A Missing privacy proofs

A.1 Proof of

We restate the lemma for convenience.

Lemma 2.3. Let My : G — M, be a randomized algorithm that is (e, 6)-DP. Suppose B C M,
is a set of "bad outcomes” with Pr [M,(G) € B] < ¢* for any G € G. Further let M : G x
My — My be a deterministic algorithm such that for every fixed "non-bad" m; € M; \ B
we have Ms(G,m1) = My(G',my) for adjacent G,G' € G. Then the composed mechanism
G > G~ My(G,M;(G)) € Myis (¢,6 + 6*)-DP.

The proof is routine:

Proof. Fix G,G’ € G and a set of outcomes Sy € M. Define

St :={my € My \ B: My(G,mq) € Sa}.
By assumption we have

St ={m1 € My \ B: My(G',mq) € Sa}. 4)
Now we can write

Pr [MQ(G,M1(G)) S Sg} < Pr [Ml(G) S B} + Pr [Ml(G) ¢ B and MQ(G7M1(G)) S SQ]
< 6"+ Pr[My(G) € S]]

DP
< 0 4 e -Pr[Mi(G') eS| +46

@ 5 4 o Pr[M(CY) & B and My(G', My (G)) € So] + 6
<6 et Pr[Mo(G', Mi(G')) € So] + 6.

A.2 Proof of

We restate the theorem for convenience.

Theorem 4.4. By a state let us denote the noised-agreement status of all edges in E(G) U E(G') and
heavy/light status of all vertices. Under a fixed state, consider|Line 4 as a deterministic algorithm
that, given G or G', outputs the final clustering. Then this clustering does not depend on whether the
input graph is G or G', except on a set of states that arises with probability at most %5 (when steps

before are executed on either of G or G').

Let us analyze how adding a single edge (z, y) can influence the output of Namely, we will
show that it cannot, unless at least one of certain bad events happens. We will list a collection of
these bad events, and then we will upper-bound their probability.

First, if = and y are not in noised agreement, then (z, y) was removed in[Line 2|and the two outputs
will be the same. In the remainder we assume that = and y are in noised agreement. Similarly, we can
assume that z,y € H (otherwise they cannot be in noised agreement).

If = and y are both light, then similarly (z,y) will be removed in[Line 4]and the two outputs will be
the same.

If = and y are both heavy, then (z,y) will survive in G. 1t will affect the output if and only if
it connects two components that would otherwise not be connected. However, intuitively this is

unlikely, because z and y are heavy and in noised agreement and thus they should have common
neighbors in G. Below li we will show that if no bad events (also defined below) happen,
then z and y indeed have common neighbors in G.

If = is heavy and y is light, then similarly (x, y) will survive in G, and it will affect the output if and
only if it connects two components that would otherwise not be connected and that each contain a
heavy vertex. More concretely, we claim that if the outputs are not equal, then y must have a heavy

neighbor z # x (in G) that has no common neighbors with x (except possibly y). For otherwise:
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* if y has a heavy neighbor z # x that does have a common neighbor with z (that is not y),
then x and y are in the same component in G regardless of the presence of (z,y),

« if y has no heavy neighbor except z, then (as light-light edges are removed) y only has at
most x as a neighbor and therefore (x, ) does not influence the output.
Let us call such a neighbor z a bad neighbor. Below (Lemma A.4) we will show that if no bad events
(also defined below) happen, then y has no bad neighbors.

Finally, if x is light and y is heavy: analogous to the previous point. We will require that  have no
bad neighbor, i.e., neighbor z # y that has no common neighbors with y.

Bad events. We start with two helpful definitions.

Definition A.1. We say that a vertex v is TV-light (Truly Very light) if [(v) > (A + N)d(v), i.e., v
lost a (X + X')-fraction of its neighbors in|[Line 2}

Definition A.2. We say that two vertices u, v TV-disagree (Truly Very disagree) if |N (u) AN (v)| >
(B8 + B) max(d(u), d(v)).

