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Abstract

Elimination algorithms for bandit identification, which prune the plausible correct
answers sequentially until only one remains, are computationally convenient since
they reduce the problem size over time. However, existing elimination strategies are
often not fully adaptive (they update their sampling rule infrequently) and are not
easy to extend to combinatorial settings, where the set of answers is exponentially
large in the problem dimension. On the other hand, most existing fully-adaptive
strategies to tackle general identification problems are computationally demanding
since they repeatedly test the correctness of every answer, without ever reducing the
problem size. We show that adaptive methods can be modified to use elimination
in both their stopping and sampling rules, hence obtaining the best of these two
worlds: the algorithms (1) remain fully adaptive, (2) suffer a sample complexity
that is never worse of their non-elimination counterpart, and (3) provably eliminate
certain wrong answers early. We confirm these benefits experimentally, where elim-
ination improves significantly the computational complexity of adaptive methods
on common tasks like best-arm identification in linear bandits.

1 Introduction

The multi-armed bandit is a sequential decision-making task which is now extensively studied
(see, e.g., [1] for a recent review). In this problem, an algorithm interacts with its environment
by sequentially “pulling” one among K € N arms and observing a sample from a corresponding
distribution. Among the possible objectives, we focus on fixed-confidence identification [2} 3} 4} |5]].
In this setting, the algorithm successively collects samples until it decides to stop and return an answer
to a given query about the distributions. Its task is to return the correct answer with at most a given
probability of error d, and its secondary goal is to do so while stopping as early as possible. This
problem is called “fixed-confidence” as opposed to “fixed-budget”, where the goal is to minimize the
error probability with at most a given number of samples [6} (7, 18, 9, [10].

The most studied query is best arm identification (BAI), where the aim is to return the arm whose
distribution has highest mean. A variant is Top-m identification [[11]], where the goal is to find the
m arms with highest means. While these are the most common, other queries have been studied,
including thresholding bandits [9], minimum threshold [12]], and multiple correct answers [13]].

*Work done while at Inria Lille.
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Algorithms for fixed-confidence identification can be generally divided into two classes: those based
on adaptive sampling and those based on elimination. Adaptive algorithms [e.g., |8} 11,4} |14] update
their sampling strategy at each round and typically stop when they can simultaneously assess the
correctness of every answer. They often enjoy strong theoretical guarantees. For instance, some of
them [4} [15 [16, [17] have been shown to be optimal as 6 — 0. However, since they repeatedly test the
correctness of every answer, they are often computationally demanding. Elimination-based strategies
[e.g., 20181119} 20, 21]] maintain a set of “active” answers (those that are still likely to be the correct
one) and stop when only one remains. They typically update their sampling rules and/or the active
answers infrequently. This, together with the fact that eliminations reduce the problem size over
time, makes them more computationally efficient but also yields large sample complexity in practice.
Moreover, while adaptive algorithms for general identification problems (i.e., with arbitrary queries)
exist [4} 15, [17], elimination-based strategies are not easy to design at such a level of generality. In
particular, they are not easy to extend to structured combinatorial problems (such as Top-m), where
the number of answers is exponential in the problem dimensionE]

In this paper, we design a novel elimination rule for general identification problems which we call
selective elimination. It can be easily combined with existing adaptive strategies, both in their
stopping and sampling rules, making them achieve the best properties of the two classes mentioned
above. In particular, we prove that (1) selective elimination never suffers worse sample complexity
than the original algorithm, and hence remain asymptotically optimal whenever the base algorithm
is; (2) It provably discards some answers much earlier than the stopping time; (3) It improves
the computational complexity of the original algorithm when some answers are eliminated early.
Experimentally, we compare several existing algorithms for three identification problems (BAI,
Top-m, and thresholding bandits) on two bandit structures (linear and unstructured). We find that,
coherently across all experiments, existing adaptive strategies achieve significant gains in computation
time and, to a smaller extent, in sample complexity when combined with selective elimination.

1.1 Bandit fixed-confidence identification

An algorithm interacts with an environment composed of K > 1 arms. At each time ¢t € N, the
algorithm picks an arm k; and observes th" ~ Vy,, where vy, is the distribution of arm %;. At a time
7, the algorithm stops and returns an answer ¢ from a finite set Z. Formally, let F; be the o-algebra
generated by the observations up to time ¢. An identification algorithm is composed of

1. Sampling rule: the sequence (k:);cn, where k; is JF;_1-measurable.
2. Stopping rule: a stopping time 7 with respect to (F;):ecn and a random variable 7 € Z, i.e.,
the answer returned when stopping at time 7.

Note that, while it is common to decouple 7 and 7, we group them to emphasize that the time at which
an algorithm stops depends strongly on the answer it plans on returning.

We assume that the arm distributions depend on some unknown parameter § € M, where M C R4
is the set of possible parameters, and write v, (6) for k € [K] to make this dependence explicit. For
simplicity, we shall use 6 to refer to the bandit problem (vx(6))c[). This assumption allows us to
include linear bandits in our analysis. We let ¢* : M — 7 be the function, known to the algorithm,
which returns the unique correct answer for each problem. The algorithm is correct on 6 if i = i*(6).

Definition 1.1 (§-correct algorithm). An algorithm is said to be §-correct on M C R< if for all
0 € M, T < +o0 almost surely and Py (@ # i*(6)) < 0 .

We want to design algorithms that, given a value d, are d-correct on M and have minimal expected
sample complexity Eg[7] forall # € M. A lower bound on Ey[7] was proved in [4]. In order to present
it, we introduce the concept of alternative set to an answer i € Z: A(i) := {A € M | i*(\) # i}, the
set of parameters for which the correct answer is not 7. Let us denote by KL (6, A) the Kullback-
Leibler (KL) divergence between the distribution of arm &k under € and A. Then the lower bound
states that for any algorithm that is d-correct on M and any problem 6 € M,

Eglr] > log(1/(2.46))/H*(6) , with H*(6) := inf EKLL(O,\). 1
0[] > log(1/(2.40))/H*(0) , wi (9) wnelaﬁxei@*w))kez[;qw k(0,A) ()

2An elimination strategy for specific unstructured combinatorial problems has been introduced in [22].



Example: BAI in Gaussian linear bandits While our results apply to general queries, we illustrate
all statements of this paper on the widely-studied task of BAI in Gaussian linear bandits [[19} 14} 23|
16} 24]. In this setting, each arm k € [K] has a Gaussian distribution AV (pux, (), 1) with mean 15, (0) =

1 0, a linear function of the unknown parameter § € R? (and M = R?) and of known arm features
¢1. € R?. The set of answers is Z = [K] and the correct answer is i* () := arg max,c ) ¢y 0.

Finally, for z € R? and A € R%*?, we define ||z||4 := Vo' Az. Forw € RE, let V, :=
Yooy Wk, . With this notation, we have Y, o ¥ KLi (0, A) = [0 — Alf3,.

1.2 Log-likelihood ratio stopping rules

Most existing adaptive algorithms use a log-likelihood ratio (LLR) test in order to decide when
to stop. Informally, they check whether sufficient information has been collected to confidently
discard at once all answers except one. Since such LLR tests are crucial for the design of our general
elimination rules, we now describe their principle.

Given two parameters /, \ € M, the LLR of observations X;; = (X fl ey th") between models
. + X A
6 and \is L(0,)\) := log %(X[t]) => . log %(X;‘S) . Let 0; := arg max, ¢ v log P (X7y)
be the maximum likelihood estimator of 6 from 2 observations. In Gaussian linear bandits, we
have Ly(0,)) = 3110 — All}y, + (0 — N) TV, (0 — 0) , where Nf := 370, 1 (k; = k). See
Appendix [C| for more details. L;(6, \) is closely related to Zle N}FKLg(6,)), a quantity that
appears frequently in our results. Indeed, the difference between these quantities is a martingale,
which is a lower order term compared to them. The LLR stopping rule was introduced to the bandit
literature in [4]. At each step ¢t € N, the algorithm computes the infimum LLR to the alternative set

of i*(ét) and stops if it exceeds a threshold, i.e., if
inf Lt(éta A) > Bis s ()
AEA(i*(By))
where the function 3; 5 can vary, notably based on the shape of the alternative sets. The recommenda-
tion rule is then 7 = i*(6;). Informally, the algorithm stops if it has enough information to exclude all

points A for which the answer is not ¢* (6;). This stopping rule enforces j-correctness, provided that
the sampling rule ensures 7 < +oc a.s. and that 3, s is properly chosen. The most popular choice is

to ensure a concentration property of Lt(ét, 6). For example, if for all J, 8; 5 guarantees that
P(3t=1:Lu(0:,0) 2 Brs) <, 3

LLR stopping with that threshold returns a wrong answer with probability at most 6. Such concen-
tration bounds can be found in [25| [26] for linear and unstructured bandits, respectively. This LLR
stopping rule is used in many algorithms [4} 14 [15} |16} 24, 17ﬂ Some of them have been proven to
be asymptotically optimal: their sample complexity upper bound matches the lower bound (I)) when
0 — 0. However, improvements are still possible: their sample complexity for moderate § may not
be optimal and their computational complexity may be reduced, as we will see.

2 Elimination stopping rules for adaptive algorithms

We show how to modify the stopping rule of adaptive algorithms using LLR stopping to perform
elimination. We assume that the alternatives sets A(7) can be decomposed into a union of sets which
we refer to as alternative pieces (or simply pieces), with the property that computing the infimum
LLR over these sets is computationally easy.

Assumption 2.1. For all i € Z, there exist pieces (A (i))pep(i), where P(i) is a finite set of piece
indexes, such that A(i) = U, p ;) Ap(i) and infyen, (i) Li(04, \) can be efficiently computed for all
p € P(i) and t > 0.

3LinGapE [[14] does not use LLR stopping explicitly, but its stopping rule is equivalent to it. We can write it
as: stop if for all points inside a confidence region a gap is small enough, that is if all those points do not belong

to the alternative of i*(éz). The contrapositive of that statement is exactly LLR stopping.



This assumption is satisfied in many problems of interest, including BAI, Top-m identification, and
thresholding bandits (see Appendix [B). Indeed, in all applications we consider in this paper, the sets
of Assumptlon [2.T]are half-spaces. In our linear BAI example, the piece indexes are simply arms.
For i,j € [K| we can define A;(i) = {A € M | ng/\ > @] \}. Then, A(i) = UJE[K}\{”A (7).
Moreover, the infimum LLR (and the corresponding m1n1mlzer) can be computed in closed form as

[e.g.. 200 infren, (s) Le (0, A) = max{0] (¢; — ¢;),0}2/||di — ¢; [

Elimination stopping The main idea is that it is not necessary to exclude all A, (2) for p € P(4) at
the same time, as LLR stopping (2) doe in order to know that the algorithm can stop and return
answer ¢. Instead, each piece can be pruned as soon as we have enough information to do so.

Definition 2.2. A set S C R? is said to be eliminated at time t if. for all A € S, Lt(ét, A) > Bis.

From the concentration property (3)), we obtain that the probability that § € S and S is eliminated
is less than §. LLR stopping interrupts the algorithm when the alternative set A(i*(6;)) can be
eliminated. In elimination stopping, we eliminate smaller sets gradually, instead of the whole
alternative at once. Formally, let us define, for all ¢ € Z,

ﬁt(i;ﬁt,é) = {P € P(i): Aemf Lt(9t7 A) < 5t,5} @
p l

as the subset of pieces for answer ¢ € Z whose infimum LLR at time ¢ is below a threshold /3, 5. That

is, the indexes of pieces that are not eliminated at time ¢. Moreover, we define, for all + € Z, a set of

active pieces P;™ (i) which is initialized as P5™ (i) = P(i) (all piece indexes).

Our selective elimination rule updates, at each time ¢, only the active pieces of the empirical answer
i*(6;). That is, for ¢ = i*(6;), it sets

PP (i) == PP (1) N Po(is Br,s), Q)

while it sets P;*P(7) := PP (i) for all i # i *(6,). One might be wondering why not updating all
answers at each round. The main reason is computational: as we better discuss at the end of this
section, checking LLR stopping requires one minimization for each piece p € P(i*(6;)), while
selective elimination requires only one for each active plece p € Phtp (7 (Gt)) Thus, the latter
becomes increasingly more computationally efficient as pieces are ehmlnated. For completeness, we
also analyze the variant, that we call full elimination, which updates the active pieces according to (B)
for all answers ¢ € 7 at each round. While we establish slightly better theoretical guarantees for this
rule, it is computationally demanding and, as we shall see in our experiments, it does not significantly
improve sample complexity w.r.t. selective elimination, which remains our recommended choice.

Let Ts.elim = 1nft>1{t ‘ Btp( ( )) = (Z)} and Tf.elim ‘= inftzl{t | diel: Pstp( ) = @} be the
stopping times of selective and full elimination, respectively. Intuitively, these two rules stop when
one of the updated answers has all its pieces eliminated (and return that answer). We show that, as far

as f3; ¢ is chosen to ensure concentration of 6, to 6, those two stopping rules are J-correct.

Lemma 2.3 (d-correctness). Suppose that ;5 guarantees (3) and that the algorithm verifies that,
whenever it stops, there exists ig € I such that P (ig) = ) and i = iy. Then, Py(i # i*(0)) < §

All proofs for this section are in Appendix [D} If an algorithm verifies the conditions of Lemma 2.3
and has a sampling rule that makes it stop almost surely, then it is J-correct. Interestingly, we can
prove a stronger result than J-correctness: under the same sampling rule, the elimination stopping
rules never trigger later than the LLR one almost surely. In other words, any algorithm equipped
with elimination stopping suffers a sample complexity that is never worse than the one of the same

algorithm equipped with LLR stopping. Let 7y, := inf;>1{¢ | inf\ 6, Li(0;, ) > Bis}-

Theorem 2.4. For any sampling rule, almost surely T¢ olim < Ts.elim < TlIr -

The proof of this theorem is very simple: if 7y, = ¢, then at ¢ all pieces A, (¢ *(6y)) for p € P(i*(6y))
can be eliminated, hence 75 climy < t. The proof that 7 elim < Ts.olim follows from the observation

“Under Assumption LLR stopping is written as min,cp(;y infaea,, (1) Li(0:,)) > Bys fori = i*(6;),
which implies that all alternative pieces of answer ¢ are discarded at once.



that full elimination always has less active pieces than selective elimination. Note that all three
stopping rules must use the same threshold /3, 5 to be comparable. Although simple, Theorem@
has an important implication: we can take any existing algorithm that uses LLR stopping, equip it
with elimination stopping instead, and obtain a new strategy that is never worse in terms of sample
complexity and for which the original theoretical results on the stopping time still hold.

Finally, it is important to note that, while defining the elimination rule in the general form (3)) allows
us to unify many settings, storing/iterating over all sets P; tp(z’) would be intractable in problems
with large number of answers (e.g., top-m identification or thresholding bandits, where the latter
is exponential in K). Fortunately, we show in Appendix [B|that this is not needed and efficient
implementations exist for these problems that take only polynomial time and memory.

2.1 Elimination time of alternative pieces

‘We now show that elimination stopping can indeed discard certain alternative pieces much earlier
that the stopping time. While all results so far hold for any distribution and bandit structure, in the
remaining we focus on Gaussian linear bandits. Other distribution classes beyond Gaussians could be
used with minor modifications (see Appendix [C.2) but the Gaussian case simplifies the exposition.
Since most existing adaptive sampling rules target the optimal proportions from the lower bound of
[4]], we unify them under the following assumption.

