Supplementary Materials

A Proof of Theorem 1

We define K = |A|, i.e., the cardinality of the action space. We next summarize frequently used
notations in the following list.
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For consistency of notation, in some generic cases, we write s;, ~ (P, 7) for all h for the entire
episode. But for such cases, s1 should still be understood as a fixed state and independent of transition

model P and policy 7. For example in Cf"’t) as defined above, the expectation is taken with respect

to a; ~ U(A) and fixed state s;. Furthermore, U(7}, ..., 7}~ ") denotes uniform mixture of previous
n — 1 exploration policies 7}, ..., 7"

Proof Overview: The proof of Theorem 1 consists of three main steps, a final sample complexity
step, and several supporting lemmas. Step 1: We develop a new upper bound on model estimation
error for each task, which captures the advantage of joint MLE model estimation over single-task
learning, as shown in Proposition 1. Step 2: We establish the PCV as an uncertainty measure that
captures the difference between the estimated and ground truth models. This justifies using such
a PCV as a guidance for further exploration, as shown in Proposition 2. Step 3: We show that
the summation of the PCVs over all iterations is sublinear with respect to the total number N,, of
iterations, as shown in Proposition 3, which further implies polynomial efficiency of REFUEL in
learning the models. Complexity characterization: Combining the three steps together with a
contradiction argument yields the final sample complexity.

We provide details for the three main steps in Appendix A.1-Appendix A.3, the complexity character-
ization in Appendix A.4, and the supporting lemmas in Appendix A.5.

A.1 Step 1: A new upper bound on model estimation error.

We develop a new upper bound on model estimation error for each task, which captures the advantage
of joint MLE model estimation over single-task learning, as shown in Proposition 1.
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Proposition 1. For any n € [N,], task t, policy m; and reward rt, for all h > 2, we have
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and for h = 1, we have

E A" (s1a)] <y K™, (18)
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Proof. Forh =1,

E [f"’t)(sl,al)] (_2\/ E [fl(nt) s1,a1) } < \/Kél"t)7

a1~ ap~Te
where (4) follows from Jensen’s inequality, and (i7) follows from importance sampling.

Then for h > 2, we derive the following bound:
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where (i) follows from Lemma 6 and because | f, (n.t )(sh, ap)| < 1, the first term inside the square

root follows from the definition of U}(ln ? )’

importance sampling and (i) follows from Lemma 3.

the third term inside the square root follows from

The proof is completed by noting that |f,(Ln’t) (spyan)| < 1. O

The following corollary is a direct application of Proposition 1.

Corollary 1 (Bounded difference of value functions). For n € [N], any task t, policy m; and reward
rt, we have

Tt
’V () ,rt Vp(n t) pt

(n,t) || 2(n )
< E E min ¢ ay, ¢h Sh,an) gD o1
h=1 sh,’”El}Z(f;ri))”t) ( h,q;("”t))

+/ K¢ 19)

Proof. For task t, we have

Tt
‘ P(* ) rt Vp(n DRY
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where (i) follows from Lemma 15, (i7) follows from the fact that V3¢, ., , <1, and (i) follows
from Proposition 1. O

A.2 Step 2: PCV as a new uncertainty metric

In Proposition 1 and Corollary 1, we provide upper bounds on both the total variation distance
between the learned model and the true model, and the difference of value functions under any policy
with arbitrary rewards. For each single task, such upper bounds measure the uncertainty of model
estimation and guide exploration in the next iteration. In multitask RL, although these upper bounds

also hold for each individual source task under any policy and reward even with tighter terms aé"’t),

the RHS of Equation (19) cannot be used to guide exploration for each task ¢ individually as in

single-task RL because C,(L"’t) in Oégn’t)

task ¢.

as a joint MLE Guarantee is unknown individually for each

This motivate us to jointly consider all the explorations of all source tasks. As we establish below in
Proposition 2 that our defined new notion of PCV used in Algorithm 1 is a known upper bound for
both the summation of the difference of value function and the summation of total variation distance
over T tasks, and can therefore serve as an uncertainty quantifier to guide exploration.

Proposition 2 (PCV as uncertainty metric). Given any § € (O, ||~ mi“{T’d%}), for any n, policy

7 and reward function v of task t € [T}, set \,, = O(dlog(|®|nTH/5)). Then with probability
1 — 4, we have

T
Tt _ Tt
§ : "/})(* t),rt js(n,t)vrt
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Proof. Following from the fact that Zt 16 (n.¢) < (y, for all h (see Lemma 3), and the definitions
(n,t)

of a;, "’ and a, for h > 2, with probability at least 1 — & /2, we have
T
3 (™) <nKZ(<“ “”)+A Td < 20K Cy + A Td = a2, (20)
t=1

Moreover, the ratio between a.,, and az b i upper bounded as follows:

an, 2nK (¢, + A\ Td
()~ nK ¢ 4 nK D 4 ALd

ay,
< 2nK(, + A\ Td
=\ And
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where the last inequality follows because B,, < B = 2,/T + K/d?if § € (0,|¥|” ).
Following from Corollary 1, we take the summation over all source tasks and obtain
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where in (¢), we apply Cauchy-Schwarz inequality for both terms and use the fact that Z i1 hn 1) <
(n (see Lemma 3), (i7) follows from Equation (20), (4i%) follows from Equation (21), and (iv) follows
from Corollary 2 in Appendix A.S.

Similarly, following from Proposition 1, we take the summation over all source tasks and obtain:

T H

Y B [f,ﬁ"*”(smah)] < PCV (13<"¢),3§l"*“,m;T) + V/KTG,.

=1 hey n~ P

AR~
O
A.3 Step 3: Sublinear accumulation of PCV
Recall that the exploration policy is derived by an oracle:
..., mp = argmax PCV ( nt) b(n 2 ST T) (22)
M1y T

In this step, we show that the summation of exploration-driven reward function PCV over n, t, h is
sublinear with respect to the total number N,, of iterations, as given in Proposition 3, which further
implies polynomial efficiency of REFUEL in learning the models.

Proposition 3. Given any § € (O7 |\If\7min{T’d%}), set \p, = O(dlog(|®|nTH/J)). Then with

probability 1 — §, under exploration policy {T¢ },e[n,) for each task t, the summation of PCVs over
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n is sublinear with respect to the number N,, of iteration rounds:

> {pov (P00 50, xp ) + VETC |

n=1
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Proof. We proceed the bound as follows:
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()
where (i) follows from the fact that for any vector z,y € RT, ||z + y||, < ||lz||, + |ly||,. We remark
here that term (a) is in fact Z v, PCV (P () b(" 2 , T} ,T), in this proposition, we develop an
inequality to bound the difference of PCVs under different transitions.

In the sequel, we first upper-bound the terms (a) and (b), and then combine the upper bounds with
Equation (24) as our final step to obtain the desired result.

I) Bound term (a).

Denote the trace operator as tr(-). We first obtain
nk E P)\gn’t)(sh,ah)}

sp~(P* 17
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1 1

where (i) follows from Corollary 2 and (i) follows from the following derivation:
n E
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Following from Lemma 6, for h > 2, we have
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ap~w

Sh—1, ah—1:|
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where the last inequality follows from Equation (25).

Furthermore, for h = 1, we have

5 ; 5 (i4) —
E [b(ln7t)(31>a1):| (:) E [bgn,t)(sl,al)} < \/ B [bgn,t)(shal)Q]
SIN(P(*J),W?) ay~my ay~mp
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<
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(iv) Kﬁ%azd
< —=" 2
<4/ nge 27)

where (7) follows from the fact that the initial state s; is fixed, (#¢) follows from Cauchy Schwarz
inequality and Jensen’s inequality, (¢i7) follows from importance sampling, and (iv) follows from a
step similar to Equation (25).

2
“(n) 2
Bt Md)l e <ﬁf’};zi,t>>la"]

Substituting Equation (26) and Equation (27) into the term (a), we obtain
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262 Nu
< ==,/Ka? B2H | N,Td]1 1 2
<3 \/ ay,d+ An,d \/ WI'd 0g< + d)q)’ (28)

where (i) follows from the fact that % > 1 (see Corollary 2), an, > an,—1 > ... > o1 and

Nﬁ 1/v/n <1+ N 1/v/xdx < 24/N,, (ii) follows from Cauchy-Schwarz inequality, and
n=1 1 y q y
(#i7) follows from Lemma 17.

