,ah N - Q" i(shi nay )) from below and above

with functions f1 (| K’|), f2(]K’|) and then use the fact that f1(|K’|) < f2(|K’|) to derive an upper
bound on |K’|.

For the lower bound, we have that

|K'| K|
Z (QZ (Sk ) Qh (Sh » Ay’ )) 2 Z (Qh (Sh a”h(Sh ) — Qh (Sh ,GZ ))

x

vV
i

(@i sk min(sh) — Q@ (shsaf))

A

(Vh (sh ) sz (SZ ’ah )) > Qngapmm‘K/L
1

7

where the first inequality holds by the definition of the policy 7, the second one follows because

Qr » (+,-) is an optimistic estimate of Q) (-, -) which happens with probability at least 1 — §/2 (see
Lemma|B.8) and the third one by the definition of k;.

We get the upper bound on this quantity in the following way. For any i’ € [H| we have

Q;CL/ (52/, a}]i/> - h' (Sh' a’h Z Ph/ ‘Sh/ ah,)Vh,_H( ) + Th/(sllilv aﬁ/) =+ 2b§/(52/,al}i/) — h' (Sh/ ah/)
s’eS

- <Ph/('|5fm alli’)a Vif/—l-l - V;Zl;z-1> + Qbk’(siHai/)
= th/+1(5£/+1) - V};il(sﬁ’—&-l) + e+ 26y (s, af)

k k k k k k k(k k
= Qng1 (k41 @ 1) — Qpryy (Shig1, aprgr) + €y + 265 (syr, )
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where we define ¢, = (Py (-|sf,, af,), Vi — Vilhy) — (Vi sk q) — Viik 1 (sF 1)) and the
inequality follows from Lemma |B.8.

We now take the summation over all k € |K’|,h < b/ < H and we get

|5’ |K'| H IK'| H
( Qh Sh ,ah ) eh/ + b ’ Sh”“h’
i=1 i=1 h/=h i=1 h'/=h

We will bound each of the two terms on the RHS separately.

. ks VT K, . Thy ¢ ki
For the first term, we notice that ; = < % (- \sj NG )"/j-'rl J_f1> (Vii(s ]_H) Vj.:1(3j+1))

forms a martingale difference sequence with zero mean and |z;| < 2H. Hence, we can use
Lemma|B.7 and that for each k € K', with probability at least 1 — § we have that

k H
S ((Bitlsitai v = Vi) = (Vi) = Vi (s510) ) < VEREP log(1/3).

i=1 j=1
If we take the union bound over all k € [K] we have that with probability at least 1 — |K'|§

|K'| H

DN e < \/BIK[H31og(1/5).

i=1 h'=h

We now focus on the second term. Using Lemma[B.6 we get that

K'| H
Z Z i(shi,aki) < H+ H(H + 1) dimpg(F,1/T) + CH+/dimg (F, 1/T)|K'|3

and this happens with probability at least 1 — §/32. Hence, combining the upper and lower bound of

|K'|

> (@ sia) - Qi (55 af))

i=1

we get that

2"gap i | K'| < \/8|K'|H3log(1/6) + H + H(H + 1) dimg(F,1/T) + CH+/dimg(F,1/T)|K’| 5.

Solving for | K’| gives us that

CH* dim%(F,1/T)log® T log(TN (F,6/T?2)/6)1og(C(S x A,6/T2)T/6)

K'| <
Kl < 4rgap? s,

We are now ready to prove Lemma [B.2.

Proof of Lemma|B.2} Throughout this proof we condition on the event described in Lemma[B.9|which
happens with probability at least 1 — 2K§. Since gap,,;,, > 0 whenever we do not take the optimal
action, we have that either V;*(s;) — Q5 (s¥,ak) = 0 or V*(sy) — Q;(sF,ak) > gap,,;,. Our
approach is to divide the interval [0, H] into N = [log(H/gap,,;,)| intervals and count the number
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of V¥ (sk) — Q; (s¥,aF) that fall into each interval. Notice that for every V;*(s) — Q; (sF, a¥) that
falls into interval i we can get an upper bound of V;*(s) — @ (s¥,ak) < 2igap, .. and this upper
bound is essentially tight. Hence, we have that