Assumption 2.5. Consider the concentration events
Et = {VS S t: Ls(és,e> S ﬁt,l/tz} . (6)

A sampling rule is said to have low information regret if there exists a problem-dependent function
R(0,t) which is sub-linear in t such that for each time t where E; holds,

i k *
AeAl(r%gw)) > NfKLk(0,)) > tH*(0) — R(0, ). (7)
ke[K]
The left-hand side of (7)) can be understood as the information collected by the sampling rule at time
¢ to discriminate # with all its alternatives. Therefore, Assumption [2.5]requires that information to
be comparable (up to a low-order term R(6,)) with the maximal one from the lower bound. In
Appendix [F] we show that this is satisfied by both Track-and-Stop [4]] and the approach in [15].

Let Hy(w,0) := infycp, ixo)) Zkem wF KLy (0, )), the information that sampling with
proportions w brings to discriminate 6 from the alternative piece A,(i*()). Note that
H*(0) = maxuea, mingep(i o)) Hp(w,0). For e > 0, let Q(0) = {w € Ag |

infyenis () Yop w" KLi(6,A) > H*(0) — €} be the set of e-optimal proportions.

Theorem 2.6 (Piece elimination). The stopping time of any sampling rule having low information
regret, combined with LLR stopping, satisfies E[T] <t + 2, where t is the first integer such that

t> ((\/ﬁ,w \/6t,1/tz)2+R(9,t>) JH*(6). @®)

When the same sampling rule is combined with elimination stopping, let T, be the time at which
p € P(i*(0)) is eliminated. Then, E[,] < min{t,,t} + 2, where t,, is the first integer such that

o e

MiNyeq .49 /0 (0) Hy(w,0

)7G(97t)}, ©))

with G(0,t) = 0 for full elimination and G(0,t) = 4ﬂt‘%&)}%w’t)]‘or selective elimination.

First, the bound we obtain on the elimination time of pieces in P(i*(6)) is not worse than the bound
we obtain on the stopping time of LLR stopping. Second, with elimination stopping, such eliminations
can actually happen much sooner. Intuitively, sampling rules with low information regret play arms
with proportions that are close to the optimal ones. If all of such “good” proportions provide large
information for eliminating some piece p € P(i*(6)), then p is eliminated much sooner than the
actual stopping time (which requires eliminating the worst-case piece in the same set).



While both elimination rules are provably efficient, with full elimination enjoying slighly better
guaranteeﬂ selective elimination provably never worsens (and possibly improves) the computa-
tional complexity over LLR stopping. In all applications we consider, implementing LLR stopping
requires one minimization for each of the same alternative pieces we use for elimination stopping.

Therefore, the total number of minimizations required by LLR stopping is ), |P(i* (6,))] versus

i Pftp(i*(ét))\ for selective elimination. The second is never larger since 7 olim < Tiir
by Theorem [2.4{and P;**(i*(6,)) C P(i*(6;)) for all £, and much smaller if eliminations happen
early, as we shall verify in experiments. In our linear BAI example we need to perform (K — 1)
minimizations at each step, one for each sub-optimal arm, in order to implement LLR stopping. On

the other hand, we need only |P:*P(i* (6;))| minimizations with selective elimination, one for each

active sub-optimal arm, while full elimination takes ;¢ |P:*P(i)| to update all the sets.

Note that Theoremdoes not provide a better bound on E[7] for elimination stopping than for LLR
stopping. In fact, when evaluating the bound on [E[7,] for the worst-case piece in p € P(i*(0)), we
recover the one on E[7]. This is intuitive since the sampling rule is playing proportions that try to
eliminate all alternative pieces at once. The following result formalizes this intuition.

Theorem 2.7. Suppose that we can write 3y 5 = logéz—]i— &(t, ) with limgs_,0 &(t, 6)/ log(1/6) = 0.

Then for any sampling rule that satisfies Assumption
E[r] < Elelim] + £(0,9) .
with lims_,o f(6,0)/1og(1/6) = 0. Here Telim can stand for either full or selective elimination.

See Appendix[D.4for f. This result shows that when the sampling rule is tailored to the LLR stopping
rule, the expected LLR and elimination stopping times differ by at most low-order (in log(1/9))
terms. As § — 0 the two expected stopping times converge to the same value H*(6)~!log(1/6),
which is the asymptotically-optimal sample complexity prescribed by the lower bound (T).

We showed that, for both elimination rules, some pieces of the alternative are discarded sooner than
the stopping time, and that the overall sample complexity of the method can only improve over LLR
stopping. However, since the sampling rule of the algorithm was not changed, elimination does not
change the computational cost of each sampling step, only the cost of checking the stopping rule.

2.2 An example

We compare LLR and elimination stopping on a simple example so as to better quantify the elimination
times of Theorem [2.6|and their computational impact (see Appendix for a full discussion).

Consider BAI in a Gaussian linear bandit instance with unit vari-
ance, d = 2, and arbitrary number of arms K > 3 (see Figure
1). The arm features are ¢; = (1,0)7, ¢ = (0,1)7, and, for )
alli = 3,..., K, ¢; = (a;,b;)T with a;,b; arbitrary values in L] o2
(—1,0) such that ||¢;||2 = 1. The true parameteris § = (1,1—¢)7, 1-c
for e € (0,1/2) a possibly very small value. Arm 1 is optimal
with mean 4 (0) = 1, while arm 2 is sub-optimal with mean

Ho (w\e) =é%/8

u2(f) =1 —e. Forall other arms ¢ = 3,..., K, p1;(6) < 0. s
Letw € Ak be any allocation. Recall that in BAI each piece index "

is simply an arm, and P(i*(0)) = P(1) = {2,...,K}. Letk € S ey
P(1) be any sub-optimal arm. The distance to the k-th alternative =~~~ -
piece Hy,(w,6) can be computed in closed form as Hy(w,0) =  x («".0) > 1/32

(1 — on)70)? /(2|1 — qSkH%/Jl). The optimal allocation is

w* = arg max,, ming Hi(w,0) = (1/2,1/2,0,...,0)7. Figure 1: Example of BAI in-

The intuition why this example is interesting is as follows. Any stance withd = 2 and K = 5.
correct strategy is required to discriminate between arm 1 and 2

(i.e., to figure out that arm 1 is optimal), which requires roughly O(1/£2) samples from both. An
optimal strategy plays these two arms nearly with the same proportions. Since ¢ and ¢5 form
the canonical basis of R?, the samples collected by this strategy are informative for estimating the

>Note that G'(6, t) for selective elimination contributes only a finite (in §) sample complexity.



mean reward of every arm, even those than are not played. Then, since arms 3, ..., K have at least
a sub-optimality gap of 1, an elimination-based strategy discards them with a number of samples
not scaling with 1/, This means that a non-elimination strategy runs for O(1/£?) steps over the
original problem with K arms, while an elimination-based one quickly reduces the problem to one
with only 2 arms. The main impact is computational: since most algorithms need to compute some
statistics for each active arm at each round (e.g., closest alternatives, confidence intervals, etc.), the
computational complexity of a non-elimination algorithm is at least O(K /£?), while the one of an
elimination-based variant is roughly O(K + 1/£2), a potentially very large improvement.

We now quantify the elimination times and computational complexity on this example. Since such
quantities depend on the specific sampling rule, we do it for an oracle strategy that samples according
to w*. Similar results can be derived for any low information regret sampling rule (see Appendix |H. I)).

Proposition 2.8. Forany K > 3 and e € (0,1/2), for any 6 € (0, 1), the oracle strategy combined
with LLR stopping satisfies on the example instance

B2 0 (280

€

On the same instance, for the oracle strategy with elimination at stopping and a threshold B, s =
log(1/9) + O(log(t)), the expected elimination time of any piece (i.e., arm) k > 3 is

E[ri] < Olog(1/9)) for full elimination,
~ 1
E[rs] <O (log(l/é) + 52) for selective elimination.

Moreover; the expected per-round computation time of the oracle strategy with LLR stopping is Q(K),
while it is at most O(K?€?) for full elimination and O(Ke? + K/ log(1/4)) for selective elimination.

3 Elimination at sampling

We show how to adapt sampling rules in order to accommodate piece elimination. There are two
reasons for doing this: first, adapting the sampling to ignore pieces that have been discarded could
reduce the sample complexity; second, the amount of computations needed to update the sampling
strategy is often proportional to the number of pieces and decreasing it can reduce the overall time.

We start from an algorithm using LLR stopping, for which we change the stopping rule as above. The
sampling strategies that we can adapt are those that aggregate information from each alternative piece.
For example, in linear BAI, methods that mimic the lower bound allocation @), like Track-and-Stop
[4], LinGame [[16], or FWS [17]], and even LinGapE [14], all compute distances or closest points
to each piece in the decomposition {\ | qSJ-T)\ > (;5; ( ét))\}' Eliminating pieces at sampling simply
means omitting from such computations the arms that were deemed sub-optimal. Algorithm [I]shows
how Track-and-Stop [4] can be modified to incorporate elimination at sampling and stopping.

Algorithm 1 Track-and-Stop [4]]: vanilla (left) and with selective elimination (right)

while not stopped do while not stopped do
Set P (i*(6:)) = Pi5 (% (6:))
for p € P(i*(6;)) do > stopping for p € P} (i*(0;)) do > stopping
Ly = infyen, 0 (a,)) Le(0r, ) Ly =1infycn 6, Le(0, N)
if L, > f:.5 delete p from PSP (i*(6;))
end for R end for .
it Vp € P(i*(04)) : Lp,t > .5 then STOP if P5*P(i*(,)) = () then STOP
we = argmax,, min, .« 4, ) Hp(w, 0¢) wy = argmax,, min . pome i g, ) Hp(w, 0:)
if 3k : N < VEpull ki = argmin, NY if 3k : NF < /Ipull kyy = arg min, NF
else pull k41 = arg min, (Nf — twf) else pull k1 = arg min, (N — tw})
Update P;Y (i*(6:)) (Algorithm
end while end while

Similarly to elimination stopping, the idea is to maintain sets of active pieces at sampling P;™" (i)

for each 7 € Z. Note that these are different from the ones introduced in Section [2|for the stopping



rule. The set is updated at each step like we did for the stopping sets, but with a different threshold
ay s (see Appendixfor details). Additionally, we reset it very infrequently at steps ¢ € {2’ };>0,
where #5 > 2. Formally, let us define the helper sets 27" (i) as P3™ (i) := P(i) and

PP (i) == {psmp( i) NPylisans) it ¢ {1 }iz0

Pi(is ays) otherwise,

where P; was defined in (). Let t; = fQj be the time step at which the j-th reset is performed
and j(t) := |log, log;, t| be the index of the last reset before t. We define P;™P (i) := P;™P(i) N
HSMp

1, G(t)— 1

e, PP (i) = Mg Ps(i; as,6). Since the resets are very infrequent, this definition only drops

s=tj(t)—1
a small number of rounds from the intersection (less than v/¢). The detailed procedure to update these
sets is summarized in Algorithm@ As before, we can instantiate both selective and full elimination.

(i), such that ;P (7) is the intersection of all active pieces from the second-last reset up to ¢,

The reason for the resets is two-fold. First, they ensure that the algorithm stops almost surely as

required by Definition[I.1] In fact, without resets, it might happen with some small (less than ¢)

probability that pieces containing the true parameter are eliminated, in which case the sampling rule

could diverge. Second, they guarantee that the thresholds (as,g)’;f?( - used in P;™P (4) are within
=T 00—

a constant factor of each other. This is crucial to relate the LLR of active pieces at different times.

3.1 Properties

We consider a counterpart of Assumption [2.5]for sampling rules combined with piece elimination.

Assumption 3.1. There exists a sub-linear (in t) problem-dependent function R(0,t) such that, for
each time t where E; (defined in Equation[6)) holds,

t

min  H, (N, 0) > max min  Hp(w,0)—R(6,1).
pEPI (i(0)) " weA K ‘= pePTY(i* )"

Intuitively, the sampling rule maximizes the information for discriminating 6 with all its alternatives
from the sequence of active pieces (P:1 (i*(0)))%_,. We prove in Appendix [F that the algorithms
for which we proved Assumption [2.5]also satisfy Assumption [3.1] when their sampling rules are

combined with either full or selective elimination.

Theorem 3.2. Consider a sampling rule that verifies Assumption[3.1|and uses either full or selective
elimination with the sets P;"". Then, Assumption - 2.5| holds as well. Moreover, when using the
same elimination rule at stopping, such a sampling rule verifies Theorem[2.6] i.e., it enjoys the same
guarantees as without elimination at sampling.

The proof is in Appendix [E] Theorem [3.2] shows that for an algorithm using elimination at sampling
and stopping, we get bounds on the times at which pieces of A(i*(#)) are discarded from the
stopping rule which are not worse than those we obtained for the same algorithm without elimination
at sampling. This result is non-trivial. We know that the sampling rule collects information to
discriminate 6 with its closest alternatives, and eliminating a piece cannot make the resulting “optimal”
proportions worse at this task. However, it could make them worse at discriminating 6 with alternatives
that are not the closest. This would imply that the elimination times for certain pieces could actually
increase w.r.t. not eliminating at sampling. Theorem [3.2] guarantees that this does not happen:
eliminating pieces at sampling cannot worsen our guarantees. We shall see in our experiments that
eliminating pieces in both the sampling and stopping rules often yields improved sample complexity.

4 Experiments

Our experiments aim at addressing the following questions: (1) how do existing adaptive strategies
behave when combined with elimination at stopping and (when possible) at sampling? How do they
compare with native elimination-based methods? (2) What is the difference between selective and
full elimination? (3) How do LLR and elimination stopping compare as a function of 6?@

S0ur code is available at https: //github.com/AndreaTirinzoni/bandit-elimination,


https://github.com/AndreaTirinzoni/bandit-elimination
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Figure 2: Experiments on linear instances with K = 50, d = 10, averaged over 100 runs, with the
right plot showing standard deviations. (left) How different adaptive algorithms eliminate arms in
BAI when using elimination stopping. (middle) LinGame on BAI when combined with full and
selective elimination rules, either only at stopping or both at stopping and at sampling. (right) Ratio
between the LLR and elimination stopping times of different algorithms as a function of log(1/4).

We ran experiments on two bandit structures: linear (where d < K') and unstructured (where K = d
and the arms are the canonical basis of R?). For each of them, we considered 3 pure exploration
problems: BAI, Top-m, and online sign identification (OSI) [9} 27], also called thresholding bandits.
All experiments use § = 0.01 and are averaged over 100 runs.

We combined adaptive algorithms which are natively based on LLR stopping with our elimination
stopping rules and, whenever possible, we extended their sampling rule to use elimination. The
selected baselines are the following. For linear BAI, LinGapE [14], LinGame [16], Frank-Wolfe
Sampling (FWS) [L7], Lazy Track-and-Stop (TaS) [24], XY-Adaptive [19], and RAGE [20] (the latter
two are natively elimination based). For linear Top-m, m-LinGapE [28]], MisLid [29], FWS, Lazy
Ta and LinGIFA [28]]. For linear OSI, LinGap Hﬁ LinGame, FWS, and Lazy TaS. For unstructured
instances linear algorithms are still applicable, and we further implemented LUCB [11]], UGapE [8]],
and the Racing algorithm [18]] for BAI and Top-m. We also tested an “oracle” sampling rule which
uses the optimal proportions from the lower bound. Due to space constraints, we present only the
results on linear structures. Those on unstructured problems can be found in Appendix [G] The first
experiments use randomly generated instances with K = 50 arms and dimension d = 10.

