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Abstract

Established methods for unsupervised representation learning such as variational
autoencoders produce none or poorly calibrated uncertainty estimates making it
difficult to evaluate if learned representations are stable and reliable. In this work,
we present a Bayesian autoencoder for unsupervised representation learning, which
is trained using a novel variational lower bound of the autoencoder evidence. This
is maximized using Monte Carlo EM with a variational distribution that takes
the shape of a Laplace approximation. We develop a new Hessian approximation
that scales linearly with data size allowing us to model high-dimensional data.
Empirically, we show that our Laplacian autoencoder estimates well-calibrated
uncertainties in both latent and output space. We demonstrate that this results in
improved performance across a multitude of downstream tasks.

1 Introduction

Unsupervised representation learning is a brittle matter. Consider the classic autoencoder (AE)
(Rumelhart et al., 1986), which compresses data x to a low-dimensional representation z from which
data is approximately reconstructed. The nonlinearity of the model implies that sometimes small
changes to data x give a large change in the latent representation z (and sometimes not). Likewise,
for some data, reconstructions are of low quality, while for others it is near perfect. Unfortunately,
the model does not have a built-in quantification of its uncertainty, and we cannot easily answer when
the representation is reliable and accurately reflects data.

The celebrated variational autoencoder (VAE) (Kingma and Welling, 2014; Rezende et al., 2014)
address this concern directly through an explicit likelihood model p(x|z) and a variational approxi-
mation of the representation posterior p(z|x). Both these distributions have parameters predicted by
neural networks that act similarly to the encoder–decoder pair of the classic autoencoder.

But is the VAE’s quantification of reliability reliable? To investigate, we fit a VAE with a two-
dimensional latent representation to the MNIST dataset (Lecun et al., 1998), and illustrate the predicted
uncertainty of p(x|z) in Fig. 1a. The model learns to assign high uncertainty to low-level image
features such as edges but predicts its smallest values far away from the data distribution. Not only
is such behavior counter-intuitive, but it is also suboptimal in terms of data likelihood (Sec. 1.1).
Retrospectively, this should not be surprising as the uncertainty levels away from the data are governed
by the extrapolatory behavior of the neural network determining p(x|z). This suggests that perhaps
uncertainty should be a derived quantity rather than a predicted one.

1 Denotes equal contribution; author order determined by a simulated coin toss.
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(c) LAE (online)

Figure 1: 2D latent representation of MNIST overlaid a heatmap that describes the decoder uncertainty
(yellow/blue indicates a low/high variance of the reconstructions). To the right of the latent spaces,
we show the mean and variance of a reconstructed image (yellow indicates high values). (a) The VAE
learns to estimate high variance for low-level image features such as edges but fails at extrapolating
uncertainties away from training data. (b) Applying post-hoc Laplace to the AE setup shows much
better extrapolating capabilities, but fails in estimating calibrated uncertainties in output space. (c)
Our online, sampling-based optimization of a Laplacian autoencoder (LAE) gives well-behaved
uncertainties in both latent and output space.

From a Bayesian perspective, the natural solution is to form an (approximate) posterior over the
weights of the neural networks. To investigate, we adapt a state-of-the-art implementation of a
post-hoc Laplace approximation (Daxberger et al., 2021) of the weight posterior to the autoencoder
domain. This amounts to training a regular autoencoder, and thereafter approximating the weight
uncertainty with the Hessian of the loss (Sec. 1.1). Fig. 1b shows that uncertainty now grows, as
intuitively expected, with the distance to the data distribution, but there seems to be little semantic
structure in the uncertainty in output space. This suggests that while the post-hoc procedure is
computationally attractive it is too simplistic.

In this paper we introduce a new framework for Bayesian autoencoders in unsupervised represen-
tation learning. Our method takes inspiration from the Laplace approximation to build a variational
distribution on the neural network weights. We first propose a post-hoc LA for autoencoders; show-
casing good out-of-distribution detection capabilities, but lack of properly calibrated uncertainties
in-distribution. To address this, we develop a fast and memory-efficient Hessian approximation,
which allows us to maximize a variational lower bound using Monte Carlo EM, such that model
uncertainty is a key part of model training rather than estimated post-hoc. Fig. 1c gives an example
of the corresponding uncertainty, which exhibits a natural and semantically meaningful behavior.

1.1 Background

The VAE is a latent variable model that parametrize the data density p(x) =
R

p(x|z)p(z)dz
using a latent variable (representation) z. Here p(z) is a, usually standard normal, prior over the
representation, and p(x|z) is a likelihood with parameters predicted by a neural network.

The nonlinearity of the likelihood parameters renders the marginalization of z intractable, and
a variational lower bound of p(x) is considered instead. To arrive at this, one first introduces a
variational approximation q(z|x) ⇡ p(z|x) and write p(x) = Eq(z|x) [p(x|z)p(z)/q(z|x)]. A lower
bound on p(x) then follows by a direct application of Jensen’s inequality,

log p(x) � LVAE(x) = Eq(z|x) [log p(x|z)] � KL(q(z|x)kp(z)). (1)

If we momentarily assume that p(x|z) = N (x|µ(z), �2(z)), we see that optimally �
2(z) should be

as large as possible away from training data in order to increase p(x) on the training data (Appendix F).
Yet this is not the observed empirical behavior in Fig. 1a. Since the �

2 network is left untrained away
from training data, its predictions depend on extrapolation. In practice, �

2 takes fairly small values
near training data (assuming the mean µ provides a reasonable data fit), and �

2 extrapolates arbitrary
even if this is suboptimal in terms of data likelihood. Similar remarks hold for other likelihood
models p(x|z) and encoder distributions q(z|x): relying on neural network extrapolation to predict
uncertainty does not work.

The Laplace approximation (Laplace, 1774; MacKay, 1992) is an integral part of our proposed
solution. In the context of Bayesian neural networks, we seek the weight-posterior p(✓|D) /

exp(�L(D; ✓)), where ✓ are network weights, D is the training data, and L is the applied loss

2



Figure 2: Model overview. We learn a distribution over parameters such that we can sample encoders
e and decoders d�. This allow us to compute the empirical mean and variance in both the latent
space z and the output space f✓(xn) = d�(e (xn)).

function interpreted as an unnormalized log-posterior. This is generally intractable and Laplace’s
approximation (LA) amounts to a second-order Taylor expansion around a chosen weight vector ✓

⇤

log p(✓|D) = L
⇤ + (✓ � ✓⇤)>

rL
⇤ +

1

2
(✓ � ✓⇤)>

r
2
L

⇤(✓ � ✓⇤) + O(k✓ � ✓⇤
k
3) (2)

where we use the short-hand L
⇤ = L(D; ✓⇤). The approximation, thus, assumes that p(✓|D) is

Gaussian. Note that when ✓
⇤ is a MAP estimate, the first order term vanishes and the second order

term is negative semi-definite. We provide more details on the Laplace approximation in Appendix B.
In practice, computing the full Hessian is too taxing both in terms of computation and memory, and
various approximations are applied (Sec. 3).

2 Laplacian Autoencoders

We consider unsupervised representation learning from i.i.d. data D = {xn}
N
n=1 consisting of

observations xn 2 RD. We also define a continuous latent space such that representations zn 2RK .
Similar to AEs (Hinton and Salakhutdinov, 2006), we consider two neural networks e : RD

!RK

and d�: RK
!RD, widely known as the encoder and decoder. These have parameters ✓ = { ,�}.

We refer to the composition of encoder and decoder as f✓ = d � e�.