1 [Zigapmin > V}:((Sﬁ) - QZ(SZ’ GZ) 2 2i_1gapmin] : 2igapmin

M-
1= T

K
Z Vil (sh) — Qi (sh,ar)) <
k=1

L [Vii(sh) = Qh(sh, ) > 2 gapyyi, | - 2" gapy,

-

s
I
-
ES
I

1

CH* dim% (F,1/T)log? T'log(TN(F,6/T?)/8) log(C(S x A,5/T?)T/8) igap

KMZ

P 4= gap
- XN: CH* dim%(F,1/T)log? T log(TN(F,8/T?)/6)10g(C(S x A,8/T*)T/6)
= 2'gap,iy
C’H4d1mE(f 1/T)log® Tlog(TN (F,8/T2)/6)1og(C(S x A,8/T?)T/6)
gapmln

where the first inequality holds by the definition of the intervals, the second due to the properties of
the indicator function, the third because of Lemma|B.9/and in the last two steps we just manipulate
the constants. [J

C Proof of Theorem

In this section, our main goal is to prove Theorem 3.2l We work with Assumption 2.4, We follow the
same regret decomposition as in Appendix

We first present a lemma that is crucial in bounding the regret of the algorithm.
Lemma C.1. If we pick

B = 4Hlog(2N(F,1/T) /) + 4/H (c + /H?/4log(4(K (K + 1) /5))) :
for come constant C and for h € [H|, then we have that with probability at least 1 — (K + 3)0

CH*1og(TN (F,1/T)/8) dim%(F,1/T)
24P,y '

Z Vi (sh) QZ(SZJL;CL)) <
k=1

We are now ready to state the regret bound of our algorithm.
Lemma C.2. There exists a constant C' and proper values of the parameter 3 of Algorithm|I such
that with probability at least 1 — [log T'le™™ — H(K + 3)4 the regret of the algorithm is bounded by
CH®log(TN (F,1/T)/8) dim%(F,1/T) N 16H?T

Regret( K
ceret(K) < 2aPy,in 3

+ 2.

The value of the parameter is

B = 4H?log(2N(F,1/T)/06) + 4/H (c + VHZ /4 log(4(K(K + 1) /5))) .

where N'(F,1/T) = arg maxpe(a N (Fn, 1/T).

In particular, the dependence of the regret in the time horizon T' is logarithmic.

Proof. Throughout the proof, we condition on the events described in Lemma[B.T] [C.T]which happen
with probability at least 1 — [log T'le™™ — H(K + 3)J.
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From Lemma[B.T we have that

K H
16H2
Regret(K ZZ gap;, ( i, alb) 3 ! + 2.
k=1h=1

We can bound the first term on the RHS using Lemma|C.T as follows

23°% eupnoh )~ 2303 (i (o) — Qo) < 2 OBINIE.UT)G) iy 7 1/T)

k=1h=1 k=1h=1 £8P min

This gives us the result.

We remark that the value of 5 we use in the main body is simply an upper bound on this value.

The only thing that we need to do now is to bound the number of rounds that we update our policy.
Since we are using exactly the same sensitivity score and update probability as in [RSWY21], this
follows from their result.

Lemma C.3. [KSWY2]] With probability at least 1 — §/32 for any fixed h € [H| we have that the
sub-sampled dataset ZF, k € [K| changes at most

Siax = C - log(TN (Fy, /6/(64T3))/8) dimp (Fp,,1/T) log*> T

times.

We are now ready to prove Theorem [3.2]
Proof of Theorem[3.2}

=The proof of this theorem follows by combining Lemma|C.2 and taking a union on the result of
Lemma|C.3]and setting the error probability accordingly. (]

C.1 Supporting Lemmas: Theorem 3.2]

In this section our goal is to prove the supporting lemmas of Theorem 3.2}

Recall that our approach is to modify the algorithm in [KSWY21] to work in this setting and use a
similar analysis as in Appendix [B] Unlike Appendix [B] where we appr0x1mate the optimal Q-function,
here we try to estimate the true transition kernel. Let Zf = {(s},, a},, V;",1 () }re(x—1) be the dataset

up to episode k and Z,’f the sub-sampled dataset. In each episode k, we update our policy whenever
we add an element in the dataset for some h € [H]. Recall that whenever we perform an update our
policy becomes:

QIICJ+1(530') =0,

VIl}H(S) =0,

Qf(s,a) = min{ry(s,a) + (Pf ([s,a), VF,1) + bf(s,0), H},
Vi (5) = max Qj (s, a)

for some ﬁff, b¥(-,-) that we will define shortly. We get the policy 7% (s) by picking greedily the
action that maximizes the estimate Q¥ (s, a).
The least-squares estimate of the model is
k 2
—arg min > ((PCIs s al) Vi) =) ook = Vil (o).

PePy,
k'=1

Dk+1
Py,
Recall the definition of the function class that we use in the derivation of our results.
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Definition C.4. Let V be the set all measurable functions that are bounded by H. We now let
f 8 x AxV — R and define the following set:

Fn = {f : 3P, € Py, so that f(s,a,V) = / Py (s']s,a)V(s")ds' ,V(s,a,V) €S x A x V} .
s
1

Recall that in this setting the norm of a function with respect to a dataset Z is

I1fllz = Z (f(sz7aZ,VZ(~))2.