IT) Bound term (b).

We proceed the derivation as follows:

T
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2
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where (7) follows from Lemma 15 with a sparse reward rp,/ (-, ) = ZEZ/W) (,-)1{h" = h}, where 1{-}
is the indicator function, (i7) follows because (ZZ,:l rp)? < h(zz,zl x3,), and (ii4) follows from
Lemma 6, importance sampling and because Cfn’t) < (, (see Lemma 3).

We further substitute Equation (29) into the term (b) and obtain
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(i)

N,
< HB\/ N H?T(N,K(n, + An,d)Kdlog (1 4 ) +/N,KHTHBN,(y,

d
) (30)

where (i) follows from Cauchy-Schwarz inequality, and because \/z +y < \/x + /y for z,y > 0,
and nK ¢ }(Ln’t) + And < nK(, + And, where the latter bound is increasing in n, (ii) follows because
Zgll (o < log? (212||¥|TN, H/5) < NZ(3. ., and (iii) follows from Lemma 17 and importance
sampling.

III) Final step.

We substitute Equation (28) and Equation (30) into Equation (24), and have

u

> {PCV (ﬂ"vt),ﬁg"’”, s T) + VK Tcn}

2 Ny
< /NoKHTHBN (. + %\/Ka?\,ud 4 v, dB? H\/ N, Tdlog (1 n d/\l)

dX

Then, we substitute the definitions of (y,, ay, and Ay, into Equation (31) and simplify the
expression by taking only dominating terms as follows:

+ B\/ N HAT(N, Ky, + An,d)Kdlog (1 + N“). 31)

Zu {Pev (P05, ms ) + VETG, |

n=1

< 2y/N,KHTH Blog (2|®||¥|" N, H/§)
+%\/Kd(4K log(2|®||¥|T N, H/8)+d2T log(2N, TH|®|/5))+d? log(2N, TH|®|/§)B2H /| N, Td log(1+ﬁ)

dX

S%Hx/Nqu<\/K2dlog2(\<I>||\I/\TNuH/6)+\/Kd3T log? (2N, TH|®|/6)++/d? B2 1og2(NuTH|<1>|/6))

+6BH?\/N,TKd (\/K10g2 (1®||%|T N H/8) + 1/ d? 1og2(NuTH|<1>/5)> .

+ B\/NuH4T(2Klog (2|®||W|T N, H/8) + d?log(2N, TH|®|/5)) K dlog <1 + N“)

A.4 Complexity characterization: Proof of Theorem 1

Next, equipped with Propositions 1 to 3 and Corollary 1 , we are able to derive the sample complexity
bound of Algorithm 1.
We prove Theorem 1 by contradiction. First for any n and policy m;, we have

T

E [ )

i1 s~ (PG my)

AR ~TE
T
it t
=3 E e~ B [A" )
t=1 sp~ (B0t oy sp~ (POt oy

ap~Tt ap~TE

+ XT: E {f;gn’t) (Sh, ah)}

1 sp~ (PO my)
t=1 ap~TE

P {PCV (13<“¢>,’5§L"’“,7rt;T) + KT(n}
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() Bn,t) T(n,t)
< 2{pcv (P05, x5 T) + VKTC, | (32)

where (i) follows from Proposition 2 and (i7) follows from the definition of {7} };¢[r) (see Equa-
tion (22)).

If for any n € [N,], Tey < 2 {PCV (13("@,32” 4 ,T) +VE Tgn} which is exactly the
termination criteria in Algorithm 1, then

N, Te,
Ny,
<32 {PCV( P pint), f,T) + KT(n}
n=1
S%H\/i(\/Kleog (|12]|¥|T N H/8)++/Kd*T log? (2N, TH|®|/8)++/d? B2 log? (N, TH\<I>|/6))

+6BH?*\/N,TKd <\/Klog2 (|®||¥|T N, H/5) + \/d2 log2(NuTH|‘I>|/6)) . (33)

where the last inequality follows from Proposition 3 and Equation (32).

min{T,K}

Note that we assume & is small enough satisfying § < |¥|~~ & . If
40082 H2Td*K? log” (40083 H2d*K2|®|H/(525%¢2))
" THe |
then by the fact that Ve > €2, n > 1,a € RT,n > 4clog?(ac) = n > clog?(an), we have

%H«/Nqu\/KleogQ (||| W|T N, H/5) < ET
1

which is exactly the first term in Equation (33). Similarly, we are able to upper bound each of the

other four terms by E“ « in Equation (33) with the iteration number NV, being at most:
5 H2d2K2 N (H?d*K + H*dK* + H*d*K) N H*K?
Te? €2 dTe?

Combining the above bound with Equation (33), we have

N, Te, <5 x all 5T€“ = N,Te,,

which leads to a contradiction and shows that Algorithm 1 is able to terminate at a certain iteration
n.,, and output desired models with the number H NV, of trajectories being at most:

~ H3d2K2 N (H3d4K+H5dK2+H5d3K) N HSK3
Te2 €2 dTe2

Furthermore, let 7} be the optimal policy under M* given reward the r*. And form Algorithm 1, the
algorithm terminates at iteration 7., and outputs P(*) for t € [T']. Then we have

*
2 :VP(* et P(* )t

T
. * t o Tt _ Tt
- E :VP(* t) rt -VZ P gyt + V FZORY P®) pt + V P®) pt VP(* t) pt
t=1
) H-1 T (
(st
< § E |:bh, “ Shaah :| + V KTCn
h=1 \| =1 sn~PW.7)
ap~wl
H-1 T
T(nw,t) 2
+ § E b, (snyan)| +KTC,
he1 \| t=1 s~ P we)
ap ~FL
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<2{pev (PO B, miiT) + /RTC,, |
(é)
< Te,

where (i) follows from the definition of {n; };c[r) and Proposition 2, and (ii) follows from the
termination criteria of Algorithm 1.

A.5 Supporting Lemmas
Recall U3 = nBy, ~(p+ 1) ana(a) [6(5n, @n)(@(sn, an)T] + Anl. Then U;(:j,% is the coun-
terpart of [Af,(L"’t) in expectation. The following lemma provides the concentration of the bonus term.

See Lemma 39 in Zanette et al. (2020) for the version of fixed ¢ and Lemma 11 in Uehara et al.
(2022).

Lemma 2. (Concentration of the bonus term). Fix § € (0,1), and set A\,, = ©(dlog(2nTH|®|/J))
for any n. With probability at least 1 — §/2, we have that ¥Yn € N* h € [H],t € [T],¢ € ®,

Bl e g

(@)=

Qn

(n) . ~ .
o, (s,a)’ G- ,B}. Setting &, = % and applying
Lemma 2, we can immediately obtain the following corollary.

Corollary 2. Fix § € (0,1), under the same setting of Lemma 2, with probability at least 1 — §/2,
we have that¥n € NT h € [H], ¢ € ®,

min {ozn

Recall that f,g”’t) (s,a) = H13,En’t)(-|s, a) — Pf(b*’t)(ﬂs, a)||7v represents the estimation error of task
t in terms of the total variation distance in the n-th iteration at step h, given state s and action a in
Algorithm 1. Inspired by the proof of Theorem 21 in Agarwal et al. (2020), We show that if we
uniformly choose the exploration policies for each task, the summation of the estimation error can be
bounded with high probability.