Model overview. The autoencoder network structure implies that we model the data as being
distributed on a K-dimensional manifold parametrized by ✓. We then seek the distribution of the re-
construction xrec = f✓(x) given observation x, where the uncertainty comes from ✓ being unknown,

p(xrec|x, f) = E✓⇠p(✓|x,f)[p(xrec|✓, x, f)]. (3)

Notice that we explicitly condition on f , which is the operator ✓ 7! f✓ , even if this is not stochastic;
this conditioning will become important later on to distinguish between the distribution deduced
by f and its linearization f

(t). Mimicking the standard autoencoder reconstruction loss, we set
p(xrec|✓, x, f)=N (xrec|f✓(x), I). Since p(✓|x, f) is unknown, the reconstruction likelihood Eq. (3)
is intractable, and approximations are in order. Similar to Blundell et al. (2015), we resort to a
Gaussian approximation, but rather than learning the variance variationally, we opt for LA. This will
allow us to sample NNs and deduce uncertainties in both latent and output space as illustrated in Fig. 2.

Intractable joint distribution. Any meaningful approximate posterior over ✓ should be similar to
the marginal of the joint distribution p(✓, xrec|x, f). This marginal is

p(✓|x, f) = Exrec⇠p(xrec|x,f)[p(✓|xrec, x, f)] (4)

which can be bounded on a log-scale using Jensen’s inequality,

log p(✓|x, f) � L✓ = Exrec⇠p(xrec|x,f)[log p(✓|xrec, x, f)]. (5)

Our first approximation is a LA of p(✓|x, f) ⇡ q
t(✓|x, f) = N (✓|✓t,H

�1
t ), where we postpone

the details on how to acquire ✓t and Ht. These will eventually be iteratively computed from the
lower bound Eq. (5); hence the t index. Fig. 3 (a) illustrates the situation thus far: p(✓|x, f) is
approximately Gaussian, but the non-linearity of f gives p(xrec|x, f) a non-trivial density.

Linearization for gradient updates. Standard gradient-based learning can be viewed as a lineariza-
tion of f in ✓, i.e. for a loss L = l(f✓), the gradient is r✓L = J✓f✓ rf l(f), where J✓f✓ is the

3
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p(xrec|x, f)

<latexit sha1_base64="0df+aMQQZMIi+SmF2E5H9EPmtQg=">AAACFXicbVDJSgNBEO1xjXGLevTSGIQEQpiRoB6DXjxGMAtk4tDT6Uma9Cx010jCOD/hxV/x4kERr4I3/8bOAmrig4LHe1VU1XMjwRWY5pextLyyurae2chubm3v7Ob29hsqjCVldRqKULZcopjgAasDB8FakWTEdwVruoPLsd+8Y1LxMLiBUcQ6PukF3OOUgJacXCkq2D6Bvuslw9SxgQ0hkYym+P5HLnm3SQGKadHJ5c2yOQFeJNaM5NEMNSf3aXdDGvssACqIUm3LjKCTEAmcCpZm7VixiNAB6bG2pgHxmeokk69SfKyVLvZCqSsAPFF/TyTEV2rku7pzfKqa98bif147Bu+8k/AgioEFdLrIiwWGEI8jwl2uEwAx0oRQyfWtmPaJJBR0kFkdgjX/8iJpnJSt03LlupKvXsziyKBDdIQKyEJnqIquUA3VEUUP6Am9oFfj0Xg23oz3aeuSMZs5QH9gfHwDfyGfpA==</latexit>

p(xrec|x, f
(t))

<latexit sha1_base64="2KvYP7NsFo+5DzNrCEbA/Xa8hsI=">AAACFHicbVC7SgNBFJ31GeNr1dJmMAgJStiVoJZBG8sI5gHZGGYns8mQ2Qczd8Ww7kfY+Cs2ForYWtj5N84mKTTxwjCHc+7lnnvcSHAFlvVtLCwuLa+s5tby6xubW9vmzm5DhbGkrE5DEcqWSxQTPGB14CBYK5KM+K5gTXd4menNOyYVD4MbGEWs45N+wD1OCWiqax5FxcRxQ9FTI19/2IEBA5LiB8cnMHC95D499m6TIpTSUtcsWGVrXHge2FNQQNOqdc0vpxfS2GcBUEGUattWBJ2ESOBUsDTvxIpFhA5Jn7U1DIjPVCcZH5XiQ830sBdK/QLAY/b3REJ8lZnWnZlVNatl5H9aOwbvvJPwIIqBBXSyyIsFhhBnCeEel4yCGGlAqOTaK6YDIgkFnWNeh2DPnjwPGidl+7Rcua4UqhfTOHJoHx2gIrLRGaqiK1RDdUTRI3pGr+jNeDJejHfjY9K6YExn9tCfMj5/AP3Mnsc=</latexit>

p(✓|x, f
(t))

<latexit sha1_base64="WqZzBqPF57lFjPH3lovcJQZsrVs=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqSEmkqMuiG5cV7AOaUCbTSTt08mDmRiyxX+DGX3HjQhG3rt35N07aLLT1wjCHc+7lnnu8WHAFlvVtLC2vrK6tFzaKm1vbO7vm3n5LRYmkrEkjEcmORxQTPGRN4CBYJ5aMBJ5gbW90lentOyYVj8JbGMfMDcgg5D6nBDTVM8txJXW8SPTVONAfdmDIgEzwgxMQGHp+ej858Y97ZsmqWtPCi8DOQQnl1eiZX04/oknAQqCCKNW1rRjclEjgVLBJ0UkUiwkdkQHrahiSgCk3nZ4zwWXN9LEfSf1CwFP290RKApXZ1Z2ZSTWvZeR/WjcB/8JNeRgnwEI6W+QnAkOEs2xwn0tGQYw1IFRy7RXTIZGEgk6wqEOw509eBK3Tqn1Wrd3USvXLPI4COkRHqIJsdI7q6Bo1UBNR9Iie0St6M56MF+Pd+Ji1Lhn5zAH6U8bnD5CYnHA=</latexit>

p(✓|x, f)

<latexit sha1_base64="wfHxuECdHRyEThgDlsUPohDkDuA=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjRV0W3bisYB/QGUomk7ahmcyQ3BHqUPwVNy4Ucet/uPNvzLSz0NYDIYdz7iUnJ0gE1+A431ZpZXVtfaO8Wdna3tnds/cP2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8U3udx6Y0jyW9zBJmB+RoeQDTgkYqW8fZV4Qi1BPInNhD0YMyLRvV52aMwNeJm5BqqhAs29/eWFM04hJoIJo3XOdBPyMKOBUsGnFSzVLCB2TIesZKknEtJ/N0k/xqVFCPIiVORLwTP29kZFI5/nMZERgpBe9XPzP66UwuPIzLpMUmKTzhwapwBDjvAoccsUoiIkhhCpusmI6IopQMIVVTAnu4peXSfu85l7U6nf1auO6qKOMjtEJOkMuukQNdIuaqIUoekTP6BW9WU/Wi/VufcxHS1axc4j+wPr8AQRFlZk=</latexit>

✓

<latexit sha1_base64="2cxQXRfe85+mCFDpmaMPI13leKk=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEirosunFZwT6gDWEynbRDJw9mbqQlZuGvuHGhiFt/w51/46TNQlsPDBzOuZc593ix4Aos69sorayurW+UNytb2zu7e+b+QVtFiaSsRSMRya5HFBM8ZC3gIFg3lowEnmAdb3yT+50HJhWPwnuYxswJyDDkPqcEtOSaR2k/IDDyfDzJ3D6wCaSS0cw1q1bNmgEvE7sgVVSg6Zpf/UFEk4CFQAVRqmdbMTgpkcCpYFmlnygWEzomQ9bTNCQBU046y5/hU60MsB9J/ULAM/X3RkoCpaaBpyfzsGrRy8X/vF4C/pWT8jBOgIV0/pGfCAwRzsvAA66PBTHVhFDJdVZMR0QSCrqyii7BXjx5mbTPa/ZFrX5XrzauizrK6BidoDNko0vUQLeoiVqIokf0jF7Rm/FkvBjvxsd8tGQUO4foD4zPH86ZlqA=</latexit>

xrec

<latexit sha1_base64="wfHxuECdHRyEThgDlsUPohDkDuA=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjRV0W3bisYB/QGUomk7ahmcyQ3BHqUPwVNy4Ucet/uPNvzLSz0NYDIYdz7iUnJ0gE1+A431ZpZXVtfaO8Wdna3tnds/cP2jpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8U3udx6Y0jyW9zBJmB+RoeQDTgkYqW8fZV4Qi1BPInNhD0YMyLRvV52aMwNeJm5BqqhAs29/eWFM04hJoIJo3XOdBPyMKOBUsGnFSzVLCB2TIesZKknEtJ/N0k/xqVFCPIiVORLwTP29kZFI5/nMZERgpBe9XPzP66UwuPIzLpMUmKTzhwapwBDjvAoccsUoiIkhhCpusmI6IopQMIVVTAnu4peXSfu85l7U6nf1auO6qKOMjtEJOkMuukQNdIuaqIUoekTP6BW9WU/Wi/VufcxHS1axc4j+wPr8AQRFlZk=</latexit>