2=(52,a2,V2(-))€2

Recall also that the bonus function is

bi(s,a) = sup 1fi(s,a, Vi () = fa(s,a, ViF ()]
flyfzefhimin{ﬂfl*fz\\ZAl}i JT(H+1)2}3<8

The parameter 5 will be defined later in a way that will ensure optimism.

First, we need to show that at for every k € [K], h € [H], the sub-sampled dataset approximates the
original one. Our approach is inspired by [KSWY21].

We define the following quantities

Chla) = {(flyfz) € Fn X Fn:|lf1 — f2||225 < a/lOO}
Ch(@) = {(f1. fo) € Fux Fiv:min{|f = folly T(H +1)%} < o}

@:(a) = {(fhfz) € Fn X Fn:|lfi — f2||22},§ < 100a}.

We also let
QZ(Saa) = sup |f1(s7a,V;f+1(~)) _fQ(Svaa th+1('))|
f1,f2€CF(B)
—k
by(s,a) = sup  |fi(s,a, Vi () = fa(s,a, Vi, ()]

fl»f2€6);(,3)

Our goal is to show that C} () C é}i(a) C di(a) with high probability. Let £F () denote the event
that this holds. We also denote by £ = N32_,EF(100™3). This event will show us that ZF is a good
approximation to ZJ'.

Notice that whenever this happens, it holds that b} (s, a) < b (s, a) < 5:(5, a).
The following lemma which is inspired by [KSWY?21] establishes that fact.
Lemma C.5. The probability that all the events EF happen satisfies
K H
Pr01fjﬁ>z1—&
k=1h=1

To prove Lemma|C.5 we need the following concentration inequality proved in [Fre75].

Lemma C.6. Let {Y;}icn be a real-valued martingale with difference sequence {X;};en. Let R be
a uniform bound on X;. Fix some n € N and let % be a number such that

SO EIX? Yo, Yioa] < 0%
i=1
Then, for all t > 0 we have that
t2/2
Pr(lY, = Yy| >t) <2 e e )
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Moreover, we need a bound on the number of elements that are in the sub-sampled dataset. This is
established in [KSWY?21].

Lemma C.7. [KSWY2]|] We have that with probability at least 1 —6 /(64T"), we have |§’,§| < 64T3/§
forall § > 0.

The subsequent lemma shows that, indeed, whenever £ }’j happens the sub-sampled dataset is a good
approximation of the original one. It was proved in [KSWY21].

Lemma C.8. [KSWY21|] Whenever the event 5,’f happens, it holds that

1 2 : 2 2 2 . 2
m”fl - f2||31}§ < min{]|f1 — f2||§;:,T(H+ 1)*} <10000||f; — f2\|z§7 if |[f1 — f2||zrg~ > 1003

and

min{|[fy — foll3,. T(H +1)*} < 100008, if ||fy — fal|%, < 1005.

To establish our result, we need the following lemma. The proof follows the approach of [KSWY21].
We present it here for completeness.

Lemma C.9. For any a € [3,T(H + 1)?], a fixed h € [H] and k € [K] we have the following
bound for the probability that all the events {E}, }i<i—1 happen and the last one does not happen

k—1
Pr ((ﬂ 5;;) 5,’:@)6) < 6/(3217).

Proof. Let Cy be the quantity the sensitivity in the sampling probability. We fix some h € [H]
throughout the proof.

We consider a fixed pair of functions f}., f? in the discretized set C(Fy,, \/d/(64T3)) and for i > 2
we let

Zi = max {14 = f2I% min{ll 3 — FlZ0 T(H + 1%} }.

We also define
L (fla) = fR(271)? 2 isadded to 2] and Z; < 20000000
“h ) .
Y= 0, zz_l is not added to Z;, and Z; < 2000000c
( }1(22_1) - f;%(zz_l))z otherwise

Let IF; be the filtration that Y; is adapted to. Our goal is to use Freedman’s inequality (i.e. Lemma|C.6)
for Y;. Notice that E[Y;|F;] = (fL(z~") — f2(z}~")). Now we focus on the variance of Y;. Notice
that if Pt = 1 or Z; > 2000000« then Y; is deterministic so Y; — E[Y;|F,_1] = Var[¥; —

E[Y;|F;_1]] = 0. For the other case, recall that

p.; = min{l, C’~sensitivity§;¢_1 7 (2})-1og(TN (F,\/8/64T3)/8)} = min{1, Cl-sensitivityZA;;_l 7. (zi)}
and