Comparison of elimination times. We analyze how different adaptive algorithms eliminate pieces
when combined with selective elimination at stopping. To this purpose we focus on BAI, where the
sets of pieces can be conveniently reduced to a set of active arms, those that are still likely to be the
optimal one. Figure [JJleft) shows how the set of active arms evolves over time for the 5 adaptive
baselines. Notably, many arms are eliminated very quickly, with most baselines able to halve the set
of active arms in the first 3000 steps. The problem size is quickly reduced over time. As we shall
see in the last experiment, this will yield significant computational gains. We further note that the
“oracle” strategy, which plays fixed proportions, seems the slowest at eliminating arms. The reason is
that the optimal proportions from the lower bound focus on discriminating the “hardest” arms, while
the extra randomization in adaptive rules might indeed eliminate certain “easier” arms sooner.

Full versus selective elimination. We combine the different algorithms with full and selective
elimination, both at sampling and stopping. Due to space constrains, Figure 2fmiddle) shows the
results only for LinGame (see Appendix [G]for the others). We note that full elimination seems faster
at discarding arms in earlier steps, as we would expect theoretically. However, it never stops earlier
than its selective counterpart. Moreover, its computational overhead is not advantageous. Overall, we
concluded that our selective elimination rule is the best choice and we shall thus focus on it in the
remaining. Finally, we remark that combining the sampling rule with elimination (no matter of what
type) seems to discard arms faster in later steps, and could eventually make the algorithm stop sooner.

LLR versus elimination stopping. We now compare LLR and elimination stopping as a function
of . We know from theory that both stopping rules allow to achieve asymptotic optimality. Hence
for asymptotically optimal sampling rules the resulting stopping times with LLR and elimination
should tend to the same quantity as § — 0. Figure 2f right), where we report the ratio between the
LLR stopping time and the elimination one for different algorithms, confirms that this is the case.
Some algorithms (LinGapE and FWS) seem to benefit less from elimination stopping than the others,

"Lazy TaS, while analyzed only for BAI, can be applied to any problem since it is a variant of Track-and-Stop.
8LinGapE was originally proposed only for BAI in [14]], but its extension to OSI is trivial.



No elimination (LLR)

Elim. stopping

Elim. stopping + sampling

Algorithm Samples Time Samples Time Samples Time
LinGapE 33.19+8.7 0.23 33.11 +8.7 0.2 29.89 + 8.6 0.18(—22%)
LinGame 45.34+14.2 0.23 4367+£134 0.21 3249 £8.1 0.18(—22%)
. FwsS 42.26 £60.1 0.73  42.25+60.1 0.7 32.62+18.0 0.45(—38%)
g Lazy TaS 76.33£65.8 0.15 74.08+65.8 0.13 64.48+81.8 0.12(—20%)
Oracle 56.36 £ 9.1 0.05 55.36 £ 9.3 0.02
XY-Adaptive 87.08 £29.1 0.44
RAGE 106.87 £+ 30.7 0.02
{5 m-LinGapE 63.69+11.1 056 6348+11.0 041 59.57£9.4 0.24(—57%)
I MisLid 87.77+204 0.55  85.95+20.5 0.4 69.58 £16.0  0.25(—55%)
g FWS 78.28 £65.0 3.0 78.23+£65.0 2.85 77.79+65.0 0.97(—67%)
\é Lazy TaS 161.43+£96.9 0.57 159.86 £96.9 0.43 146.06 £82.6 0.36(—36%)
&, Oracle 102.45+16.1 0.2 101.563+16.4 0.08
£ LinGIFA 58.31+10.8 246 58.31+10.8 2.33
LinGapE 17.31 £2.3 0.22 17.29 £ 2.2 0.19 14.71 £ 2.0 0.17(—23%)
. LinGame 23.77+4.1 0.25 23.05£3.9 0.21 14.87+ 2.0 0.19(—24%)
3 FWS 15.26 £2.0 0.83 15.24 £2.0 0.81 14.99 £ 2.1 0.56(—32%)
Lazy TaS 35.11+10.2  0.32 33.98 £ 9.7 0.3 23.51£5.6 0.24(—25%)
Oracle 29.1+4.8 0.06 28.65 £ 5.0 0.03

Table 1: Experiments on linear instances with K = 50, d = 20. The "Time" columns report average
times per iteration in milliseconds. The percentage in the last column is the change w.r.t. the time
without elimination. Each entry reports the mean across 100 runs plus/minus standard deviation
(which is omitted for compute times due to space constraints). Algorithms for which the third column
is missing cannot be combined with elimination at sampling, while algorithms for which the first two
columns are missing are natively elimination-based. Samples are scaled down by a factor 103.

i.e., they achieve smaller ratios of stopping times. We believe this to be a consequence of their mostly
“greedy” nature, while the extra randomization of the other algorithms might help in this aspect.

Sample complexities and computation times. We finally compare our baselines in all three
exploration tasks, in terms of sample complexity and computation time. For this experiment, we
selected a larger linear instance with K = 50 and d = 20, randomly generated (see the protocol
in Appendix[G)). From the results in Table[I] we highlight three points. (1) The computation times
of all adaptive algorithms decrease when using selective elimination stopping instead of LLR and
further decrease when also using elimination at sampling. In the case of Top-m (i.e., the hardest
combinatorial problem), most adaptive algorithms become at least twice faster with elimination at
stopping and sampling instead of LLR. (2) Elimination at sampling improves the sample complexity
of all algorithms. (3) For BAI, the natively elimination-based algorithm RAGE, which updates its
strategy infrequently, is the fastest in terms of computation time but the slowest in terms of samples.
Adaptive algorithms using elimination achieve run times that are within an order of magnitude of
those of RAGE, while outperforming it in terms of sample complexity by a factor 2 to 3.

5 Conclusion

We proposed a selective elimination rule, which successively prunes the pieces of the empirical
answer, that can be easily combined with existing adaptive algorithms for general identification
problems. We proved that it reduces their computational complexity, it never worsens their sample
complexity guarantees, and it provably discards certain answers early. Our experiments on different
pure exploration problems and bandit structures show that existing adaptive algorithms often benefit
from a reduced sample complexity when combined with selective elimination, while achieving
significant gains in computation time. Moreover, they show that selective elimination is overall better
(in terms of samples vs time) than its full variant which repeatedly updates the pieces of all answers.

Interesting directions for future work include investigating whether better guarantees on the stopping
time can be derived for algorithms combined with elimination as compared to their LLR counterparts,
and designing adaptive algorithms which are specifically tailored for elimination.
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A Notation

Symbol Meaning

[K]={1,2,...,K} Set of K arms

Ak K -dimensional simplex

d € Nyg Dimension of parameter space

M C R? Set of possible reward parameters

Py Distribution of observations in bandit 8 € M
vk (0) Reward distribution of arm % in bandit § € M
p(0) := Eqr, 0[] Mean reward of arm & in bandit 8 € M

T Set of answers

i*(0) Correct answer for bandit problem 6 € M
A@) :={h e M :i*(\) # i} Set of alternatives to answer i € 7

P(4) Set of alternative piece indexes for answer ¢ € 7
P, .= |P(i)] Number of pieces for answer i € Z

A, (1) Piece p € P(i) for answer i € T

Xy = (Xfl, cee th‘) Vector of ¢ observations

Li(0,\) :=log % (X)) LLR of ¢ observations between 6 and A

KL (0, A) := KL(vr(6), vk (M) KL divergence between v () and v ()

0, := arg max xem APA(X[y) Maximum likelihood estimator for ¢

ar = N%’c 22:1 XEA (kg = k) Empirical mean of arm k (different from 1, (6;))
Hy(w,0) := infacn, (i) pepry@" KLi(6,A)  Information of w € A for piece A, (i*)
H*(0) := maxyea, minpep(ir) Hp(w, o) Optimal constant from the lower bound (T))
Q.(0) Set of e-optimal proportions

Table 2: The notation adopted in this paper.

B Identification Problems

In this section, we show that popular identification problems satisfy Assumption [2.]and are thus
suitable for elimination-based algorithms. We shall focus on Gaussian linear bandits, where, for
any € M and k € [K], v(0) is Gaussian with unit variance and linear mean y, () = 67 ¢y, For
each identification problem, we first show how to decompose the sets of alternatives into pieces
for which the closest alternatives can be found efficiently. Moreover, we report the closed-form
equations for computing such closest alternatives in Gaussian linear bandits and in the special case of
unstructured bandits (where M = R® and ¢ = ey, the canonical basis of R* ). Finally, we show
how to efficiently implement elimination strategies in each of these identification problems even
when enumerating over all possible answers is intractable (e.g., for problems where the number of
answers is exponential in the problem dimension).

The LLR in Gaussian linear bandits For all identification problems presented later, we need to

show that infyen ;) Lt(é7 A) can be computed efficiently for any piece. In Gaussian linear bandits,
such a log-likelihood ratio is actually equivalent to a KL divergence (see Corollary[C.6),

« A 1 -
Li(0,0) = > NEKLi(0:,0) = 51100 = Al
ke[K]

which in turn is a quadratic form weighted by the design matrix V; := Zi:l Ok, gb{s. Therefore,
with greater generality, in rest of this section we shall focus on showing that infyea ;) [0 — A3,
can be computed efficiently for any 6, A € M, piece A, (7), and (positive-definite) matrix Vi :=
Dok €lK] NEgrol with N € RIZ(O. In all cases, this will require minimizing quadratic forms over
half-spaces.
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B.1 Best-arm Identification

In BAI, the goal is to find the arm with largest mean. The set of answers is therefore Z = [K] and the
correct answer of § € M is i*(f) = arg max;,¢ (g 07 ¢y

Decomposition into pieces For each i € Z, the set of alternatives A(7) can be decomposed into
half-spaces,

Aiy= | {reM:\Tg>2\Tgi}.
ke[K],k#i
Therefore, we can take P(i) = [K] \ {i} with P, = K — 1 and A, (i) = {\ € M : \T¢, > A\T¢;}
forp € [K]\ {i}.
Closest alternatives Take any j, k € [K] with j # k. For linear problems, for any 6 € R9,

O Ge=¢ ) £ 0T (b — &
inf HG*x\H?V: H¢k—¢j||f/1\71 if 6 (d)k ¢J)Zoa

A€A; (k) otherwise.

For the special case of unstructured problem, for any § € RX,

{]jvﬁg (07 (¢ — ¢;))? if 0T (¢r — ¢;) > 0and N; + Ny, > 0,
0

inf |0 = Az =
Aeﬁljw)” Ve

otherwise.

Efficient implementation In BAI, for each answer (i.e., arm) ¢ € Z, the piece indexes p € P (i) are
themselves answers (different than ¢). Implementing the elimination stopping rule in its general form
requires storing and iterating over K (K — 1) elements (all items in P(4) for each i € 7). However,
much better implementations exist that require storing at most K elements (one for each answer). Here
we propose two such implementations: the first, for full elimination, is more statistically-efficient,
while the second one (for selective elimination) is more computationally-efficient.

Full elimination (statistically-efficient implementation) Due to the structure of the problem,
whenever we eliminate one piece A, (7), we actually know that the mean reward of arm p cannot be
better than that of arm . In other words, p cannot be the right answer. Therefore, we can maintain a
list of active arms Z; which is initialized as Zp = [K] and updated as

T, =1, i € T,_1|max inf L,(6;,\) > )
t t 1\{] t 1’ e (1) t(t )_5t,5}

Then, we stop whenever |Z;| = 1 and return the single arm left active. Due to the inner maximization,
this implementation requires performing |Z; 1| (K — 1) minimizations over half-spaces at each step
to check elimination.

Proposition B.1. An algorithm using the statistically-efficient implementation above never discards
pieces later than (and thus never stops later than) the full elimination rule of () almost surely.

Proof. If the algorithm eliminates a piece A, (4) at time ¢ with (),

< inf Lé7)\ < max inf Lé,)\.
5t,5f/\eAp(i) t(t )*j;é;}z(AeAp(j) t(t )

This implies that the elimination condition in the statistically efficient implementation triggers as
well. O

Selective elimination (computationally-efficient implementation) An even simpler implementa-

tion is to check elimination, at each time ¢, only for pieces related to the empirical optimal arm ¢* (ét)
That is, we update Z; as

i :=Ti1 \ {J €11 inf Lt(ét’/\) = ﬂt’é} ’
AEA;(i*(61))

16



This requires linear (in K) per-round memory and time complexity. Moreover, checking this stopping
rule is more time-efficient than the LLR one. The latter requires to perform K — 1 tests at each step,
while the elimination one only performs O(]Z;_1]) tests at each round ¢, thus becoming faster as
arms are eliminated.

Proposition B.2. An algorithm using the computationally-efficient implementation above never
discards pieces later than (and thus never stops later than) the selective elimination rule almost
surely.

Proof. If the algorithm eliminates a piece of the empirical optimal arm at time ¢ using the selective
elimination rule, the arm corresponding to that piece is also eliminated from the set Z; above. O

B.2 Top-m Identification

In top-m identification, the goal is to find the m > 0 arms with largest mean. BAI is therefore a
special case of this problem when m = 1. The set of answers is Z = {S C [K] : |S| = m} with

size |Z| = (X) and the correct answer of § € M is i*(0) = arg max; ) 07 dr, where we use

argmax™ : RX — (%) to denote the function returning the set of m largest values.

Decomposition into pieces Let us denote each i € 7 as a tuple ¢ = (ky,...,k,,) of m arms.
Similarly to BAI, it is known that the set of alternatives A(¢) can be decomposed into half-spaces
1291,

Aiy= | {reM:ATg>2\Tg;1.

j€ike[K]\i

Therefore, we have P(i) = i x ([K]\ i) with P, = m(K —m) and A,(i) = {\ € M : \T¢, >
N6} when p = (7. k).

Closest alternatives Note that each set A, (¢) is still a half-space of the same form as the one we
have for BAI. Hence, the same closed form expression for the closest alternative derived for BAI can
be adopted for top-m identification (see the closed-form expressions in the previous section).

Efficient implementation Note that, differently from BAI, here the set of answers is of combinato-
rial size. It is therefore intractable to store and enumerate all sets of active pieces P(7). However,
thanks to the structure of the problem, this is not necessary and there exists an efficient implemen-
tation for the elimination stopping rule. First note that, while there are m(K — m) pieces for each

of (fi ) possible answers, the total number of half-spaces is only K (K — 1), one for each couple of

different arms. With some abuse of notation, let us denote by Ay, ; := {)\ EM: N > )\Tgbj}
the half-space associated with arms k and j. The elimination stopping rule, which checks whether
all the pieces in P(i) for some answer ¢ have been discarded, is equivalent to checking whether
there exist m arms kq, ..., k,, such that Ay j, has been eliminated for all k¥ ¢ {k1,...,k,,} and
[ € [m]. Therefore, in our implementations we will only store whether each half-space Ay, j, has been
eliminated or not. As before, we now see two possible implementations, one more computationally
efficient and the other more statistically efficient.