Recall from [Section 3|that we can set \' = 5/ = 0.1.

Our bad events are the following:

1. x and y TV-disagree but are in noised agreement,
2. x is TV-light but is heavy,

3. the same for y,

4. x € Hbutd(x) < T,

5. the same for y,

6. foreach z € N(y) \ {z,y}:

6a. y and z do not TV-disagree, and z is TV-light but is heavy, (or)
6b. y and z TV-disagree, but are in noised agreement.

7. similarly for each z € N(z) \ {z,y}.

Recall that we can assume that x,y € H, so if bad event 4 does not happen, we have
d(z) > Ty 5)

and similarly for y and bad event 5.

Heavy-heavy case. Let us denote the neighbors of a vertex v in G by N (v); also here we adopt the
convention that v € N (v).

Lemma A.3. If v and y are heavy and bad events 1-5 do not happen, then IN(z) "N (y)| >3, ie.,
x and y have another common neighbor in G.

Proof. Recall that we can assume that  and y are in noised agreement (otherwise the two outputs
are equal). Since bad event 1 does not happen, x and y do not TV-disagree, i.e.,
IN(z)AN(y)| < (B + f) max(d(x), d(y)) -
From this we get min(d(z),d(y)) > (1 — 8 — ') max(d(z),d(y)) and thus d(z) + d(y) =
min(d(z),d(y)) + max(d(z), d(y)) > (2 = § — p') max(d(z),d(y)) and so
B+p

25—
Since z is heavy but bad event 2 does not happen, x is not TV-light, i.e., [(z) < (A + X)d(z).

Moreover, [(z:) = |N(z) \ N(z)| because z is heavy (so there are no light-light edges incident to it).
We use bad event 3 similarly for y.

IN(z)AN(y)| < (d(z) +d(y)) -
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We will use the following property of any two sets A, B:

Al + B - [AAB

|ANB| = 5

Taking these together, we have

=
=
)
2
s
v

> [N(2) N N(y)| = IN(2) \ N(2)| — [N (y) \ N(y)|
d(x) +d(y) — [N (z) AN (y)|

- . ~ 1)~ 1(y)

> 1200 dle) + d(w) — O+ X)(dla) + dlw)
(18P e

— (52575 — 2= x) @) + dty)

231

where the last inequality follows since

1-p5-4 ,_1-02-01
£ P N> " 0.2-0.1=0.
5 S A=A 5 0.2—-01=0.0>0

and as, by (), we have d(x) + d(y) > 271, and 7T} is large enough:

1.5

=55\ _
= AT A

T > (6)

Heavy-light case. Without loss of generality assume that z is heavy and y is light. Recall that a

bad neighbor of y is a vertex z € N(y) \ {z,y} that is heavy and has no common neighbors with 2
(except possibly y).

Lemma A4. If x is heavy, y is light, and bad events do not happen, then y has no bad neighbors.

Proof. Suppose that a vertex z € N (y) \ {x,y} is heavy; we will show that z must have common
neighbors with z.

Since z € N(y), we have that i and z must be in noised agreement (otherwise (y, z) would have
been removed). Since bad event 6b does not happen, y and z do not TV-disagree, i.e.,

IN(Y)AN(2)| < (B + ') max(d(y), d(z))
which also implies that d(z) > (1 — 8 — 8")d(y).

Since bad event 6a does not happen, and y and z do not TV-disagree, and z is heavy, thus z is not
TV-light, i.e., I(z) < (A + X)d(2).

