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Abstract

Quantum neural networks (QNN5s) have emerged as a leading strategy to establish
applications in machine learning, chemistry, and optimization. While the applica-
tions of QNN have been widely investigated, its theoretical foundation remains less
understood. In this paper, we formulate a theoretical framework for the expressive
ability of data re-uploading quantum neural networks that consist of interleaved en-
coding circuit blocks and trainable circuit blocks. First, we prove that single-qubit
quantum neural networks can approximate any univariate function by mapping the
model to a partial Fourier series. We in particular establish the exact correlations
between the parameters of the trainable gates and the Fourier coefficients, resolving
an open problem on the universal approximation property of QNN. Second, we
discuss the limitations of single-qubit native QNNs on approximating multivariate
functions by analyzing the frequency spectrum and the flexibility of Fourier coef-
ficients. We further demonstrate the expressivity and limitations of single-qubit
native QNNs via numerical experiments. We believe these results would improve
our understanding of QNN and provide a helpful guideline for designing powerful
QNN for machine learning tasks.

1 Introduction

Quantum computing is a technology that exploits the laws of quantum mechanics to solve complicated
problems much faster than classical computers. It has been applied in areas such as breaking
cryptographic systems [1], searching databases [2], and quantum simulation [3, 4], in which it
gives a quantum speedup over the best known classical algorithms. With the fast development
of quantum hardware, recent results [5—7] have shown quantum advantages in specific tasks. An
emerging direction is to investigate if quantum computing can offer quantum advantages in artificial
intelligence, giving rise to an interdisciplinary area called quantum machine learning [8].

A leading strategy to quantum machine learning uses quantum neural networks (QNNs), which are
quantum analogs of artificial neural networks (NNs). Much progress has been made in applications of
QNN in various topics [9-11], including quantum autoencoder [12, 13], supervised learning [14-17],
dynamic learning [18-20], quantum chemistry [21], and quantum metrology [22-24]. Similar to the
field of machine learning, a crucial challenge of quantum machine learning is to design powerful and
efficient QNN models for quantum learning tasks, which requires a theoretical understanding of how
structural properties of QNN may affect its expressive power.

The expressive power of a QNN model can be characterized by the function classes that it can
approximate. Recently, the universal approximation property (UAP) of QNN models has been
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investigated, which is similar to the universal approximation theorem [25, 26] in machine learning
theory. The authors of [27] suggested that a QNN model can be written as a partial Fourier series in
the data and proved the existence of a multi-qubit QNN model that can realize a universal function
approximator. The UAP of single-qubit models remains an open conjecture, due to the difficulties
in analyzing the flexibility of Fourier coefficients. Another work [28] considered hybrid classical-
quantum neural networks and obtained the UAP by using the Stone-Weierstrass theorem. Ref. [29]
proved that even a single-qubit hybrid QNN can approximate any bounded function.

The above results of UAP show that the expressivity of QNN is strong, but it does not reveal the
relationship between the structural properties of a QNN and its expressive ability. Therefore the UAP
may not be a good guide for constructing QNN models with practical interests. In particular, it is
worth noting that the existence proof in Ref. [27] is under the assumption of multi-qubit systems,
exponential circuit depth, and arbitrary observables, which does not explicitly give the structure of
QNNs. Meanwhile, Refs. [28, 29] demonstrated the construction of QNN in detail, but it is unclear
whether the powerful expressivity comes from the classical part or the quantum part of hybrid models.
Moreover, a systematic analysis of how parameters in the QNN affect the classes of functions that it
can approximate is missing. The absence of these theoretical foundations hinders the understanding
on the expressive power and limitation of QNNs, which makes it highly necessary but challenging to
design effective and efficient QNNs.

To theoretically investigate the expressivity of QNNs, it is important to study the simplest case
of single-qubit QNNs, just like the celebrated universal approximation theorem first showing the
expressivity of depth-2 NNs [25, 26]. In this paper, we formulate an analytical framework that
correlates the structural properties of a single-qubit native QNN and its expressive power. We consider
data re-uploading models that consist of interleaved data encoding circuit blocks and trainable circuit
blocks [30]. First, we prove that there exists a single-qubit native QNN that can express any Fourier
series, which is a universal approximator for any square-integrable univariate function. It solves the
open problem on the UAP of single-qubit QNN in Ref. [27]. Second, we systematically analyze
how parameters in trainable circuit blocks affect the Fourier coefficients. The main results on the
expressivity of QNNs are summarized as in Fig. 1. Third, we discuss potential difficulties for single-
qubit native QNN to approximate multivariate functions. Additionally, we compare native QNNs
with the hybrid version and show the fundamental difference in their expressive power. We also
demonstrate the expressivity and limitations of single-qubit native QNNs via numerical experiments
on approximating univariate and multivariate functions. Our analysis, beyond the UAP of QNNs,
improves the understanding of the relationship between the expressive power and the structure of
QNNs. This fundamental framework provides a theoretical foundation for data re-uploading QNN
models, which is helpful to construct effective and efficient QNNs for quantum machine learning
tasks.
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Figure 1: A schematic diagram of the main results. A single-qubit data re-uploading QNN model
consisting of interleaved trainable blocks (in blue) and encoding blocks (in orange) corresponds to a
partial Fourier series. The encoding blocks decide the frequency spectrum of the Fourier series and
the trainable blocks control the Fourier coefficients. By the summability and convergence of the
Fourier series, the QNN model can approximate any square-integrable target function.

We will start by giving some background and defining the native QNN models in the next section,
and then analyze the expressivity of single-qubit native QNN in Section 3. In Section 4, we discuss



the limitation of single-qubit native QNNs and compare native QNNs with hybrid QNNs, which
shows the fundamental difference between their expressive power. The numerical experiments on the
expressivity and limitations of single-qubit native QNNs are described in Section 5.