✓

<latexit sha1_base64="ZBu5/Q8eb7SOA9Y75IEsSHrYVWE=">AAACBHicbVDLSsNAFJ34rPUVddlNsAh1UxIp6rLoxmUF+4Amhsl00g6dPJi5kZaQhRt/xY0LRdz6Ee78GydtFtp6YOBwzr3MPceLOZNgmt/ayura+sZmaau8vbO7t68fHHZklAhC2yTikeh5WFLOQtoGBpz2YkFx4HHa9cbXud99oEKyKLyDaUydAA9D5jOCQUmuXrEDDCPPTyeZawOdQCooye7TGpxmrl416+YMxjKxClJFBVqu/mUPIpIENATCsZR9y4zBSbEARjjNynYiaYzJGA9pX9EQB1Q66SxEZpwoZWD4kVAvBGOm/t5IcSDlNPDUZH6yXPRy8T+vn4B/6aQsjBOgIZl/5CfcgMjIGzEGTEUGPlUEE8HUrQYZYYEJqN7KqgRrMfIy6ZzVrfN647ZRbV4VdZRQBR2jGrLQBWqiG9RCbUTQI3pGr+hNe9JetHftYz66ohU7R+gPtM8fvqmYzQ==</latexit>

x
(t)
rec

<latexit sha1_base64="ZBu5/Q8eb7SOA9Y75IEsSHrYVWE=">AAACBHicbVDLSsNAFJ34rPUVddlNsAh1UxIp6rLoxmUF+4Amhsl00g6dPJi5kZaQhRt/xY0LRdz6Ee78GydtFtp6YOBwzr3MPceLOZNgmt/ayura+sZmaau8vbO7t68fHHZklAhC2yTikeh5WFLOQtoGBpz2YkFx4HHa9cbXud99oEKyKLyDaUydAA9D5jOCQUmuXrEDDCPPTyeZawOdQCooye7TGpxmrl416+YMxjKxClJFBVqu/mUPIpIENATCsZR9y4zBSbEARjjNynYiaYzJGA9pX9EQB1Q66SxEZpwoZWD4kVAvBGOm/t5IcSDlNPDUZH6yXPRy8T+vn4B/6aQsjBOgIZl/5CfcgMjIGzEGTEUGPlUEE8HUrQYZYYEJqN7KqgRrMfIy6ZzVrfN647ZRbV4VdZRQBR2jGrLQBWqiG9RCbUTQI3pGr+hNe9JetHftYz66ohU7R+gPtM8fvqmYzQ==</latexit>

x
(t)
rec

<latexit sha1_base64="F/w4Kniq7SYtkdXe3Ilv2qX75uE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUmkqMuiG5cV7AOaWCbTSTt08mDmRigh4MZfceNCEbf+hDv/xkmbhbYeGOZwzr3ce48XC67Asr6NpeWV1bX10kZ5c2t7Z9fc22+rKJGUtWgkItn1iGKCh6wFHATrxpKRwBOs442vc7/zwKTiUXgHk5i5ARmG3OeUgJb65mHqeJEYqEmgP+zAiAHJ7tMqnGZ9s2LVrCnwIrELUkEFmn3zyxlENAlYCFQQpXq2FYObEgmcCpaVnUSxmNAxGbKepiEJmHLT6Q0ZPtHKAPuR1C8EPFV/d6QkUPmWujIgMFLzXi7+5/US8C/dlIdxAiyks0F+IjBEOA8ED7hkFMREE0Il17tiOiKSUNCxlXUI9vzJi6R9VrPPa/XbeqVxVcRRQkfoGFWRjS5QA92gJmohih7RM3pFb8aT8WK8Gx+z0iWj6DlAf2B8/gBKepfw</latexit>

✓(t)

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f <latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f

<latexit sha1_base64="PjGGKJAagzJfRE18Pt7JUfWBE3o=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwgiWF2MpsMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7/FgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnptk8Nl0LxBgqUvB1rTkNf8pY/vp35rSeujYjUA05i3gvpUIlAMIpWagWPaRnPp/1iya24c5BV4mWkBBnq/eJXdxCxJOQKmaTGdDw3xl5KNQom+bTQTQyPKRvTIe9YqmjITS+dnzslZ1YZkCDSthSSufp7IqWhMZPQt50hxZFZ9mbif14nweC6lwoVJ8gVWywKEkkwIrPfyUBozlBOLKFMC3srYSOqKUObUMGG4C2/vEqaFxXvslK9r5ZqN1kceTiBUyiDB1dQgzuoQwMYjOEZXuHNiZ0X5935WLTmnGzmGP7A+fwB5CyPSg==</latexit>

f
(t)

<latexit sha1_base64="KuvvGSHVOL0Fo0vYGZksqTvaZYs=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzUtRl0Y0rqWAf0JaSSTNtaCYzJHfEMhQ3/oobF4q49Svc+Tdm2llo64ELh3PuTe49XiS4Bsf5tnJLyyura/n1wsbm1vaOvbvX0GGsKKvTUISq5RHNBJesDhwEa0WKkcATrOmNrlK/ec+U5qG8g3HEugEZSO5zSsBIPfugA+wBkhI5wTehxOkzROEJ9gs9u+iUnSnwInEzUkQZaj37q9MPaRwwCVQQrduuE0E3IQo4FWxS6MSaRYSOyIC1DZUkYLqbTE+Y4GOj9LEfKlMS8FT9PZGQQOtx4JnOgMBQz3up+J/XjsG/6CZcRjEwSWcf+bHAEOI0D9znilEQY0MIVdzsiumQKELBpJaG4M6fvEgap2X3rFy5rRSrl1kceXSIjlAJuegcVdE1qqE6ougRPaNX9GY9WS/Wu/Uxa81Z2cw++gPr8wdC2ZYP</latexit>

(a) Non linear f

<latexit sha1_base64="S2x9aUIVoFa/gptVKX71tgwgNm4=">AAACBHicbVC7TgJBFJ3FF+Jr1ZJmIjGBhuwaopZEGwsLTOSRwEpmh1mYMPvIzF0j2VDY+Cs2Fhpj60fY+TfOwhYKnuQmJ+fcO3PvcSPBFVjWt5FbWV1b38hvFra2d3b3zP2DlgpjSVmThiKUHZcoJnjAmsBBsE4kGfFdwdru+DL12/dMKh4GtzCJmOOTYcA9TgloqW8We8AeICm7FXytnyAST7F3l5ShMi30zZJVtWbAy8TOSAllaPTNr94gpLHPAqCCKNW1rQichEjgVLBpoRcrFhE6JkPW1TQgPlNOMjtiio+1MsBeKHUFgGfq74mE+EpNfFd3+gRGatFLxf+8bgzeuZPwIIqBBXT+kRcLDCFOE8EDLhkFMdGEUMn1rpiOiCQUdG5pCPbiycukdVK1T6u1m1qpfpHFkUdFdITKyEZnqI6uUAM1EUWP6Bm9ojfjyXgx3o2PeWvOyGYO0R8Ynz+rLpbU</latexit>