Lemma 3 (Multitask MLE guarantee). Given ¢ € (0, 1), consider the transition kernels learned from
line 8 and 10 in Algorithm 1, we have the following inequality holds for any n, h > 2 with probability
at least 1 — §/2:

Since 32”’”(3;“%) = min{&n

()

T h (Smah)H

Sh, ah)H

(U;(:Lg)),l (Uﬁ,}”)’l

T
n 2log (2|®||¥|TnH/S
> (100 (onsan)?] < Gur - where G, = 2L e
P sp_1~ (P8 Ty n
ap_1,ap~U(A)
sp~PGOD sy _qiap 1)
In addition, for h = 1,
T
> E [f(n’t)(shal) } <Gn
t—=1 a1~?/l(A)
Furthermore, define
0 = B 17 onsan)?] 1> 2, (35)
spo1~ (PO IR
ap_1,ap~U(A)
sp~PD sy _1iap 1)
(n,t) (n,t) 2
G = E {f1 (s1,a1) } (36)
s1~(POSE) iy
aq ~U(A)
We have
T T
n n 2log (2|1®||¥|* nH/
G < e < g, = 28l 'L‘ ) (37)
t=1
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Proof of Lemma 3. Consider a sequential conditional probability estimation setting with an instance
space X and a target space )) where the conditional density is given by p(y|x) = f*(x,y). We are
given a dataset D := {(x;, y;)}, , where x; ~ D; = D;(21:4—1,Y1:i—1) and y; ~ p(-|z;). Let D’
denote a tangent sequence {(z},y.)}?,; where z} ~ D;(z1.;—1,Y1..—1) and y; ~ p(-|«}). Further,
we consider a function class F : (X x ))) — R and assume that the reachability condition f* € F
holds.

We first introduce two useful lemmas from Agarwal et al. (2020).

Lemma 4 (Lemma 25 of Agarwal et al. (2020)). For any two conditional probability densities f1, fa
and any distribution D € A(X), we have

Banplla(e. )~ foe My < <2108 Banym i) o0 (5 (el (o) )|

Lemma 5 (Lemma 24 of Agarwal et al. (2020)). Let D ba a dataset of n samples and D' be
corresponding tangent sequence. Let L(f, D) = > I(f, (z;,y;)) be any function that decomposes

additively across examples where | is any function, and let f(D) be any estimator taking as input
random variable D and with range F. Then

~ ~

Ep [exp (L(F(D), D) — log B [exp(L(f(D), D))] —log|F])] <1

Suppose f(D) is learned from the following maximum likelihood problem:

f(D) = argmax e r Z log f(x:, y:). (38)
(%i,yi)ED

Combining Chernoff method and Lemma 5, we obtain an exponential tail bound, i.e., with probability
atleast 1 — 6,

~

—logEp: [exp(L(F(D), D')] < ~L(f(D), D) + log |F| + log(1/6). (39)

To proceed, we let L(f,D) = >, —ilog(f*(x,y:)/f(zi,y:)) where D is a dataset
{(zs,y:)}_q(and D' = {(z},y})}ry is tangent sequence). In multitask RL setting, let x =
{(st,a)V}E 1,y = {(s ) M, and f(z,y) = Hf 1Pt[(s’)t|st,at]. Then, dataset D can be de-
composed into D = (J{_, D' where D' = {st,al, (s")!}7_,. Similarly D' = |J{_,(D’)?, and
D! :=Di(st, 4,at, 1,(s")}.;_1). Hence, the cardinality |F| = |®||¥|” in the multitask setting.
Then, the RHS of Equation (39) can be bounded as

n

RHS of Equation (39) = Z % log(f*(x;, yz)/j?(fcz, y;)) + log | F| + log(1/6)

i=1

< log | F| 4 log(1/6) = log (|®[|¥|"/5), (40)

where the inequality follows because fis MLE and from the assumption of reachability, and the last
equality follows because |F| = |®||¥|T.

Next, the LHS of Equation (39) can be bounded as

st f (4, 95) ‘
‘ p@ 2log<ﬂx;,yg>>> D]
T

- n (* 1‘) / tlot At
(i) [(s")ils5, af]
= —logEp: leXp (Z —5log (H p(n, D[(s")t|st, al] N

i=1

LHS of Equation (39) @ _ logEp/
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(n,t) 2
[fh (8hsan)”|, (41)
sp_1~(P0t) mIn)
ap_1,ap~U(A)
sp~ P (s _y,ap 1)

where (¢) follows from the above definition of L(f, D), (i¢) follows from the above definition of
f(x,y), (iit) follows because the data of T tasks are independent conditional on D, (iv) follows
because P("1) is independent of the dataset (D’)* and from the definition of D', (v) follows from
Lemma 4, and (vi) follows because the data collected in i-th iteration uses policy 7¢_; followed by
two steps of uniform random actions and from the definition of II¢ .

Combining Equations (39) to (41), we have

—
32
t=1

30 (sns an)?] < log (|@]|w( /). (42)

Sh,—lN(P(*’” g
ap_1,ap~U(A)

s~ PO (s _yap )

We substitute § with §/2nH to ensure Equation (42) holds for any h € [H] and n with probability at
least 1 — §/2, which finishes the proof. O

We next introduce a one-step back lemma, which extends the one-step back inequality for infinite-
horizon stationary MDP in Uehara et al. (2022); Agarwal et al. (2020) to non-stationary transition
kernels with finite horizon. The lemma shows that for any function g € § x A — R, policy 7 and
transition kernel P, we can upper bound the expectation E, .(p, [g(sn,ax)] by the product of two

Q;LN‘!\'
terms. The first term represents the convergence guarantee of g(sy, a) following other policies,

whichis £, ~(p=m [g(sn,an)]. The second term can be described as the distribution shift coefficient
ap~U(A)

Es),_;~(Pm) [Hqﬁh,l (sn-van-Dlw, _, ¢>,1], which measures the difference caused by distribution shift
ap_q1~™ i

from 7 and other policies.

Lemma 6 (One-step back inequality for non-stationary finite-horizon MDP). For each task t, let
P ¢ {P"Y P&YY with embeddings ¢ and p be a generic MDP model, and Upy, = M+
nEg, an~(PG0 1) [607] € {U,S/n;,;t), W}(L"J)} be the covariance matrix following a generic policy
II under the true environment P™Y). Note that ¢ € {(E("), ¢*} corresponds to P. Further, let
ft(sn,an) be the total variation between P**) and P at time step h. Take any g € S x A — R
such that |9 < By, i.e., sup; , |9(s,a)| < B,. Then, Yh > 2,V policy ,

shNI(EP,ﬂ)[g(Sh’ah)} S sh,—llAE«(P,rr) |:H¢h71<8h717ah71)||(U}tL—1,¢)71 x
ap~T ap_q~w

nKE, (pt0)m [92(Sh’ah)]+>‘d33+"8§Es,klN(p(*,f),n) [ft(sh—1,an—1)?]].
aj,~U(A) aj_ g~

Proof. First, we have

E [g(sha ah)]
sp~(P,m)
ap~m

sp_1~(P,m)
ap—1~T

= E / Zg(sh,ah)ﬂ(aﬂsh)(éﬁhl(sh17ah1),uh1(8h)>d8h]

IN

/Zg(sh,ah)ﬂ(ah|3h)ﬂh71(5h)d3h

ap

o1~ (Pr) ||¢h71(8h71’ah71)||(U)§—1,¢)71
ap_qr~m

t
Un_16
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where the inequality follows from Cauchy’s inequality. We further develop the following bound:
2

H/ Z 9(sn, an)m(an|sn)pn—1(sn)dsn

t
Uhrflxb

2
@)
<n E . (/ ZQ(Sh,ah)ﬂ(ahS;L)M(Sh)Taﬁ(Sh_hah_l)dSh> + \dB?
sp—1~ (PSP ) s

h a
ap 1~ "

sn K E l9(sn,an)?] | + \dB?
sp_1~ P M) | sh~PClsp_1.ap-1)

ap_1~I R
(i1)
sn E E [g(sn.an)?’]| + AdBg +nBy E [f"(sn-1,an-1)?]

sho1~(PCSD ) | s ~POOD) sp_1~ (PGt )
ap_1~11 ap~T ap_ g~

(444) , , , t ,
< nk E [9(sh,an)?] + XdB; + nB; E [ff(sh-1,an-1)%] .

(P spo1~ (P00

ap~UCA) apy g~

where () follows from the assumption ||g||c < By, (ii) follows because f(sp,an) is the total
variation between P* and P at time step h, and (¢4¢) follows from importance sampling. This finishes
the proof. O

B Proof of Lemma 1

Lemma 1 serves a central role for bridging the upstream and downstream learning, which shows that

the feature ¢ learned in upstream is a &, -approximate feature map and can approximate the true
feature in the new task.

Proof of Lemma 1. Under Assumptions 2 to 4, for any ¢ € [T], we have
jJnax 1P, (ls, @) = Pi(ls, a) |l mv
Son B IPAClsman) - PiClss.as)lry
(sh,an)~U(S,A)
i) Cpo

1/, _ p2/.
b B gy UPRC1 @) = PiCls @l ] 43)
ap~U(A)

where (i) follows from Assumption 4 and (i7) follows Assumption 2 and Assumption 3.