L N (f1(2) = f2(2))?
sensitivity z »(z) = min {f:}?;]—' min{[[fs — follz, T(H + 12} + B’ 1}
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Since Pt < 1 = C - sensitivity zi—1 fh(zg) < 1. We consider two cases. If Y; # 0 we can
h h_
see that Y; > E[Y;|F,] so |Y; — E[Y;]| < Y;. Moreover,

_ UG — ey
< Pt
(faCei ) = fir(=1)°
(12, D= falz, )2
Cisupy, f,e 7, min{||f117}2\\éi,f,T}(H+1)2}+5

_ GG~ ARG )2 mindlf — fallz-, T + 1%+ 5)
= Cr(fi G ) — R D)

= (min{llf1 = fol 7+ T(H + 1)} + 8) - 1/Cy

< 2000001a/Cy < 3000000c/C1

IN

Thus, we see that |Y; — E[Y;]| < 3000000cr/C7. On the other hand, we can see that if Y; = 0 then
|Eioq[Vi] = Yil = (fL(z7") — f2(2}7"))? and the inequality we derived above still holds.

For the variance, we can see that

2
Var[Y; — E[Y[F]|F;] = p., ! ( (a7 - 5(22_1))2> +(1=p51)-0

i—1
pzh

1
<

T opli-1
pzh

< 3000000 (f}(=i71) — f2(=i71)7 /Cy

(a7 = filz )"

where the first equality follows from the definition, the first inequality is trivial and the third one from
the inequality we derived above. Let k' be the maximum number < k& such that Z;, < 2000000c.
Summing up the above inequalities fori = 2,. .., k we get

k k'
S Varl¥; — BIVIFIF] = > VarlY; — E[¥i[F,][F,]
i=2 i=2
k/
3000000 i ie
< 7 Z(fﬁ(zh Y= fih)?
i=2
< 3000000« - 2000000
< o
_ (30000000)”
ST

where the the first equality follows from the fact that for i > &’ the random variable is deterministic,
the first inequality follows by the summation of the previous one and the second one by the fact that

ST = BRETY < = Fllzy < 2o
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2
We are now ready to use Freedman’s inequality (Lemma ) with R = %, o= %.
We get

k k./
Pr ( > (i —E[i[F)| = a/wo) = Pr | |Y (Vi —E[Vi[F])| > a/100
=1 i=1
(a/100)2/2
< _
< 2exp { (3000000c)2/C}, + a23000000/300C;

=2expq — &
20000(3000000 + 10000)

e { Clog(TN (Fn, \/3/64T3)/5) }

20000(3000000 + 10000)

e | CUOB(TN (Fi \/5T6AT)/5)?)
e 40000(3000000 + 10000)

< (8/64T?) /(N (Fn, \/6/64T3))>?
for some choice of C. Now we can take a union bound over all the functions in the discretized set

and conclude that with probability at least 1 — §/(6472) we have that

k

> (Vi — E[Y;[F.])

i=1

< /100

for all pairs of functions in this set. We condition on this event and on the event in LemmalC.7} We first
show that when this event happens, we have that C¥ (o) C (:’Zf(a). Consider f, f2 € CF(a). We know

that there exist f1, f5 € C(F, /0/(64T3)) x C(F,//(64T3)) with || f1 — f1llocs ||f2 — filloo <
\/0/64T3. Hence, we get that

2
151 = f3l1 < (I = Flllzg + 12 = fallzg + 112 = fllzg )

2
< (|f1 = follzp +2 5|z;§/(64T3)> < a/50

We now consider the Y;'s that are generated by f{, f5. It holds that || f{ — f5]|%, < /50 = || f] —
h
fé||ék,1 < a/50. Since the event £~ " happens it follows that min{|| f| — féHzék_1 JT(H+1)?} <
h h

100(r/50) = 2a < 200000000 = Zj, < 2000000cv. Thus, every Y; is exactly (f1(z:) — f5(21))?
multiplied by the number of times 2 is in the sub-sampled dataset. Hence, we get

k k
1 = f3l% = DY < D EYilFi] +a/100
1=2 1=2

< IIff = fall%e + @/100 < 3c/100

where the first inequality follows from the concentration bound we have derived and the other two
simply from the definitions of these quantities.

We now bound || fi — f2||%,. We have that
h

2
1f1 — f2\|2§§ < <||f{ = follze + 1A = fillzs + 11f2 - f£||§;f>

< (1f1 = fallze +2\/12] - V/5/(64T%))
< (Ifi = fallzx +2)* < (v/30/100 +2)* < a
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Hence, we have shown that C (o) C é}j(a). So in this case, the one inequality that define £F holds.