(b) Linear f
(t)

<latexit sha1_base64="QWdXdnPDcpsCv7sFmSe/6TUFqI4=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCCymJFHVZdOOygn1AE8JkMmmHTh7M3Agl1I2/4saFIm79C3f+jZM2C209MMzhnHu59x4/FVyBZX0bS8srq2vrlY3q5tb2zq65t99RSSYpa9NEJLLnE8UEj1kbOAjWSyUjkS9Y1x/dFH73gUnFk/gexilzIzKIecgpAS155qFzljt+IgI1jvSHHRgyIBMPPLNm1a0p8CKxS1JDJVqe+eUECc0iFgMVRKm+baXg5kQCp4JNqk6mWEroiAxYX9OYREy5+fSCCT7RSoDDROoXA56qvztyEqliQ10ZERiqea8Q//P6GYRXbs7jNAMW09mgMBMYElzEgQMuGQUx1oRQyfWumA6JJBR0aFUdgj1/8iLpnNfti3rjrlFrXpdxVNAROkanyEaXqIluUQu1EUWP6Bm9ojfjyXgx3o2PWemSUfYcoD8wPn8Aw6SXHA==</latexit>

✓t<latexit sha1_base64="QWdXdnPDcpsCv7sFmSe/6TUFqI4=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCCymJFHVZdOOygn1AE8JkMmmHTh7M3Agl1I2/4saFIm79C3f+jZM2C209MMzhnHu59x4/FVyBZX0bS8srq2vrlY3q5tb2zq65t99RSSYpa9NEJLLnE8UEj1kbOAjWSyUjkS9Y1x/dFH73gUnFk/gexilzIzKIecgpAS155qFzljt+IgI1jvSHHRgyIBMPPLNm1a0p8CKxS1JDJVqe+eUECc0iFgMVRKm+baXg5kQCp4JNqk6mWEroiAxYX9OYREy5+fSCCT7RSoDDROoXA56qvztyEqliQ10ZERiqea8Q//P6GYRXbs7jNAMW09mgMBMYElzEgQMuGQUx1oRQyfWumA6JJBR0aFUdgj1/8iLpnNfti3rjrlFrXpdxVNAROkanyEaXqIluUQu1EUWP6Bm9ojfjyXgx3o2PWemSUfYcoD8wPn8Aw6SXHA==</latexit>

✓t

<latexit sha1_base64="QWdXdnPDcpsCv7sFmSe/6TUFqI4=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCCymJFHVZdOOygn1AE8JkMmmHTh7M3Agl1I2/4saFIm79C3f+jZM2C209MMzhnHu59x4/FVyBZX0bS8srq2vrlY3q5tb2zq65t99RSSYpa9NEJLLnE8UEj1kbOAjWSyUjkS9Y1x/dFH73gUnFk/gexilzIzKIecgpAS155qFzljt+IgI1jvSHHRgyIBMPPLNm1a0p8CKxS1JDJVqe+eUECc0iFgMVRKm+baXg5kQCp4JNqk6mWEroiAxYX9OYREy5+fSCCT7RSoDDROoXA56qvztyEqliQ10ZERiqea8Q//P6GYRXbs7jNAMW09mgMBMYElzEgQMuGQUx1oRQyfWumA6JJBR0aFUdgj1/8iLpnNfti3rjrlFrXpdxVNAROkanyEaXqIluUQu1EUWP6Bm9ojfjyXgx3o2PWemSUfYcoD8wPn8Aw6SXHA==</latexit>

✓t

<latexit sha1_base64="QWdXdnPDcpsCv7sFmSe/6TUFqI4=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCCymJFHVZdOOygn1AE8JkMmmHTh7M3Agl1I2/4saFIm79C3f+jZM2C209MMzhnHu59x4/FVyBZX0bS8srq2vrlY3q5tb2zq65t99RSSYpa9NEJLLnE8UEj1kbOAjWSyUjkS9Y1x/dFH73gUnFk/gexilzIzKIecgpAS155qFzljt+IgI1jvSHHRgyIBMPPLNm1a0p8CKxS1JDJVqe+eUECc0iFgMVRKm+baXg5kQCp4JNqk6mWEroiAxYX9OYREy5+fSCCT7RSoDDROoXA56qvztyEqliQ10ZERiqea8Q//P6GYRXbs7jNAMW09mgMBMYElzEgQMuGQUx1oRQyfWumA6JJBR0aFUdgj1/8iLpnNfti3rjrlFrXpdxVNAROkanyEaXqIluUQu1EUWP6Bm9ojfjyXgx3o2PWemSUfYcoD8wPn8Aw6SXHA==</latexit>

✓t

Figure 3: Illustrative example for fixed x. The likelihood for a fixed ✓t, shown by the columns, are
assumed Gaussian p(xrec|✓t, x, f) = N(f✓t(x), I). We model the marginalised density p(✓|x, f)
(first axis) over parameters ✓ with Gaussians. With the additional assumption of linear f then
p(xrec|x, f) (second axis) is Gaussian. This makes the joint distribution tractable.

Jacobian of f . In a similar spirit, we linearize f in ✓ in order to arrive at a tractable approximation of
p(xrec|x, f). Specifically, we perform a Taylor expansion around ✓t

f✓(x) = f✓t(x) + J✓f✓t(x)(✓ � ✓t)| {z }
=:f(t)

✓ (x)

+O
�
k✓ � ✓tk

2
�

(6)

where f
(t) denote the associated first-order approximation of f . Under this approximation, the joint

distribution p(✓, xrec|x, f) becomes Gaussian, p(✓, xrec|x, f
(t)) ⇡ N (✓, xrec|µt, ⌃t), with

µt =

✓
✓t

f
(t)
✓t

(x)

◆
, and ⌃t =

✓
H

�1
t J✓f✓t(x)>

J✓f✓t(x)
�
J✓f✓t(x)>

HtJ✓f✓t(x)
��1

+ I

◆
. (7)

This approximation is illustrated in Fig. 3(b). We provide the proof in Appendix D.4.

Iterative learning. With these approximations we can readily develop an iterative learning scheme
which updates q(✓|x, f). The mean of this approximate posterior can be updated according to a
standard variational gradient step, ✓t+1 = ✓t + �r✓Lxrec , where

Lxrec = E✓⇠qt(✓|x,f)[log p(xrec|✓, x, f
(t))], (8)

is a lower bound on Eq. (3), which we evaluate with a single Monte Carlo sample. Following the LA,
the covariance of q

t+1(✓|x, f), should be the inverse of the Hessian of log p(✓|x, f) at ✓t+1. Since
this is intractable, we instead compute the Hessian of the lower bound Eq. (5)

Ht+1 =�r
2
✓L✓

��
✓t+1

=Ep(xrec|x,f(t))

h
�r

2
✓ log p(xrec|✓, x, f

(t)) �r
2
✓ log q

t(✓|x, f)
i���
✓t+1

(9)

The last term can be approximated since r
2
✓ log q

t(✓|x, f)|✓=✓t+1 = �Ht + O (k✓t+1 � ✓tk).

To efficiently cope with the O-term, we introduce a parameter ↵, such that the final approximation is

Ht+1 ⇡ (1 � ↵)Ht + Ep(xrec|x,f)

h
�r

2
✓ log p

⇣
xrec

��✓, x, f
(t)

⌘i ���
✓t+1

(10)

= (1 � ↵)Ht � J✓f
(t)
✓

>
r

2
xrec

log p

⇣
xrec

��✓t+1, x, f
(t)

⌘
J✓f

(t)
✓ . (11)

where J✓f
(t)
✓ is independent of which ✓ we evaluate in and r

2
xrec

log p
�
xrec

��✓t+1, x, f
(t)

�
is trivial

to compute for common losses, i.e. for MSE it is the identity. The parameter ↵ can be viewed
as a geometric running average that is useful for smoothing out results computed on a minibatch
instead of on the full training set, similar to momentum-like training procedures. It further allows for
non-monotonically-increasing precision. Note that we revisit data during training, and the precision
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✓t

Figure 4: Iterative training procedure. Given a distribution q
t over parameters, and a linearized

function f
(t), compute first and second-order derivatives to update the distribution on parameters.

matrix is updated for every revisit. Thus, the forgetting induced by ↵ is a wanted behavior to avoid
infinite precision in the limit of infinite training time. In practice, we set ↵ equal to the learning rate,
where the practical intuition is that when ↵ is small, the network uncertainty decreases faster.