Then, ¥(s,a) € S X A, h € [H], we have

T T
DB (s a) = B (s o)l <3 amase 1B (1o 0) = B (1o o)y

(i)
S

T
E [Hﬁ(” Js.a) — PO (Js.a H }
Z. (et 0y LI (s,a) = B, (]s,a) v
T apuA)

(Z) CrTve,

Ky

(44)

)

where (i) follows from Equation (43), and (¢4) follows from Theorem 1.

Define p*(-) = Zt L ctfiD(+), then we have
*,T
| P9 s, @) = (Gnts0). ) )

-
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T
_ P(*,T-l—l)( |s,a) _ <¢h(57 a)7 thﬁgf)( )>
t=1 TV
T
< P(*,T-‘rl)( |s,a) — ZCtP}E )( |s,a)
t=1 TV
T T
*,T+1 *,t *,t t
<[P Csa) = Y e P sl + Y|P Cls ) = B Clsa)|
t=1 TV t=1
(7)
S f + CLCRTUEU’
Ku
where () follows from Assumption 5, Equation (44) and the fact that ¢; € [0, CL].
Furthermore, by normalization for any g : S — [0, 1], we obtain
T
| [ <Sa| [100a0n| <cva
2 t=1 2
O

C Algorithm 2 and Proof of Theorem 2

Algorithm 2 DOFRL (Downstream OFfline RL)

1: Input: Feature g/b\ dataset Daown = {(s},, a},, 77, s}TLH)}]T\f‘;Lf;{i, parameters A, 5, Edown.

2: Initialization: ‘A/HH =0.

3: for h = HH—l ,1do

4 wp=A Not (bh(sh’ ah)Vh+1(Sh+1) where Ay, = 3% (s, ah)(bh(sh’ aj) " +Mla.
5 Qh( ) )—mln{’f'h( ) )+¢h( ) ) ( ’ )71}+9 where Fh( ) )_gdown—i_ﬂ[(l5 ( ) )TAh ¢h('7')]1/2-
6 Vi(-) = Qn(-,Tn(-)), where 75 (-) = arg max,, Qn (-, 7x(-)).

7: Output: {7, L ..

Recall Egown = & + % and for any h € [H], we define

P (s a) = (i (s,a), my TV (),
Pi(-]s,a) = (dn(s,a), i, ().

Given a reward function r, for any function f : S — R and h € [H], we define the transition
operators and their corresponding Bellman operators as

(P s0) = [ (0 (sv) )
(Baf)(s,a) =rn(s,a)+ (P01 (s, ),
(Puf)s.0) = [ nlo ()1

B f)(5,a) = rals, @) + (Puf) (s, a).

We further denote (B, Vi+1)(s,a) = ru(s, a) + on(s,a) T @y, b € [H].

We remark here throughout this section, the expectation is taken with respect to the transition kernel
of the target task, i.e., Pt 7+1),

Proof Overview: The proof of Theorem 2 consists of two main steps and a final suboptimality
gap characterization. Step 1: We decompose the suboptimality gap into the summation of the
uncertainty metric of each step in Lemma 8. We note that the reward function 7, here is from a
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general class, not necessarily a linear function. Step 2: We provide an upper bound on the Bellman
update error as shown in Lemma 10, where our main technical contribution lies in capturing the
impact of the misspecification of the representation taken from upstream estimation on such an error.
Suboptimality gap characterization: Based on the first two steps, we select uncertainty metric
I';, and obtain an instance-dependent suboptimality gap, which we further bound under the feature
coverage assumption.

We provide details for the two main steps and the suboptimality gap characterization in Appendix C.1-
Appendix C.3.

C.1 Suboptimality Decomposition

In this step, we decompose the suboptimality gap into the summation of the uncertainty metric of
each step in Lemma 8. We note that the reward function  here is from a general class, not necessarily
a linear function. To this end, we first provide the following lemma.

Lemma 7. If |(ByVyy1 — I@hffh_,_l)(s,a)\ <Th(s,a)forall (h,s,a) € [H] x S x A, then it holds
that (BpVit1)(s,a) <1, ¥Y(h,s,a) € [H] x S x A

Proof. 1t suffices to show

H
(Bth+1)(S,a) S max HE [Z Th (sh/7ah/)

Ap41y--45Q h—h

sh:s,ah:a] .

We prove it by induction. For i/ = H, since IA/HH = 0, we have
By Vis1)(s,a) = ry(s,a) + (Pg’T+1)VH+1)(s, a) =rg(s,a).

Suppose for b’ = h + 1, h € [H — 1], we have

H
(Br+1Vht2)(s,a) < max E Z The Sy an)
R Y

Sh+1 = S8, Qp41 = a] >

which is bounded in [0, 1] since r, > 0, Vh, and for any trajectory it holds that Zthl rp, < 1.
Further note that

Qn+1(s,a) = min{ry41(s,a) + @y Gpra(s, @) — Ty (s,a), 1}

(%)
< min{(By11Vh12)(s,a), 1}

(i1) =
< max{0, Bn4+1Vht2)(s,a)}

D) H
< E ’ ’ ’
S max . [ Z Th (Sh , Ap )

ap, yeeey@
+2 h'=h+1

Sh+1 = S8, p41 = Cl‘| s

where (i) follows from the assumption |(By Vst — BpVii1)(s,a)| < Th(s, a), (ii) follows because
(Bh41Vit2)(s,a) < 1 by the induction hypothesis, and (iii) follows from the fact that r;, > 0, Vh.

Therefore, for h' = h, we have
(B Vhi1)(s,0) = ra(s,a) + (P THViia) (s, a)
+/ PETTY (s a) Vs (s))ds'

< ru(s,a +/ P(>k T+1) (s]s,a) maXQh_H(s a')ds'

H
T+1)
<ru(s,a —|—/ ’P Tt (¢)s,a)  max E g Th (Shrsans)|She1 = 8 aps1 = d
a/ﬁah+2 ..... aHg h/*h-‘,-l



H
§rh(s,a)+/ ds/P}(L*’T-i_l)(s’\s,a) max El Z The (Shyyans)

Ah+1,0h425--,QH hi—hal

!
Sh41 = S]

H
< max E Z rh (Shryan )| sy = s,ap = a] .
Ap+15---,0H
h'=h
By backward induction from H to 1, the proof is complete. O

We denote the Bellman update error as (p (s, a) = (IB%hXA/hH)(s, a) — Qn (s, a). The following lemma
shows that it is sufficient to bound the pessimistic penalty.
Lemma 8. Suppose with probability at least 1 — 6, for all (h,s,a) € [H| x S x A, it holds that
|(B Vi1 —BrVii1)(s,a)| < Th(s,a). {7n}EL | is the output of Algorithm 2. Then with probability
at least 1 — 6, for any (h,s,a) € [H] x S x A, we have 0 < (p,(s,a) < 2T\ (s,a). Moreover, it
holds that for any policy 7, with probability at least 1 — 6,

H

V§<*,T+1>7,«(S) - Vp%<*.,T+1)77«(5) <2 ZEW[Fh(Sh, an)|s1 = .
h=1

Proof. First, we show that (,(s,a) > 0. Recall
Qn(, ) =min{ry (-, ) +n (- ) —Ta(-,-), 1}

If ry(s,a) + ¢n(s,a) @y — Th(s,a) < 0, then Qn(s,a) = 0, which implies that (4 (s, a) =
(B Vis1)(s,a) — Qu(s,a) = (BpViy1)(s,a) > 0.

f + én(s,a) "Wy, — Tp(s,a) > 0, then Qp, < r(s,a) + ¢n(s,a) @ — Th(s,a) =
(BrVht1)(s,a) — T'p(s, a), which implies that

Ch(s,a) = (BrVir1)(s,a) — Qu(s.a) > (BnVis1)(s,a) — (B Vit1)(s,a) + Tu(s,a) > 0.