Full elimination (statistically-efficient implementation) The idea is to check, at each time step ¢,
the elimination condition for all half-spaces which have not been previously discarded. In particular,
for each arm j € [K| we keep a set S;(j) storing those arms which are “worse” than j. Formally, we
initially set So(j) = () and update it as

oSt u{k g S U infaen, , Le ) > B} i 1Sima()] < K —m
Si(j) = . .
Si-1(J) otherwise.

That is, when a half-space Ay, ; is eliminated, we conclude that arm k is “worse” than arm j and thus
add the former to S;(j). In order to decide when to stop, we use the following intuition: whenever
we find that |S;(j)| > K — m for some arm j € [K], then we know that j must be in the top-m arms
of 6 and we can thus stop updating the set S;(j). Therefore, we can stop whenever there exist m
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arms satisfying this property. This can be checked efficiently by keeping track of how many arms
reach the condition |S;(j)| > K — m and stopping when the number of such arms reaches m. This
approach takes O(K (K — m)) memory in the worst-case to store the sets S¢(j). At each step, it
performs exactly > .5, | (jy<x—m (K —[Si—1(j)| — 1) minimizations over half-spaces to check

the elimination conditions, which gives O(K (K — 1)) time complexity in the worst-case.

Proposition B.3. An algorithm using the statistically-efficient implementation above never discards
pieces later than (and thus never stops later than) the full elimination rule of () almost surely.

Proof. Note that the elimination condition for single half-spaces is exactly the same in the general
elimination rule of (3) and in its implementation above. If (5) eliminates a piece A, () at time ¢, this
implies some half-space Ay ; is eliminated. Then, we have two possible cases: if |S;_1(j)| < K —m,
then we have k € S;(j) by the condition above, i.e., k is detected as “worse” than j and it will be
never checked again. On the other hand, if |S;_1(j)| > K — m, then j has already been labeled as
belonging to the final answers. Thus, no minimization over its corresponding half-spaces (including
the one for k) will be checked anymore, which is the same as saying that Ay ; has already been
eliminated. O

Selective elimination (computationally-efficient implementation) Similarly to what we did
for BAI, the most computationally-efficient implementation consists in checking the elimination
condition only for the alternative pieces (i.e., the half-spaces) of the empirical correct answer at each
step. We modify the update rule of the statistically-efficient implementation as

St(j) = Stfl(j) U {k ¢ i*(ét) USFl(j)‘ )\é%ij Lt(éh)\) > 31:,5}

if j € i*(6,) and |S,_1(j)| < K —m, and S;(j) := S;_1(j). That is, at each step we only
check elimination for half-spaces associated with the top-m arms of 6, excluding those that have
already been eliminated and those that have already reached the threshold for being among the final
answer. Note that this implementation performs Zjei*(ét),\st,l(j)\<K—m(K_ li*(0)USi_1(5)]) <
m(K — m) minimizations over half-spaces at each step ¢. In constrast, the LLR stopping rule always
performs m (K — m) minimizations and is thus less efficient.

Proposition B.4. An algorithm using the computationally-efficient implementation above never
discards pieces later than (and thus never stops later than) the selective elimination rule almost
surely.

Proof. The proof is the same as for BAI: if an arm is discarded by the selective elimination rule, then
it is also discarded from the sets above. O

B.3 Thresholding Bandits

In the thresholding bandit problem, the goal is to learn whether the mean of each arm is above
or below some given threshold. As usual, without loss of generality, we shall take zero as our
threshold, for which the problem reduces to learning the sign of the mean reward of each arm. Let
sign(z) := 1 (z > 0). Then, the set of answers is Z = {0, 1} with size |Z| = 2%. The correct
answer of problem 6 € M is i*(0) = (sign(6” ¢x))ke[x)-

Decomposition into pieces For each i € {0, 1} (represented as a K -dimensional binary vector),
the set of alternatives A(¢) can be decomposed into pieces as

A= | {reM:sign(\Tgr) # ¥}

kE[K]

Therefore, we have P(i) = [K] with P, = K and A, (i) = {\ € M : sign(A\T¢,) # iP}. As for
BALI, the computation of the closest alternative over such pieces can be performed efficiently.
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Closest alternatives Let 6 € M and N € RE . The computation of the closest alternatives over

pieces Ap(¢) can be reduced to the following optimization problem. For any arm k € [K] and any
b € {0,1}, we need to find

inf 60— \Z .
AEMsign(AT ¢y, ) £b I I

It is easy to see that this is zero when b # sign(07 ¢;) (since 0 itself is feasible). In case b =
sign(GTgZ)k), for unstructured problems (M = R¥), the solution is to take A equal to @ at all
components except the k-th one, where it is set to zero. This gives

o _ [NF(0T¢r)? if sign(0Tox) = b,
||0 - )\HVN - 0

In the linear case, again under the assumption that Vy is positive definite, we get

inf .
AERK :sign(AT ¢y, ) £b otherwise.

T, \2
| [ oo o

it o- R, = { 1T
AER:sign(AT ¢y, ) #b 0

otherwise.

Efficient implementation For this problem, implementing the general elimination stopping rule
would require storing and iterating over 2% K pieces, which is clearly intractable. However, this
problem introduces a high redundancy in the alternative pieces that we can exploit for an efficient
implementation which takes only linear (in K) time and space. Differently from BAI and top-m
identificaiton, the procedure highlighted below is exactly an implementation of the “theoretical”
elimination rules presented in the main paper, with the full and selective elimination rules reducing to
the same thing.

Note that, for any p € [K] and 4,5 € {0, 1} such that i? = j?, we have A, (i) = A,(j). That s,
whenever we eliminate some piece A, (i) for p € [K] and i € {0,1}%, we actually eliminate all
problems in M whose sign of the p-th mean reward is different from ¢”. In other words, we learn that
the p-th position of the correct answer for 6 is indeed ¢P. Therefore, an efficient implementation is as
follows: we keep a set .A; of active arms (those for which we still have to learn the corresponding
component in the correct answer). This set is initialized as Ay = [K] and updated as

A=A\ {j S .At_1| - max inf Lt(ét,/\) > ﬂtﬁ}.

i€{0,1} 5 XeA, (1)
While the maximization over 2% elements might appear intractable, the structure of the problem
allows us to entirely avoid it. Note that, for fixed j, the sets A;(¢) are fully specified by the j-th
component of i. Moreover, the inf is zero whenever i/ # sign(67 ¢,) since that would imply
6, € A;(i). Therefore, the elimination condition can be equivalently rewritten in the convenient form

Avi= A1\ {j € A inf L0, N) > Bus -
AeM:sign(AT ¢; ) #sign(0 ¢;)

Moreover, whenever the elimination condition above triggers for some arm j € [K], we set a variable
S; := sign(0f ¢;) with the correct sign for the j-th component. We stop whenever A; = 0 (i.e.,
when all signs have been learned) and return i= (51,53, ...,SK). Similarly to BAI, this requires

to perform only |.A;_1] tests at each step ¢. On the other hand, the LLR stopping rule would perform
K tests at each step.

C Log-likelihood ratio in exponential families

We suppose in this section that all arms have distributions in a one-parameter exponential family
(the same for all arms, for simpler notations). An arm distribution can thus be described by any one
of three parameters: the arm feature vector ¢, € R%, the arm mean 1,(0) = ¢, 0 and its natural
parameter 7 (6). These two last are functions of the model §. For two models 6 and A, let f be a
function such that the KL between the arm distributions with those parameters is d (1% (), 7% (0)),
where d is the Bregman divergence associated to f. Let f* be the convex conjugate of f. The
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Kullback-Leibler divergence between the arm distributions under models 6 and X is also equal to
dp (1 (0), i (N)).-

If 7. (0) is the natural parameter of that arm k, we have . (0) = f'(nx(6)), and since (f*)' = (f')~1
we have 0 (0) = (f*)"(ux(0)).

Lemma C.1. Forall 0, € M, the quantity L;(0,\) — Zszl NF KL (0, \) is a martingale if the
observations come from the model 6. This does not depend on the hypothesis that the distributions
belong to an exponential family but only requires Py < IP),.

Proof. We can expand the LLR to obtain a sum over times and write the KL as an expected log-
likelihood ratio,

N

t
dP dP
)~ S NERL0,3) = 3 (108 02005 B 0 [fon 2 )] )

k=1 s=1

The martingale property is then immediate. O

Many of our proofs depend on the informal statement that the martingale L;(0,\) —

Zkl,(zl N} KLg(6,)\) concentrates, and is thus a lower order term which is negligible for ¢ large
enough.

Lemma C.2. Forall 0, \ and all X ),

K

ZN’“ KL (6, \) Z 1(0)) (i, — px(6)) -

k=1 =1

Proof. Write log 5 By 2(X) = n0)X — f(n(0)) — m(A)X — f(n(A))) and develop the Bregman

divergence (the KL) on the right. O
Lemma C.3. If the distribution of arm k for model 0 is o?-sub-Gaussian, then for all \,
1
252 (Hr(A) = 1k (0))? < KL (X, 0)
1 & A A
252 Z NE(pk(01) — p(0))* < Ly (0:,0)
k=1

Proof. We first prove that the sub-Gaussian hypothesis is equivalent to both these inequalities:
1
VA, dy (i (V) (0)) < 507 (m(N) — i (60))
1
YA, dy- (e (A), 1 (0) 2 55 (1 (A) = 1 (0))? .
The first result is then a simple consequence of that second inequality and the equality KL(A, 0) =
dg- (ui(N), 1 (6)). The second result of the lemma can be obtained by applying the first one to
A= ét for all arms, then summing over arms.
The cumulant generating function at parameter Nk (0) is & — dy(ni(9) +&,m%(9)). The sub-Gaussian

hypothesis is that this function is lower than 5 152€2. For the second inequality, we first remark that
the convex conjugate of & — d¢(n,(0) + &, mi(0)) is © — d g (i (0) + x, pi(0)), and write

dp=(pr(N), i (0)) = sgpf(uk(k) — i (0)) — dy (e () + & me(0))

1
_ 70_252

> sup () — () —
3

1

= 552 (r(A) = 1 (0))* .
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Corollary C.4. If the distribution of arm k for model 0 is o®-sub-Gaussian, then for all \,
1
< 24/ Li(0y,0) J ZNthJQ(nk(A) —ne(0))2.

Remark: for Gaussians with variance o2, we also have S p_, Nfio2(n(N) — ni(9))® =

 (e(A) — Uk(e))(ﬂk(ét) — k()

Zszl NF KLy (6, \). But that is not the case in general, and the sub-Gaussian assumption tells us
that the sum of squares is larger than a KL, while we would like the reverse inequality.

Proof. Apply the Cauchy-Schwarz inequality, then Lemma[C.3}

NF(p(0;) — p11,(0))2

M=

K
> NFm(A) = ne(0)) (i (0r) —
k=1

~
Il

1

K
< J D NE((N) — mk(6))?
k=1

K

<2WJZN;QUQW<A>-%<9»2.

C.1 Log-likelihood ratio for Gaussian linear models

Lemma C.5. Forany 6 € M and k € [K], let v(0) be Gaussian with unit variance and linear
mean pu,(0) = 07 ¢y. Then for any ,\ € M, any t > 0 and any sequence of observations,

Li(0,A) = > NFKLy(,\) — (A —0)TVi(6, —0).

ke[K]

Proof. Apply Lemmato the Gaussian case, where 7(6) = u(6) = ¢, 0.

Li(6,)) = > NfKLk(6,)) ZNk (61 A = 01 0) (jiex — 61, 0)
ke[K] k=1
For Gaussian linear models, we have
ZN’“ (h A= dr0)df 6, = (A —6) Vi, 0, = (A —0) ZNtutmk—ZN’“ (R A — g )i
k=1 k=1

We can use this to replace the sum involving /i, in the expression of L,(6, \) by one involving 6.

K
Li(0,\) = Y NfKLL(0,0) = (A= 0)" (O Nforo) ) (0: — 0)

kE[K] k=1
= > NFKLi(0,)) — (A= 0)"Vy(6: — 6) .
ke[K]

Corollary C.6. For the linear Gaussian model of Lemma|C.5] for any X € M,
Li(01,A) = Y NFKLg(0:,)).
ke[K]

Lemma C.7. Forany 6 € M and k € [K], let v (0) be Gaussian with unit variance and linear
mean pu,(0) = 07 ¢y. Then, for any A\ € M and t > 0,

2 2

S NEKLW(ON) — VLi6,0) | <L n) < [ |0 NEKLL©O, ) + 1/ Lo(8,.0)
ke[K] ke[K]
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Proof. We decompose the LLR as
Ly(0:,A) = Le(6, ) + Lu(6,6)
= D NEKLy(0,0) = (A= 0) Va0 = 0) + Le(0:.0)
ke[K]
The second term is bounded by Corollary (with 02 = 1) and the remark below it. We get
K

Li(61,A) < Y NFKLg(0,A) + 21/ Le(0:,0) | Y - NFKLy(6, ) + Li(6:,0)
k=1

kE[K] =

K
= | \|D_ NFKLL(0,)) + \/m

k=1

2

The proof of the lower bound is similar. O

C.2 Beyond Gaussians

While the proofs in the next two sections are specialized to Gaussian rewards, it is possible to extend
them to more exponential families under slight assumptions, similarly to what was done in [[15]]. If the
arm distributions are known to belong to a o2-sub-Gaussian exponential family, with the additional
restriction that the distribution parameters should belong to a compact subset of the open interval on
which the family is defined, then there exists a constant c such that

K K K

1 1

LS VKLU0 € 3 VR )~ m(0) < ¢ 30 NEKLL(O.A)
k=1 k=1 k=1

And Eszl N} KL (6, X) is also close to | — ]|}, up to constant factors.

We can then recover bounds on the likelihood ratio of the same shape as in Lemma|[C.7} up to constant
factors depending on c and 2. The proofs of Appendix |D|and Appendixthen proceed similarly, up
to the additional constants.

D Proofs of Section 2]

D.1 Proof of Lemma[2.3]

Proof. Fix any § € M and let 2 be the answer returned by the algorithm at the stopping time 7. Then,
. (a)
P (z ” i*(&)) < P(3i £ (0) : P(i) = 0)

(®) «
<P (32 7& 2*(9),Vp S P(Z),Ht <T: \ 1£1f() Lt(9t, )\) > Bt,é)
eAp(2

—

2p (ai A0 P I 15 nt L0 ) > ﬁt,g)

where (a) is from the definition of stopping rule, (b) is from the fact that, if P, (%) is empty, then all
the pieces of ¢ have been eliminated at some times before 7, and (c) follows trivially by relaxing the
condition ¢t < 7 to ¢t > 1. Take any ¢ > 1. Now note that, for any wrong answer ¢ # i*(0), 6 € A(i).
By definition of the decomposition into pieces of A(%), this means that there exists p; € P(¢) such
that & € Aj, (¢). Therefore, continuing the chain of inequalities above, we get that

R (d) A
]P’(z’ 751'*(9)) <P (m £0%(0),3t>1: inf Li(fr,N) > ﬁm;)

AeAs, (i)

(e) « €))
< P(Ht > 1 Li(01,0) = Brs) = 0,

where (d) holds since the event under which all pieces for ¢ have been eliminated implies that p; has
been eliminated as well, (e) holds since § € A, (7), and (f) is from the assumption on threshold 5 5.
This concludes the proof. O
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D.2 Proof of Theorem

Theorem [2.4 was proved in the main text. We prove here a more general result about the monotonicity
of the stopping time with respect to the piece decomposition. We show that if two algorithms use
the same sampling rules and use elimination stopping based on different piece decompositions, the
algorithm using the finer decomposition (in the sense defined below) will stop earlier.