2 Preliminaries

2.1 A primer on quantum computing

Quantum state The basic unit of information in quantum computation is one guantum bit, or qubit
for short. Just like a classical bit has a state in either O or 1, a qubit also has a state. A single-qubit
state is a unit vector in a 2-dimensional Hilbert space C?, which is commonly denoted in Dirac
notationj i = jOi+ jli, where j0i = (1;0)T and jli = (0;1)" are known as computational
basis states. Here j 1 denotes a column vector and its conjugate transpose h j = j i’ is a row
vector. Then the inner producth j 1=Kk k? denotes the square of L2-norm of j i. Note that j i is
a normalized state soh j i =] j°+]j j° = 1. Having this constraint, a single-qubit state can be
represented as a point at surface of a Bloch sphere, written as j i1 = cos( =2) j0i +e' sin( =2)jli,
where and are re-interpreted as azimuthal angle and polar angle in spherical coordinates. More
generally, a quantum state of N qubits can be represented as a normalized vector in the n-fold tensor
product Hilbert space c?".

Quantum gate Quantum gates are basic operations used to manipulate qubits. Unlike some classical
logical gates, quantum gates are reversible, so they can be represented as unitary transformations

in the Hilbert space. A unitary matrix U satisfies UTU = UUT = I. A commonly used group of
single-qubit quantum gates is the Pauli gates, which can be written as Pauli matrices:
_ 0 1. _ 0 i _ 1 0 .
X=10' Y=5i o' %50 1° M

The Pauli X, Y, and Z gates are equivalent to a rotation around the X, Y, and z axes of the Bloch
sphere by radians, respectively. A group of more general gates is the rotation operator gates
fRp( ) =e 'zP j P 2 fX;Y; Zgg, which allows the rotating angle around the X, y and z axes of
the Bloch sphere to be customiz%l. They can be, ritten in the m%;rix formas , "
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Quantum measurement A measurement is a quantum operation to retrieve classical information
from a quantum state. The simplest measurement is the computational basis measurement; for a
single-qubitstatej i = jOi+ j1I, the outcome of such a measurement is either jOi with probability
j j2 or j1li with probability j j2. Computational basis measurements can be generalized to Pauli
measurements, where Pauli matrices are observables that we can measure. For example, measuring
Pauli Z is equivalent to the computational basis measurement, since jOi and j1i are eigenvectors of Z
with corresponding eigenvalues 1. Pauli Z measurement returns +1 if the resulting state is jOi and
returns 1 if the resulting state is j11. We can calculate the expected value of Pauli Z measurement
when the state is j i:

hjzj i=( *hoj+ *hi)z( joi+ jL)y=j j* j = 3)
Pauli measurements can be extended to the case of multiple qubits by a tensor product of Pauli
matrices.

2.2 Data re-uploading quantum neural networks

We consider the data re-uploading QNN model [30], which is a generalized framework of quantum
machine learning models based on parameterized quantum circuits [31]. A data re-uploading QNN is
a quantum circuit that consists of interleaved data encoding circuit blocks S( ) and trainable circuit
blocks V (),

'
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number of layers. It is common to build the data encoding blocks and trainable blocks using the most
prevalent parameterized quantum operat®tg ; Ry ; Rz g. We de ne the output of this model as
the expectation value of measuring some observghble

f L (x)= HjUY, (X)MU o ()]0 : ®)

Note that some data re-uploading QNNSs introduce trainable weights in data pre-processing or post-
processing, which are considered as hybrid QNNs. For example, the data encoding block de ned as
S(w x) is essentially equivalent to feeding datanto a neuron with weightv and then uploading

the output to an encoding blo&( ). Such a mixing structure makes it hard to tell whether the
expressive power comes from the classical or quantum part. To solely study the expressive power of
QNNs, we de ne the concept ofative QNN where all trainable weights are introduced by parameters

of tunable quantum gates so that they can be distinguished from a hybrid QNN. Throughout this
paper, we simply refer to the native QNN as QNN for short unless speci ed otherwise.

3 Expressivity of single-qubit QNNs

To better understand the expressive power of QNNs, we start investigating the simplest case of
single-qubit models. Ref2[7] investigated the expressive power of QNNs using the Fourier series
formalism. In this section, we establish an exact correlation between the single-qubit QNN and the
Fourier series in terms of both the frequency spectrum and Fourier coef cients. Note that we consider
one-dimensional input data for now, which corresponds to the class of univariate functions.

A Fourier series is an expansion of a periodic funcfigr) in in nite terms of a sum of sines and
cosines which can be written in the exponential form as

X P2
f(x)= che T (6)
n=1
where Z

Ch = % Tf(x)ei%”x dx )

are the Fourier coef cients. HefE is the period of functioffi (x). The quantitiesn% are called the
frequencieswhich are multiples of the base frequerﬁ;y. The set of frequencin %gn is called the
frequency spectrumf Fourier series.

In approximation theory, a partial Fourier series (or truncated Fourier series)

X A
sn(X) = Chel ™™ (8)
n= N
is commonly used to approximate the functiofx). A partial Fourier series can be transformed to a
Laurent polynomiaP 2 C[z;z !] by the substitutiorz = g je.,
X
P(z) = cnz": 9)
n= N
A Laurent polynomiaP 2 F[z;z ]is a linear combination of positive and negative powers of the
variablez with coef cients inF. Thedegreeof a Laurent polynomial is the maximum absolute
value of any exponent af with non-zero coef cients, denoted leg(P). We say that a Laurent

polynomialP hasparity O if all coef cients corresponding to odd powers pfare0, and similarlyP
has parityl if all coef cients corresponding to even powersaére0.

Following the pattern of Fourier series, we rst consider udig(x) = e = 2 to encode the input
x and letRy () be the trainable gate. We can write the QNN as

£
UT(x)= Ry(o) Rz(X¥)Ry(;); (10)
j=1

4



and the quantum circuit is shown in Fig. 2.
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Figure 2: Circuit ofu¥£Y(x), where the trainable block Ry (') and the encoding block Bz ().