We shift our attention to the second inequality now. We will show the contrapositive of our claim,
. —k ~
ie if fi,fo & Cp(a) = f1, fo ¢ CF(a). Let f1, fo € F x Fp such that || f1 — f2l|zx > 100a.

We know that there exist f7, f4 € C(F,//(64T3)) x C(F,/d/(64T3)) with || f1 — f1||co, ||f2 —
FAlloo < 4/6/64T3. Hence, using the triangle inequality we get that

17 = £811Ze = (12 = allzs — 1fy = Fllzg — 12 — foll2)?
> (£ = fall 2 — 2/ 2F1/3/(64T9))?

= (V100a — 21/5/(64T2))% > 50

Again, consider the Y;’s that are generated by f7, f;. We want to show that || f] — f2|| . > 40a.

Assume towards contradiction that || f] — f4| |ZZAA < 40c. We consider three different cases.
h

First Case: || f] — fé”f«zﬁ < 2000000¢x. Similarly as before, we have that

k

11 = £l = D _Yi > EY;|Fi] - a/100
=2
> 50a — /100 > 40«

So we get a contradiction.

Second Case: || f{ — f3| @k,l > 10000cv. The contradiction comes directly from the fact that £ *
holds, so "
11 = fallZe = [1f1 = fall5e-2 > 100a
h h

this case (f1(zf) — f5(2F))? > 1900000« Since || f] — f2||2k . <1000000 = || f1— f2||2k L <

Third Case: ||f] — féHQZ,c,1 < 10000cx and || f1 — f5]|% 5> 2000000cx. We can directly see that for
h

1000000¢v. Thus, since o > 3 we can see that the sens1t1v1ty 1s 1 so the element will be added to the
sub-sampled dataset. Hence, ||f{ — f5||%. > (f] (2F) — f5(28))% > 40av.
h

Thus, in any case we have that || f{ — f§||2§k > 40a > «, so we get the result. O
h

We are now ready to prove Lemma|[C.5.
Proof of Lemma|C.5:
We know that for all k € [K], k # 1, h € [H] it holds that

Pr(EpER... &) —Pr(ERER ... EF) = Pr (ELEF ... &1 (ER)°)
— Pr (5}155 LT (P, £E (1007 8)) )
=Pr(ELER. .. &5 UL EF(100"B)°)
<> Pr(&i&R.. &N (EF(100"B)))

n=0

= > Pr(ELE7 ... & 1(EF(1007B))°) .

n>0,100" B<T (H+1)2

Thus, using Lemmawe see that Pr(E}E7 ... &5 1) —Pr(ELER ... EF) < 6/(32T2)(log(T(H +
1)2/8) +2) < §/32T.
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Hence, for any fixed h € [H| we get

K K
Pr <ﬂ 5}§> =1-) (Pr(&,&7.. .65 ") — Pr(EAER .. . EF))
k=1

k=1
>1—K(8§/32T) =1—6/(32H)

and by taking a union bound over h € [H| we get the result. O

Now that we have shown that the sub-sampled dataset approximates well the original one, we shift
our attention back to showing that our approach achieves optimism.

We first need a definition and a concetration lemma that is related to least-squares-estimators from
prior work.

Definition C.10. A random variable X is conditionally o-subgaussian with respect to some filtration
I if for all A € R it holds that E[exp(AX)] < exp(A\20?/2).

Lemma C.11 ([RVRI3], [AIS*20)). Let F = {Fp}p—0.1,... be afiltration, {(X,,Y},)}, measurable

random variables where X, ¢ X,Y, € R. Let F be a set of measurable functions from X to R

and assume that E[Y,|F,_1] = f*(X,) for some f* € F. Assume that {Y, — f*(X,)}p=1,.. is

conditionally o-subgaussian given ¥y, _y. Let fi = argmin ;5 Z;Zl (f(Xp) — Yp)2 and F(B) =
~ ~ 2

{f e F: Z;zl (f(Xp) — f(Xp))> < 5} Then, for any o > 0, with probability 1 — 6, for all

t > 1 it holds that f* € Fy(B4(6, ), where

B4(8, @) = 802 log (2N (F, ) /8) + 4tar (c + /o2 log(dt(t + 1) /5)) .

We are now ready to prove that our algorithm ensures optimism.
Lemma C.12. With probability at least 1 — 25, we have that for all h € [H],k € [K],s € S,a € A

Qh(s,a) = Qi*(s,a) < (Pa([s,a), Viia () = ViTEL () + 263 (s, a).
Moreover; it holds that Q% (s, a) > Qj (s, a).

