A Useful Facts

Standard inequalities. For all a,b € R? and o > 0 the following relations hold:

2(a,b) = |all*+ [|6]]* = lla — b]|?, (20)

la+b)* < (1+a)|al*+ 1 +a )bl (21)
1 1

—la—0|? < - 24 2182 22

la—0ol* < 1JroéHall +a|| | (22)

Auxiliary results. In the analysis of Proj-PEG, we use two lemmas from Gidel et al. [2019a].

Lemma A.1 (Lemma 5 from Gidel et al. [2019a]). Let operator F' be L-Lipschitz. Then for all k > 1
the iterates of Proj-PEG with v > 0 satisfy

29(F(@*), 3" — ") < fJa® — 2| = o™ — 2| — |77 - 2| + 7L - FFP 23)

Lemma A.2 (Lemma 6 from Gidel et al. [2019a]). Let operator F' be L-Lipschitz. Then for all k > 2
the iterates of Proj-PEG with v > 0 satisfy

Hi:k _ Zﬁk—1||2 < 4”%% _ kaQ + 472L2||§k_1 _ &:k—QHQ _ vafk o 5k—1||2. (24)
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B Proof of Theorem 1

Let us first recall Theorem 1.
Theorem 1. Let operator F' be monotone and L-Lipschitz. Then for all k > 0 the iterates of PEG
with v < /31 satisfy ®i1 < Oy with Dy, defined as

k32,
E

@, = ||z — 2" + (IF @) * + 201 F (%) = FEH]?) - (25)

In particular, for all N > 0 and v < 1/3L the above formula implies

1 2L2 2 0 _ .x][|2 2 1(1 2L2 2 T* 2

v2(N + 32) ’ vV3N + 96 - (26)

Proof. We start with the upper bound for ||z*+1 — 2|2
lz** —a*|? = fa* — 2t —yFE)|?
= fa* —a"|? = 29(a* —2* F@*)) + | F @)
2% — a*||* = 2y(@" — 2%, F(@")) — 29(a® — 3%, F(@")) +7°||F (@)
Since F' is monotone, we have (z* — z*, F'(z¥)) > 0. Moreover, the update rule for PEG implies
(xk — 3k F(7%)) = v(F (7%~ 1), F(Z%)). Using these relations, we continue our derivation as
l2* =2t |? < 2t - a2 = 202(F@EE), FEY)) + 221 FEE))?
= a* = 2P+ @E* ) - F@9)? = 2IFEH)2
Next, we sum up the above inequality with ((k+33)7*/3)-multiple of (13) and use the definition of @,
from (25):

e L B e LT
k+33 —f

S (1P + 2 Pty — FE)2)

k+3372 (L%Q )||F<~k> FE)|?

y<1/3L

£ at T (IFEI 26 - FE) - FE)?
2 (1= B jrh - ra e

Applying [|F(z*)[|* < 2| F(@*1)|? + 2| F(2*) — F(@*1)[|* and then | F(2*) — F(*1)|? <

(e))
2| F(z%) — F@M)|? + 2| F(a*) - F@E* 1|2 < 2Lla* — 3%|* + 2||F(3%) — F(@*1)|]* =
20292 F (@52 + 2| F (@*) = @12 < §IF@E I + 2| F(@E) — F@1)[|?, we derive

8 e 2 o
Dot < Bt g IF@N) - FE P - PGP
kE+33 ~ S
w2 (1= 258 Irah - rE P
8 ~ 11 k433 ~ —k

< P 2( 52 = F k—1 2 - F k _F k—1y)12
< w55 ) @2 (5 - S5 ) ir@h - ra)
< (I)kv

where in the last step we use £ > 0. In other words, we proved that ®; defined in (25) is a

@
potential for (PEG). In particular, @, < & < ... < &g = [|2° — 2*|2 + 329%|| F(29)||? <
(1 + 32L%4?)||2° — 2*||* (here we use our convention: F(Z~!) = 0) and all terms in ®;, are
non-negative. These facts imply that for all £ > 0