To characterize the expressivity of this kind of basic QNN, we rst rigorously show that the QNN
UY£Y(x) can be represented in the form of a partial Fourier series with real coef cients.

Lemma 1 There exist =( o; 1;:::; L) 2 R-*! such that
UEW= G P oo an

if and only if real Laurent polynomialB; Q 2 R[e*= 2;e *= 2] satisfy
1. degP) L anddeg@Q) L,
2. P andQ have parityL mod 2,

3. 8x 2 R,jP(x)j* + jQ(x)j* = 1.

Lemma 1 decomposes the unitary matrix of the QUIK;{Y(X) into Laurent polynomials with real

coef cients, which can be used to represent a partial Fourier series with real coef cients. The proof
of Lemma 1 uses a method of mathematical induction that is in the similar spirit of the proof of
guantum signal processingZ-35], which is a powerful subroutine in Hamiltonian simulatich [

and quantum singular value transformati®g][ The forward direction is straightforward by the

de nition of U"{Y(x) in Eq.(10). The proof of the backward direction is by inductionlLirwhere

the base case = 0 holds trivially. ForL > 0, we prove that for any) ¥£(x) whereP; Q satisfy
the three conditions, there exists a unique bIB¢K «)R? (x) such that polynomial® and@ in

UYE(X)RY ( «)RY (x) satisfy the three conditions far 1. Lemma 1 explicitly correlates the
frequency spectrum of the Fourier series and the number of layefshe QNN. The proof of
Lemma 1 also illustrates the exact correspondence between the Fourier coef cients and parameters of
trainable gates. A detailed proof can be found in Appendix A.1.

Other than characterizing the QNN with Laurent polynomials, we also need to specify the achievable
Laurent polynomial® (x) for which there exists a correspondi@gx) satisfying the three conditions

in Lemma 1. It has been proved in Ref32] 34] that the only constraint if? (x)j 1forallx 2 R.

That is, for anyP 2 R[€*2;e *=2] with deg(P) L and parityL mod 2, if jP(x)] 1 for

all x 2 R, there exists @ 2 R[e*"2;e 2] with deg(P) L and parityL mod 2 such that
iP(X)j? + jQ(x)j* =1 forallx 2 R.

By Lemma 1, the partial Fourier series corresponding to the (DJ\\f;FDT((X) only has real coef cients.

With the exponential form of EJ6), a Fourier series with real coef cients only hess(x) terms,
which meansUY;Z,_Y(x) can be used to approximate any even function on the intgrval ]. Thus
we establish the following proposition, whose proof is deferred to Appendix A.2.

Proposition 2 For any even square-integrable functibn [ ; ]! Randforall > 0, there
exists a QNNU"EY(x) such thaj (x)i = U"{Y(x)]0i satis es
kh (x)jzj (x)i f (x)k (12)

for some normalizing constant

Although the above result states that the QNNZLY(x)jOi is able to approximate a class of even
functions within arbitrary precision, we can see that the main limitation of the expressive power
of QNN U{Y(x) is the real Fourier coef cients, which may restrict its universal approximation
capability.



To tackle this issue, our idea is to introduce complex coef cients to the corresponding Laurent
polynomials, which can be implemented by adding a trainable Pardtation operator in each layer.
Speci cally, we consider the QNN

Y_
U2V ()= Rz(OW( 0; 0)  RzOOW( 5 j); (13)
j=1
where each trainable blockW ( ;; j) = Ry ( j)Rz( j). Here we add an extfdz (' ) gate to
adjust the relative phase betweRrandQ. The quantum circuit of)¥2¥ (x) is illustrated in Fig. 3.

jo ng( OHR OHR:0F Rz o HRY (o) HRz () -A]
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Figure 3: Circuit ofu Y'Y (x), where the trainable block is composedRf () andRz ( ), and the
encoding block iRz ().

To characterize the capability of this QNN, we establish the following Lemma which implies
UV\;’ZYX (x) can express any Fourier partial sum with complex Fourier coef cients.

Lemma3 There exist = ( o; 1;:::; L) 2 R**t and =(" o; 1;:::; L) 2 R**? such
that

wzw oy - P(X) Q(x)

UEH0= 0 P 4

if and only if Laurent polynomialB; Q 2 C[e"" 2;e *= 2] satisfy
1. degP) L anddeg@Q) L,
2. P andQ have parityL mod 2,

3. 8x 2 R,jP(x)j* + jQ(x)j* = 1.

Lemma 3 demonstrates a decomposition of the QNNZVX (x) into Laurent polynomials with
complex coef cients, which can be used to represent a partial Fourier series with complex coef cients
in form of Eq.(8). The proof of Lemma 3 is similar to the proof of Lemma 1 and its details are
provided in Appendix A.3. Again, the proof demonstrates the effect of parameterized gates on
the control of Fourier coef cients. Similarly, the constraint for the achievable complex Laurent
polynomialsP (x) in UW2Y (x) is thatjP(x)j ~ 1forallx 2 R, as proved in Refs. [36, 37].

We then prove in the following Theorem 4 tha‘(‘;’z‘;’f (x) is able to approximate any square-integrable
function within arbitrary precision, using the well-established result in Fourier analysis. The detailed
proof is deferred to Appendix A.4.