As in the proof of since bad events 1 and 2 do not happen, we have

IN(z)AN(y)| < (8 + ') max(d(x), d(y)),
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which also implies that d(z) > (1 — 8 — ")d(y) and I(z) < (A+ A)d(x). Similarly as in that proof,
we write

IN(2) NN (2)] > [N(z) N N(2)| = [N(2) \ N(2)| = [N (2) \ N(2)|
d(z) +d(z) — [N (z) AN (2)|

= ) —U(z) — 1(2)
5 =) +d(z) - |N(x)A2N(y)\ —INWANG e — 1)
s @) +d(z) - (ﬂ;ﬂ')(d(x) @) 4 ) () + d(2)
= (15— 20 4y DDA

(1 - - 4 x A= 8= 2
>0-p-p 204w 2

>2,

where the second-last inequality follows as, by (), we have d(x), d(y) > T4, and the last inequality
follows because

1-8-8-2A+XN)>1-02-01-2-(02+0.1)>0.1>0
and 7T is large enough:
2-2
(1=B=F=20+X)2-8-5)

T >

(7
O

Bounding the probability of bad events. Roughly, our strategy is to union-bound over all the bad
events.

n c/2
Fact A5. Let A,c,d > 0. Ifd > : (A‘; ) then %exp(—A -d) < %.

Proof. A straightforward calculation. O

Claim A.6. The probability of bad event 1, conditioned on bad events 4 and 5 not happening, is at
most §/8.

Proof. Start by recalling that by (8), d(z), d(y) > T1. We have that the sought probability is at most

2 £

where we use £ to denote the magnitude of & , i.e.,

£ = max (1 7\/max(d(x), d(y)) | ln(l/éagr)> .

Pr [£,,, < —B - max(d(x),d(y))] < 5 exp <_ B max(d(x), d(y)))

)
€agr

We will satisfy both

S oD~ max(d(z), d(y)) < §
and
Lo ( Cage - max(d(z), d(y)) ) s
277\ /max(d(z), d(y) - (/0 ) 8

For the former, by applying [Fact A.5|(for ¢ = 8, A = 3’ and d = max(d(z), d(y))) we get that it is
enough to have max(d(z),d(y)) > m(gﬂ’ which holds when T7 is large enough:
7> In(4/0) .
BI

®)
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For the latter, we want to satisfy

1 agr 3 d(x),d
Lo (w8 @@ d) | 6
2 /11 Gugs) s
Use[Fact A.5|(forc =8, A = W?T%gx) and d = \/max(d(z),d(y))) to get that it is enough to
have

In(4/6) - v - /In(1/04er)
max(d(z), d(y)) > —T er
agr
which is true when 77 is large enough:
2
T, > (W) In(1/6agr) - 9)
€agr * 5
O

Claim A.7. The probability of bad event 2, conditioned on bad events 4 and 5 not happening, is at
most 6/32.

Proof. Start by recalling that by (3), d(xz) > Ti. If = is TV-light but heavy, then we must have
Y, < X - d(z). We have that the sought probability is at most

L (A1)

and by (withe =32, d=d(z)and A = ’\;'6) this is at most /32 because d(x) > T} and
T is large enough:

o 8In(16/6)

12— (10)

O
Claim A.8. The probability of bad event 4 is at most §/32.
Proof. For bad event 4 to happen, we must have Z, > Ty —T; = w; as Z, ~ Lap(8/e), this
happens with probability 3 exp(—In(16/4)) = &/32. O
The following two facts are more involved versions of

oA

Fact A9. Let A,d > 0. Ifd > “22F5) gron Lexp(—A-d) < 2.
Proof. We use the following analytic inequality: for o,z > 0, if z > 1.61In(«), then z > In(ax).

We substitute T = A-d gnd o= %4. Then by the analytic inequality, A - d > In (%d). Negate and
then exponentiate both sides. O

2.8 (1+In( -2
Fact A.10. Ler A,d > 0. If /d > M, then %exp(fA . \/&) < E%r

Proof. We use the following analytic inequality: for o,z > 0, if © > 2.8(In(«) + 1), then z >
21In(azx). We substitute = Av/d and o« = ﬁ. Then by the analytic inequality, A - v/d > In (42).
Negate and then exponentiate both sides.