Proof. Fix some h € [H],k € [K],s € S,a € A. Throughout the proof, we condition on the events
in Lemma|C.5 and Lemma|C.11. We assume that k is a round that we perform an update.

We define X = S x A x V, XF = (sk,af, VE (), YF = VE (s, ). We also pick F = Fy,
where F}, is defined in Definition Then, we see that E[Y*|F,_1] = f;(X}F), where f; is

the function that corresponds to the true model P, and we know that f; € Fj,. Recall that the
optimization problem we solve in Algorithm [1|for every round & we update our policy is

k
~ ) 2
P}]f = arg Igglpnh Z (<P('|5Z, aﬁ), V1~I3+1> - V}f+1(52+1)) .
ot

Based on the definition of F}, we can see that this is equivalent to
b 2
E_ : D D 1P g P
In = arg ;1611]2 Z (f(sha ay, Vh+1) - Vh+1(3h+1)) .
ot

Moreoever, Y} € [0, H],so ZF = Y}¥ — f;(XF) is H/2-conditionally subgaussian. Thus, if we pick
a=1/T and

BE = 4H?10g(2N (Fn, 1/T)/8) + 4k/T (c + /H?/4log(4(k(k + 1) /5)))

then Lemma|C.11 gives us that || f/ — j/‘ZlCHsz < BF. In particular, can pick
h

B =BE = 4H?10g(2N (F1,,1/T)/8) + AK/T (C + H?/4log(4(K (K + 1)/5)))
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and get a parameter that is independent of k. Moreover, Lemma|C.5
£ = F¥ll 2 < 1005 = 5.
This implies that for our bonus function we have that | f¥(s, a, ViELO) = fr(s,a, ViE L ()] <
b (s, a).
Hence, we have that
(PE([s,), Vi () = (PuCCls,a), Vi () = FE (5,0, ViEir) = fii(s,a, Vily)
|.]/c7;(8 a, Vthl) f}j(saaa fo+l)|
bk:
h

8, a).

IN A

Now we use the definition of Qf (s, a), Q7" (s, a) to get that

Qhi(5,a) < rh(s,a) + (P (]s.a), Vifs () + b (s,a)
< rh(s,a) + (Pu(']s,a), Vi1 (1)) + 2b5(s, @)
7 (s,0) = 75 (s,a) + (Pa(]s,a), Vit ()
Combining these two, we get that
Qh(s,a) = Qi*(s,a) < (Pu(ls,a), Vi1 () = VTt () + 20} (s, a)
which proves the first part of the result.

For the second part, notice that if Q¥ (s, a) = H then the statement holds trivially since Q} (s, a) < H.
So we can assume without loss of generality that Qf(s,a) = rf(s,a) + (PF(:|s,a), Vi (1)) +

b} (s, a). The Bellman optimality condition gives us that Q} (s, a) = 7} (s, a) + (P} (-]s,a), Vi 1 ().

Hence, we have that
Qfi(s,0) = Qh(s,a) = (PF([s,a), Vi1 ()) = (Pal:ls,a), Vi () + b (s, )
= (PE(]s,), Vi1 () = (Pa([s,0), Vi1 () + (Pa(:ls, @), Vi ()
— (Pu(ls,a), Vi1 () + b3 (s, @)
= (P (cls, @) = Pu(-]s, ), Vil () + (Ph(:ls, @), Vil () = Vi () + B (s, ).

Now from our previous discussion it follows that b} (s, a) + (]S}lf(|s, a) — Pu(-[s,a),ViF, () > 0.
Hence, it suffices to show that (P (-]s,a), V¥, (-) = V;*,,(:)) > 0. To do that, we can just prove
that V¥, (s') — Vi, (s)) > 0,Vs' € S. Since Vi, 1 (s') = Vi (s)) = 0,Vs’ € S we get that
Q% (s,a) > Q3 (s, a). Thus, if we combine this with the update rule for V;*, V;* we get the claim by
induction. O

Now that we have established the previous lemma, we need to bound the bonus that we are using in
every round. The issue is that we do not update our policy in every round.
To do that, we follow a similar approach as in Appendix
Lemma C.13. For every set K’ C [K| With probability at least 1 — 6, we have that
|K'| H
SN bii(syiap) < H+ H(H + 1) dimp(F,1/T) + CH\/dimg(F, 1/T)|K'|
i=1 h=1

where dimp (F,1/T) = maxye(g) dimp(Fp, 1/T).

Proof. We condition on the event described in Lemma[C.5] From the definition of the bonus function,
we have that for any k € [K]

bii(sh»ap) < Uy (sp, an) = sup f1(sh, ai) = fo(sh,ap)l-
||f1—f2\\;;§,§1005
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We bound Zfil l;’,j’i (s’fj , afj) for each h € [H] separately.