The overall training procedure is summarized in Fig. 4. We initialize q
0 as a Gaussian with ✓0 = 0

and H0 = I. We provide more details on the model, the linearization, and iterative learning in
Appendix D.

Why not just. . . ? The proposed training procedure may at first appear non-trivial, and it is reasonable
to wonder if existing methods could be applied to similar results. Variational inference often achieves
similar results to Laplace approximations, so could we use ‘Bayes by Backprop’ (Blundell et al., 2015)
to get an alternative Gaussian approximate posterior over ✓? Similar to the supervised experiences
of Jospin et al. (2020), we, unfortunately, found this approach too brittle to allow for practical
model fitting. But then perhaps a post-hoc LA as proposed by Daxberger et al. (2021) for supervised
learning? Empirically, we found it to be important to center the approximate posterior around a point
where the Hessian provides useful uncertainty estimates. Our online training moves in this direction
as the Hessian is part of the procedure, but this is not true for the post-hoc LA.

Conceptually, we argue that our approach, while novel, is not entirely separate from existing methods.
Our reliance on lower bounds makes the method an instance of variational inference (Jordan et al.,
1999; Opper and Archambeau, 2009b), and we maximize the bounds using Monte Carlo EM (Cappé,
2009). We rely on a LA as our choice of variational distribution, which has also been explored by
Park et al. (2019). Finally, we note that our linearization trick Eq. (6) has great similarities to classic
extended Kalman filtering (Gelb et al., 1974).

3 Scaling the Hessian to Large Images

The largest obstacle to apply LA in practice stems from the Hessian matrix. This matrix has a
quadratic memory complexity in the number of network parameters, which very quickly exceeds the
capabilities of available hardware. To counter this issue, several approximations have been proposed
(Ritter et al., 2018; Botev et al., 2017; Martens and Grosse, 2015b) that improve the scaling w.r.t. to
the number of parameters. The currently most efficient Hessian implementations (Dangel et al., 2020;
Daxberger et al., 2021) builds on the generalized Gauss-Newton (GGN) approximation of the Hessian

r
2
✓(l)L(f✓(x)) ⇡ J✓(l)f✓ (x)> · r

2
xrec

L (xrec) · J✓(l)f✓ (x) , (12)

for a single layer l, which neglects second order derivatives of f w.r.t. the parameters. Besides,
the computational benefits of this approximations, previous works on LA (Daxberger et al., 2021)
relies on GGN to ensure that the Hessian is always semi-negative definite. In contrast, the model
presented in Sec. 2 implies that GGN is no longer a practical and unprincipled trick, but rather the
exact Hessian (Immer et al., 2021b).

Albeit relying on first order derivates, the layer-block-diagonal GGN, which assumes that layers are
independent of each other, scales quadratically with the output dimension of the considered neural
network f . This lack of scaling is particularly detrimental for convolutional layers as these have low
parameter counts, but potentially very high output dimensions.

Expanding J✓(l)f✓(x) with the chain rule, one realizes that the Jacobian can be computed as a
function of the Jacobian of the next layer. Fig. 6 illustrate that an intermediate quantity M , which is
initialised as r

2
xrec

L(xrec), can be efficiently backpropagated through multiplication with the Jacobian
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APPROXIMATIONS MEMORY TIME

Block diag. O(R2
m + W

2
s ) O(R2

s + W
2
s )

KFAC O(R2
s + Ws) O(R2

s + Ws)
Exact diag. O(R2

m + Ws) O(R2
s + Ws)

Approx. diag. (ours) O(Rm + Ws) O(Rs + Ws)
Mixed diag. (ours) O(Rm + Ws) O(Rs + Ws)

Table 1: Memory & time complexity
of Hessian approximations. For an L-
layer network, let Rm=maxl=0...L |x

(l)
|,

Rs=
P

l |x
(l)

|, R
2
s=

P
l |x

(l)
|
2, and

Ws=
P

l |✓
(l)

|. Only our approximation
scales linearly with both the output
resolution and parameters.
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Figure 5: Comparison of Hessian approximation methods. Common approximations (a–b) scale
quadratically with the output resolution. Our proposed approximate and mixed diagonal Hessians
(c–d) scale linearly with the resolution. This is essential for scaling the LAE to large images.

w.r.t. input of each layer. This process leads to a block diagonal approximation of the Hessian as
illustrated in Fig. 5(a). However, diagonal blocks are generally too large to store and invert. To
combat this, each block can be further approximated by its exact diagonal (Daxberger et al., 2021)
as depicted in Fig. 5(b). This scales linearly w.r.t. parameters, but still scales quadratically w.r.t. the
output resolution (Tab. 1).
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Figure 6: Forward pass of feature map
x for layer l with parameters ✓(l) and
extended backward pass in which M is
backpropagated to previous layers. Via
the chain rule and M the Hessian of each
layer can be computed efficiently.

To scale our Laplacian autoencoder to high-dimensional
data, we propose to approximate the diagonal of the
Hessian rather than relying on exact computations. This is
achieved by only backpropagating a diagonal form of M

as illustrated in Fig. 5(c). This assumes that features from
the same layer are uncorrelated and consequently have
linear complexity in both time and memory with respect
to the output dimension (Tab. 1). This makes it viable for
our model.

We can further tailor this approximation to the autoencoder
setting by leveraging the bottleneck architecture. We note
that the quadratic scaling of the exact diagonal Hessian
is less of an issue in the layers near the bottleneck than
in the layers closer to the output space. We can therefore
dynamically switch between our approximate diagonal and the exact one, depending on the feature
dimension. This lessens the approximation error while remaining tractable in practice. We provide
more details on the fast hessian computations in Appendix E.

4 Related Work

Deep generative models, and particularly the family of variational auto-encoders (VAEs) (Kingma
and Welling, 2014; Rezende et al., 2014), address unsupervised representation learning from a
probabilistic viewpoint by approximating the posterior over the representation space. Despite their
widespread adoption, model parameters are still deterministic and sensitive to ill-suited local minima,
e.g. over-fitted to training data (Zhang et al., 2021), which may cause poor generalization. The
Bayesian NNs favour inference over the NN weights for addressing such issues (MacKay, 1995;
Neal, 1996). This approach deduces distributions on data space by learning posterior distributions on
the parameter space. However, several shortcomings (Wenzel et al., 2020), e.g. expensive training,
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Figure 7: Memory & time usage of Hessian approximations. The exact and KFAC scales poorly
with the image resolution. In contrast, our proposed approximate diagonal Hessian scales linearly.

tuning, and implementations, often limit their applicability to autoencoder-style models. Alternatively,
other methods such as deep ensembles (Lakshminarayanan et al., 2017), stochastic weight averaging
(SWAG) (Maddox et al., 2019) or Monte-Carlo dropout (Gal and Ghahramani, 2016) also promise
Bayesian approximations to NN weight’s posterior, but at the cost of increased training time, poor
empirical performance or limited Bayesian interpretation.