O

Claim A.11. Forany z € N(y) \ {«, y}, the probability of bad event 6a for z, conditioned on bad
events 4 and 5 not happening, is at most ﬁ(v)'
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Proof. The proof is similar as for|[Claim A.7|but somewhat more involved as d(y) appears also in the
probability bound.

When 2 is TV-light but heavy, we must have Y, < —X’ - d(z). When y and z do not TV-disagree, we
have d(z) > (1—8—p")d(y). Thus, if bad event 6a happens, we musthave Y, < —X\-(1—8—73")d(y).
Thus the sought probability is at most

pun<_w.@_ﬁ—ﬁm@n:;WPCA“u—ﬁ;amwwﬁ_

By|Fact A.9|(invoked for d = d(y) and A = M), this is at most ﬁ(y) because d(y) > T1
by (5) and 7} is large enough:

4-8

N-(1-B—F)-¢

T

v

(11)
O
Claim A.12. Forany z € N(y) \ {z,y}, the probability of bad event 6b for z, conditioned on bad

events 4 and 5 not happening, is at most 8%@).

Proof. The proof is similar as for|[Claim A.6|but somewhat more involved as d(y) appears also in the
probability bound. Start by recalling that by (3)), d(y) > 71. We have that the sought probability is at

most
B’ - max(d(y), d(Z))>
&

1
PrlEy. <~ max(d(y). d(2)] < o
where we use £ to denote the magnitude of £, ., i.e.,

£ — max (1 vy/max(d(y), d(2)) -1n(1/5agr)> .

b
€agr

We will satisfy both

%eXp(—B’ -max(d(y), d(2))) < %GXP(—ﬁ' ~d(y)) < 8d(5(y) (12)
and
L (a8 max(d(y), d(z)) Lo cow B Vdly) g
2 p< 'y\/max(d(y),d(z)) ~ln(1/6agr)> = 2 p( Y/ In(1/6agr) > = 8d(y) ()

For the former, by applying (for A = " and d = d(y)) we get that (I2) holds because
d(y) > Ty and Ty is large enough:

1.61n (%)
,ﬂ’
T > — 5 (14)
For the latter, by applying |[Fact A.10|(for A = \/TgTL;) and d = d(y)) we get that (13) holds
v4/In agr
because d(y) > Ty and T} is large enough:
2
2 2v+/In(1/8agr)
28 <1+1n (ﬁ)) 28 (1"‘111 <’Y\/—5€agrﬂ/>)’}/\/ln(1/5agr)

T > = 15)

A €agr * B
O

Now we may conclude the proof of We use the property that if A, B are events,
then Pr[AU B] < Pr[A] 4+ Pr[B | not A] (with A being bad events 4 or 5). By the
probability of bad events 4 or 5 is at most 6 /16. Conditioned on these not happening, bad event 1
is handled byand bad events 2-3 are handled by these incur §/8 + 2 - §/32,
in total §/4 so far. Next, there are d(y) bad events of type 6a (and the same for 6b), thus we get

2-d(y) - %(u) =4/4 by |C1aims Al 1| and |A.12|; and we get the same from bad events 7a and 7b.
Summing everything up yields %5 . |
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B Proofs Missing from
B.1 Proof of[Lemma 5.1]

First, we prove the following claim.

Lemma B.1. Let 8L, BU € RYXY and \E,\U € RY,, such that BU > BL and \U > L. Let E,p,
be a subset of edges. Then, the following holds: -

(A) Ifvis light in ALG-CC(BYU, NV, E,p), then v is light in ALG-CC(BE, \E, Ep).
(B) If v is heavy in ALG-CC(BE, \L, Eypp), then v is heavy in ALG-CC(BU,\U, E,,,).

(C) If an edge e is removed in ALG—CC(ﬂT,AT,Erem), then e is removed in
ALG-CC(BL AL Een) as well.

(D) If an edge e remains in ALG—CC(ﬁiL7 AL, Eye), then e remains in ALG—CC(BT, AU, Erem)
as well.