Given some ¢ > 0, we define K = {k € K’ : bE(sk ak) > €}, ie. the set of episodes in
K’ where the bonus function at h has value greater than e. Consider some & € K’. We denote
Ly =A{(sf,af, VF () 1 k € K}, Ly = |Ly], and N = Ly, /dimg(Fp,€) — 1. Our goal is to
show that there is some 2z} = (s§,af,Vi¥ () € L), that is e-dependent on at least N disjoint

subsequences in Z}’f NLpy.

To do that, we decompose Ly, into IV + 1 disjoint subsets and we denote the j-th subset by Ly, ;.
We use the following procedure. Initially we set £, ; = ) for all j € [N + 1] and consider every
z’; € Ly in a sequential manner. For each such z,’f we find the smallest index 7,1 < 7 < N, such
that z} is e-independent of the elements in £}, ; with respect to JF,. If there is no such j, we set
j = N + 1. Then, we update Ly, ; < Ly ; U zF. Notice that after we go through all the elements of
Ly, we must have that £y, ny41 # (). This is because every set Ly ;,1 < j < N, contains at most
dimpg (Fp, €) elements. Moreover, by definition, every element z,’j € Ly, n+1 is e-dependent on at
least N disjoint subsequences in Ly,.

Furthermore, since Eﬁ(sﬁ,aﬁ) > ¢ for all z;’f € L there must exist fi, fo € JFp such that
|f1(s§,aZ,th+1(-)) - fZ(SZvaZvth+1('))‘ > eand [|f1 — f2||221}: < 1003. Hence, since
28 € L ny1 is e-dependent on N disjoint subsequences £, and for each such subsequence L,
by the definition of e-dependence, it holds that || fi — f2||% > € we have that
Ne* < ||fy = fall%r <1008
h
= (Ly/dimp(Fp,€) — 1)e* < 10083

e (W
€

+ 1> dlmE(.Fh, 6).

We now pick a permutation by > by > ... > bjx| of the bonus functions {bf (s, af)}xe k. For all
br > 1/|K’| it holds that

1 _ 1
k< ( %Sﬂ + 1> dimg (Fp, by) < ( %(2)5 + 1) dimg (Fp, 1/K') =
2 k

- i —1/2
<(—- v/ )
b < (dimE(}'h,l/K’) 1) 1005

Moreover, notice that we get by definition that b < H + 1. Hence, we have that

| K|
ki ki ki ki ki ki ki ki ki
th(sh’ah): Z by (sp'sap’) + Z by’ (sy'sap’)
i=1 iiby, <1/|K’| itby, >1/| K|
< K 1)K + > B (st )
itbg, >1/|K’|,i<dimp (Fn,1/|K’|)
+ > by (s~ apy’)

i, 21/ | K/ || K| >i>dimp (Fr,1/|K'])

i —1/2

<1 H+1)di 11K’ -1 100

<1+ (H + 1) dimg(Fy, 1/|K']) + N Z / <dimE(]—'h,1/K’|) ) V1005
|K'|>i>dimg (Fr,1/|K’])

<1+ (H + 1) dimp(Fn, 1/|K'|) + C\/dimg(Fp, 1/|K'[)| K| 3
<1+ (H+1)dimg(Fp,1/T) + C\/dimg(Fp,,1/T)|K’|3

for some constant C' > 0, where the second to last inequality can be obtained by bounding the
summation by the integral and the last one by the definition of the eluder dimension. We get the final
result by summing up all the inequalities over H. O
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The next step in our proof, is to bound the number of episodes that our policy can be worse than the
optimal one by 2"gap, ;. , for all n € N. This is inspired by [HZG21].

Lemma C.14. [fwe pick
B = 4H?log(2N(F,1/T) /) + 4/H (c + VH? /4 log(4(K(K + 1) /5))) :

thenfor every h € [H] andn € N, with probability at least 1 — (K + 3)0, we have that

CH*1og(TN (Fn,1/T)/8) dim% (F, 1/T)

Z ]1 Vh Sh (SZaah) > 2ngapm1n} < Angap?

Proof. We keep h fixed.
We denote by K the set of episodes where the gap at step h is at least 27, i.e.

= {k E Vh (Sh) h (wa a’h) 2ngapmin} .

The goal is to bound the quantity Z‘l (Qh (ki aki)y — Qr (sfi, al )) from below and above

with functions f; (| K’|), f2(]K’|) and then use the fact that f1(|K’|) < f2(|K’|) to derive an upper
bound on |K’|.