, 3 3(1 + 32L24%)||2° — x*|)?
F ky |12 < < 27
PRI < ot s e @)
Jah =2t 2 < @ < (14 320%2)a — 2”2 8)
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That is, we obtained the first part of (26). The second part of (26) follows from the monotonicity of

F" and the above inequalities:

Gapp (xk)

= max (F(y),z" —y)
yeRly—a+|< 2L 20—

M k k

< max (F(z%), 2" —y)
YR [y—o+ | < VAL |50 g+

< |F@EM)- max 2% =yl

yeR:[ly—a* | < Yok |20 —a* |
< IR (2t = 2]+ e - 2

@G 2VA1(1 + 32L242) |20 — o*||?
- yV/3k + 96 '
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C Proof of Theorem 2

Let us start with an important lemma.
Lemma 4.1. Under Assumption 1, the iterates of Proj-PEG with v > 0 satisfy for any k > 0,

Uy < Uy — (1—5L%%) Hx’“” — 3|2 = Y|P (2" — F@@Y)|?, (29)

where Uy, = ||lz% — 21|12 4 [|ab — 2F 1 — 29(F (%) — F(@*1)))2

Proof. Since F' is monotone and L-Lipschitz, we have
0 < < (@"t) = F(a*), 2"t —ak), (30)
[F@ ) — F@9)|? < L2 =28 @31

Taking into account relations 2*+! = proj[z* — vF(z%)], 2% = proj[z*~! — yF(zF1)], 2% =
proj[z* — vF(Z*~1)] and properties of the projection on a convex closed set, we also obtain

(:ck —vF(x ) gh L gk — xk+1> < 0, (32)
(@h =t —AF@ ) =2k 2 - ey <o, (33)
(@" =t =y F@E ) =t B —ah) <o, (34)
(" —yF@EFY) =78 M-3R <o (35)

Summing up inequalities (30)-(35) with weights 4+, 5v2, 4,2, 2, 2 respectively, we get

BYPIF () = F@EMIP < 59202 = 3% + dy(F (2" = F(ah), 2" = 2h)
—4(zh — P (FF) — 2P gk — gkt
—2(z* L — A F @) — 2k 2R — 2
—2(zFt — AR (@R — 2k TR — b
—2<{E _ ,YF(ikfl) _ fkvkarl _ §k>
= 5L2 " = TP + 4y (F(2) - F(a®), o — o)
_4||xk+1 _ kaZ +47<F(5k),$k _ :I,‘k+1>
+4,Y<F<§k—1)7xk+1 _ .’Ek> _ 2<xk—1 o (Ek,xk—H _ :Ek>
72<117k71 _ l‘k,fk _ .Z’k> _ 2<:Ek _ fk,l’k+1 _ §k>
= SPLER - T2 4 Ay (P () — F(EF), 2 - o)
—Afla™ = aF|? = ay(F(b) - FEET, 2 - ah)
+||xk71 . $k||2 + ka+1 _ $k||2 . ||xk+1 + xkfl _ 2$k||2
= FHP [l - )P - | - o)

Hla® — 2T — 2t = 2P — [l -

Next, we rearrange the terms and use Uy, = ||2* —2* 1|24 ||2% — 2k~ L =2y (F (2%) - F(zF~1))||? =
2||Z‘k _ $k_1||2 _ 4,Y<xk _ xk_l,F(a:k) _ F(.}fk_l» + 4’}/2||F(.]3k) _ F('jk—l)HQ:
U1 < —(1=5y2L2) ||k — 3%)? — dn(F(aF) — F(@*1), 2Pt — 2F)
_ka—i-l + xk—l _ 2wkH2 + ka—l _ 5k||2 _ 2”%1@ _ kaQ
| F () - F@Eh)|?
= Uy, —2l|2" — 2 = 22y(F(aF) — F@*Y)), 2 2F Tt — 22k
—4’}/2||F<xk) _ F(aj'k_l)HQ _ (1 _ 5’72[/2 ka—kl _ ~k||2
_kaJrl + mkfl _ 2ka2 4 ”xkfl ~Ic||2 o 2||.’E o ka2