We next show that (5, (s, a) < 2I',(s, a). Note that

)
(
" . .
(

(#id)

ri(s,a) + on(s,a) TG — Ta(s,a) L (B Visr)(s,a) — Ti(s, a) (E) By Vis1)(s,a) < 1,
where (i) follows from the definition of (BiVis1)(s,a), (ii) follows because |(ByVisi —
By Vhi1)(s,a)| < Th(s,a), and (¢ii) follows from Lemma 7. Therefore,

Qn(s,a) = min{ry(s,a) + on(s,a) @ — Th(s,a), 13T
= max{r,(s,a) + g’gh(s, a) @y, — Th(s,a),0}
> ri,(s,0) + ¢n(s,a) @y — Ta(s,a)
= (B1,Vit1)(s,a) — Tu(s, a).

By the definition of (,, we have
Ch(s,@) = (B Vay1)(s, @) — Qn(s, )

< (BiVit1)(s,a) — (BuVis1)(s,a) + Th(s, a)
S 2Fh(s,a).

Then we obtain
VP4 T(S) - Vi, T+1),r(3)
i H H
< Y ExlCh(sn an)lsy = 8] = Y Ez[Cu(sn, an)ls1 = 5] (45)
h=1

h=1

—
=

(i1)
< QZEW[Fh(Shaah)|Sl = S]ﬂ
h=1

where (i) follows from Lemma 16 and definition of 7, and (%) follows because with probability at
least 1 — 0, forall (h, s,a) x [H] x S x A, 0 < (p(s,a) < 2T, (s, a) holds.
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C.2 Bounding Bellman update error |(By, V41 — B, Vii1)(s, a)|

In this step, we provide an upper bound on the Bellman update error as shown in Lemma 10, where
the main effort lies in analyzing the impact of the misspecification of the representation taken from
upstream estimation. To this end, we first introduce a concentration lemma that upper-bounds the
stochastic noise in regression.

Lemma 9. Under the setting of Theorem 2, if we choose X = 1, [B(§) =
e (d\/b(é) + VdNog€aown + v/plog Noff) where 1(§) = log (2pdH Nog€down/0), there exists

an absolute constant C such that with probability at least 1 — 9, it holds that for all h € [H].

< C v+ V/plog Nug |

-1
Ay

Nogt

2 n(shoai) [(B7 TV Vi) o) = Va (o)

Proof. Note that our reward functions here are selected from a general function class R, not neces-
sarily linear with respect to the feature function ¢. The value function V},; has the form of

V(:) := min {mawaQS(- )+ ﬁ\/qi) a)TA=1¢(-, a), } (46)

acA

for some w € R?, r € R and positive definite matrix A = AI,. Let V be the function class of V(-) and
Nz be the e-covering number of V with respect to the distance dist(V, V') = sup, |V (s) — V'(s)].

Note that for any h € [H],v € R%, we have

Notr

!UT@h| vl A, 1Z¢h Shaah)vh+l(5h+1)
T=1
Not
Z v A ¢h sh»ah)‘

< [Z ol ] [Z In(sha7) \]

=1

< lvlly VVdNost /A,

where the second inequality follows from Cauchy-Schwarz inequality and the last inequality follows
1/2 . .
from the fact that Hv||A;1 A, 1” lolly < V/1/A|v[ly, where ||-[|,,, is the matrix operator
norm and
Nots

D

T=1

Thus H{U\th = AKXy ||y[|,=1 |vam < /dNog /M.
Then using Lemma D.3, Lemma D.4 in Jin et al. (2020) and Lemma 18, we have for any fixed ¢ > 0
that with probability at least 1 — §, for all h € [H]:

~

antsoa)|[,_, = ( li(m sh7ah>¢h<sh,ah>T)>suud):d. )

2

Nogt
R R AN T *,T+1 T T
> onlsiap) [V (i) = (BT D Vhs) (57, 07)|
=1 A;l

IN

N, H. N2 g2

<4 glog Noft + A + log Ne —|—8 oft®
) A

(+

2 A
N /dN. 1/2 2
4[dlog(03+)\>+d10g 6vd 0H)+d210g (1+18 B )
eV 2

2 A
H SN2 ¢?
+logN7z( )+log 5} +OTH
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@) [d Nog + A 6v/dNog ) d'/?p?
<4|-1 _— dl 1+ d°log (141
< [20g< \ )+ og( oy )+ og|1+18 )
H] & 8NZe?
+plog 3 +log —| + M, (48)
€ 0 A
where (i) follows from Assumption 5.

We select the e-covering number parameters as R = \/dNyg /A, B = 3 (see Lemma 18). Further-

more, we choose A = 1, §(J) = ¢z (d\/ ) + VdNog€down + vplog N, ), € = d/Nog where
1(8) = log (2pdNog H max{gdown, 1}/6). Then Equation (48) can be bounded by

Nog H

dlog (1 + Nog) + dlog (1 +d” 1/2N3/2> + plog(2lett ; Ty 1 log g
+d*log(1+ d™* NGz [B(O)]*)

< dlog (Nogr) + dlog (d™V/2N4?) +p10g(3]\; ) +log %

—+ d2 log <d1/2LN§)H£§ownp2>
< d’u+ plog Nog,

where the notation f(x) < g(z) denotes that there exists a universal positive constant ¢ (independent
of x) such that f(x) < cg(x).

Therefore,

Nogt R R T

> onlsian) [V (i) = (P Vsn)(shan)] | < dvi+ Vplog Nor,

=1 A;l
whereweuse«/x—&—yg\/E—i—\/gjforallx,yzo. O

The following lemma provides our main result which upper-bounds the Bellman update error
|(BrVht1 — BrVii1)(s, a)l.
Lemma 10. Under the setting of Theorem 2, fix § € (0,1). If we choose A\ = 1, 8(§) =

e (d«/L((S) + VdNyg€aown + v/plog NOH), where 1(6) = log (2pdH Nogdown/0), then with
probability at least 1 — 0, the following bound holds:

|1 Vi1 = BuVaa) (s, )| < B0)||#n(s, )|, + Eaown. (49)
h
Proof of Lemma 10. For h € [H], define wy = [, i*( Vh+1( "\ds'. Tt is easy to verify that
on(s,a)T@; = (PuViy1)(s,a) and (ByVii1)(s,a) = rh(s, a) + ¢n(s,a) T @;. Then we have
(BrVis1 — ]ﬁh‘/}thl)(sva)‘

‘ BthH Eh‘/}h+1 +Eh‘7h+1 - @h‘/}thl)(s a)’

< ‘ P(* IO Vh+ )(s,a) — (PrVis1)(s ’ ‘ﬁbh s,a) " (@, *@h)‘
S € down + ‘¢h S, a T(wh {U\h)‘; (50)

where the last inequality follows because “A/h +1(s)| < 1forall s € S and from Lemma 1.

Recall that wp = A (Z ol ¢h(sh,ah)Vh+1(sh+1)) where Ay, =

Zivflf A(sh,ah)ggh(sh,ah)—r + Al;. Then the second term in Equation (50) can be further
decomposed as

Sn(s,a)T (@], — Bn)
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Noge Nogt
= on(s, a)TAhl{ (Z O(sh, an)on(sn, ah)TJr)\fd) Wy, — (Z (s, aﬁWthl(SﬁH)) }

=1 =1
Nots
= )‘C/gh(&a)TAh1@2+$h(s>a)TAh1{2(?%(3;70'2) {(P;E*’TH)‘A/hH)(SZv a}TL)_‘/}hH(S;—erl)} }
(IV) =1
(I1)
off
+ dn(s,a) )TAY {Z bn(sh,ap,) { ) | (PrViser — P;(L*7T+1)‘7h+1)(5;—wa;—z)} } (5D

(I1T)

We next bound the three terms in the above equation individually.

Term (I) is upper-bounded as

o (52)
h

O < Anlze - [onis ), < VAR |duts.0)

where the first inequality follows from Cauchy-Schwarz inequality and the second inequality follows
from the fact that [|wp|| -+ = = ||A; 1H1/2 lwnly < V/d/X

Term (II) is upper-bounded as

(D)l [|3nts. )],

2@ s7af) [(B T VW) (57, aR) = Vi (5710

Al
<C {d\ﬂ—&- v/ plog Noff] HqAﬁh(s,a)HA_l , (53)

where the first inequality follows from Cauchy-Schwarz inequality and the second inequality follows
from Lemma 9.