For the lower bound, we have that

| K| K|
Z(Qii(sk ) Qh (Sh’ah )) 24 (Qh (Sh’ﬂ—h<sh ) — Qh (3h7a]1z ))
|K'|
> 3 (Qilsh milsh)) - Q1 (s )
Ilz'l
=3 (Vi) — Qi (sh )
gapmian’\

where the first inequality holds by the definition of the policy 7, the second one follows because
Qﬁi(~, -) is an optimistic estimate of Q7 (-, ) which happens with probability at least 1 — 2§ (see
Lemma(C.12) and the third one by the definition of &;.

We get the upper bound on this quantity in the following way. For any &' € [H] we have

QF:(shryak) = Qi (st af) <Y Pur(s'lshr, af ) Vi1 (8)) 4 rwe (shs afir) + 265 (shr, ak) — Qpt (sf, af)
s'eS
= (Pur (I8, afs), Viboy — Vibhy) + 265 (spo ap))

= Vi1 (1) = Vidhy (i) + € + 265 (shr, ajr)

k k k k k k E (kK
= Qhg1 (k41 @ g1) — Qi1 (Shig1, argr) + €y + 265 (shr, )

where we define ¢f}, = (Pi (-|s},, aj ), Vib o1 = Viihy) — (Vi i (shn) — Vitka (shiyy)) and the
inequality follows from Lemma|C.1 2

We now take the summation over all k € |K’|,h < b/ < H and we get

|K'| H |K'| H |K'| H
zz(Qh af) — Qr (st af >_ZZeh,+ZZb’“,
i=1 h'= i=1 h'= 1=1 h’=h

We will bound each of the two terms on the RHS separately.
For the first term, we notice that z; = < % (- |sJ ,a; ko, V]]fH - V;_rf{>

(ij_l( J +1) - V;I{ (sf;_l)) forms a martingale difference sequence with zero mean and
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|z;| < 2H. Hence, we can use Lemma@and that for each k& € K’, with probability at least 1 — §
we have that
k

SO (Pt .V — V)~ (Vi 68) — VI (81.)) ) < /SRR ToR(1/5).
=1 5=1
If we take the union bound over all k € [K] we have that with probability at least 1 — |K’|§

|K'| H

> Z M < \/8|K'|H31log(1/9).

1=1 h'=

We now focus on the second term. Using Lemma|C.13 we get that
|K'| H
SN bpisiag) < H+ H(H + 1) dimg(F, 1/T) + CH+/dimg(F,1/T)| K|
i=1 h'=h

and this happens with probability at least 1 — §. Hence, combining the upper and lower bound of
|K’|
ki(oki ki Tk (ki ki
Z (Qh (sp'sap') — Q' (sy' ay )>
i=1
we get that

2"gap, . |K'| < /8|K'|H3log(1/8) + H + H(H + 1) dimg(F,1/T) + CH+/dimg(F,1/T)|K'|3

CH*log(TN(F,1/T)/8) dim2%(F, 1 /T)
4ngap? ;.

— |K'| <

We are now ready to prove Lemma|[C.T.

Proof of Lemma[C.I; Throughout this proof we condition on the event described in Lemma [C.T4]
which happens with probability at least 1 — (K + 3)Jd. Since gap,,;,, > 0 whenever we do not take the
optimal action, we have that either V" (si) — Q5 (s¥, af) = 0 or Vi* (si,) — Q5 (85, af) > gap,,;,. Our
approach is to divide the interval [0, H] into N = [log(H/gap,,;,)] intervals and count the number
of Vi*(sk) — Q;(sF, af) that fall into each interval. Notice that for every V;*(sx) — Q5 (s, af) that
falls into interval ¢ we can get an upper bound of V;* (i) — Q; (¥, a¥) < 2'gap, . and this upper
bound is essentially tight. Hence, we have that

i1
> 11>

K
Z (szk(s Qh(8h7 a‘h)) S 1 [2igapmin Z V;(Sﬁ) - QZ(S’;, CLE) Z 2i_1gapmin] : 2igapmin
k=1

1[Vii(sp) — Qn(sp.ap) > 2" gap .| - 2'gap i,

-

&
Il
-
B
Il

1
CH® log(TN(F,1/T)/d) dim§(F,1/T)
4= 1gapy,;,
C'H*log(TN (F,1/T)/6) dim%(F,1/T)
2'gap,;,
CH4 log(TN (F,1/T)/8) dim%(F,1/T)
£aPyin

2'gap,i,

AMZ

@
Il
-

I
M=

-
Il

where the first inequality holds by the definition of the intervals, the second due to the properties of
the indicator function, the third because of Lemma and in the last two steps we just manipulate
the constants. []
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