Theorem 4 (Univariate approximation properties of single-qubit QNNs.) For any univariate

square-integrable functioh : [ ; ]! Randforall > 0, there exists a QNNJYZY (x)
such thaf (x)i = UW2Y (x)]0i satis es
kh (0)jzj (0i f (Xk (15)

for some normalizing constant

Up till now we only let the encoding gate be tRe (x) gate, what if we use other rotation operator
gates to encode the data? It actually does not matter which one we choose as the encoding gate if
the trainable gates are universal. Note that Pauli rotation opeRfofs); Ry (X); Rz (X) have two
eigenvaluegosf=2) i sin(x=2), and they can be diagonalized@%Rz (x)Q. Merging unitaries

QY andQ to universal trainable gates gives the QNN that UBg$x) as the encoding gate. We
hereby de ne the generic single-qubit QNNs as

N3
U% ()= Us( 0; 0 o) Rz(X)Us(j; j5 i) (16)
=1



where each trainable block is the generic rotation gate

.. y_ COSy e sins
U3( [ ) - e| S|n§ e|( + ) COSE (17)
By de nition, any L -layer single-qubit QNN, including/'¥#)’, can be expressed &8’%" . . Thus

uY2Y . is surely a universal approximator.

4 Limitations of single-qubit QNNs

We have proved that a single-qubit QNN is a universal approximator for univariate functions, it
is natural to consider its limitations. Is there a single-qubit QNN that can approximate arbitrary
multivariate functions? We answer this question from the perspective of multivariate Fourier series.
Speci cally, we consider the generic form of single-qubit QNNs de ned in @) and upload the
classical datx = (x®;x@: :x(@)2 Rd as

\
U, (X)=Us(o o, 0) Rz()Us( s j5 i) (18)
j=1

where eaclx; 2 x andL 2 N*. Without loss of generality, assume that each dimens{bnis
uploaded the same number of times, denote# byNaturally, we hav&Kd = L. Further, we rewrite
the output of QNNSs de ned in Eq. (5) as the following form.

X .
f o (x)= o€ x; (19)
12

where = f K; :0;  ;Kg" andthec, is determined by parametersand the observablé! .

A detailed analysis can be found in Appendix B. We can see thaflRjcannot be represented as
aK -truncated multivariate Fourier series. Speci cally, by the curse of dimensionality, it requires
exponentially many terms id to approximate a function id dimensions. However, fdr .| (x), the
degrees of freedom grow linearly with the number of laylerst implies that single-qubit native
QNNs potentially lack the capability to universally approximate arbitrary multivariate functions from
the perspective of the Fourier series.

Despite the potential limitation of native QNNSs in multivariate approximation, it has been proved that
a single-qubitiybrid QNN can approximate arbitrary multivariate functio28,[29]. However, the

UAP of hybrid QNNs is fundamentally different from the native model that we investigated. Those
hybrid models involve trainable weights either in data pre-processing or post-processing. Speci cally,
introducing trainable weights in data pre-processing is equivalent to multiplying each frequency of
the Fourier series by an arbitrary real coef cient, i.e.

S(wx) = Rz(wx)= e Wz7: (20)

Therefore it enriches the frequency spectrum of native QNNs, which only contain integer multiples
of the fundamental frequency. It can also be readily extended to the encoding of multi-dimensional
datax = (x®:;x@; :x()as

Rz (Wix®)Rz (Wox®) Rz (wax@)= Rz(w x)= e 1% *Z; (21)

single-qubit QNN to approximate any continuous multivariate functish. [We notice that, although

the trainable weights enrich the frequency spectrum of the Fourier series, the capability of hybrid
QNNs to approximate arbitrary multivariate functions is not obtained using the multivariate Fourier
series, but the universal approximation theor@® R6] in machine learning theory. In another word,

the multivariate UAP of a hybrid QNN mostly comes from the classical structure, and the QNN
serves as an activation functioifx) = e ™ in the universal approximation theorem. This fact might

be able to shed some light on the reason why a hybrid QNN does not provide quantum advantages
over the classical NN.



5 Numerical experiments

In order to better illustrate the expressive power of single-qubit native QNNs, we supplement the
theoretical results with numerical experiments. Speci cally, we demonstrate the exibility and
approximation capability of single-qubit native QNNs in Section 5.1. The limitations of single-qubit
QNNs are illustrated in Section 5.2 through the numerical experiments on approximating multivariate
functions. All simulations are carried out with the Paddle Quantum toolkit on the PaddlePaddle Deep
Learning Platform, using a desktop with an 8-core i7 CPU and 32GB RAM.

5.1 Univariate function approximation

A damping functiorf (x) = sin (5 x)=5x is used to demonstrate the approximation performance of
single-qubit native QNN models. The dataset consists of 300 data points uniformly sampled from
the interval[0; ], from which 200 are selected for the training set and 100 for the test set. Since the
functionf (x) is an even function, we use the QNN model as de ned in(&Q). The parameters

of trainable gates are initialized from the uniform distribution[@r2 ]. We adopt a variational
qguantum algorithm, where a gradient-based optimizer is used to search and update parameters in the
QNN. The mean squared error (MSE) serves as the loss function. Here the Adam optimizer is used
with a learning rate of 0.1. We set the training iterations to be 100 with a batch size of 20 for all
experiments.

While approximating a functioh(x) by a truncated Fourier series, the approximation error decreases

as the number of expansion terms increases. As shown in Lemma 3, the frequency spectrum and
Fourier coef cients will be extended by consecutive repetitions of the encoding gate and trainable
gate. The numerical results in Fig. 4 illustrate that the approximation error decreases as the number
of layers increases, which are consistent with our theoretical analysis.

Figure 4: Panel (a) is the approximation result$J6f—YW|th differentL. Panel (b) shows the
approximation error. Here the theoretical truncat|on error is calculated using the uniform norm
kfn (x)  f(x)k, , wherefy (x) is the truncated Fourier seriesfofx) with N terms.

To further show the exibility and capability of single-qubit QNNs, we pick a square wave function
as the target function. The training set contains 400 data points sampled from the 20l

The numerical results are illustrated in Fig. 5. By simply repeating 45 layers, the single-qubit QNN
UWZW (x) learns the function hidden beneath the training data. In particular, the approximation
works well not only for mput variables located between the training data but also outside of the region,
because the Fourier series has a natural capability in dealing with periodic functions.