Definition D.1. We say that a piece decomposition (Ay(i))iez pep (i) is finer than another one
(]\p(i))z‘ez,peﬁ(i) if for all i € T,p € P(i), there exists a set S C P(i) such that A, (i) =
UqGS Aq(z)

Theorem D.2. Let D = (Ay(i))icz pep(i) be a finer decomposition than D= ([\p(‘))ieI pePli)

ForieI,pe 75( ), let 75 and T be the times at which A 5(2) is eliminated by the two corresponding
algorithms (in the sense of Deﬁmtlon@ Then almost surely 75 < T

Roughly, if a piece in the tilde decomposition corresponds to several pieces in the other, then it is
faster to eliminate it as several pieces than as one piece.

Proof. 1t is enough to prove that whenever the elimination stopping rule of JNXI;(z) triggers for D, it
triggers for D too. Then, let ¢ > 1 and suppose that

inf  Li(0;,\) > Bis.
)\Eljl\lﬁ(i) t( ts )_5t,5

Let S; C P(i) be the set corresponding to p in the definition of “finer decomposition”. We first argue
that

inf L;(0;,\) = inf £ L6, )\).
)\ellr\lp(i) (60, 2) qlens Aelzr\l() (00 %)

Indeed, this is simply writing the infimum over a union as the infimum of an infimum. Hence if the p
piece is eliminated in D, we have

f f L0 >
qleﬂs Aelzl\l() t( ts )_ﬁt,é

and every piece A, (i) for p € S is eliminated as well in D. We get that the set ]\ﬁ is also eliminated
inD. O

Corollary: the finest possible decomposition is the one in which P(¢) = A(4) and A, (¢) = {p}, i.e.
every point of A(¢) is its own piece. This is not a computationally usable decomposition, but its the
theoretically best one for the sample complexity metric (for a fixed sampling rule).

Theorem [2.4] for full elimination compared to LLR stopping follows from Theorem [D.2]by setting

P(i) = {0} and A, (i) = A(4). Then the elimination stopping rule uses a finer decomposition than
the LLR stopping rule.

D.3 Proof of Theorem 2.6

We first present two important lemmas which will be used to prove the main statement for full
elimination and selective elimination, respectively. For full elimination, the following lemma shows
that if a piece has not been eliminated the information collected by the algorithm about it must be
small.

Lemma D.3. Consider an algorithm that uses the full elimination stopping rule (3). Let p € P(i*(9)),
then, for each time t such that Ey (Equation|6) holds and p € Py(i*(6)),

\/AeiAnf( )Z N{KL(0,)) < \//37+\/m

ke[K]

On the other hand, if the algorithm uses the LLR stopping rule, for each time t such that F; holds
and the algorithm did not stop,

\//\eilr\l(i;‘*) Z N KLk (6, A) <A/ Brs+ \/ﬂf 1/t2-

ke[K]
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Proof. Since p € Py(i*(0)) (i.e., p has not been eliminated at time ¢), we have from (5) and Lemma
that

2

inf  L;(0;,\) > inf NEKL(0,X) — /Ly (6
o> iy WO N 2 ok | [ 32 NEKLA0N 1l

By definition of event F, this implies

\/AeiAnf( S° NEKLL(0,0) < /Bis + m

) ke €[K]

This yields the first statement. The second result can be shown analogously by using the full set of
alternatives to 6.

O

Selective elimination updates, at each step ¢, only the set of active pieces of the empirical answer
i*(0;). Therefore, to bound the elimination times of the pieces A, (i*) for p € P(i*) we need to show
that ¢* (ét) = ¢* after a certain time. We show that Assumption [2.5|alone is sufficient to guarantee
this.

Lemma D.4. Consider a sampling rule satisfying Assumption [2.5] Under event E, a sufficient
condition for i*(0;) = i* is

S 461&,1/1&2 + R(avt)

> (10)

Proof. First note that, under E}, if

iIlf R Lt (ét, )\) > Bt,l/tza
AEA(i*(0y))

then #*(6;) = *. In fact, if this was not the case, we would have § € A(i*(6;)) and thus Ly (0;,0) >
Bt,1/¢2» which is a contradiction with event F itself. Let us now look for a sufficient condition on ¢
to satisfy this inequality. Take ¢ and suppose it does not satisfy it. Then,

= (a) "
mm/w\/ inf  Ly(B,\) > ¢ inf > NFKLi(6, ) — \/L(61,)

AEA(i*(6,)) AEAG(8)) | ey
N > NFKLk(0,)) — /8
_VA;&*) PR A B
ke[K]

(e)
SV 0) ~ B0.0) ~ /B,

where (a) is from Lemma , (b) from E; and the fact that either ¢* (ét) = ¢* or the infimum is zero,
and (c) from Assumption Rearranging this inequality yields the desired condition on . [

Proof of Theorem[2.6] We start by proving the sample complexity bound for LLR stopping. Since it
is a bound on the elimination time of the whole alternative A(:*), by definition it also holds for the
elimination times of its pieces obtained with either full or selective elimination. We then move to full
elimination stopping and selective elimination stopping. Finally, we prove that the left-hand side of
the maximum in (13)) is never larger than the bound for LLR stopping.

LLR stopping Let¢ > 0 such that E; holds and the algorithm did not stop. The second statement

in Lemma ylelds
.“f le l(lJ 0 )\ /3 /—))
\/)\:1,(1 § k‘ V t \/ tl/t2

K]
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Moreover, from Assumption [2.5]

inf NFKLL(6,\) > tH*(6) — R(6,1).
it %} k(0,2) (0) — R(0,1)

The combination of these two inequalities directly yields the stated inequality on ¢. The result in
expectation is obtained by applying Lemma 19 in [29] together with P(=FE;) < 1/t2.

Full elimination stopping Let ¢ > 0 such that F; holds. By Assumption[2.3]
R(0,1)
t

Nk
H*(9) < inf L KLL(0,\) +
©) AGA@*)%Z[K] KL (0.4)

This implies that % € QRro,1)/t-
Now fix a piece p € P(i*) such that p € P;(i*). Under event E;, we know from Lemma|D.3]that

\/)\E}\I}Jf(i*) S° NEKLy(0,0) < /Brs + W

ke[K]
Since % € QR(Q’t)/t,

Z NFKLL(0,\) >t min inf > WP KLi(6, ).

A A en AEA, (i*
€ p(z ke[K] WEQR(9,1) /1t AEAR (i )kE[K]

Combining the last two displays, we obtain that, if j is not eliminated at time ¢ and F; holds, ¢ itself
must satisfy

(v/Bes + 5t,1/t2)2

T < — : :
mlanQRwi)/t mf/\eAp(i*) Zke[K} wk KLk(Q, )\)

The result in expectation is obtained by applying Lemma 19 in [29] together with P(—=E};) < 1/t2.

Selective elimination stopping Given Lemma the proof of Theorem for elimination
stopping is very simple. Simply take a time ¢ such that E; holds and which verifies the condition in
Lemma(D.4] Then, for such a ¢ the first claim of Lemma|D.3|can be verified analogously since the
empirical answer (the one for which the set of active pieces is updated) is exactly the correct answer.
Given Lemma[D.3] the same derivation as in the proof for full elimination can be carried out. This
yields the following sufficient condition on the time ¢ to eliminate a piece p € P(i*):

( Bt,s + /Bt 1/t2) 4By 1/ + R(O,t)
t > max - ) n .
MiNweQ ) Frea, (%) ZkE[K]w KL(0,\) H~*(6)

Comparison of the bounds for full elimination and LLR stopplng We finally prove that a
sufficient condition for ¢ > tp, with t associated to full elimination, is ¢ > t.

Take any p € P(i*). By definition of the set €2, we have that, for any w € €.,

Ae}\nf(‘L Z wk KLk(9 A) )\eljr\l(f’; Z wk KLk(97)\) > H*(e) _
P k €[K] k€[K]

This implies that

. . k : k
min Ae}\rilz z[;(]w KLg(6,\) > max /\ellrxl(f z[;(]w KLy (6,A) —e.

A sufficient condition for satisfying the inequality for piece elimination is thus

2
> ( Bt,s + +/Bt, 1/t2)
T maxXeen, faen) Dpery WP KLi(0,A) — R(0,t)/t
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Lety € (0,1). For R(60,t)/t < vH*(0) we have that

2
(v/Bt.s +\/Beije2)
(1 =) maxwen, infaenci) Dpery wF KLi(0, A)

t2>

suffices. Therefore, taking the maximum between the condition above and ¢ > ﬁi}f ’(tg)) and optimizing

over v € (0,1), the inequality for piece elimination is verified if

2
1 (v/Bts +/Beijez)” R(6,1)
(1=7) oy
R(6,t)
( Bt,s+ 5t’1/t2)2+R(9,t

Optimizing over -y, which amounts to setting v = % yields the desired

statement.
O

D.4 Proof of Theorem [2.7]

Proof. Take any time ¢ and suppose that F; holds while the algorithm did not stop with 7, yet.
Using the first result of Theorem [2.6] yields

r< o (Vi + ) +Ro0)

From Lemma 19 in [29], we get that E[m;,] < ¢ + 2, where { is the first time that does not satisfy the
inequality above (it is a function of € and §). This means that

E[mn] < H*( ((\/ﬂTJr \/ B, 1/t2) + R(Q,t)) + 3.

Now let us take the same algorithm with 7¢;,,,. We know it is d-correct, so the standard lower bound
states that

E[Tetim] > H* ()" log(1/2.45).
We get that
H*(0)E[n1]

< H* (0)Elraim] + 3H"(0) + (/815 + x/ﬂt ve) o+ RO,D o 5o
= H*(0)E[Tetim] + 3H*(0) + Bz — 10g 5 T2\ Bisbiaye + By + R(0,8) +log(2.4) .
We now use the hypothesis 37 5 = log % + &%, 9):
H*(O)E[rs] < H* (0)Elretm] + 3H*(0) + €(F.0) + 2,/ B2/ + Braj + R(6,7) + log(2.4) .
O

E Proofs of Section

In order to tune our resets, we need an hypothesis on the shape of the threshold, used to compare
thresholds at different times.

Assumption E.1. There exist two positive reals ¢, and cq that may depend on the parameters of the
problem known to the algorithm (d, K, etc.) and a function log such that the threshold B; 5 verifies

log(1/8) + ¢1log(t) < Br,s < log(1/8) + c2log(t) -

Furthermore, log verifies that there exists xq such that for all a > 2 and x > ¢, log(z?) < alog(z).
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The function log represents an almost logarithmic function and corresponds to the function of order
log ++/log in [23] or log +d log log in [30,[29]. Other thresholds have a O(log log(t)) dependence
instead of O(log(t)), and our analysis could be extended to them in a similar way.

With  that assumption, we set {g = max{2,\/zo} and s =

(\//@t,g + (4deo — c1) log(t) + 4\/%>2

The reset times we defined are taylored to a threshold j; s of order log(1/6) + O(log(t)) as in
Assumption They are chosen such that 3, ; 4> roughly doubles from one reset to the next. If
the thresold has a different dependence in ¢ (for example O(loglogt)) then the reset times can be
adapted.

E.1 On Assumption |E.1

We illustrate first how Assumption covers the threshold obtained by the most common technique:
first get a concentration bound valid for one time of the form f(1/§), where usually f(x) = log(z) +
C'loglog(z) (for C' a dimension-dependent constant), then obtain a time-uniform concentration
threshold by setting for example 5; 5 = f (%)

Let us suppose then that 8, 5 = FEL) for f(z) = log(x) + Cloglog(z) and C’ > 1. We will now

prove that if verifies Assumption

142

Tog(C't2/8) = log !

C/
+ C'log(log 5 +logt?)
! !

> log % + C'loglog % + 2log(t)
—1
= logg + 2log(t) .

where log(z) = log(C’x) + Cloglog(C’z). Using the concavity of log, we also have an upper
bound

142 /

— t
log(C't?/68) = log Cé + Clog(log % + log t?)

! / /

!
= log % + Cloglog % + 2log(t) + C(log(log % + log t?) — loglog %)

—1
< logg +2(C + 1) log(t) .

We have found a function log such that for ¢; = 2 and ¢3 = 2(C + 1),

1

@(5) +c1log(t) < Brs < log(<) + calog(t) .

7| =

It remains to show the condition on @, i.e. find xg such that for ¢ > 2 and x > xg, @(x“) <
alog(x).

log(z®) = log(C'z®) + C'loglog(C'z) < log((C'z)*) + Cloglog((C'z)*)
= alog(C'z) + Cloglog(C'x) + C'loga

It remains to find xg such that for z > x, loglog(C’z) + loga < aloglog(C’z). We find that
1z = exp(a'/(@=1)) /C" is suitable. Since a > 2, we have zo < e2/C".

Lemma E.2. Under Assumption[E.1| for any time t and 0 < j < j(t),
Brs < By, 5+ (210 ey — e1) log (%),

€2 5j(t)—j+1
ﬁt,l/ﬁ < az 55_7.71/{;%*
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Proof. We have t, = max{2, \/Zo}. Note that for all j, t; = #2’ . By using first the upper bound of
Assumption then ¢ < fgm)ﬂ and at the end the lower bound of Assumption

1 1 i(t — 1 i\ 9d(t)+1—j
Brs <T08(5) + calog(t) <Tog(5) +ealog(@ ") =Tog(5) + ealog((7)”""

)
Toa( J(O+1=3 1o (72
= log(g) + 22 log(ty)
< By, 5+ 1og(t;) (27D ey —cq) .
We have #; > o > /o, hence the inequality log(z¢) < alog(z) can be used. Then

5t,1/t2 < @(ﬂ) Ty log(t) < @(%j(tw )+02 log(_QJ( )+1 )

1Og(((( ) )21(t>+1 ]) + co log((fgi)y(t)ﬂﬁ)
log((( )21(0“ ])4— 2j(t)+17jlog(7-)
< 9i(H+1- Jlog(( )+C22J(t)+1 ]log( )
< —= o (23(t)+1 J]og(( )+012j(t)+1 I log(T ))
< CIQJ(t )+1- Jﬂtj,l/t .

E.2 Proof of Theorem3.2]

We now derive an important result for sampling rules combined with elimination (either full or
selective). It essentially shows that we cannot eliminate the closest alternative piece to 6 from the
sampling rule without making the algorithm stop.

Lemma E.3. Lett > t| be any time step at which the algorithm did not stop. Suppose that some
piece index p € P(i*) of the true correct answer i* has been eliminated from the sampling rule (i.e.,
p & P;"P(i*)). Then, under event E; (see Equation|6)),

inf Z NFKLg(0,A) > inf Z NFKL,(0,\).
XEA, (i* k K] AEA(D k K]

Proof. Let us proceed by contradiction: suppose that p ¢  P/P(i*) while
infen, ) Depr) NEKLk(0,A) = infaengis) e NE KLy (0, A) and By holds.