As demonstrated by Daxberger et al. (2021) LA is a scalable and well-behaved alternative to Bayesian
NNs if used post-hoc to approximate the intractable posterior over the weights after maximum-a-
posteriori (MAP) training in classification and regression. The general utility of LA has also motivated
its use as an approximation to the marginal likelihood over NN weights. Recent methods, including
Daxberger et al. (2021), have explored this path to find model hyperparameters (Immer et al., 2021a) or
learning invariances (Immer et al., 2022). However, its computational burden, for instance in Hessian
matrices, has prescribed diagonal or Kronecker factored approximations (Ritter et al., 2018; Martens
and Grosse, 2015a; Botev et al., 2017), which are now widely used for second-order optimization.
We provide more details on the connections to existing hessian based methods Daxberger et al.
(2021); Zhang et al. (2017); Khan et al. (2017), Bayes by Backpropagation Blundell et al. (2015) and
Adam Kingma and Ba (2015a) in Appendix C.

The full Bayesian perspective on VAE weights was first explored by Daxberger and Hernández-Lobato
(2019) which we find similar in spirit to our work. In contrast to them (1) we follow a principled
Bayesian derivation. (2) Neither do we depend on Hamiltonian Monte-Carlo sampling, which is
generally hard to scale to efficient training.

5 Experiments

First, we demonstrate the computational advantages of the proposed Hessian approximation, and
then that our sampling-based training leads to well-calibrated uncertainties that can be used for OOD
detection, data imputation, and semi-supervised learning. For all the downstream tasks we consider
the following baselines: AE (Hinton and Salakhutdinov, 2006) with constant and learned variance, VAE
(Rezende et al., 2014; Kingma and Welling, 2014), Monte-Carlo dropout AE (Gal and Ghahramani,
2016) and Ensembles of AE (Lakshminarayanan et al., 2017). We extend StochManDetlefsen et al.
(2021) with the Hessian backpropagation for the approximate and mixed diagonals. The training code
is implemented in PyTorch and available2 . Appendix A provides more details on the experimental
setup.

Efficient Hessian Approximation. For practical applications, training time and memory usage of the
Hessian approximation must be kept low. We here show that the proposed approximate diagonal Hes-
sian is sufficient and even outperforms other approximations when combined with our online training.

Fig. 7 show the time and memory requirement for different approximation methods as a function
of input size for a 5-layer convolutional network that preserves channel and input dimension. As
baselines we use efficient implementations of the exact and KFAC approximation (Daxberger et al.,
2021; Dangel et al., 2020). The exact diagonal approximation run out of memory for an ⇠ 36⇥36⇥3
image on a 11 Gb NVIDIA GeForce GTX 1080 Ti. In contrast, our approximate diagonal Hessian
scales linearly with the resolution, which is especially beneficial for convolutional layers.

2 https://github.com/FrederikWarburg/LaplaceAE
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Figure 8: Mean and variance of 100 sampled NN.

Hessian � log p(x) # MSE #

KFAC 9683.9 ± 2455.0 121.6 ± 24.5
Exact 283.3 ± 88.6 27.1 ± 0.9
Approx 232.0 ± 65.5 26.6 ± 0.6
Exact⇤ 25.8 ± 0.2 25.7 ± 0.2
Approx⇤ 25.9 ± 0.4 25.8 ± 0.4

Table 2: Online training (indicated by ⇤) outper-
forms post-hoc LA. The approximate diagonal
has similar performance to the exact diagonal
for both post-hoc and online LA.

Tab. 2 shows that the exact or approximate Hessian diagonal has similar performance for both
post-hoc and online training. Using post-hoc LA results in good mean reconstructions (low MSE),
but each sampled NN does not give good reconstructions (low log p(x)). Using our online training
procedure results in a much higher log-likelihood. This indicates that every sampled NN predicts
good reconstructions.

Fig. 8 shows the latent representation, mean, and variance of the reconstructions with the KFAC, exact
and approximate diagonal for both post-hoc and online setup. Note that the online training makes the
uncertainties better fitted, both in latent and data space. These well-fitted uncertainties have several
practical downstream applications, which we demonstrate next.

Out-of-Distribution (OOD) Detection capabilities are critical for identifying distributional shifts,
outliers, and irregular user inputs, which can hinder the propagation of erroneous decisions in an
automated system. We evaluate OOD performance on the commonly used benchmarks (Nalisnick
et al., 2019b), where we use FASHIONMNIST (Xiao et al., 2017) as in-distribution and MNIST
(Lecun et al., 1998) as OOD. Fig. 9 (c) shows that our online LAE outperforms existing models in
both log-likelihood and Typicality score (Nalisnick et al., 2019a). This stems from the calibrated
model uncertainties, which are exemplified in the models ability to detect OOD examples from the
uncertainty deduced in latent and output space; see Fig. 9 (a,b) for ROC curves.

Fig. 10 shows distribution of the output variances for in- and OOD data. This illustrates that using LA
improves OoD detection. Furthermore, the online training improves the model calibration.
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(c) AUROC (") for multiple statistics.

Figure 9: Receiver Operator Curves (ROC) show that our online LAE is able to discriminate between
in and out of distribution in both latent and output space.

Figure 10: Histograms of variance for in- and OOD reconstructions in output space. Note that
MC-AE separates the distributions well, but the model assign higher variance to the in- than OOD
data.

the uncertainties more well fitted, both in latent and data space. These well-fitted uncertainties have218

several practical downstream applications, which we demonstrate next.219

Out-of-Distribution (OOD) Detection capabilities are critical for identifying distributional shifts,220

outliers and irregular user inputs, which can hinder the propagation of erroneous decision in an221

automated system. We evaluate OOD performance on the commonly used benchmarks (Nalisnick222

et al., 2019b), where we use FASHIONMNIST (Xiao et al., 2017) as in-distribution and MNIST223

(Lecun et al., 1998) as OOD. Tab. 3 shows that our online LAE outperforms existing models in224

both log-likelihood and Typicality score (Nalisnick et al., 2019a). This stems from the calibrated225

model uncertainties, which are exemplified in the models ability to detect OOD examples from the226

uncertainty deduced in latent and output space; see Fig. 9 for ROC curves.227

Fig. 10 shows distribution of the output variances for in- and OOD data. This illustrates that using LA228

improves OoD detection. Furthermore, the online training improves the model calibration.229

Missing Data imputation. Another application of stochastic representation learning is to provide230

distributions over unobserved values (Rezende et al., 2014). In many application domains, sensor231

readings go missing, which we may mimic by letting parts of an image be unobserved. Rezende et al.232

(2014) show that we can then draw samples from the distribution of the entire image conditioned on233

Method logp(x) Typicality �
2
output �

2
latent

AE MSE 0.98 0.98
AE likelihood 0.66 0.70 0.65
VAE 0.54 0.62 0.46 0.5
MC-AE 0.97 0.97 0.08 0.31
LAE (post-hoc) 0.98 0.98 0.74 0.96
LAE (online) 0.98 0.98 0.91 0.96

Table 3: Out of Distribution detection. In-distribution data FashionMnist and OOD data Mnist.
Area Under Receiver Operator Curve (AUROC ") for log-likelihood, typicality score, latent space
�latent and output space �output uncertainties. Our proposed LAE ELBO is able to discriminate between
in and OOD using the deduced variances in latent and output space.
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Figure 9: Out of Distribution detection. In-distribution data FashionMnist and OOD data Mnist. (a)
and (b) shows the ROC curves for latent and output space uncertainties. (c) shows (AUROC ") for
log-likelihood, typicality score, latent space �latent and output space �output uncertainties. Online LAE
is able to discriminate between in and OOD using the deduced variances in latent and output space.
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<latexit sha1_base64="JgkG9z/37DNvXKZK3idGHF7zlH4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahHiy7BdFjtQhehAr2Q9qlZNO0DU2yS5IVytJf4cWDIl79Od78N6btHrT1wcDjvRlm5gURZ9q47reTWVldW9/Ibua2tnd29/L7Bw0dxorQOgl5qFoB1pQzSeuGGU5bkaJYBJw2g1F16jefqNIslA9mHFFf4IFkfUawsdJjMThFd9Wzq5tuvuCW3BnQMvFSUoAUtW7+q9MLSSyoNIRjrdueGxk/wcowwukk14k1jTAZ4QFtWyqxoNpPZgdP0IlVeqgfKlvSoJn6eyLBQuuxCGynwGaoF72p+J/Xjk3/0k+YjGJDJZkv6sccmRBNv0c9pigxfGwJJorZWxEZYoWJsRnlbAje4svLpFEueecl975cqFyncWThCI6hCB5cQAVuoQZ1ICDgGV7hzVHOi/PufMxbM046cwh/4Hz+AIoTjuw=</latexit>