Proof. Observe that |N(u)AN(v)] < BTU’U max{d(u),d(v)} implies |N(u)AN(v)| <
BTU’U max{d(u),d(v)} as ﬂiLw} < BfUuyv. Hence, if v and v are in agreement in
ALG—CC(ﬂT, AL, Eiem), then u and v are in agreement in ALG-CC(W, AU, E.em) as well. Simi-
larly, if u and v are not in agreement in ALG-CC(ﬁiU7 A\, Eiem), then v and v are not in agreement
in ALG—CC(BT, A E.em) as well. These observations immediately yield Propertiesand (B)

To prove Properties and observe that an edge e = {u, v} is removed from a graph if u
and v are not in agreement, or if u and v are light, or if e € E,. From our discussion above
and from Property |(A)} if e is removed from ALG—CC(BT]7 AU, Eiem), then e is removed from

ALG-CC(BL, AL, Erpn) as well. On the other hand, e ¢ Eep, remains in ALG-CC(BL, AL, Erp) if
wand v are in agreement, and if u or v is heavy. Property [(B)|and our discussion about vertices in

agreement imply Property [(D)['] O
As a corollary, we obtain the proof of
Lemma 5.1. Let BT,ﬁT] S Rgoxv and /\7, AU e R‘Z/O such thatBT] > ﬁiL and \U > \L.

(i) If uand v are in the ﬂmﬁluster of ALG-CC(BT, /\7, Eenm), then w and v are in the same
cluster of ALG-CC(BY, ANV E,op).

(ii) If uw and v are in diﬁ?zntfclusters of ALG—CC(,BTJ, )\T], Eyem), then v and v are different
clusters of ALG-CC(BL, AL, E,p).

Proof. (i) Consider a path P between v and v that makes them being in the same
cluster/component in ALG-CC(B8%, AL, Erer). Then, by P remains

in ALG-C&(@)\T, Eim) as well. Hence, u and v are in the same cluster of
ALG-CC(BY, AV, Eerm).

(ii) Follows from Property [(D]|by contraposition.

B.2 Proof of[Lemma 5.3|

We begin by proving the following claim.

! Also, by contraposition, Property @follows from Property and Property @follows from Property((A),
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Lemma B.2. Let ALG-CC’ be > a version of ALG-CC that does not make singletons of light vertices
on ILine 4| oflAlgorithm 2| Let B € RZOXV and \ € IR‘Z/O be two constant vectors, i.e., 3 = 31 and
X = M. Assume that 58 + 2\ < 1. Then, it holds

cost(ALG-CC'(B, X, E<r)) < O(OPT/(BA)) +O(n-T/(1 — 4B)%),

where OPT denotes the cost of the optimum clustering for the input graph.

Proof. Consider a non-singleton cluster C' output by ALG-CC’ (3, A, ). Let u be a vertex in C. We
now show that for any v € C, such that u or v is heavy, it holds that d(v) > (1 — 45)d(u). To that
end, we recall that in [CALM™21]] (Lemma 3.3 of the arXiv version) it was shown that

|IN(u)AN(v)| < 48 max{d(u),d(v)}. (16)

Assume that d(u) > d(v), as otherwise d(v) > (1 — 43)d(u) holds directly. Then, from|Eq. (16)|we
have

d(u) — d(v) < [N()AN(v)] < 4Bd(u),

further implying
d(v) = (1 —48)d(u).

Moreover, this provides a relation between d(v) and d(u) even if both vertices are light. To see
that, fix any heavy vertex z in the cluster. Any vertex u has d(u) < d(z)/(1 — 4) and also d(u) >
(1 — 48)d(z). This implies that if v and v belong to the same cluster than d(u) > (1 — 4/3)%d(v),
even if both u and v are light.