5.2 Multivariate function approximation

We numerically demonstrate the limitations of single-qubit native QNNs in approximate multivariate
functions. We examine the convergence of the loss as the number of layers of the circuit increases
and compare the outcome with the target function. Speci cally, we consider a bivariate function



Figure 5: The result of approximating the square wave function4flayer QNNUWY/ (x). For
showing periodic extrapolation, and the test region is exterfid 80].

f(x;y)=(x2+y 15 )?2+(x+y? )?asthe target function. Note thiafx; y) is normalized
ontheinterva[ ; J%ie., 1 f(xyy) 1

The training set consists of 400 data points sampled from intgrval ]2. We use the single-
qubit QNN with various numbers of layers de ned as Etg) to learn the target function. The
experimental setting is the same as in the univariate function approximation. In order to reduce the
effect of randomness, the experimental results are averaged over 5 independent training instances.

Fig. 6 shows that the single-qubit native QNN has dif culty in approximating bivariate functions.
The approximation result of QNN as shown in Fig. 6b is quite different from the target function, even
for a very deep circuit of0 layers. Also, the training loss in Fig. 6¢ does not decrease as the number
of layers increases. Note that the target function is only bivariate here, the limitations of single-qubit
native QNNs will be more obvious in the case of higher dimensions. We further propose a possible
strategy that extends single-qubit QNNSs to multiple qubits, which could potentially overcome the
limitations and handle practical classi cation tasks, see Appendix C for detalils.

(a) Target function. (b) Approximation result. (c) Training loss.

Figure 6: Panel (a) is the plot of target functibfx;y). Panel (b) shows the approximation result of
a40-layer QNN. Panel (c) is the plot of training loss for QNNs with different numbers of layers
during the optimization.

6 Conclusion and outlook

In this work, we presented a systematic investigation of the expressive power of single-qubit native
QNNs, which are capable to approximate any square-integrable univariate function with arbitrary
precision. We not only give an existence proof but also analytically show an exact mapping between
native QNNs and the partial Fourier series from perspectives of both frequency spectrum and Fourier
coef cients, which solves an open problem on the UAP of single-qubit QNNSs in R&f. Qur proof,

inspired by quantum signal processing, explicitly illustrates the correlation between parameters of



trainable gates and the Fourier coef cients. Other than the expressivity, we also discuss the limitation
of single-qubit QNNs from the perspective of multivariate Fourier series. Both the expressivity
and limitation of single-qubit QNNs are validated by numerical simulations. We expect our results
provide a fundamental framework to the class of data re-uploading QNNs, which serves as insightful
guidance on the design of such QNN models.

Although the expressive power of a single-qubit QNN have been well investigated, it may not be
an ideal model in practice due to the potential limitations on approximating multivariate functions.
Moreover, single-qubit models can be ef ciently simulated by classical computers and hence cannot
bring any quantum advantage. The multi-qubit QNNs as shown in Rffahd in Appendix C might
require exponential circuit depth, which is impractical to implement and also does not tthe systematic
analysis for the single-qubit case. Therefore one future step is to ef ciently generalize the framework
of single-qubit QNNs to multi-qubit cases. One promising approach is to encode data into multi-
qubit unitaries by block encoding and then mapping higher-dimensional operations on multi-qubit
systems to single-qubit gates by qubitizati@8][ Such techniques are originally used in multi-qubit
extensions of quantum signal processing, such as quantum singular value transforgthaon [
guantum phase processirgy]. By the connection between single-qubit QNNs and quantum signal
processing, block encoding and qubitization may lead to useful QNN models for multi-qubit cases
and establish corresponding systematic analyses. A recent paper presents a method that extends
guantum signal processing to multivaria88], which might also be applicable to single-qubit QNNs.

We believe our results and their possible extensions would improve our understanding of QNNs and
provide a helpful guideline for designing powerful QNNs for machine learning tasks.
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Appendix for Power and limitations of single-qubit native quantum neural

networks
A Detailed Proofs
A.1 Proof of Lemma 1
Lemma 1 There exist =( o; 1;:::; L) 2 R-* such that
vz = P(X) Q(X)
R R LN (51

if and only if real Laurent polynomialB; Q 2 R[€*=2;e *=?] satisfy
1. deg(P) L anddeg@Q) L,
2. P andQ have parityL mod 2,
3.8x 2 R,jP(X)j* + jQ(X)j* = 1.
Proof First we prove the forward direction, i.e. H&1)implies the three conditions, by induction

onL. For the base case,lif = 0, thenRy ( o) givesP = cos( ¢=2) andQ = sin( ¢=2), which
clearly satis es the conditions.

For the induction step, suppose Eqg. (S1) satis es the three conditions. Then

P
0 PQ Rz (X)Ry ( k) (S2)
_ P Q cos( |<:2)e_i’<:2 sin( x=2)e ix=2 (s3)
Q P sin( =2)e*= 2 cos( x=2)g*=2
_ cosfe "“2P  sin-ke*?Q sin4e "“2P  cos4€*2Q (s4)
cosfe *2Q +sin £€2P  coskeF2P  sin-ke X2Q
P
~Q o (S5)
where
P = cos fke X=2p  gin ?keixz 2Q; (S6)
Q =sin ?ke X=2p 4 cos ?ke‘“ 2Q (S7)

clearly satisfy the rst conditiondeg(P) L +1 anddeg(Q) L +1. They also satisfy the
second condition since multiplying ey %= 2 or €* 2 alters the parity. The third condition follows
from unitarity.

Next we show the reverse by induction brthat the three conditions suf ce to construct the QNN in
Eq.(S1) For the base case, we hdve= 0 anddeg(P) = deg(Q) = 0. Note thatP andQ are real
polynomials, i.e. the coef cients must be real numbers, so condition 3 implie®thatos( (=2)
andQ = sin( ¢=2) for some o 2 R. Thus the matrix

P Q;
Q P (S8)

can be written as a QNNY5Y(x) = Ry ( o).