(b) MC-AE
<latexit sha1_base64="J83hmBtnn2EdKbOMuRgOM8u8X+4=">AAAB+3icbVBNS8NAEN34WetXrEcvi0VoD5akIHqsiuDBQwX7AW0om82mXbrJht2JWEr/ihcPinj1j3jz37htc9DWBwOP92aYmecngmtwnG9rZXVtfWMzt5Xf3tnd27cPCk0tU0VZg0ohVdsnmgkeswZwEKydKEYiX7CWP7ye+q1HpjSX8QOMEuZFpB/zkFMCRurZhVJQxneXN7iUSA2nA0nLPbvoVJwZ8DJxM1JEGeo9+6sbSJpGLAYqiNYd10nAGxMFnAo2yXdTzRJCh6TPOobGJGLaG89un+ATowQ4lMpUDHim/p4Yk0jrUeSbzojAQC96U/E/r5NCeOGNeZykwGI6XxSmAoPE0yBwwBWjIEaGEKq4uRXTAVGEgokrb0JwF19eJs1qxT2rOPfVYu0qiyOHjtAxKiEXnaMaukV11EAUPaFn9IrerIn1Yr1bH/PWFSubOUR/YH3+AELMkqY=</latexit>

(d) LAE (post-hoc)

<latexit sha1_base64="0KDebwMzIXU29QBkI5RMWdmysw8=">AAACGHicbVC7SgNBFJ2NrxhfUUubwUSIIHE3IFoGbSwsIpgHJOtydzKbDJl9MDMbDEs+w8ZfsbFQxDadf+Mk2UITDwwczrmXuee4EWdSmea3kVlZXVvfyG7mtrZ3dvfy+wcNGcaC0DoJeShaLkjKWUDriilOW5Gg4LucNt3BzdRvDqmQLAwe1Ciitg+9gHmMgNKSkz8vwSm+A0UDhYcgGASEnuFiR7KeD48VJ+ko+qQSPpsYj4tOvmCWzRnwMrFSUkApak5+0umGJPb1OuEgZdsyI2UnIBQjnI5znVjSCMgAerStaQA+lXYyCzbGJ1rpYi8U+ukDZ+rvjQR8KUe+qyd9UH256E3F/7x2rLwrO2FBFOtcZP6RF3OsQjxtCXeZoETxkSZABNO3YtIHAUTpLnO6BGsx8jJpVMrWRdm8rxSq12kdWXSEjlEJWegSVdEtqqE6IugZvaJ39GG8GG/Gp/E1H80Y6c4h+gNj8gPRa5+v</latexit>

(a) Latent variance, �
2
latent

<latexit sha1_base64="RhkKxl4gQOhXYJmPIMG5D402ky8=">AAACGHicbVDLSgNBEJz1bXxFPXoZTAQFibsB0aPoxZsKJgaSGHonnTg4O7vM9IphyWd48Ve8eFDEqzf/xsnj4KtgoKiqpqcrTJS05Puf3sTk1PTM7Nx8bmFxaXklv7pWtXFqBFZErGJTC8GikhorJElhLTEIUajwKrw9GfhXd2isjPUl9RJsRtDVsiMFkJNa+b3tcIefpZSkxO/ASNACd3mxYWU3gutyK2sQ3lMWDxP9frGVL/glfwj+lwRjUmBjnLfyH412LNIINQkF1tYDP6FmBoakUNjPNVKLCYhb6GLdUQ0R2mY2PKzPt5zS5p3YuKeJD9XvExlE1vai0CUjoBv72xuI/3n1lDqHzUxqdxRqMVrUSRWnmA9a4m1pUJDqOQLCSPdXLm7AgCDXZc6VEPw++S+plkvBfsm/KBeOjsd1zLENtsm2WcAO2BE7ZeeswgR7YE/shb16j96z9+a9j6IT3nhmnf2A9/EFVtOgAg==</latexit>

(b) Output variance, �
2
output

<latexit sha1_base64="MPOyih6M+2RZtx/RB/FWg0JXvTU=">AAACAHicbVDLSgNBEJz1GeMr6sGDlyFBSBDCriB6jIrgwUMEkwhJCLOTjg6ZnV1mesWw5OI3+AdePCji1c/wlr9x8jhoYkFDUdU9011+JIVB1x04c/MLi0vLqZX06tr6xmZma7tqwlhzqPBQhvrWZwakUFBBgRJuIw0s8CXU/O750K89gDYiVDfYi6AZsDslOoIztFIrs9tAeMQkDwV6dXpB86EavlTotzI5t+iOQGeJNyG5UrZx8Dwo9cqtzHejHfI4AIVcMmPqnhthM2EaBZfQTzdiAxHjXXYHdUsVC8A0k9EBfbpvlTbthNqWQjpSf08kLDCmF/i2M2B4b6a9ofifV4+xc9JMhIpiBMXHH3ViSTGkwzRoW2jgKHuWMK6F3ZXye6YZR5tZ2obgTZ88S6qHRe+o6F7bNM7IGCmyR7IkTzxyTErkkpRJhXDSJy/kjbw7T86r8+F8jlvnnMnMDvkD5+sH+n+YVw==</latexit>

(e) LAE (online)
<latexit sha1_base64="qqrOroZOaCM6P480Vy9vddNAIIg=">AAACAXicbVDLSgMxFM3UV62vUTeCm9AiVIQyI4guqyK4rGAf0Cklk6ZtaGYyJHfEYagbf8FPcONCEbf+hbv+jeljodUDFw7n3Jvce/xIcA2OM7IyC4tLyyvZ1dza+sbmlr29U9MyVpRVqRRSNXyimeAhqwIHwRqRYiTwBav7g8uxX79jSnMZ3kISsVZAeiHvckrASG17zwN2D2mRHOLzKyz4wLzUl7IzbNsFp+RMgP8Sd0YK5bx39DQqJ5W2/eV1JI0DFgIVROum60TQSokCTgUb5rxYs4jQAemxpqEhCZhupZMLhvjAKB3clcpUCHii/pxISaB1EvimMyDQ1/PeWPzPa8bQPWulPIxiYCGdftSNBQaJx3HgDleMgkgMIVRxsyumfaIIBRNazoTgzp/8l9SOS+5JybkxaVygKbJoH+VREbnoFJXRNaqgKqLoAT2jV/RmPVov1rv1MW3NWLOZXfQL1uc3q6CZXw==</latexit>

(a) AE likelihood

Figure 10: Histograms of variance for in- and OOD reconstructions in output space. Note that MC-
AE separates the distributions well, but the model assigns higher variance to the in- than OOD data.
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<latexit sha1_base64="dtzydoTrKGC2pfSjUpictb4cCBI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3IHqMiuAxgnlAsoTZyWwyZHZ2mekVQshHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYkUBl3328mtrW9sbuW3Czu7e/sHxcOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDvzW09cGxGrRxwn3I/oQIlQMIpWapXpOWle3/WKJbfizkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfu6UnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TvpCc4ZybAllWthbCRtSTRnahAo2BG/55VXSrFa8i4r7UC3VbrI48nACp1AGDy6hBvdQhwYwGMEzvMKbkzgvzrvzsWjNOdnMMfyB8/kDnyyOcA==</latexit>