Since P;™P (i*) is the intersection of all active sets from #;(;)_; to ¢, if p ¢ P;™P(:i*), then there
exists s with t](t)_l < s < t such that

inf Ly(0s,\) > as.s.
)\Glfrxlp(i) ( )_a’5

Therefore,

(@ ®
5 <] inf L6 inf NEKL(8,0) + \/ L (65, 0)
@ < \/Aefi(i) <(0,4) < \/Ae}g( z{:] w(0.0) + /L

—

c

N

< inf NEKLE(0,\) + 4/
\/)\GAp(i*) kez[l:(] #(6:4) P
(d)

< inf NEKLi(0,)) + 4/

= \/)\G}\Ii(l z}:{] k( ) +1/B4 ,1/¢2

(e)
© \/Aé&fl Z NEKL(6,0) + 1 /Brajer

K]
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where (a) is from the elimination condition, (b) uses Lemma|[C.7] (c) uses that E; holds, (d) uses that
the number of pulls of each arm is non-decreasing in time, and (e) holds by our assumption. Recall
that, for any 6, A € RY, 37, ) NfF KLy (0, A) = 3|0 — A[I3,. Therefore, by the triangle inequality,

> NFKLk(0,)) =
ke[K]

\ng )\”Vt = \f”e 9t||Vt \[Het >\||Vt

= \/Lt(ét,)\) + \/Lt(étaa)

Combining this with the previous chain of inequalities,

— < £ Ly(B, ) +\/Li(61,0) + / < £ L0, \) + 2,/
Vo ,5_\/)\61[1\1( oy el +\/t t,0) + /B2 )\Ellr\l( t(06, A) +24/Bi1ye

< \/ ian Lt(ét,A)+2\/ﬁt,l/t2?
AEA(i*(61))

where we used again that E, holds to concentrate the LLR between 6, and 6. The last inequality is
easy to check since, if i* # i*(6;), then infycp(;+) L(0, A) = 0. Finally, since the algorithm did

not stop at ¢, it must be that infycy () Lt(ét, A) < By, (otherwise all alternative pieces of z'*(ét)
would be eliminated at t). Therefore,

Vass < \/@4‘2\/@,1/%
Since s > fj(t),l, from Lemmawe have that
Bt < ﬁtm) 1o+ (de2 = e1)log(tj)—1) < Bs,s + (dez — c1) log(s),
Baje S4By, S4By

Plugging this into our previous bound, we conclude that

[c
ags < \/ﬂs,é + (4ca — 1) log(s) +4 553,1/32-

This is clearly a contradiction w.r.t. our definition of oy 5. O

Proof of Theorem[3.2} Take any step ¢ > t; where E; holds. Lemma [E.3|ensures that all pieces of i*
which are at minimal distance from 6, i.e., such that

inf NFKLL(0, A f NFKLL(6, )
iy 3 NEKLU@X) = nf | 3 NEKLL(G,)
ke[K] ke[K]
are not eliminated for the sampling rule at time ¢, i.e., p € P, (i*). This implies that
min inf NFKL,(0,)) = inf NFKL (0, \).
pePf“‘p(i*)AEAP(i*)kgq ¢ KL (6, 4) AeA(qi*)k;(] ¢ KLi(6,2)
Thus, if Assumption [3.1]holds, it must be that

t

inf NFKLL(6, ) > f FKLi(6,\) — R(0,t
/\61}\1(1 Z £(8,2) wrgi);{( pe;g‘l‘g(z )AE}\n(z Z W w(0,2) = R(0,1)
k €[K] k €[K]
t
> max inf Z WP KL (60, \) — R(0,t) = tH*(0) — R(6,1),

wEAK “ XA (%) o
where the second inequality is trivial from P77 (i*) C P(¢*) for all s > 1. Therefore, we proved that
the condition of Assumption [2.5]holds as well for all ¢ > #;. We can now have it for all ¢ by adding
t1H*(0) to R(6,1) to obtain another regret function which verifies the condition of Assumption
The second statement is a direct consequence of the fact that Theorem 2.6 holds for any sampling
rule that satisifes the latter assumption.
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F Existing Algorithms Satisfy Assumption 2.5 and 3.1]

In this section, we show that existing sampling rules that target the optimal value of the max-inf game
from the general lower bound of [31] satisfy Assumption [2.5] Moreover, we show that, when such
sampling rules are combined with elimination (as in Section [3)), they also satisfy Assumption [3.1]
We do that explicitly for two algorithms: the game-theoretic approach based on no-regret learners
of [15] and an optimistic variant of the Track-and-Stop algorithm of [31]. These two algorithms
are sufficiently general to be representative of many existing approaches for pure exploration: the
latter represents those that repeatedly solve the optimization problem from the lower bound to get
optimal allocations, while the former represents those that solve such problem incrementally. We
now describe these two algorithmic techniques. Then, we show, through a unified proof, that they

satisfy Assumption[2.5]and 3.1}

F.1 Sampling Rules

We describe the sampling rules of interest while trying to keep some of their design choices (e.g.,
confidence intervals, tracking, optimization, etc.) as general as possible. We do this because these
sampling rules have been adapted to different pure exploration problems and bandit structures in the
literature, for which such components would be different. This will allow us to have unified proofs
that are actually agnostic to the specific setting.

F.2 Common Assumptions

We first state some assumptions on the main common components of these algorithms.

Bounded closest alternatives First, we shall make a mild regularity assumption about the consid-
ered identification problem: the distance between any closest alternative and 6 is bounded.

Assumption F.1. There exists a constant B > 0 such that, for any w € R>( and any subset A C M
which is exactly the union of arbitrary pieces, there exists a closest alternative

K
Ao € argmin y w® KL (6, A
gmin ), KL4(6, )
such that

max KL (0, \,) < B.
ke[K]

We note that this assumption is satisfied in the identification problems we consider (see Appendix [B]),
for Gaussian rewards where pieces are half-spaces.

Tracking All the sampling rules we consider choose a sequence of proportions (w;);>1, where
wy € Ak, and use tracking to select the next arm to play based on these. Formally, the arm played at

time ¢ is
t
k; := Track (Z W, Nt_l) , (1)

s=1

where Track : Rf X Rf — [K] is some tracking function. To gain generality, we shall keep the
tracking function implicit in the remainder, while only requiring the following assumption (which is
actually guaranteed by existing methods).

Assumption F.2. There exists a constant Cyyacx > 0 such that
t
¥t >0,k € [K]: NF > wh — Cirack.
s=1

For instance, the widely-adopted cumulative tracking,

t t
Track (Z ws,Nt_1> = arg min (Ntk_1 - wa) ,
s=1

o—1 ke[K]

satisfies this assumption.
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Confidence intervals These sampling rules maintain confidence intervals (Cf)tzl,ke[ K] about the
expected return of each arm. We shall also keep them implicit as their specific form depends on the
bandit structure under consideration (e.g., linear vs unstructured). We will only require the following
assumption, which is satisfied by common choices as described below.

Assumption F.3. Under event Ey,
Vs < t:KLk(0s,\) — ® < KLp(0,\) < KL (s, \) + ¢~

Moreover; there exists a sub-linear (in t) function Ceont (t) such that

t
Z Z wé“c"jf1 < Ceont ().

s=1 ke[K]

In bandits with linear structure, the confidence intervals typically take the form cf o ||¢||y,~1. In this
case finding an upper bound on 22:1 >k €[K] wkck | would reduce to applying an elliptical potential

lemma [23] plus the tracking property, and the resulting upper bound would be Crone(t) o Vdt. In
unstructured bandits we can take cf oc 1/1/NF and finding Cpont(t) would require applying the
standard pigeon-hole principle plus the tracking property, for which one obtains Ceons(t) x vV Kt.

F.2.1 Optimistic Track-and-Stop

Here we describe an optimistic variant of the Track-and-Stop algorithm by [31]]. It was originally
introduced by [15] in order to get rid of forced exploration, one of the main causes behind the poor
empirical performance of Track-and-Stop. The idea is to solve, at each time step ¢, an optimistic
variant of the optimization problem from the lower bound,

W 1= arg max inf Z wk (KLk(étflv)‘) + Cf&) ’ (12
WEAK AEA(i*(thl))k,E[K]

where cF_| is a per-arm confidence interval that satisfies Assumption thus ensuring optimism

KL (01, \) + ¢ > KLi(0, \) with high probability. The solution to this optimization problem
yields proportions w; which are tracked by the sampling rule. Then, the arm played at time ¢ is given
by the tracking rule (I1).

Combining with elimination In order to combine this sampling rule with elimination, we simply
redefine the optimization problem as

Wy = argmax ~ min _ inf_ Z w” (KLk(ét,h A)+ cff,l) . (13)
wEAK PEPIY (1% (0r—1)) AEAL(i*(0:-1)) ke[K]

That is, we simply replace a minimization over the whole alternative with one over the active pieces
only.

F.2.2 Game-Theoretic Approach with No-Regret Learners

The idea behind the game-theoretic approach of [15]] is to avoid recomputing the full optimistic
problem (T2)) at each step, while solving it incrementally by means of no-regret learners. Given some
online-learning algorithm £ working on the K -dimensional simplex, the sampling rule works as
follows. At each time ¢, first £ outputs new proportions w;. Then, we compute the closest alternative

N = arg min Z wf KLk(ét_l,A).
)\GA(i*(ét—l))ke[K]

Finally, £ is updated with the (concave) gain function
gt(w) == Z WP (KLk(ét_l,j\t) + cffl) .
ke[K]

Finally, the sampling rule uses tracking exactly as in to decide the next arm to pull. As before,
we will only require the tracking rule to satisfy Assumption [F:2] without specifying an explicit form.
Similarly, we will keep the learner implicit as far as it satisfies the following no-regret property.
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Assumption F.4. The learner L is no regret: there exists a sub-linear (in t) function Cr(t) such that,
forany t > 1 and any sequence of gains {gs(w)}s<t,

max (gs(w) - gs(ws)) < Cﬁ(t) .

wEA
K s=1

Combining with elimination For the game-theoretic approach, we only need to redefine the closest
alternative used in the gains as

(Pe, \) = arg min ) Z wF KL (6,1, \).
PEPEY (i* (0:-1)) AEAL (i* (Be-1)) ke [K]

F.3 Assumption 2.5 Holds

We need to show that, for any time ¢ > 1 where the good event E; (Equation [6) holds, the two
sampling rules presented above satisfy

tH*(9) < inf NFKLL(0,\) + R(6,t
()—Aé& Z{;{] k(0,\) + R(0,1)

for suitable choices of the function R(6,t). We shall write a unified proof for these two sampling
rules while explicitly mentioning where they differ. Let us suppose that their algorithmic components
satisfy the assumptions stated above, i.e., Assumption [F.2] for tracking, Assumption [F3] for the
confidence intervals, and Assumption [F.4]for the no-regret learner.

Take any time step ¢t > 1 and suppose that F; holds. Let X\ =
arg miny e, (; )Zke ]N KLg(0,A). Then, using the tracking property (Assumption
together Wlth Assumptlon [F1]

inf Z NEKLi(0,A) = Y NFKLi(6, \)

AEA(i) K] kelK]
Z Zwk KLk 0 )\t Ctrack Z KLk(97>‘t)
ke(K] s=1 ke[K]
> inf kKL — Cire KL
- )\ellr\l(i*) Z Z"Js k(@,)\) Clrack Z k(e,/\t)

ke[K] s=1 ke[K]

t
> inf Y Y wFKLL(0,)) — Cirack K B.
AEA(3*) Ke[K] s=1

‘We can now lower bound the first term as

)\Eill\l(fl > Zwk KLy (6, \) ZAeig(fm > wFKL(6,\)

ke[K s=1 =1 ke[K]
> inf W KLL(6, \)
Z T AEA(* (0:-1)) kez[l:q
> wh (KLp(fs_1,\) — ¢
Z Y XeA(i (.9 ) kez[;(] ( 1)
t
_ Z inf Y W (KLk(éS_l,)\) n c’;_l) 23 3 Wk,
—1AEAG (05-1) ke[K] s=1 ke[K]
> Z inf Z wk (KLk(QAS,h)\) + c];,l) — 2Ccont (1),
)‘EA('L (9 *1)) kE[K]
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where (a) is from the concavity of the infimum, (b) holds since either A(i*(f,_1)) = A(i*) or
0 € A(i*(fs_1)) (in which case the infimum would be zero), (c) is from the validity of the confidence
intervals under E}, and (d) is from Assumption[F.3] Now note that, when applying the game-theoretic
approach (Section [F:2.2)), the first term on the right-hand side is exactly the sum of gains fed into the
learner. Thus, using the no-regret property (Assumption [F.4)),

Ael[f\lf Z Zwk KLk (0, \)

ke (K] s=1
t
> max mf Y W (KLk(és_l, )+ cf_1> — 2Cont(t) — CL ().
WEAK “—{ XeA(*(0:-1)) ke[K]
If instead we are applying optimistic Track-and-Stop (Section[F.2.T)), the first term on the right-hand

side is exactly the sum of optimal values of the objective functions maximized by the algorithm.
Thus,

inf FKLL(6,))
DD Zw k(
ke[K s=1
t

=3 Z WF (KLk s_1, A) + ek 1)720(30“(15)

[ YERKNEAG (0o-1)) i

t
> max inf Wk (KLk(@S,l7 A) + 0571) — 2Ceont(1).
WEAK T XEA(*(f:-1)) kez[;(]

Therefore, we only need to lower bound the first term above, which is common between the two
considered algorithms. We have

t

max inf Z w (KLk s—1,A) + l: 1)

WEAK (T XA (0.-1)) e

(ﬁ) max t inf Z w (KLk o1, A) + 1)
weAK T ASAE) T

(ﬁ) max t inf Y WFKLy(6,))

A )
wEAK p AEA(* ) K]

(9)
> tH*(0),

where (e) follows from the same reasoning as step (b) above, (f) is from the fact that confidence
intervals are valid under F, and (g) is from the definition of the game in the lower bound. Putting all
together, we proved that optimistic Track-and-Stop satisfies Assumption [2.5| with

R(97 t) = CtraCkKB + 2Cconf(t)7
while the game-theoretic approach satisfies it with

R(@, t) = Cirack KB + 2Cconf(t) + C[;(t).
F.4 Assumption 3.1 Holds

We now show that Assumption [3.1] holds for these sampling rules combined with elimination as
formally explained above. The main steps are very similar as before, with the additional complications
posed by eliminating pieces at sampling.

Recall that we want to show that, for any time ¢ > 1 where the good event E; (Equation@ holds, the
two sampling rules presented above satisfy

t

max min inf Wk KLy (0, A min inf NFKL,(0,)) + R(0,t
wEAK pePS"‘P(z YAEA,(3%) kz[;(] K )< ePf‘“p(i*)AeAp(i*)kez[;(] ! tl ) (6,%)
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for suitable choices of the function R(6,t).