For the induction step, suppose Laurent polynonfalEndQ satisfy the three conditions for some
L > 0. We rst observe that condition 3 implies

jiPi’+jQj*= PP +QQ =1; (S9)
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wherePP + QQ is a Laurent polynomial 0&€*= 2 with parity 2n (mod 2) 0. We denote
d := max(deg(P); deg(@Q)), thend L by the rst condition. Since EqS9)holds for allx 2 R,
the leading coef cients must satisfyyp ¢ + ®wq ¢ = 0 so they cancel. We choosg 2 R so that

k kA,
cos?pd +sin ?qd =0; (S10)
. k k
_ =+ _ = :
sin 5 p ¢ +cos 5 gg=0 (S11)

Now we brie y argue that there always exists asatis es equations above. If g@ll;p ¢;%;q 4
are not0, simply lettan & = Z—g Then consider the case of zero coef cients. Sidce
max(deg(P); deg(@)), at most two ofpg; P 4;Gy;d ¢ could be0. The factpgp ¢+ wg 4 = 0
implies that one opg; p 4 isOif and only if one ofgy;q ¢isO. If pg = gy =0 (orp ¢ = q 4 =0),
pick k so thattan - = g—‘: (ortan 4 = g—j). Ifps=qg=0(orp ¢ = g =0),pick ¢ so
thatsin - = 0 (or cos4 =0).

Next, for the  that satis es Eq. (S10) and Eq. (S11) simultaneously, we consider

P
Q pQ RY ( K)RZ(x) (S12)
_ COs£€X 2P +sin £€%°2Q coste *2Q+sin Le X=2p
T coskeF2Q  sinkeF2P  coske 2P +sin ke ¥°2Q (513)
2 2 2 2
P
= Q Iﬁo (S14)
where
P =cos ike“‘: 2P +sin ikei": 2Q:; (S15)
A = cos fke X=2Q  sin Eke x=2p: (S16)

SinceP; Q 2 R[€*=2;e *=2] are Laurent polynomials with degree at mdsP 2 R[e*=2;e *=2]
might appear to be a Laurent polynomial with degieiel . In fact it has degredeg(®) d 1,
because the coef cient ofe*=2)4*! term in P is COS—4pg + sin +qg = 0 by the choice of
«, and the coef cient of €= 2)4 term is 0 by condition 2. SimilarlyQ has leading coef cient
coskq g sin£p ¢=0 andhasdegregeg@) d 1 Sinced L,wehavedeg®) L 1
anddeg@) L 1, hence condition 1 is satis ed. From the parity@fandQ, it is easy to see that

P and® have parityL. 1 mod 2, thus condition 2 is satis ed. Condition 3 follows from unitarity.
By the induction hypothesis, E¢S14)can be written as a QNN in the form offY ;(x), and
therefore the matrix

P Q
o P (S17)

can be written as a QNN in the form Bf*£"(x).

We note that the above proof is in a similar spirit of the proof of quantum signal proce8SH&§].

A.2 Proof of Proposition 2

We rst restate the following lemma that was shown in Refs. [32, 34, 40].

Lemma S1 ([32, 34, 40])Supposé\(x) 2 R[€* ;e X ]is areal-valued Laurent polynomial with de-
greel that satis esA(x) Oforx 2 R, then there exists a Laurent polynomial2 R[e*=2;e *=2]
with deg(P) = L and parityL mod 2such thaPP = A.

Note that the Laurent polynomi& in Lemma S1 could be computed via root nding. Then we are
ready to prove Proposition 2 as follows.
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Proposition 2 For any even square-integrable functibn [ ; ]! Randforall > 0, there
exists a QNNU"{Y(x) such thaj (x)i = U"{Y(x)]0i satis es

kh (x)jzj (x)i f (x)k (S18)
for some normalizing constant
Proof First, according to the Riesz—Fischer theordi,[the Fourier series of any even square-
integrable functiorf (x) converges té (x) in the norm ofL?, i.e.

KIilgn kfx (x) f(xX)k=0; (S19)
wheref k (x) is theK -term partial Fourier series 6f(x). For any > 0, there exists & 2 N* such
that

kfx (xX) f(x)k (S20)

wheref  (x) is theK -term partial Fourier series of even functib(x). Note that we can always
multiply f (x) andf g (x) by some constant, without loss of generality, we assufg (x)j 1
for all x 2 R. Sincef (x) is an even function, the partial Fourier serigqx) only contains cosine
terms, i.ef (x) 2 R[e* ;e *]. ThenFy (x) = X&) s a Laurent polynomial iiR[€" ;& ]
with degreeK suchthaD Fg (x) 1forx 2 R.

By Lemma S1, there exists a Laurent polynonita R[€*=?;e X 2] with degreeK and parity

K mod 2suchthaPP = Fg (x). Notice thaiP(x)j 1forallx 2 R sincejP (x)j*> = Fx (X)
1. By Lemma 1, there exists a QNMI"%"(x) such that

- P Q(x) .
UE= §0) P (s21)

Letj (x)i = UYRY(x)]0i, we have

h (x)jzj (x)i = PP QQ =2PP 1=2Fc(x) 1=fg(x): (S22)

It follows from Eq. (S20) that

kh (x)jzj (x)i f(x)k : (S23)
A.3 Proof of Lemma 3
Lemma3 There exist = ( o; 1;:::; L) 2 R**Y and = (" o; 1;:::; 1) 2 R-*2 such
that

wzw oy = P(X)  Q(x)