Term (III) is upper-bounded as

off
T
(rbh S, a A}L <Z ¢h Shaah >| : fdown

Notr

<Z

|(IID)| <

¢h S, a A ¢h(sh7ah)’ ‘gdown

i) | (&~ 2 Nowr 2
< (}j ¢h<s,a)HAl> (}j O (57, a7) A1> Eaown
=1 h =1 h

(#i7)
< Caown VdNort (s, 0)|| . (54)
h

where (i) follows because ‘V;H_l( )’ < 1forall s € S and from Lemma 1, (i7) follows from

Cauchy-Schwarz inequality, and (7i¢) follows from Equation (47).

Choosing A = 1, B(8) = cg (d\/L((S) + VANogEdown + VD 1og Ny ) where 1(6) =
log (2pd H Nog max{€dqown, 1}/0), and combining Equations (50) to (54), we conclude that with
probability at least 1 — 4, for any (s,a,h) € S x A x [H], the following bound holds:

(Bh‘Ath - @h‘/}h+1)(37@)‘ < B(9) th(&a)’ At + £down- (55)

h

O
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C.3 Suboptimality gap characterization: proof of Theorem 2
Based on the previous lemmas, we establish the suboptimality gap.

In Lemma 8, let '), = 3 ngAbh(s, CL)HN1 + &gown- Then Lemma 8 implies that with probability at
h

least 1 — 6,

V

* _ T
PG, T+1),r P, T+1),r

H
<2 B [Ta(sn, an)ls1 = 5]
h=1

< b +293 [ntonan)],

h=1

s1 = s} . (56)

We next show the second part of Theorem 2, which is the suboptimality bound under the feature
coverage assumption (see Assumption 6). We first note that Appendix B.4 in Jin et al. (2021)
shows that if Nog > 40/k,, - log(4dH /), then with probability at least 1 — 6/2, for all (s,a, h) €

S x Ax [H],
2 1
Sy -
A,:l Kp \/Noﬂ‘

By selecting 8(6/2) = cg (d\/L((S/?) + VAdNog€down + VP log Noﬁ) (see Lemma 9), with proba-
bility at least 1 — 0/2, we have
S1 = S:l .

By a union bound, we have with probability at least 1 — J, the following bound holds:

ool

H
Bty = VErsn, < 2Héaown +28 Y Exe [Hwh,awHAl
h=1 h

* o Vﬁ
PG, T+1),r PG T+1),r

<o (fdown +5(5/2): \/E wlv*ﬁ)

_ — IOg (deNoﬁfdown/(s) — p 10g Nof‘f
_ 1/2 1/2 1/2 1/2
-0 np/Hd/fdownw/HdV Nor e TN

D Algorithm 3 and Proof of Theorem 3

Recall faown = & + SLC8I%<% and for any h € [H], we define P (s,a) =
<¢7L(Saa)7M§L*’T+1)(')>aﬁh('|Saa) = (th(s,a),ﬂi(-)),Ph(-|s,a) = <¢h(s7a)aﬁh(')>' For any func-
tion f : S — Rand h € [H], define

P fs.a) = [ (i)l V) 1S

s’/

Puf)(ss0) = [ Blo i (5)(s
(Puf)(s0) = [ Bl )il (5’

Throughout this section, denote 7" as the greedy policy induced by {Q7}/_,, and note that
Ap,wp, QF, V) are defined in Algorithm 3. We further remark that the expectation (for exam-

ple: V7 (s)) is taken with respect to the transition kernel of the target task, i.e., pT+1),

34



Algorithm 3 DONRL (Downstream ONline RL)

1: Input: Feature q/i)\ parameters A, 3.
2: forn=1,...,Ndo
3:  Receive the initial state s7 = 5.

4. forh=H,...,1do

55 Ap=Y0020 dnlshap)on(shan) T + M.

6w = (AR 0Ty dnlsh, ap) Vit (k).

7: Qp () = min {Th(n Y+ n (s ) Twp + B ||on (- ')H(An)_l ,1},
h

Vir(-) = max, QR (-, a).
8:  Let 7" be the greedy policy induced by {Q7}L |, ie., 7(-) = arg max,c 4Q7 (-, a)
9: forh=1,...,Hdo
10 Take action aj; = 7" (s};), and observe s}, ;.
11: Output: 7',..., 7"

Proof Overview: The proof of Theorem 3 consists of two main steps and a final suboptimal-
ity gap analysis. Step 1: We bound the difference between the estimated action value function
ri(s,a) + (Pn(s,a), wy) in Algorithm 3 and the true action value function Q7 (s, a) under a certain
policy 7 recursively as shown in Lemma 12. Step 2: We prove the estimated action value function

7 in Algorithm 3 is near-optimistic with respect to the optimal true action value function over steps
as shown in Lemma 13. Our main technical contribution lies in capturing the impact of the misspeci-
fication of the representation taken from upstream learning on these two steps. Suboptimality gap
analysis: Based on the first two steps, we first decompose the value function difference recursively,
and then obtain a final suboptimality gap.

D.1 Bounding the action value function difference

Following the proof similar to that for Lemma 9, we introduce the concentration lemma for online
RL that upper-bounds the stochastic noise in regression.

Lemma 11. Fix § € (0,1). Under the setting of Theorem 3, we choose A\ = 1, 8, =

e (dﬁ + Vdn€jown +vplog n) where 1, = log (2pdHn max{€qown, 1}/9). Then, there ex-

ists an absolute constant C such that with probability at least 1 — § /2, the following inequality holds
foranyn € [N,y,],h € [H]:

< C [dy/im + V/plogn| .

—1
Ah

n—1

- T T *,T+1 n T T n T
>~ dnlsiap) [(PCTTIVEL) (57, 07) = Vit (570
T=1

Lemma 12. Fix 6 € (0,1). There exists a constant cg such that for B, =

c (dm + Vnd€qown + Vplog n) where t,, = log (2dnH&4own/90), and for any policy , with
probability at least 1 — §/2, we have for any s € S,a € A, h € [H],n € [Noy| that:

(rals,@) + (Gn(s,0). i) = QRls,@) = PV, = Vi) (s, a) + Ak (s, ),

for some A (s, a) that satisfies | AF (s, a)| < By

(s, G)H | T 28down.

A~

Proof. For policy =, define wjj = [V;™,(s")i*(s")ds’. Hence, <$h(s,a),wg> = PLV;7 (s, a)
and [|w] ||, < C1Vd by Lemma 1. These facts further yield that for any s € S,a € A, h € [H]:

@R (s,a) = (rals, ) + (Gu(s.0).w) )| = [PV (5,0) = PaViTia (5, )| < €aons

where the last inequality follows from Lemma 1.
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Then, we further derive
(rh(s, a) + <$h(s, a),w2>) — Qr(s,a)
= (ra(s@) + (@n(s @) wi)) = (ra(s.0) +¢

< (bn(s,a),wp) = (Bu(s,a),wf) + | (rals, @) + ¢
The first term can be bounded by

(dn(s,a), wp) — (Gn(s,a), w])

~

n—1

=1

on(s,a)T (AR~ {

n—1

T7=1

—Abn(s,a) T (A7) wf, +dn(s,a) " (AR) ! {
D

(bh(s’ a)vw;zr>

Z O(shy ap)Vi'y1(Sher) — Awp — Z d(shs aﬁ)ﬁhvffﬂ

n—

R T n T *,T+1 n
Z o(sp,, ap) {Vh-&-l(sh-&-l) - P;ﬁ " )Vh+1(5

T=

) + (rh(&a) + <$h(s,a),w}{)) — Qils.a)
) - Qits.a)|

on(s,a), wf) (57)

Sn(s,a) (AN b(sh, ap)Virsy (shi1) — dn(s, ) wyf

n—1

}

T=1
1

T T

ho> Oh

>}}

1

(1)

(E(S;, a;)?h (‘/}:L—i-l - Vhﬂ-—o—l) (s;—m a;)}

T=1
(I11)
n—1
n ny\— T T *,T
+ ¢h(5aa)T(Ah) ! {Z ¢(sh,ap,) (P;E -
T=1

Fh) V}7+1 (sh,ap) } .

(1v)
We next bound the above four terms individually.