Take any time step ¢ > 1 and suppose that E, holds. Let

(P, \e) € arg min Z NEKLe(0, )
pepfrnp(i*),)\eAp(i*) k‘E[K]

be the closest piece and alternative at time ¢. Then, using the tracking property (Assumption[F.2)) and
Assumption[F1]

f NF KL, (6, A
pert . )AelAn(mZ v KLr(6,4)

> NfKLk(0, M)
ke[K] ke[K]

v

t
Z wa KL (95 /\t) — Cirack KB
ke[K] s=1

> i FKLL(0,\) — Ciractk K B.
_peggﬂp(l EA (z k%( ;UJ k track

Recall that ¢, := t%j is the time step at which the j-th reset is performed and j(t) := |log, logg, t] is
the index of the last reset before ¢t. Let ¢ := ij(t)_l be the time of the second-last reset before ¢. Note

that
_ i) =1 %zuogz logg, t] 7L10g2 logz t] — \[
t=15 =1 =/ =/t < Vit

‘We can now lower bound the first term as

t
min inf wi’c KLy (6, 2
PEP;™P (i) NEA, (%) kgd ; o

> Z min inf Z WFKL,(6, )

1 pEP P (i*) AEA,(i*)

€[K]
2 i f > WFKLL(0,))
> min in w
S PEPIT ) AN () = 4§
© &
> min inf Z W KLL(0, \)
s=t+1 Pepimp(i*(‘g-‘;fl)) AEAP(i*(es—l)) k)E[K]
@) &
> Z min inf Z wf KLg(0,\) — BVt
s=1 pepgmpﬁ ( s—1)) XEAp(i*(QS,l)) kE[K]
(@) & R
> Z min inf Z wh (KLk(ﬂs_l,)\) —ck 1) BVt
s=1 pepimﬁ)(i* (9571)) )‘EAP(i*(GSfl)) kE[K]
& k A k
> Z min inf Z wy (KLk(HS,l, A+ 0571) — 2C.ont(t) — BV,
s= 1p€7>§mp( (Gs 1)) AEAp(i*(g-i—l)) kG[K]

where (a) is from the concavity of the infimum, (b) drops the fist £ rounds, (c) uses Lemma. (d)
uses that P;™ is contained in all active sets from ¢ to ¢ and completes the sum with the first ¢ rounds

(while bounding < /%), (e) is from the validity of the confidence intervals under E;, and (f) is from
Assumption[F3]

Now note that, when applying the game-theoretic approach (Section [F2.2)), the first term on the
right-hand side is exactly the sum of gains fed into the learner. Thus, using the no-regret property
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(Assumption [F-4),

min 1nf wk KLg(0, )

t

> max min inf wk (KLk(ésfl, A) + cffl)
WEAK L pePI (i (0. -1)) AEA (i (0.-1)) ,g[;q

— 2Ccont(t) — Cr(t) — BVt

If instead we are applying optimistic Track-and-Stop (Section [F2.T)), the first term on the right-hand
side is exactly the sum of optimal values of the objective functions maximized by the algorithm.
Thus,

min inf wy KL (6, \)
pEP;™P (i*) AEA, (%) k;(] ; at
t
> max min inf Z wk (KLk(és_l, A) + 05_1) — 2Cont(t) — BVt
s=1 wEAK pepzr_"ﬁ)(i* (0s—1)) AeAp(i*(05-1)) ke[K]
t

> max min inf Z Wk (KLk(és,l, A) + C’;,l) — 2Ceont(t) — BVt.
WEAK (T pEPITY (% (0o-1)) A€M (" (0o-1) 1 Ty

Therefore, we only need to lower bound the first term above, which is common between the two
considered algorithms. We have

t

max min inf WP (KLk(éS_l, A+ 0571)

wEAK s=1 pep:rfllj(i* (éS—l)) AeAp(i* (95—1)) k;ﬂ

© ‘

> max min inf wk (KLk(és_l, A)+ c’;_l)
weA Sglpevbm*’(z “(0) AEA (5 (0, 1)) kez[;q

Q) i

> max 1211]9 1nf Z w (KL;~C o— 1,)\)+CI;_1)
weAr L pEPITI() AN, (1) | £ <

@) ‘

> max min inf Z WF KL, (6, \)
weAK ac) pEPITY (%) AEA, (%) k K]

é max Z min inf Z Wk KLy (0, )) — BVt,

=1 PEPITT D AR ()

where (g) drops the first £ rounds, (h) uses Lerzlma (i) is from the fact that confidence intervals are
valid under F, and (j) adds the missing first ¢ rounds. Putting all together, we proved that optimistic
Track-and-Stop satisfies Assumption [2.3] with

R(97 t) = CtrackKB + QCconf (t) + 2.B\/1?7

while the game-theoretic approach satisfies it with
R(0,1) = Cirack K B + 2Ccont (1) + Cr(t) + 2BV
Lemma F.5. Under event E;, for any s € N with fj(t),l <s<t,
Ls(0,,0) < ass.

Moreover, for any s,s' € Nwitht;)_1 < s’ <5 <t,



Proof. Using the good event EF; followed by an application of Lemmatogether with s > €)1,

C
Ls(85,0) < Byaje < 4 Bt < 4565,1/52 < ag

J—11/T 0 4

This proves the first claim. To prove the second one, note that

\/L‘ 0y >N NE KLy (6, 65) > NEKL( (By,0) + > NEKL (6,,0)

kE[K] ke[K] ke[K]
> NEKLi(0s,0) + | > NFKLi(0s,0)
kE[K] ke[K]

D\ JLo(by,0) + 1/ L.(0,,0) < 2/ Buasee,

where (a) is from Corollary [C.6] (b) is from the triangle inequality (recall that the sum of KLs
is a norm), (c) is from the fact that the pull counts are non-decreasing and s > ', (d) is again
from Corollary and (e) is from event F;. Using Lemma as before, we have 2/, 1> <

2, /%/Bs’,l/s’Q < /0y s. This proves the second statement. L]

Lemma F.6. Under event Ey, for any i € T and w € Ak,

min inf WFKLg(0,)\) > min inf W KL (0, A\
PEP;™P (i%) AEA (i*) k%] K0,4) 2 PEP;™P (i) NEA, (i) kgq €0, 2).

Proof. The statement follows trivially if 4 = i*. So suppose ¢ # i*. Since 7 is not the answer of 6, by
the union property of the decomposition into pieces, there exists p € P(¢) such that § € A,(3). By
Lemma forany ;)1 < s <t,

inf Ly(05,\) < Ly(0s,0) < as .
AEIII\lp(i) ( ) ( ) *s,0

Th1s implies that p € P;™P(4) since such set is defined as the intersection of all active sets from
Lj(t)—1 to t. Finally, we conclude that

min inf WFKLL(0,\) < WP KL (0,0) =0,
pGP‘mp(z) AEAL(2) kez[;(] ( kez[l:q ( )

and thus our result follows trivially. O

Lemma E.7. Under event Ey, for any tj;—1 < s <t,i €T andw € Ay,

min inf WP KLk(HS, A) >  min inf WP KLy (és, A).
PEPI™P (i* (8.)) A, (1% (0.)) kez[;q PEPSTT () ACA (1) kezu:q

Proof. The proof is very similar to the one of Lemma The statement follows trivially if ¢ = ¢* (é ).
So suppose i # i* (). Since i is not the answer of 0, by the union property of the decomp0s1t10n
into pieces, there exists p € P(i) such that 6, € A, (i). By Lemma  forany ;)1 < s <s<t,

inf LS/ és/,/\ SLS/ és/,és < g’ §-
Aeljr\lp(i) ( ) ( ) %s',0

ThlS implies that p € PS™P(4) since such set is defined as the intersection of all active sets from
tjt)—1 to s. Therefore, we conclude that

min inf WP KLg(0,,\) < W KLy (6, 0,) =
PEPIP (3) AEA,(4) kg[;q g{;{ )

and thus our result follows trivially. O
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G Experiment Details and Additional Results

G.1 Reproducibility details

We provide the main details to reproduce our experiments. For all the details, we refer the reader to
our implementation athttps://github.com/AndreaTirinzoni/bandit-elimination.

In all experiments, we used 6 = 0.01 and a heuristic threshold 3, 5 = log(1/0) + log(1 + ¢) for all
elimination rules and LLR stopping. This is slightly larger than the heuristic threshold proposed
by [4] and adopted in many recent works. We implemented the elimination rules as described in
Appendix [Bl When using elimination at both stopping and sampling, we maintained only one set
of active pieces (the one for stopping) instead of keeping a separate set with very lazy resets for
sampling as suggested by theory. That set is shared by both sampling and stopping rules, and is never
reset.

Computational infrastructure All experiments were run on a Dell XPS 13 laptop with an Intel
Core i7-7560U (2.40GHz) CPU and 8GB of RAM.

G.2 Bandit instances

We provide details on how we generated the bandit instances considered in the experiments presented
in the main paper and later in this section.

Linear instances (experiments of Figure[2)and Table[3) We set K = 50 and d = 10. The true
parameteris @ = [1,1,..., 1], while we generated the arm features randomly. The arm feature of the
firstarm is ¢; = [1,0,0,...,0]T. Then, up to reaching 50 arms, we repeated the following procedure.
First, we generated a 3-dimensional vector v € R3 by drawing its elements uniformly in [—1,1]?
and then normalizing to have unit norm. Then, we added 3 feature vectors v; = [0,v,0,0,0,0,0,0],
ve = [0,0,0,0,v,0,0,0], and v3 = [0,0,0,0,0,0,0,v], but only if v{ 6 € [0, 0.8]. In this way, we
obtain linear instances with 50 arms where arm 1 is optimal with value p;(6) = 1, while all other
arms have minimum sub-optimality of 0.2 and maximum sub-optimality gap of 0.8.

Linear instances (experiments of Table[[) We set ' = 50 and d = 20. The first 10 arms are set
to the canonical basis of R0, i.e., ¢r = e for k =1,...,10. The generation of the true parameter ¢
and of the remaining 40 arms is slightly different from BAI/Top-m and OSI.

For BAI and Top-m, the true parameter ¢ has the first element equal to 1, elements from the second
to the fifth equal to 0.9, and elements from the sixth to the tenth equal to 0.8. The remaining 10
elements are uniformly drawn in [—0.5, 0.5]'°. The remaining 40 arms are randomly generated as
follows. First, we draw a vector v uniformly in [—1, 1]20 and normalize it to have unit norm. Then,
if v79 < 0.5, we add v to the set of arms. Otherwise, we reject the vector and keep repeating this
procedure until we reach a total of 50 arms. In this way, we obtain random linear instances where the
first arm is optimal with value 11 (6) = 1, the next 9 arms are hard to discriminate from it since they
have small gap (either 0.1 or 0.2), and all remaining 40 arms have moderate to large gap (at least 0.5)
and are thus easy to eliminate.

For OS], the true parameter 6 has the first ten elements uniformly drawn in ([—0.2, —0.1]U[0.1, 0.2])1°
and the second ten elements uniformly drawn in [—0.5,0.5]'°. Similarly as before, to generate the
remaining 40 arms we first draw a vector v uniformly in [—1, 1]?° and normalize it to have unit norm.
Then, if |UT9| > 0.5, we add v to the set of arms. Otherwise, we reject the vector and keep repeating
this procedure until we reach a total of 50 arms. We thus obtain random linear instances where the
first 10 arms are hard to learn since they have small gap (i.e., the absolute mean, which is between
0.1 and 0.2), and all remaining 40 arms have moderate to large gap (at least 0.5) and are thus easy to
eliminate.

Unstructured instances (experiments of Appendix[G.3.2) We used K = 40 arms. For BAI and
Top-m, the mean reward of the first 5 arms is yy = 1, o = 0.9, pug = 0.8, g = 0.7, and p5 = 0.6.
For all remaining arms the mean reward is uniformly drawn in [0, 0.5]. For OSI, the mean reward of
the first 4 arms is p11 = 0.1, pg = —0.2, ug = 0.3, and py = —0.4. For all remaining arms the mean
reward is uniformly drawn in [—1, —0.5] U [0.5, 1].
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No elim. (LLR) Selective elim. Full elim.

Algorithm Samples Time Samples Time Samples Time
LinGapE 451+13 019 449+13 017 449+13 0.57
LinGapE + elim 41614 015 417+14  0.58
LinGame 528+1.7 021 509+£18 019 5.09+1.8 0.6
LinGame + elim 4.05+£1.2 017 405+12 0.65
.. FWS 4.68+42 084 468+42 082 468+42 1.39
é FWS + elim 421+14 058 421+14 1.16
Lazy TaS 9.994+88 045 9.75+£89 045 9.75+89 0.78
Lazy TaS + elim 8.7+8.9 0.38 8.7+8.9 0.73
Oracle 6.66+18 004 65519 0.02 655+19 031
XY-Adaptive 13.89+£6.0 2.23
RAGE 16.28£6.2 0.02
m-LinGapE 62612 029 621+£12 024 621+12 1.35
m-LinGapE + elim 577+12 019 577+12 1.29
& MisLid 70614 034 68115 027 681+15 148
[ MisLid + elim 589+1.1 022 589411 1.42
g FWS 591+1.7 1.51 59+1.7 1.46 59+1.7 2.66
E FWS + elim 584+1.7 083 584417 2.02
&, Lazy TaS 131+6.5 071 1285+£64 0.67 1285+6.4 1.57
£  Lazy TaS +elim 11.34+6.3 0.56 11.34+6.3 1.47
Oracle 8.74+18 0.1 8.66+1.8 0.04 865+1.8 1.02
LinGIFA 558+ 1.1 1.8 557+1.1 175 557+11 268

Table 3: Experiments on linear instances with K = 50 and d = 10. The "Time" columns report
average times per iteration in milliseconds (i.e., the total time the algorithm took divided by the
number of samples). Each entry reports the mean across 100 runs plus/minus standard deviation
(which is omitted for compute times due to space constraints). The “+ elim” variant of some
algorithms indicates that the corresponding sampling rule is combined with elimination. Samples are
scaled down by a factor 103.

G.3 Additional Results
G.3.1 Full versus selective elimination

We report in Table [3the full results of the experiment comparing elimination rules (full vs selective)
from which we extracted Figure 2fmiddle). We recall that the linear instances for this experiment
were generated as explained in the first paragraph of Appendix [G.2] We did not compare full and
selective elimination rules on OSI since, as explained in Appendix |B| they are actually equivalent in
such a setting.

While we saw in Figure Jfmiddle) that the full elimination rule allows eliminating some arms earlier
than the selective one, we notice from Table [3|that the former rule actually yields no advantage in
terms of sample complexity. Moreover, its computational overhead makes it much slower than the
selective elimination rule. Therefore, in practice we suggest using the selective elimination rule,
which always yields reduced computation times and often improved sample complexity.