VLT Q0 P (529

if and only if Laurent polynomialB; Q 2 C[e"" ?;e *= 2] satisfy
1. degP) L anddeg@Q) L,
2. P andQ have parityL mod 2,
3.8x 2 R,jP()j* + jQ(x)j* = 1.
Proof The entire proof is similar as the proof of Lemma 1, and the only difference is that the

coef cients of Laurent polynomials could be complex rather than real. First we prove the forward
direction by induction ot.. For the base case,lif = 0, thenU"2Y (x) = Rz (* )Ry ( 0)Rz( o)

givesP = e (' + 072¢cog(y=2) andQ = e (' 0)=2sin( (=2), which clearly satis es the three
conditions.
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For the induction step, suppose Eq. (S24) satis es the three conditions. Then

P
& p° ReMIRv(WRz(¥) (525)
" #
s i K ix ik j _k ix
_ P Q cqsze -Zke-xz sze-lzke-xz (S26)
P sinke '2€2 coskezéz
u 2 2 #
_ cosje 'Fe P sinfe 7€IQ sin<€7e '*P cosk€d7€7Q
cosxe '7e 13Q +sin-fe ' FEEP  coskdZEIP  sinxe7ze :Q
(S27)
P
= 0 PQ (S28)
where
— k ik i% Kok X
P =cos Ee 2 e '2P  sin ie 2 €2Q; (S29)
— o k j-k jx k -k jx
Q—smieze 2P+cos§ 2€2Q (S30)

clearly satisfy the rst conditiondeg(P) L +1 anddeg(Q) L +1. They also satisfy the
second condition since multiplying ey %= 2 or €= 2 alters the parity. The third condition is satis ed
because of unitarity.

Next we show the backward direction by inductionlotthat the three conditions suf ce to construct
the QNN in Eq.(S24) First we consider the base casd of 0, we havedeg(P) = deg(Q) =0,
the above condition implies th& = e '( * 072 ¢cos(g=2) andQ = e (' )72 sin( ¢=2) for
some’; o; o2 R. Thus the matrix

P Q;
o P (S31)

can be written as a QNNW2Y (x) = Rz (" )Ry ( 0)Rz( o).

For the induction step, suppose Laurent polynonffalndQ satisfy the three conditions for some
L > 0. We rst observe that condition 3 implies

jPji°+jQj*= PP +QQ =1; (S32)

wherePP + QQ is a Laurent polynomial o&*= 2 with parity2n (mod 2) 0. Since Eq(S32)
holds for allx 2 R, the leading coef cients must satispsp 4+ g 4 =0 andpyp ¢+ 4 ¢ =0,
whered = max(deg(P); deg(@Q)). By the rst condition, we havel L. We choosey; k 2 R
so that

cosgke‘Tkpd +5sin ?ke gy =0; (S33)
f k % k | X .
S|n?e2pd+cos?e 2(q q=0: (S34)
Now we brie y argue that there always exisisand  satisfy equations above. Ifgh;p ¢; ;9 4

are not zero, simply lean X e b= Z—g Then consider the case of zero coef cients. Since

deg(P) = deg(Q) = d, at most two ofpq; p 4;0; g ¢ could be 0. The fagbqp 4+ g 4 =0
implies that one of one gbq;p 4 is O if and only if one ofgy;q 4 is 0. Ifpg = ¢g = 0 (or

P a=qq=0),pick « and | sothattan(-k)e « = g—j lfpg=qag=0o0r(p 4= g =0),
pick ¢ sothatsin(4) =0 (orcos(4)=0).
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Next, for the g that we pick, consider

P
o pS Witk WRLGY (535)
' #
_ eichos%eigP +e*f7k n-kel?Q e'_ sin-ke~"2P e 17 cos ke~ 'zQ
el 2 cos £e'2Q* e T2 sinkelZP* e 12 cos ke EP* +el % sin ke '2Q*
(836)
P Q
= S37
where
P =el =2 cos 7ke‘§P + e~ 12 sin %e‘gQ; (S38)
O =e"= cos %ef‘gQ el sin ?kefigP: (S39)

Since P; Q 2 C[e*=2; e~1*=2] are Laurent polynomials with degree at most d, P 2 R[e*=2; e~ 1X=2]
might appear to be a Laurent polynomial with degree at most d + l In fact it has degree deg(P)

d 1, because the coefficient of (efZ)d+1 term in P is cos ke' pd +sin e~ 2 qd = 0 by the
selected i and i, and the coefficients of (e'2)9 term is 0 by condition 2. Slmllarly, O has leading
coefficient  sin 7“ei7kp_d + oS 7"e_i7kq_d = 0 and has degree deg(®) d 1.Sinced L,
we have deg(P) L 1landdeg(®) L 1, hence condition 1 is satisfied. From the parity of P

and Q, it is easy to see that P and Q have parity L 1 mod 2, thus condition 2 is satisfied. Condition
3 follows from unitarity. Thus by the induction hypothesis, Eq. (S37) can be written as a QNN in the
form of U “;'ZV;VLil(X), and therefore the matrix

P Q
o P (540)

can be written as a QNN in the form of U"*" (x).

A.4 Proof of Theorem 4

We first restate the following lemma that was proved in Refs. [36, 37].

Lemma S2 ([36, 37]) Suppose A(X) 2 C[e™; e~ ] is a real-valued Laurent polynomial with degree

L that satisfies A(X) O for all X 2 R, then there exists a Laurent polynomial P 2 C[e™=2; e~ 2]
with deg(P) = L and parity L mod 2 such that PP* = A.

Lemma S2 is a generalized version of Lemma S1, which extends the coefficients to complex numbers.
Similarly, the Laurent polynomial P in Lemma S2 could be computed via root finding. Now we
prove Theorem 4 as follows.