For (I), we derive the following bound:

(D)1= oo, -, DT lagy -+ < VAl |

For (IT), by Lemma 11, we have
(D)

n—

< H;b\h(saa)H

(Ap—t

T=

< <5d\/£+ plogn) H@h(s,a)H

(A

For (IIT), we have

1
" T T n T *T+1) 1 rn T T
on(sh, ap) {Vh+1(3h+1) - P;E )Vh+1(3h7 ah)]
1

’ah(s,a)“ - C'L\/mH&E}L(S’G)H(A;ﬁ)f1 '

(58)

(A

ap-t

(11|
n—1

< |n(s.0)T(AD) ! {Z (T al)B(sf af) T / (Vitor — Vi) (s’)ﬁZ(s’)ds’H
T=1

< |n(s.0)T(AD) T (AL — AT / (Vitor — Vi) ()(s)ds'

dn(s,a)T / (Vitwy — Vi) ()L (s))ds’

+ ‘/\5,1

(s.) T (A7) / (Vi — Vi) ()5 (1) ds

(a)
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For term (a), we have

(a) = dn(s,a)T / (Vi — Vira) ()75 (1)

=Py (VI:L-&-l - Vth) (s,a)
S P(*’T+1) (th+1 - V}:r-i,-l) (Sv a’) + fdowna
where the last inequality follows from Lemma 1.

For term (b), similarly to Equation (58), we have

(6) < CLVAd (5.0 |

Ap)-1

For (IV'), we derive

| (IV) | < gdown

n—1

n(s,a) T (A) {j{:éﬁ(sﬁvaﬁ)}
T=1

n—1

<D |05, @) T(AR) TG (57. aF) | Gaoen
T=1

(@)

n—1 N 2 n—1 N 2
A S auran]. e

S €down\/dnH¢h(8aa)H( )

Ap)—1L

where () follows from Cauchy-Schwarz inequality and (i7) follows because

n—1 N 2 n—1 N N
> ||ontstoan)| -, =t ((Am-l > (¢h<s;7a;>¢h<s;,a;f)) < tr(ly) = d.
T=1 h T=1
Substituting the bounds on (I), (IT),(I1I),(IV) into Equation (57), we finish the proof. O

D.2 Proving optimism of value function

Lemma 13. Under the setting of Theorem 3, with probability at least 1 — §/2, forany s € S,a €
A, h € [H],n € [Non], we have

Qn(s,a) = Qp(s,a) = 2(H — b +1)€own- (59)
Proof. We prove this lemma by induction. First, for step H, by Lemma 12, we have
|(r(s.@) + (D (s.0). wi) ) - QFy(s.0)|
= | P Vi = Viz)(s.0) + Al (s, a)|

< Bn

b 2 Jown-
Ol )| -+ 2o

Thus,

Qiy(s.0) = min { i) + (B, we) + B
2 Q(s,a) = 28down-
Suppose Equation (59) holds for step h + 1. Then for step h, following from Lemma 12, we have:
(n(s,0) + (Bnls,0),ui)) = Qi(s,a)

&Twmmlﬂ}
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= A¥(s,a) + PCTTO (VL — Vi) (s.a)

> _Bn ¢h H 2gdown - 2(H - h)gdown

> — n ) —2(H—-h 1 own-

> B, ||én(s,a H(Az)*l ( +1)éa
Therefore,

Qp(s,a) = min {rh('7 )+ <$(7 ), wy) + B (/5(7 .)H(A”)’l ’1}
h
2 QZ(Sva) - 2(H —h + 1)§downa

which finishes the proof. O

D.3 Suboptimality gap: proof of Theorem 3
Before proving Theorem 3, we introduce the following lemma to decompose the value function

difference recursively.

Lemma 14. Fix § € (0,1). Let ) = V;*(sp) — Vi™ (sy) and &', = E [87 4|}, a}!]

— Oy
Then, with probability at least 1 — 6 /2, for h € [H|,n € [Noy):

O < 0y + & + 260

on(sT, o 2Ldown-
¢h(sh7ah)H(Az)fl+ &a

Proof. By Lemma 12, with probability at least 1 — §/2, for any s € S,a € A, h € [H|,n € [Non],
we have

Qp(s,a) — QR (s,a)
= A¥(s,a) + PCTTO (WL — Vi) (s, a)
< B[Ot @) ., + 2w + BTV = Vi) (50,
h

By the definition :)f 7" in Algorithm 3, we"have " (sp) = a) = argmax,c 4Q(sn,a). Then
Qr(sh.an) = QF (syyap) = Vi (sy) = Vi© (sy) = 0. Thus,

5}7; < (5}7;+1 + §Z+1 + 2ﬁn (bh(SZa CLZ) + 2gdown~

At

Finally, we combine Lemmas 11 to 14 to prove Theorem 3.

Proof of Theorem 3. The regret can be bounded by

Non
Z ( ;(x,T-f-l))T - Vg(*,T+l)7T>
S Z { (‘/171 - Vg(t,TJrl)’T) + 2H§down}

.) Non H

< {Z [£2+2ﬁn
h=1

on H

sNz_:ijthrzZZﬁn

n=1h=1

ah(SZ’ CLZ) ( 1 + 2§down:| + 2H€d0wn}

h

¢h shv ah) B +4HNon§down7 (60)

) (1)
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where (4) follows from Lemma 13 and (4¢) follows from Lemma 14.
For term (I), note that {£} }TI:[“’lIZ | is a martingale difference with [£}}| < 2. By Azuma-Hoeffding
inequality, with proability at least 1 — /4, we have

Non
ZZgh < /8N,nH log(8/9). (61)
n=1h=1
For term (I7), we derive
H Non
(1) =232 o[ ntstoab) .,
h=1n=1

(7,) Non - 2

H Non
<23 Zz > [[ontsi e

n=1

(aq)-

(”)

Non
Z \/20[, (A%t Now + N2,dE3 . + PNoy log Non)\/2dlog (1 + D )

§2H\/2c% (d?t5, Non + N2,dE3 ... + PNon 1og Now )/ 4d 1og Noy,

(44%)

< 4[05 (\/HQdSLn on log Non + HdNongdown \/log Non + H\/deon 1Og Non) )
(62)

where (i) follows from Cauchy-Schwarz inequality, (i7) follows from Lemma 17, and (¢i7) follows
because Vz,y > 0,z +y < x + /¥

Combining Equation (60), Equation (61) and Equation (62), we obtain

Non ’

> (Ve = Vierin,)

n=1
< 8\/50,6 (\/H2d3LnNon log Non + HdNongdown V log Nonw + H V deon log Non)
= 5 (HdNonfdown +H V d3Non +H V deon>

— O (HdNow&aown + H\/ANoy max{d, 5} )
Dividing both sides by N, we have

V;u,ﬂn,r - Vg(*>T+1),r <0 (Hdgdown + Hdl/QN&l/Q max{d, \/13}> ’ (63)

Furthermore, if the linear combination misspecification error £ (Assumption 5) is O(v/d/v/Non),
and the number of trajectories collected in upstream is as large as

~ H°K3T Ny
O (H3dK2TN0n + (H*d°K + H°K® + H°d’K) T? Noy + ) ,

d2

then £qown reduces to O(\/& /v/Non) by definition and Theorem 1, and hence the second term in
Equation (63) dominates. The suboptimality gap thus becomes

%) (Hdl/ 2N/ max{d, \/13}) .

E Discussion of assumptions

In this section, We discuss all of our assumptions in Section 5 in greater detail. Below we elaborate
intuitively why these assumptions are useful. Formal argument of their necessity or their possible
relaxation can be an interesting future topic.
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Assumption 6 falls into the data-coverage type of assumptions typically adopted in the study of
offline RL, such as in linear MDPs (Xie et al., 2021; Yin et al., 2022; Wang et al., 2021) and the OPE
problem (Min et al., 2021). Such an assumption has been shown to be necessary to guarantee sample
efficient offline RL for tabular (Yin and Wang, 2021) and linear MDPs in Wang et al. (2021). Further,
Uehara et al. (2022) relaxed this assumption to a weaker version of the same type, but correspondingly
has a slightly weaker result in the suboptimality gap (with respect to the optimal policy only) than
those in Xie et al. (2021); Yin et al. (2022); Wang et al. (2021) (suboptimality gap with respect to any
policy). One interesting topic for future study is to relax our Assumption 6 by this weaker assumption
in Uehara et al. (2022) for our downstream learning.