G.3.2 Unstructured instances

We report the results on unstructured bandit instances (generated according to the procedure of
Appendix [G.2)) in Table[d] The algorithm k-Learner is the unstructured variant of LinGame proposed
by [15]. We note that the results are coherent with those for linear instances presented in the
main paper. In particular, we observe a reduction in computation times when combining adaptive
algorithms with selective elimation. The reduction is however less evident than in the linear case.
This is expected since, in general, eliminations are easier in structured problems than in unstructured
ones. We also note that combining sampling rules with selective elimination slightly improves the
sample complexity of all algorithms.
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No elim. (LLR) Elim. stopping Elim. stopping + sampling

Algorithm Samples Time Samples Time Samples Time

k-Learner 1876 +£6.5 0.49 18.12+6.6 044 14.82+4.6 0.4

FWS 145+4.6 125 14.44+47 124 13.94+44 1.16
_ LazyTaS  26.18+80 032 2478+7.7 031 20.66+7.4 0.33
< Oracle 2749437 007 27.0+£37  0.04

LUCB 142+52 011 14.18+52 0.06 13.57+4.7 0.06

UGapE 15.13+5.0 043 1513450 0.39

Racing 3455 £7.6 0.01
_ k-Learner 2584462 0.67 25.06+6.3 057 17.65+4.9 0.51
®  FWS 17.68 £4.7 252 17.67+4.7 248 17.63+4.6 2.0
I LazyTaS 3889+£104 0.5 37.84+107 043 27.74+6.4 0.46
£ Oracle 34.17+45 0.15 33.68+4.9 0.07
£ LUCB 1761446 024 17.58+45 013 17.15+5.4 0.13
& UGapE 17.87+4.3 054 17.87+4.3 043
& Racing 22.67+ 3.1 0.01

k-Learner ~ 855+17 061 838+18 055 543+1.2 0.52
_FWS 5544+13 148 553+1.3 147 547414 1.4
2 LazyTaS  1283+£31 072 1227+£31 0.7  874+18 0.79

Oracle 1155416 007 11.41+1.6 0.04

LUCB 55414 011  55+14 0.1 5.49+1.4 0.1

Table 4: Experiments on unstructured instances with K = 40. The "Time" columns report average
times per iteration in milliseconds (i.e., the total time the algorithm took divided by the number
of samples). Each entry reports the mean across 100 runs plus/minus standard deviation (which
is omitted for compute times due to space constraints). Algorithms for which the third column is
missing cannot be combined with elimination at sampling, while algorithms for which the first two
columns are missing are natively elimination-based. Samples are scaled down by a factor 103.

H Examples

H.1 Running example

Consider BAI in a Gaussian linear bandit instance with unit variance, d = 2, and arbitrary number
of arms K > 3 (see Figure I 3| for an example with K = 5). The arm features are ¢; = (1,0)%,
¢2 = (0,1)T, and, foralli = 3,..., K, qSZ = a“b% with a;, b; arbitrary values in (—1,0) such
that ||<;$7 ll2 = 1. The true parameter isf =(1,1—¢)", fore € (0,1/2) a possibly very small value.
Arm 1 is optimal with mean p; (0) = 1, whl]e arm 2 is sub- optlmal with mean p9(0) = 1 — . For
all other arms ¢ = 3, ..., K, p;(0) < 0.

Letw € A be any allocation. Recall that in BAI each piece index is simply an arm, and P (i*(6)) =
P(1) ={2,...,K}. Let k € P(1) be any sub-optimal arm. The distance to the k-th alternative
piece Hy(w, ) can be computed in closed form as

(61— )70)°
i PR

It can be determined that the optimal allocation, solution to arg max,, ming Hy(w, 0), is w* =
(1/2,1/2,0,...,0) . We will prove this as a consequence of Lemmabelow.

The intuition why this example is interesting is as follows. Any correct strategy is required to
discriminate between arm 1 and 2 (i.e., to figure out that arm 1 is optimal), which requires roughly
O(1/¢?) samples from both. An optimal strategy plays these two arms nearly with the same
proportions. Since ¢; and ¢- form the canonical basis of R?, the samples collected by this strategy
are informative for estimating the mean reward of every arm, even those than are not played. Then,
since arms 3, . .., K have at least a sub-optimality gap of 1, an elimination-based strategy discards
them with a number of samples not scaling with 1/¢2. This means that a non-elimination strategy
runs for O(1/&?) steps over the original problem with K arms, while an elimination-based one
quickly reduces the problem to one with only 2 arms. The main impact is computational: since
most algorithms need to compute some statistics for each active arm at each round (e.g., closest
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Hy (w*,0) = H*(0) = ¢°/8

o3
@4

®s5

Hy (w*,0) > 1/32'

Figure 3: BAI instance with d = 2 and K = 5. Arm 1 is optimal with a mean reward of 1, arm
2 is e-suboptimal, while all other arms have a large sub-optimality gap. The optimal allocation
w* = (1/2,1/2,0,...)T plays only arm 1 and arm 2 with the same proportions. The distance
Hjy(w*, 0) to the alternative piece of the second arm scales as O(€?) and fully controls the optimal
sample complexity, which in turn is ©(1/€2). On the other hand, the distance Hj(w*,#) to the
alternative piece of every other arm k > 2 is large (£2(1)), which implies that such arms can be
eliminated with sample complexity not scaling with 1 /€.

alternatives, confidence intervals, etc.) and that requires at least one loop over the set of active arms,
the computational complexity of a non-elimination algorithm is at least O(K/e?), while the one of
an elimination-based variant is roughly O(K + 1/£?), a potentially very large improvement.

Remark. The fact that certain arms are discarded very early is not only due to their large sub-
optimality gap but also to the linear structure of the problem (i.e., to the fact that pulling certain
arms provides information about others). In fact, if we consider an equivalent bandit problem with
the same mean rewards but with K -dimensional features such that ¢, = ey, (the k-th vector of the
canonical basis of R¥) for all k, then pulling an arm provides no information about the others. In
this unstructured case, it is known that an optimal allocation w* makes all the half-spaces at the
same distance. That is, Hy(w, 0) is the same for all k and thus no arm is eliminated early.

The following result formalizes the intuition that arms 3, . .., K can be eliminated much earlier than
arm 2. It shows that, for any allocation w and k > 2, the distance Hj,(w, 6) to the k-th alternative
piece is at least a factor 1/ larger than the distance Hz(w, 6) to the second alternative piece.

Lemma H.1. Foranywandk =3,..., K, Hi(w,0) > (1;726)2H2(UJ, 0).

Proof. Fork > 2, Ai(i*) C {n | m <0} U{n | n2 < 0}. Hence the distance from 6 to A (¢*) in
V,,-norm is greater than the minimal distance to each of those two half spaces. The closest points to
6 in those two half spaces are (0,1 — &) " and (1,0) ", respectively. We get

. J1 1
Hiw.6) 2 min {316~ (0.1 - ). 510~ (L0) 7 |

1
= 5 min{[[é1][7,, (1 —€)*[l62]7,} >

5 (1 —e)? min{||¢a |7, . 623, }-

1
2

Since we have 2 x 2 matrices, let us get concrete and write V,, = ( Z fl ) . By our hypotheses on

all ¢y, b > 0. . We get that d = 1 — a by computing the trace of V,,: tr(V,,) = tr(}_, wF¢re) ) =
Yorwhtr(gpgy ) = Yo wFep o = 1.
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_ 1—a -0
Then V' = W( b a > lells, = a llg2lly, = 1 —a, [¢1 — ¢2H%/w—1 =
m(l + 2b) ThuS,

B g2 _a(l—a) =) e
HQ(CU,H) - 2H¢1 _ (152”‘2/2:1 - 2(1 +2b) S ) a(l CL),
and
Hi(w,0) > 50— & minfllga . 92l } = 501~ &) min{l — a,a} > (1~ )%a(1 ~ a).

We finally obtain a comparison between Hy,(w, 6) for k > 2 and Hs(w, 6):

Hy(w,0) > %(1 —a(l—a) > & ;ﬁ Ha(w, ) .

Corollary H.2. The optimal allocation for this problem is w* = (1/2,1/2,0,...,0)".

Proof. By Lemmal|H.1] since ¢ < 1/2 the minimum over Hy, is attained by Hj no matter what w
is, hence the optimal allocation belongs to arg max,, Ha(w, ). With the notation of that lemma,

Hy(w,0) = % where a € [0,1],b > 0 are coefficients of V,,. We get that (if that’s
attainable), the optimal value is reached for « = 1/2,b = 0. By construction of our arms ¢y,

b = 0 implies that w is supported on the two first coordinates. @ = 1/2 can then be attained by
(1/2,1/2,0,...,0)T. O

H.2 An oracle strategy with elimination at stopping provably reduces the computational
complexity w.r.t. LLR stopping

Consider an “oracle” strategy which tracks the optimal proportions w* from the lower bound, i.e., the
arm played at time ¢ is k;, = arg min, (NF_; — twy).

Proposition H.3. Forany K > 3 and € € (0,1/2), the exists a Gaussian linear BAI instance with
unit variance and d = 2 such that, for any ¢ € (0, 1), the oracle strategy combined with LLR stopping

satisfies
£ > 0 (22049),

2

On the same instance, suppose we run the oracle strategy with elimination at stopping using a
threshold By s = log(1/6) + O(log(t)). Then, for all but 2 arms, the expected elimination time of the
corresponding piece is, for full elimination,

E[rx] < O(log(1/9)),

while for selective elimination,
1
E[m] <O (log(l/é) + > .

Here O hides constant and logarithmic terms.

Proof. Consider the problem defined in the example of Appendix It is easy to see that, on
such instance, the oracle sampling rule simply alternates between pulling arm 1 and arm 2. The
first result is immediate from the lower bound E[7] > log (545) /H*(6). We only need to compute
H*(#) = max,, miny Hy(w, #). By Lemma[H.1| since & < 1/2 the minimum is equal to Hs(w, 6).
Since w* = (1/2,1/2,0,...,0)T, using the closed-form expression of the infimum over each
alternative piece as stated above,

62

62
Ao 1 8

w w.

1
H*(0) = max Hy(w,0) = 3

(ks
[
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This proves the first result. Let us now prove the second one. We use the upper bound on the
elimination time of pieces from Theorern Note that, for each time ¢ even, we have that V; /_ t = w*,
which implies that R(6,t) = 0. Therefore, for each k = 3, ..., K, E[r;] < & + 3, where ¢ is the

first integer such that
2
(\/ Bt,s + /Bt 1/t2)
> ’ i 14
t> max{ He(o,0) ,G(0,1) 3, (14)

4ﬁt,1/t2

with G(6,t) = 0 for full elimination and G(0,t) = 7

k=3,...,K,using Lemma|H.1|

for selective elimination. For all

Hy(w*,0) > %Hg(w*,ﬁ) = % 3

5 -
Now, for full elimination, since 3; s = log(1/6) + O(log(t)) and Hy(w*,6) > 1/32 as proved above,
t1. is below the first time ¢ such that

t > 321og(1/6) + O(log(t)),

which yields #; < O(log(1/6)). The same reasoning can be done for selective elimination, which
yields the stated bound. O

1

Y

An immediate consequence of Proposition[H.3|is that the total computational complexity of the oracle
strategy can be significantly reduced with elimination, especially in the regime where § and ¢ are
small.

Proposition H.4. On the same instance constructed in Proposition the expected per-round
computation time of the oracle strategy with LLR stopping is Q(K), while it is at most O(K?&?) for
full elimination and O(Ke? + K/log(1/6)) for selective elimination.

Proof. The per-round complexity of the oracle strategy with LLR stopping is Q(K) since checking
the stopping rule requires computing the infimum LLR for exactly K — 1 alternative pieces at each
step. Full elimination requires two nested loops over the set of active arms, which take at most
O(K?) complexity (when no arm has been eliminated). By Proposition this set is of size at
most K only until time O(log(1/4)), while it is of cardinality at most 2 after that. Since the total
sample complexity is O(log(1/8)/e?) (the same as LLR stopping), the total computation time is
O(K?1og(1/68) +log(1/8)/<?) and the average one is thus the stated quantity. Similarly, selective
elimination requires a single loop over all active arms at each step, which takes at most O(K)
complexity. Again, by Proposition this set is of size at most K only until time O(log(1/4) +
1/€?), while it is of cardinality at most 2 after that. Therefore, the total computation complexity is
O(K log(1/6) + K /g% +10g(1/6)/£?). Dividing by the total number of rounds log(1/4)/e? gives
the stated bound. O

H.3 Low information regret with elimination at stopping provably discards many arms early

Proposition H.5. For any K > 3 and € € (0,1/2), there exists a Gaussian linear BAI instance
with unit variance and d = 2 such that, for any 6 € (0, 1), any low information regret sampling rule
combined with LLR stopping satisfies

SR L))

£

On the same instance, suppose we run the same strategy with elimination at stopping using a threshold
Bi.s = log(1/8) + O(log(t)). Let T. := inf{t : R(0,t)/t < €%/16} (note that this quantity is
constant in §). Then, for all but 2 arms, the expected elimination time of the corresponding piece is,
for full elimination,

E[r] < O(log(1/6) + T-),
while for selective elimination,

E[r,] < O (log(l/é) + s% + T€> .

Here O hides constant and logarithmic terms.
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any vy € (0,e%/16] and k > 2, min,ecq_ (9) Hi(w, 0) > 1/64. This implies that, from Theorem

Remark. On the instance constructed in Proposition we actually have H*(0) = &2 /8 while, for
all but two arms are eliminated way before stopping by any low information regret sampling rule.

Proof. Consider the problem defined in the example of Appendix [H.I] The first result has already
been proved in Proposition[H.3] Let us prove the second one.

We use the upper bound on the elimination time of pieces from Theorem [2.6] For arm k > 2, the
denominator scales as

min Hy(w,0).
WERR(0,1),¢(0) k( )

Suppose that t > T, := inf,{t : R(A,t)/t < €2/16}. Then, by definition of the set {2, any
w € Qg /¢ (0) satisfies

0,t
Hy(w,0) > Ikn;rllHk(w,H) > H*(0) — @ > £2/16.
Combining this result with Lemma[H.1]

1— 2
min Hy(w,0) > # min Hy(w,0) >
WENR(0,1)/1(0) € WER(0,1),t(0)

(1-¢)?
> 1/64.
G =1/

Then, from Theorem [2.6]combined with the condition ¢ > 7., E[r;] < &1 + 2 + T, where #;, is the

first integer such that
2
t> max{64(\/ /Bt,6+ \/615,1/152) 7G(05t)} ’ (15)

with G(6,¢) = 0 for full elimination and G(6,t) = 451‘;1(%2 for selective elimination. We can now

conclude as in the proof of Proposition O

43



I Additional details

Algorithm 2 LinGame [16]]: vanilla (left) and with selective elimination (right)

while not stopped do while not stopped do
Set PP (i* (0,)) = P; (i* (6:))
for i # i*(0;) do > stopping for i € P (i*(6,)) do > stopping
Liw =minyn v,y ||0,«,—)\||%/Nt Lie =minycp +(,)) ||9t—/\||%/N
if L; ;> ;.5 delete i from P™ (i*(6,))
end for end for
if min, ;. 5,y Li,t > Br,5 then STOP if P£*(i*(0;)) = () then STOP
Get w; from a learner £ Get wy from a learner £
for i # i*(6;) do > sampling for i € P;™"(i*(0;)) do ~ >sampling
Ait = arg minAeAi(m HOt—)\H%/Wt Ait = arg minyeq, ;) |\0t—)\||%/w
end for . end for )
)\t = arg min#i* (é” Het—)\ivt”%/wt >\t = arg min,iepfs,mp(i*(é‘)) Hé’t—)\
Update £ with losses based on A; Update £ with losses based on A;
Pull arm k; = arg min;, Nf — >'_, w, Pull arm k; = arg min, Nf — Z _q Ws
Update P;7F (i* (6;)) (Algorithm [3)
end while end while

Algorithm 3 Update active pieces at sampling

Input: statistics at time ¢, answer i, active pieces P; T (¢)

Stores: current helper set P;™P (4) (initialized as P5™ (i) = P(i)), helper set at last reset PP (i)
Output: updated active pieces P; P (4)

if t = £2’ for some integer j > 0 then

Reset P;™P (i) = P(i) and store P;P (i) = P;™P (i)
else

Set /PSIIII)( ) ,Pslnp( )
end if
for p € PP (i) do

if infyca, (s) Li(0:, \) > a5 eliminate p from P5™P (i)
end for
Return P;™ (i) = P;™P (i) N PP ()
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