Theorem 4 (Univariate approximation properties of single-qubit QNNs.) For any univariate

square-integrable function ¥ : [ ; ] ¥ R and for all > 0, there exists a QNN UWZ LX)
such thatj (X)1 = UWZW L(X)joi satzsﬁes
kh (x)jZj ()i F(xX)k (S41)

for some normalizing constant

Proof Similar as in the proof of Proposition 2, we use the Riesz—Fischer theorem [41] that the
Fourier series of any square-integrable function F(X) converges to f(X) in the norm of L2. For any
> 0, there exists a K 2 N* such that

kfx(X) Tk ; (S42)
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where Fi (X) is the K-term truncated Fourier series of (X). Note that we can always multiply f(X)
and fic (X) by some constant , without loss of generality, we assume jfic (X)j 1 forall x 2 R.
Since f(X) is a general square-integrable function, the partial Fourier series T (X) is a complex
Laurent polynomial with degree K in C[e'™; e~'¥]. Then Fk (X) := %
in C[e™; e~™¥] with degree K such that 0 Fyx(x) 1forallx 2 R.

is a Laurent polynomial

By Lemma S2, there exists a Laurent polynomial P 2 C[e"™?; e~*72] with degree K and parity

K mod 2 such that PP * = Fi (X). Notice that jP (xX)j 1 for all X 2 R since jP (X)j2 =Fr(X)
1. By Lemma 3, there exists a QNN U "% (x) such that

wzw _ PX QX) .
U ; ;K(X) - Q*(X) P *(X) . (543)
Letj (x)i =U""M (x)j0i, we have
h (X)jZj X)i=PP* QQ*=2PP* 1=2Fc(x) 1=Tf(X): (S44)
It follows from Eq. (S42) that
kh (X)jzj ()i FX)k : (§45)

B Limitations on representing multivariate Fourier series

In this section, we show that if the single-qubit native QNN is written in the form of a K-truncated
multivariate Fourier series, it has a rich Fourier frequency set , but it cannot meet the requirements
of the corresponding Fourier coefficients set C due to the curse of dimensionality. Specifically, let

N
U.(X)=Uz(o0; 0; 0) RzXp)Us(j; j: j)s (S46)
j=1
where Xj is a one-dimensional data of X, i.e., Xj 2 fx (M jm=1; ; dg. The quantum circuit is

shown in Fig. S1.

Figure S1: Circuit of U .|_(X), where the trainable block is composed of U3( ), and the encoding
block is Rz (). Note that there is no restriction on the encoding order of x(™.

Without loss of generality, assume that each one-dimensional data X(™ is uploaded the same number
of times, denoted by K, then we have Kd = L. Further, we write Vj := Uz( j; j; ;) for short, that
is

Y e—in 0 O
U (X)) =Vo 0 ey 1 Vi (847)
j=1
where o = % and 1 = % More generally, we have
¢ o o o
U.(x)= e tCaar+ 5 XV voijhjaj Ve jjohjjVi: (S48)
Jai =0
Next, we reformulate the above equation using X(™ instead of Xj. We denote I, T1; ;Lg as
the index set of encoding bl)oék Rz(X(™M)and I, = F j, jk 2 Img, then
—i( D@4 Dy seoo - oo .
U.(X)= e I IOV jahjaj Ve JichiLi Ve (549)

je{01}+
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where j is bit-strings composed of jj, | = 1; ;L and ng) = , 2 1/,. Further, for the initial
state jOI and some observable M, we have

< .
f L) =h0jU GOMU ;L (x)joi = cye'*™; (S50)
1c
where = Thjk = ( (kl) }1); ; (kd) }d)) j j;k 2 f0;1g-g. We consider the m-th
dimension,
(km) ng) =+ + k) (ot * i)l ok ks Ja ik 2 Ir/ng:
(S51)
Since = %, forall 2 1/,, we can derive
f Miik2folgg=f K ;0 Kg: (852)
Then the Fourier frequency spectrumis =7 K; :0; : Kgd. For the Fourier coefficient set
C =fcyj! 2 g, wehave
<
Ci = Cj;k; (S53)

J:ke{0;1} ;1 =h;j.
and
Cik =h0j V' jke bk jV,|_;  jkabkejViIMVyjjihisj  ViogjichjcjVvojoic  (S54)

If the number of truncation terms K is fixed, as the dimension d increases, the degrees of freedom of
the set C increase with O(d), so it cannot represent any exponential size Fourier coefficients set.
Thus for all 2 R3-*1) the Eq. (S50) cannot express an arbitrary K-truncated multivariate Fourier
series.

C Extension to multi-qubit QNNs

We have already shown that single-qubit native QNN are able to approximate any univariate function
but possibly could not approximate arbitrary multivariate functions by Fourier series in Section 3
and Section 4. To address this limitation, research into the extension approach of single-qubit native
QNN:ss is crucial. For classical NNs, a common approach toward overcoming such limitations is to
increase the width or depth of the networks. We conjecture that QNNs have similar characteristics.
We hereby provide a multi-qubit extension strategy as shown in Fig. S2, called Parallel-Entanglement,
introducing quantum entanglement by multi-qubit gates such as CNOT gates. Similar to classical
NNs in which different neurons are connected by trainable parameters to form deep NNs, QNNs can
establish the connection between different qubits through quantum entanglement.

T ————— .1

jOi HUs()——F- ARz(xD)n Us() ———-
[ [

0i HUsQ f&——— Rz}

0F HUsO)f—&—1 Rz {UsO—&—+
\ |-

joi — RO U0
Lol D D gl

Figure S2: The Parallel-Entanglement model of d qubits and L layers. Each layer consists of a
trainable block and an encoding block in the dashed box. Each trainable block is composed of
repeated sub-blocks of Ug rotation gates and CNOT gates, as shown in the dotted box. The number
of sub-blocks in each trainable block is denoted by Dy¢,. The encoding block is a d-tensor of

We numerically show that the multi-qubit extension as shown in Fig. S2 could improve the expressivity
of single-qubit QNNs. Consider the same bivariate function F(x;y) = (xX2+y 1.5 )2+(x+y? )?
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