Assumptions 2 to 5 are useful for establishing the connection between upstream and downstream
learning and then transferring the pre-trained representation from upstream to downstream.

Assumption 2 requires the upstream exploration to be sufficient over all states so that the pre-trained
representation in upstream is accurate for those high-frequent states in downstream MDP, even if
these states occur not often in upstream. Such a type of reachability assumption has also been used in
previous RL studies such as in Agarwal et al. (2020); Modi et al. (2021).

Assumption 3 can be simplified to only require that the state space S is compact. Then, combining
with Assumption 2, it can be shown that there exists a uniform distribution on S with the density
function f(s) = v, where 1/v is the measure of S. Essentially, we expect that there exist a distribution
(e.g., uniform distribution in the context) that has non-zero density on all states so that every state can
be explored well in upstream. Assumption 3 holds obviously in Tabular MDP and can hold for many
RL settings with continuous state space as long as it is compact.

Assumption 4 uses the average total variation (TV) distance to provide a bound for point-wise TV
distance, i.e., the TV distance of each state-action pair. Without Assumption 4, it can occur for source
tasks that (5 o) ~24(s,0) [l P* — (-, ) |]] < down (see Equation (10) in Lemma 1), which is insufficient
for pre-trained representation to perform well in downstream target task due to the difference of
their transition kernels. Consequently, the straightforward exploration won’t benefit from multitask
learning. We remark that there might be other alternative assumptions that can help to achieve the
same goal as stated above.

Assumption 5 connects transition kernels between upstream source tasks and the downstream target
task. Such a type of assumption is somewhat necessary to guarantee the performance transfer, but the
exact form of the assumption may be relaxed.

F Discussion of connections to successor features (SF)

In this section, we discuss the related work on successor features (SF) and propose some interesting
topics which can be further studied.

In the framework of Successor Features (SFs) (Barreto et al., 2017), rewards are decomposed into
feature representation (same for all tasks) and linear weights (different across tasks). Barreto et al.
(2017) assumes that the transition kernel for all tasks are the same. In such a case, it can be easily
shown that the @) functions also admit a decomposition into common SFs for all tasks and varying
weights w across tasks.

Hence, the structure of Q-function naturally leads to a value-based approach to update Q-functions via
Bellman equations. On the other hand, our problem formulation (along the line of low-rank MDPs)
assumes that the transition kernels have decomposed structure of common feature for all tasks and
different linear weights across all tasks, and the reward functions may not have any structure. Such
a formulation naturally leads to a model-based approach, where the policy update is via a policy
maximization oracle.

To connect the two formulations, one can consider the following setup, where both rewards (and
hence Q-function) and transition kernels have decomposed structures. For such a setting, a combined
value-based and model-based approach can be a good design option. One possible way is to learn
the transition kernels first based on its structure, then update Q-function based on its structure, and
finally update policy greedily based on Q-function. Such a framework has already been considered
in Lehnert and Littman (2020), where the focus was on learning state representations, not on the
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design of exploration. This is certainly a quite open topic that requires formal efforts to investigate in
the future.

G Auxiliary Lemmas

In this section, we provide several lemmas that are commonly used for the analysis of MDP problems.

The following lemma (Dann et al., 2017) will be useful to measure the difference between two value
functions under two MDPs and reward functions. We define P, Vi, 11 (s, an) = Eswp, (|sp.an) [V (5)]
as a shorthand notation.

Lemma 15. (Simulation lemma). Suppose P, and P, are two MDPs and 1, T3 are the corresponding
reward functions. Given a policy m, we have,

Vipre (80) = Vilpy g (52)
H

= Z ](E;D : (71 (snrsan) = ra(spr,an) + (Pow — Pon )Vii i1 py o (Snes ans)|sn]
BT

hi=h Th
H
= Z I(EP ) [71(snrsan) = ra(spr, an) + (Pow — Pon Vi1 py o (Snesans)|sn] -
hi=h “"ay k"

The following lemma is essential in bounding the suboptimality in downstream offline RL (see
Lemma 3.1 in Jin et al. (2021)).

Lemma 16. Let {7, }:L | be the policy such that Vi(s) = (Qn(s,),7n(-|s)) 4 and Cn(s,a) =
(BrViti1(s,a)) — Qn(s,a). Then for any T and s € S, we have

" "
Vi(s) = V' (s) = ZEﬂ[Ch(Sh,aa)\Sl =s]— Z]E%Kh(shaah”sl = 3

+ 3 Exl(@n(sns ), mallsn) = F(-fsn))ls1 = s],
h=1

where the expectation is taken over sy, ay,.

The following lemma is a standard inequality in the regret analysis for linear MDPs in reinforcement
learning (see Lemma G.2 in Agarwal et al. (2020) and Lemma 10 in Uehara et al. (2022)).

Lemma 17. (Elliptical potential lemma). Consider a sequence of d x d positive semidefinite matrices
X1,..., Xn withtr(X,,) < 1foralln € [N]. Define My = NI and M,, = M,,_1 + X,,. Then

N
Ztr M, ') < 2logdet(My) — 2logdet(Mo) < 2dlog (1 + d)\)
0

Next, we introduce some useful inequalities that help convert the finite sample error bound into the
sample complexity.

Lemma 18 (¢-Covering Number). Let V denote a class of function mapping from S to R with the
following parametric form

V(~):min{r;1eaj<r( a) +w' §(-,a) + ay/6(-.a) TA14 )}7

where the parameters (r,w, 3, A) < [0,B] and ¥ = M. Assume
lo(s,a)|l < 1 for all (s,a) pairs, and let N'(g;r, R, B, \) be the e-covering number of V with
respect to the distance dist(V, V') = sup, |V (s) — V'(s)|. Further let Ng(c) be the e-covering
number of function class R. Then

log [N (e; R, B,\)| < dlog(1 + 6R/<) + d2log(1 + 18d"/2 B2 /(2)\)) + log/\fn(g)

where NR(%) is the 5 covering number with respect to the reward function class R.
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Proof. The proof is essentially the same as that in Jin et al. (2020) except that the function 7 (s, a) is
not necessarily linear with respect to the representation ¢(s, a), and the function ¢ is selected from a
function class ®.

Reparametrize the function class V by letting A = o?A~!, and we have

V) = min {magr(a) 4 uTo.0) + /o, Aot 1

where r € R, ||w|| < R, and ||A|| < B2A\~!. For any two functions V3, V2 € V), let them take the
above form with parameters (r1, w1, A1) and (rg, we, As), respectively. Since both min{-,1} and
max, are contractions, we have

dist(V3, Va)

)+ wT05,0) + /005,00

< sup

s,a

— {rg(s,a) +w, ¢(s,a) + \/qb(s, a)TquS(s,a)} ’
< suplri(s,0) —ra(s, )|+ sup |[wl o+ VOTA0] — [w] 6+ /6T Azo]|

5,0 o:llplI<1

<sup|ri(s,a) — ra(s,a)| + sup ‘(wl - wg)Tqb’ + sup [T (A1 — Ag)g|
s,a ¢l <1 #:lloll<1

=sup|ri(s,a) — ra(s,a)| + lwr — wal| + /|| A1 — Az
s,a

<sup|ri(s,a) —ra(s, a)| + [wr — wall + /]| A1 = Az[lp, (64)

s,a

where the second to last inequality follows from the fact that |/z —/y| < /| — y| forany 2,y > 0.
For matrices, ||-|| and ||-|| denote the matrix operator norm and Frobenius norm, respectively.

Let Cr be an §-cover of R such that [Cr| = Nr(§). Let Cy, be an §-cover of {w € RY| |wl|| <
R} with respect to the lo-norm of a vector, and let C4 be an %—cover of {4 € R™||Allp <
d'/2 B2X\~1} with respect to the Frobenius norm. By Lemma D.5 in Jin et al. (2020), it holds that

ICu| < (1+ 6R/e)%, ICal < [1+ 18dY2B2/(Ae%)] .

By Equation (64), for any V; € V/, there exists ry € Cr, wy € C,, and A such that V5 parametrized
by (ra, w2, Az) satisfies dist(V1, V5) < e. Hence, it holds that N'(¢; R, B, \) < [Nz (5)|-|Cu|-[Cal,
which yields the desired result. O
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