=P F (™) = FENP.
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Using standard inequalities 2(a, b) < ||a||? + ||b]|%, ||a + b]|* < 2||al|® +2]|b||%, a,b € R?, we derive

Vi1 < W — 22" — 2" + 492 F(ah) = FETHI? + 2™ + 271 - 2252
—4?|F(a") = F@E@* Y7 = (1= 59y°L2) " = 3|2
_ka+1 + xkfl _ 2$Ck||2 + 2”1,](,‘71 _ ka2 + 2||1,k2 _ %k”Q _ 2||Ek _ LL’k||2
@) - FE|?
= U — (1= 572L2) & = 3|2 — 2| F (™) — @))%,

which finishes the proof. O

We can now prove the main theorem.

Theorem 2. Under Assumption 1, the iterates of Proj-PEG with v < 1/ar satisfy Pp1 < Of, k > 2
with @y, defined as

1, - 3k + 32
(bk _ ||£Uk _ x*”Z + 7”xk71 _ $k72H2 4 +

o
16 2u M (36)

where Uy, = ||xF — 2F 712 + ||aF — 2% 71 — 29(F(2F) — F(3*1))||% In particular, it implies

24H 8V/3H ~ - H
N N—1)2 0,y N 0,y 0
z —x < — 0 Gapp(z") < ——=L—, VYN >2, 37
I I"<3yisp Gl s TN &7
where Ho,Ho, > 0 are such thar H3., = 2(1 + 32°L* + 4y*L*)[2° — 2*|* +

(13 + B7°L%) VIIF (2°)

% H = 3l|2° — 2|1 + 35521 F (=)

Proof. Lemma A.l implies

0 2y(F(a*), 3" — %) < 29(F(T*),3" — 2*)

<
O e i ke el el o i A A

Together with Lemma A.2 it gives

1, - - ~ ~
”karl o LL'*”? + 7”xk . xk71”2 < ||£Ck o LL'*”? o ||£L'k o :L'k||2 + 72L2ka o $k71”2
16
1, ~ 1 - ~
+T6||xk_l o 1,19—2”2 o 176”1,}1@—1 . .’Ek_2||2
1, 212 .
+i”xk o {Ek”2 + '74 ka—l o xk—2||2
1, ~
_TGka _xk—1||2
k * |12 1 ~k—1 ~k—2112 3 ~k k112
i AR b A el G
_ 1- 16’72L2 ||‘%k _ ‘%k_IHQ
16
L—492L% 0 oo
el G|
k * 12 1 ~k—1 ~k—2112 3 ~k k2
< lla® =27 P + ellE™ =2 = gl - 2
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where in the last inequality we apply v < 1/4r. Combining the above inequality with (29), we derive

3 -
Crpr < Pt oy (It = 2|2 4 [|*Fh = 2* — 29(F (&™) = F(@"))[?)
3.~ 3k + 32 - -
B ok = B (1 sy okt a2 ) - P
1 -
< ®rtg Bl — 2| + 89| F(z*+1) — F(2*)|)?)
3~k ez A9 kr1 kg2 2 k41 ~k\ (|2
AT T L - F _F
B b - 2 (et 2 ) - P
6 4 9 6 3
< & b 4 9 k1 k2 O 9Nk kg2
< k+(8 3 16) || °)° + s 1 |27 — "]
~—_———— ——’
0 0
42
TP - P
< Dy

In other words, we proved that ®;, defined in (36) is a potential for (Proj-PEG). To prove the
bounds from (37) using this potential, we need to derive several technical inequalities. Due to the
non-expansiveness of the projection operator and Assumption 1, we have