Let E<r be a subset (any such) of edges incident to vertices with degree at most 7. We will show
that forcing ALG-CC’ to remove E<7 does not affect how vertices of degree at least T'/(1 — 43)3
are clustered by ALG-CC’. To see that, observe that a vertex = having degree at most T" and a vertex
y having degree at least 7/(1 — /3) + 1 are not in agreement. Hence, forcing ALG-CC’ to remove
E <7 does not affect whether vertex y is light or not.

However, removing E<p might affect whether a vertex z with degree T'/(1 — 8) < T/(1 —48) is
light or not. Nevertheless, from our discussion above, a vertex y with degree at least 7'/(1 — 43)? is
not clustered together with z by ALG-CC’(3, \, 1), regardless of whether z is heavy or light.

This implies that the cost of clustering vertices of degree atleast 7'/ (1—4(3) by ALG-CC'(8, A, E<r)
is upper-bounded by cost(ALG-CC’(B, A, 0)) < O(OPT/(BX)). Notice that the inequality follows
since ALG-CC’(3, \,0) is a O(1/(B\))-approximation of OPT and 3 < 0.2.

It remains to account for the cost effect of ALG-CC'(3, A, E<r) on the vertices of degree less than
T/(1 — 4B)3. This part of the analysis follows from the fact that forcing ALG-CC’ to remove E<r
only reduces connectivity compared to the output of ALG-CC’ without removing E<r. That is,
in addition to removing edges even between vertices that might be in agreement, removal of E<r
increases a chance for a vertex to become light. Hence, the clusters of ALG-CC’ with removals of
E<7 are only potentially further clustered compared to the output of ALG-CC’ without the removal.
This means that ALG-CC’ with the removal of E<r potentially cuts additional “+” edges, but it
does not include additional “-” edges in the same cluster. Given that only vertices of degree at most
T/(1 — 43)3 are affected, the number of additional “+” edges cutis O(n - T/(1 — 413)3).

This completes the analysis. O

Lemma 5.3. Let[Algorithm 1| be a version of| that does not make singletons of light

vertices on|Line 4| Assume that 53 +2)\ < 1/1.1 and also assume that 3 and X are positive constants.
With probability at least 1 — n=2, |Algorithm I| provides a solution which has O(1) multiplicative

and O (n . (logn + M) additive approximation.

€ min(1,e?)

Proof. We now analyze under which condition noised agreement and ] (v) can be seen as a slight
perturbation of 5 and A. That will enable us to employ and[B.2]to conclude the proof of
this theorem.
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Analyzing noised agreement. Recall that a noised agreement states
|IN(w)AN(v)| + Euv < B - max(d(u), d(v)).
This inequality can be rewritten as
_ Eu,v
B - max(d(u), d(v))

As a reminder, &, ,, is drawn from Lap(C,, , - v/max(d(u),d(v)) In(1/5)/€agr), where C, , can

be upper-bounded by C' = /4€pgr + 1 + 1. Let b = C - /max(d(u),d(v))In(1/0)/€agr. From
[Fact 2.5 we have that

|N(u)AN(v)| < <1 ) B - max(d(u),d(v)).

Pr{|€uy| >5-b-logn] <n™°.

Therefore, with probability at least 1 — n~5 we have that

Euw < 5-logn - C - y/max(d(u),d(v))In(1/5) __5-logn- C - /In(1/0)
ﬁ . max(d(u), d(’U)) o €agr * B ! max(d(u), d(’l})) €agr * 5 : max(d(u)7 d(v))

Therefore, for max(d(u), d(v)) > 2500-C% log” n1og(1/9) e have that with probability at least 1 —n >

= 32 ‘figr
it holds
gu,v

1= B - max(d(u),d(v))

€ [9/10,11/10].

Analyzing noised [(v). As a reminder, [(v) = I(v) + Y,, where Y,, is drawn from Lap(8/¢). The
condition {(v) > Ad(v) can be rewritten as

I(v) > (1 - A;V(“U )) ().