(a) VAE
<latexit sha1_base64="c48vo+9cQ/JqBWokwehTPv8wWdo=">AAAB+3icbVBNS8NAEN34WetXrEcvi0VoD5akIHqsiuDBQwX7AW0om+2mXbrJht2JWEL/ihcPinj1j3jz37htc9DWBwOP92aYmefHgmtwnG9rZXVtfWMzt5Xf3tnd27cPCk0tE0VZg0ohVdsnmgkesQZwEKwdK0ZCX7CWP7qe+q1HpjSX0QOMY+aFZBDxgFMCRurZhZJfxneXN7gUSw2nQ0nLPbvoVJwZ8DJxM1JEGeo9+6vblzQJWQRUEK07rhODlxIFnAo2yXcTzWJCR2TAOoZGJGTaS2e3T/CJUfo4kMpUBHim/p5ISaj1OPRNZ0hgqBe9qfif10kguPBSHsUJsIjOFwWJwCDxNAjc54pREGNDCFXc3IrpkChCwcSVNyG4iy8vk2a14p5VnPtqsXaVxZFDR+gYlZCLzlEN3aI6aiCKntAzekVv1sR6sd6tj3nripXNHKI/sD5/AD+kkqQ=</latexit>

(b) LAE (post-hoc)
<latexit sha1_base64="WwaUQkCbFIpzOWYjaTyPo8C56t0=">AAACAHicbVDLSgMxFM3UV62vqgsXbkKL0CKUGUF0WRXBhYsK9gGdUjJp2oZmMkNyRyxDN36Df+DGhSJu/Qx3/RszbRfaeuDC4Zx7k3uPFwquwbbHVmppeWV1Lb2e2djc2t7J7u7VdBApyqo0EIFqeEQzwSWrAgfBGqFixPcEq3uDq8SvPzCleSDvYRiylk96knc5JWCkdvbABfYIcYEW8e3FNS4EMnmpOGpn83bJngAvEmdG8uWce/w8Lg8r7ey32wlo5DMJVBCtm44dQismCjgVbJRxI81CQgekx5qGSuIz3YonB4zwkVE6uBsoUxLwRP09ERNf66HvmU6fQF/Pe4n4n9eMoHveirkMI2CSTj/qRgJDgJM0cIcrRkEMDSFUcbMrpn2iCAWTWcaE4MyfvEhqJyXntGTfmTQu0RRpdIhyqIAcdIbK6AZVUBVRNEIv6A29W0/Wq/VhfU5bU9ZsZh/9gfX1A/dZmFU=</latexit>

(c) LAE (online)

Figure 11: Missing data imputation & generative capabilities. Online training of LAE improves
representational robustness. This is exemplified by the multimodal behavior in the data imputation
(top rows) that accurately model the ambiguity in the data. The bottom two rows show that the LAE
is able to generate crisp digits from random noise.

Method MSE # log p(x) " Acc. " ECE # MCE # RMSCE #

Classifier 0.53 0.16 0.25 0.18
VAE 104.73 -104.75 0.22 0.18 0.34 0.19
MC-AE 106.05 -106.05 0.45 0.28 0.38 0.29
AE Ensemble 96.23 -100.94 0.53 0.12 0.2 0.13
LAE (post-hoc) 101.62 -107.25 0.51 0.16 0.27 0.18
LAE (online) 99.59 -106.29 0.53 0.12 0.16 0.13

Table 3: Reconstruction quality measured by the MSE and log-likelihood for the data imputation.
Our well-calibrated uncertainties propagates to the MNIST classifier and improves the calibration
metrics ECE, MCE and RMSCE.

Missing Data imputation. Another application of stochastic representation learning is to provide
distributions over unobserved values (Rezende et al., 2014). In many application domains, sensor
readings go missing, which we may mimic by letting parts of an image be unobserved. Rezende et al.
(2014) show that we can then draw samples from the distribution of the entire image conditioned on
the observed part, by imputing the missing pixels with noise and repeatedly encode and decode while
keeping observed pixels fixed. Fig. 11 show samples using this procedure from a VAE, a post-hoc
LAE and our online LAE, where we only observe the lower half of an MNIST image. This implies
ambiguity about the original digit, e.g. the lower half of a “5“ could be a “3“ and similarly a “7“ could
be a “9“. Our LAE captures this ambiguity, which is exemplified by the multi-modal reconstructions
from the sampled networks in Fig. 11. The baselines only capture unimodal reconstructions.

Capturing the ambiguity of partly missing data can improve downstream tasks such as the calibration
of an image classifier. In Fig. 11 (c) we demonstrate how averaging the predictions of a simple
classifier across reconstructions improves standard calibration metrics. This is because the classifier
inherits the uncertainty and ambiguity in the learned representations. A deep ensemble of AEs
performs similarly to ours, but comes at the cost of training and storing multiple models.

When the entire input image is missing, the imputation procedure can be seen as a sampling mecha-
nism, such that our LAE can be viewed as a generative model. The bottom rows in Fig. 11 show that
the LAE indeed does generate sharp images from a multi-modal distribution.

Figure 12: Accuracy as an function of the
number of labels per class on MNIST.

Attribute AE VAE MC-AE LAE⇤

Arched Eyebrows 0.50 0.52 0.55 0.60
Attractive 0.52 0.50 0.49 0.53
Bald 0.98 0.98 0.98 0.98
Wearing Lipstick 0.52 0.49 0.50 0.54
Heavy Makeup 0.45 0.52 0.49 0.56

Overall 0.73 0.72 0.73 0.74

Table 4: Semi-supervised classification accuracy
on CELEBA using only 10 labeled datapoints. ⇤

refers to online LAE.
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Figure 13: Sample reconstructions on CELEBA. The top row shows the mean reconstruction and
the bottom row shows the variance of the reconstructed images.

Semi-supervised learning combines a small amount of label data with a large amount of unlabeled
data. The hope is that the structure in the unlabeled data can be used to infer properties of the data that
cannot be extracted from a few labeled points. Embedding the same labeled data point multiple times
using a stochastic representation scales up the amount of labeled data that is available during training.

Fig. 12 shows the accuracy of a K-nearest neighbor classifier trained on different amounts of labeled
data from the MNIST dataset. For all models with a stochastic encoder, we encode each labeled
datapoint 100 times and repeat the experiment 5 times. When only a few labels per class are
available (1-20) we clearly observe that our LAE model outperforms all other models, stochastic and
deterministic. Increasing the number of labels beyond 100 per class makes the AE and LAE equal in
their classification performance with the AE model eventually outperforming the LAE model.

In Tab. 4 we conduct a similar experiment on the CELEBA (Liu et al., 2015) facial dataset, where the
the task is to predict 40 different binary labels per data point. When evaluating the overall accuracy of
predicting all 40 facial attributes, we see no significant difference in performance. However, when we
zoom in on specific facial attributes we gain a clear performance advantage over other models. Fig. 13
shows the mean and variance of five reconstructed images. The online LAE produces well-calibrated
uncertainties in the output space and scales to large images.

Limitations. Empirically, the LAE improvements are more significant for overparameterized net-
works. The additional capacity seems to help the optimizer find a local mode where a Gaussian fit is ap-
propriate. It seems the regularization induced by marginalizing ✓ compensates for the added flexibility.

6 Conclusion

In this paper, we have introduced a Bayesian autoencoder that is realized using Laplace approxi-
mations. Unlike current models, this Laplacian autoencoder produces well-behaved uncertainties
in both latent and data space. We have proposed a novel variational lower-bound of the autoencoder
evidence and an efficient way to compute its Hessian on high dimensional data that scales linearly
with data size. Empirically, we demonstrate that our proposed model predicts reliable stochastic
representations that are useful for a multitude of downstream tasks: out-of-distribution detection,
missing data imputation, and semi-supervised classification. Our work opens the way for fully
Bayesian representation learning where we can marginalize the representation in downstream tasks.
We find this to consistently improve performance.
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