[zt —2%> = | projlz® — vF(2")] — proj[z°]|?
< AIFE)P, (38)
o' — 2% = 29(F(2") = F@)I? = |lz' —2°® — 4y(z' — 2% F(a') — F(a"))
+49?||F(z") = F(2°)|?
1)
<zt = 2P + 497 LP |t - 20
(38)
< 1+ 492022 F ()7, (39)
(29) (38),(39)
Uy, < U < 2(1+292LHY|F(@Y))* (40)
Next, using similar reasoning, we derive
|z =2°1* = |projla’ —yF(a)] — proj[z°]||* < [|z* — vF(2") — 2°||?
(21) (38)
< 2llat =20 + 292 F(20)])? < 47| F ()], (41
[z' —2*|> = | proj[z® — vF(2")] — projlz* — vF(a*)]|?
< 2 =P (%) — 2F + yF ("))
= 2% —a2*]® = 29(a” — 2*, F(2°) — F(2*)) + 7*|F(z°) — F(z")|]?
(€8]
< (1492 — 23, (42)
[#* —2*|*> = | projlz’ —yF(&")] - projlz* — yF(z*)]|”
1)
< gt —yF@EY) -2t +yF )| < 2lat — 2|+ 297 |F(E) — F(a)|?
(€8]
< 2t — 2P+ 292L% 3 - 2|
= 2|lz' —2*|]> + 29°L?|| proj[z"' — yF(2°)] — proj[z* — vF(z*)]||?
< 2lst =2t + 292 L% 2t — yF(2°) — 2t — yF(z*)|?
21)
< 2llat = 2P + 492 L% 2t — 2| + L F(2°) — F(a)|
(42),(1)
< 2014 392L% + 491 LY) |20 — 2|2 (43)
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Therefore, for all kK > 2 we have

3k+32 & et 3k + 32
- <
TR = 24

U <®p < By

1 . - 19
= ||9C2—9U*||2+EHHJI—HJOHQ‘*‘E‘I@
(40),(41),43)
< 2(1+392L% + 49*LY)[|2° — o*|?

41 19 5 5\ o 0\ 112
L F
(12 37 ),y I#Gl

< m.. (44)

This implies the first part of (37). Moreover, using (44), we get ||z% — 2*||2 < & < &5 < Hgﬁ for
all £k > 0. Next, one can rewrite ¥}, as

U = fa* =P+ a® = 2T = 2y(F () - FEET)IP
= 22" — 2" —(F(a") = FE )P + 29| F(@*) - FEE )2

that gives
W, @4 12H2
k k—1 k ~k—1\\|2 k 0,y
_ — ~(F - F < =< . 45
2 = ah 1 = y(Pb) - FE )P < 28 S =0 3)
Finally, for all y € X we have
0< (2" —qF@E") — a2t —y), (46)
since 2% = proj[z¥~1 — yF(2%~1)]. Putting all together, we derive
Gap - (zF max F(y), 2" —
pr(z") yEX:Hy—I"HSHo< ) y)
(1)
< max F(z"), 2% —
o yeX:Hy—ﬁc*HSHo< (@) )
@9 1 k—1 k ~k—1 k k
- max x —2" —vy(F(x — F(z")), 2" —
g WEE) = Fah). 2 —)
Lo ok k—1 k ~k—1 k
< 2 —x —v(F(z") — F(x max ¥ —
< WFE) = PE)| | max ey
(zg) 8v/3Hy. ., - HO.
- v/ 3k + 32
This concludes the proof. O
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D Further Numerical Experiments

In this section, we provide the base numerical results that grounded the results from Theorem 2. We
also provide numerical experiments suggesting the same behavior for Optimistic Gradient (OG) in
the constrained case (as provided by, e.g., [Hsieh et al., 2019, Section 3]) whose recursion is:

% = proj[z* —yF (@Y, 2T =FF 4 4(F@EPY) - F(3EF)), forallk >0, (Proj-OG)

with 7° = 20 € X. We report the worst-case evolution of the ratios =" == ~"1/z0—2* |2 (for Proj-
PEG) and 7" =" "11/jjz0 |2 (for Proj-OG) on Fig. 2. Those values were computed using the
performance estimation toolbox (PESTO) [Taylor et al., 2017b].

100 ) .
\ —e— Proj OG (step 1/4/L)
—&— Proj PEG (step 1/4/L)
1/k

107!

1072

100 101
k

Figure 2: Worst-case ratios |z =2 ""12/|z0—2=2 (for Proj-PEG) and 17" ~Z"""|/|z0—z= 2
(for Proj-OG) as functions of N, computed with PESTO [Taylor et al., 2017b] (L = 1, v = 1/aL).
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