Also, we have

401
Pr {|YU| > 0 ogn} <n°.
€

Hence, if d(v) > % then with probability at least 1 — n~° we have that

Y,
Ad(v)

€[9/10,11/10].

Analyzing noised degrees. Recall that noised degree d(v) is defined as d(v) = d(v) + Z,, where
Z, is drawn from Lap(8/¢). From we have

401
ogn} <n7°.

€

Pr {|ZU| >
Hence, with probability at least 1 — n~>, a vertex of degree at least Ty + 401log n/e is in H defined
on|[Line 1|of [Algorithm 1l Also, with probability at least 1 — n~° a vertex with degree less than
Ty —40logn/eisnotin H.

Combining the ingredients. Define

400logn 2500 - C? - log® n - log(1/)
T' = max ( SRR 5. a2

agr

Our analysis shows that for a vertex v such that d(v) > T” the following holds with probability at
least 1 — 2n75:

(i) The perturbation by &, ,, in|Definition 3.1|can be seen as multiplicatively perturbing Bu,v
by a number from the interval [—1/10, 1/10].

(ii) The perturbation of I(v) by Y, can be seen as multiplicatively perturbing \, by a number
from the interval [—1/10, 1/10].
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LetT =Ty + 401%. LetTy > T + 401%. Note that this imposes a constraint on 77, which is

401 8log(16/d

Then, following our analysis above, each vertex in H has degree at least 7", and each vertex of degree
atleast T"is in H. Let E<7 be the set of edges incident to vertices which are not in H; these edges
are effectively removed from the graph. Observe that for a vertex v which do not belong to H it is
irrelevant what f3,, . values are or what A, is, as all its incident edges are removed. To conclude the

proof, define 37 = 0.9-8-1,80 =1.1-8-T, AL =0.9-XA-T,and AU = 1.1- A - . By|Lemma 5.2
and Properties[(1)] and [(i1)] we have that

cost(Algorithm 1[) < cost(ALG-CC(BL, XL, E<7)) 4 cost(ALG-CC(BY, \U, E<r)).
By the latter sum is upper-bounded by O(OPT/(B\)) + O(n - T/(1 — 43)3). Note that
Lormima B2

we replace the condition 58 + 2 in the statement of 2lby 58 + 2A < 1/1.1 in this lemma
so to account for the perturbations. Moreover, we can upper-bound 7" by

logn  log®n -log(1/6)
e (2 - min(1, €2)

<o

In addition, all discussed bound hold across all events with probability at least 1 — n~2. This
concludes the analysis. O

B.3 Proof of Lemma 5.4

Lemma 5.4. Consider all lights vertices defined in|Line 4|of|Algorithm 1| Assume that 55 + 2\ <
1/1.1. Then, with probability at least 1 — n~2, making as singleton clusters any subset of those light
vertices increases the cost of clustering by O(OPT /(8 - X\)?), where OPT denotes the cost of the
optimum clustering for the input graph.

Proof. Consider first a single light vertex v which is not a singleton cluster. Let C be the cluster of
G’ that v initially belongs to. We consider two cases. First, recall that from our proof of]|
that, with probability at least 1 — n~2, we have that 0.9X < )\, < 1.1\ and 0.98 < BW) < 1.18,

where ) and /3 are inputs to ALG-CC.

Case 1: v has at least )\, / gfraction of neighbors outside C. In this case, the cost of having v in
C is already at least d(v) - A, /2 > d(v) - 0.9 - A/2, while having v as a singleton has cost d(v).

Case 2: v has less than A, /2 fraction of neighbors outside C. _ Since v is not in agreement with
at least \, fraction of its neighbors, this case implies that at least A, /2 > 0.9 - A/2 fraction of those
neighbors are in C. We now develop a charging arguments to derive the advertised approximation.

Let x € C be a vertex that v is not in a agreement with. Then, for a fixed = and v in the same cluster
of G, there are at least O(d(v)3) vertices z (incident to z or v, but not to the other vertex) that the
current clustering is paying for. In other words, the current clustering is paying for edges of the form
{z,2} and {z,v}; as a remark, z does not have to belong to C. Let Z(v) denote the multiset of all
such edges for a given vertex v. We charge each edge in Z(v) by O(1/(5X)).

On the other hand, making v a singleton increases the cost of clustering by at most d(v). We now
want to argue that there is enough charging so that we can distribute the cost d(v) (for making v a
singleton cluster) over Z(v) and, moreover, do that for all light vertices v simultaneously. There are
atleast O(S-d(v) - A-d(v)) edges in Z(v); recall that Z(v) is a multiset. We distribute uniformly the
cost d(v) (for making v a singleton) across Z(v), incurring O(1/(8 - X - d(v))) cost per an element
of Z(v).

Now it remains to comment on how many times an edge appears in the union of all Z(-) multisets.
Edge z. = {z, y} in included in Z(-) when « and its neighbor, or y and its neighbor are considered.

Moreover, those neighbors belong to the same cluster of G’ and hence have similar degrees (i.e., as
shown in the proof of[Lemma B.2} their degrees differ by at most (1 — 4/3)? factor). Hence, an edge

ze € Z(v) appears O(d(v)) times across all Z(-), which concludes our analysis. O
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C Lower bound

In this section we show that any private algorithm for correlation clustering must incur at least Q(n)
additive error in the approximation guarantee, regardless of its multiplicative approximation ratio.

The following is a restatement of

Theorem C.1. Let A be an (¢, 6)-DP algorithm for correlation clustering on unweighted complete
graphs, where ¢ < 1 and § < 0.1. Then the expected cost of A is at least n/20, even when restricted
to instances whose optimal cost is 0.

Proof. Fix an even number n = 2m of vertices and consider the fixed perfect matching (1, 2), (3,4),
..., (2m — 1,2m). For every vector 7 € {0,1}™ we consider the instance I, obtained by having
plus-edges (2i — 1, 2¢) for those ¢ = 1, ..., m where 7; = 1 (and minus-edges for ¢ with 7; = 0, as
well as everywhere outside this perfect matching). Note that this instance is a complete unweighted
graph and has optimal cost 0.

For7 € {0,1}" and i € {1, ...,m} define pg) to be the marginal probability that vertices 2¢ — 1 and
2i are in the same cluster when A is run on the instance 1.

Finally, for o € {0,1}™ 1,3 € {1,...,m} and b € {0, 1} let o[i < b] be the vector o with the bit b
inserted at the i-th position to obtain an m-dimensional vector (note that o is (m — 1)-dimensional).
Note that I, ;o) and I,[; 1) are adjacent instances. Thus (e, J)-privacy gives

pfri[)u—u <ef 'p<(7i[)i<—0] +9 (18)

for all 7 and o.

Towards a contradiction assume that .4 achieves expected cost at most 0.05n = 0.1m on every
instance I,. In particular, the expected cost on the matching minus-edges is at most 0.1m, i.e.,

0.1m > Z p(Ti).
17, =0
Summing this up over all vectors 7 € {0, 1} we get
m i) __ (2)
ZREUEED VD SFCED DD DI 19
7€{0,1}™ i:7;=0 i oe{0,1}m—1
and similarly since the expected cost on the matching plus-edges is at most 0.1m, we get

2™ 01m > > > (1-pi)

7€{0,1}m ity =1

- Z Z (1 7p4(7i[)iel])

t o€e{0,1}m-1

i
ll Z Z (1 —€f .pfy[)i(fo] - 5)

i oe{0,1}m—1

=(1-0)-m- gm—1 _ €. Z Z pz(yl[)w—o]
i o€{0,1}m—1

™

> (1—6)-m-2m" —ef.2™.0.1m

>0.45-m-2™ —-0.1e-2™ - m.

Dividing by 2" - m gives 0.1 > 0.45 — 0.1e, which is a contradiction. O
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