A Notation

Table 2] reports a summary on the notation used throughout the paper.

Table 2: Notation

Symbol Meaning

K Number of arms

M Number of fidelity

5€(0,1) Confidence level

T Stopping time of an algorithm

(1), e(T) Sample/Cost complexity of an algorithm

I (1) Arm recommended by the algorithm when it stops
v Bandit model

Vim Distribution of arm ¢-th at fidelity m within bandit model v
o? Pseudo-variance of sub-gaussian distributions
Mim Mean of arm i-th at fidelity m

fi,m = Mim — M, M
Em > maXie(k |&i ml

Bias of fidelity m for arm @
Upper bound on the maximum bias introduced by fidelity m
Cost for querying an arm at fidelity m

Iy, my, Ry Arm/Fidelity/Reward selected/observed by the agent at round £ € R
A=y — g Arm gap

S IISE’s set of active arms

it Empirical estimation of the mean of arm ¢-th at fidelity m using ¢ samples
U(t,0,8) Bound on the empirical mean used in the IISE elimination rule
B(t,9) Anytime confidence interval with confidence § and ¢ samples

Qm, Thresholds used in IISE to decide when to switch to fidelity m + 1
m; Smallest fidelity for which IISE ensures that arm ¢ is eliminated

Yy MDP’s state space

A MDP’s action space

p={pn}r>1 MDP’s set of transition kernel

r= {Th}h21

MDP’s set of reward function

n MDP’s discount factor

A MDP’s branching factor

€ Required precision in nearly-optimal identification

Ke Set of e-optimal arms

Y =Max; je[k]1&i,m —&j,m} Maximum bias variation of fidelity m

Dm Upper-bound on maximum bias variation for fidelity m

B Lower Bound

Theorem 1. Consider a multi-fidelity bandit model v with Gaussian distributions v; ,, = N (ti,m,» 02)
such that |p; m — pi | < Em for every i € [K] and m € [M]. Then, for any 6-correct algorithm and
0 <0.15, it holds that:

K

E[c(7)] > i )‘—er i )\—mlo i
aril= mnelﬁ1 KL(yLm,Eg)m) i—2 mnel.l/\I/lll KL(Vi,myvlme) & 2.46 ’

where KL(p, q) is the Kullback-Leibler divergence between distributions p and q, Uy, =N (p2 p +

€y 0°), V1 =N (1,01 = &m, 0%), My = {m € [M]: p1 jn > Eonp, ,, [2]} and M; = {m € [M]:
Eynwy (2] > ttim } fori>1.

Proof. In our proof, we consider a multi-fidelity bandit model v and create a new instance v’ by
modifying the reward distribution at fidelity M of a given ¢ € [K]. The goal is creating a new bandit
model v/ in which the optimal arm is different. We notice that, due to the modification of a considered
arm at fidelity M, we need to modify also distributions at fidelity m < M, so that the new instance
v/ satisfies the constraint on the maximum bias introduced by approximators m < M. Then, we
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show that any J-correct algorithm requires a certain amount of cost to distinguish between the two
problems. In the rest of this proof, we denote with E,,, P, E,, P, expectations and probabilities in
bandit models v and v’ respectively.

We begin with the construction of the alternative instance v’. For all ¢ € [K], we can always build an
alternative model v/ in which we modify only distributions related to arm ¢ (i.e., V4.1, Vi 2, - - - , Vi, M)
We denote the distributions of the modified arms at a generic fidelity m with v} ,,, and their mean
with p; .. We split the construction of v into two parts: 47 1 and i = 1.

Focus on i # 1. We can set v} 5, =N (44j 5, 0°) where pif yy = p1,ar + ¢i s with ¢; as > 0. Then,
for €; ps that satisfies €; ar > ¢; ar(ci ar +24;), it holds that:
2 2
(MQ,M — i) < (pa, v — i) + €

Moreover, since we are considering Gaussian distributions with the same variance JQE] it follows
that:
€i, M
202"
Now, since we have modified v; ps, we need to modify arm i at all the fidelity m < M in which
condition |4 ;m — 1 ps| < & is no longer respected. This is equivalent to 11 m & (1] py — &ms 15 0r +
&), that, in turn, reduces to 1; n, < f11,0m + ¢, m — €. In particular, we modify arm v; ,,, with ylf’m =

. ,0°%),where u’. ~=p' . — &p,. Notice that the new arm now satisfies the precision condition
N (1], 1y, 0°), where i}, = pif 5 Notice that th tisfies the p dit

(i m—p1 =i mHEm)?
- 202

KL(viar, Vi ar) SKL(viar, via) +

on fidelity |} ,,, — 1 s < &m and KL (v, v ,r,)
optimal arm in v/ is arm 7.

. Finally, notice that the

Now, consider arm i =1 and focus on fidelity M. We set v/ ,, =N (i 5;,0°) where i} 5, =
t2,a — c1,0 With ¢, a7 > 0. Then, for €1 5 that satisfies €1 a7 > ¢1p(c1,0 +24A;) we have:

(pe1,m — Mll,M)2 < (aar — poar)? + €
Moreover, by exploiting the fact that the distributions are Gaussians, we have:
€1,M
202"
Now, since we have modified v 57, we need to modify distributions of arm 1 at all the fidelity m < M
in which condition |1, — Mll, | <& is no longer respected. This is equivalent to i1 ., & [p2, 0 —
c1,m — Ems 2, — €10 + &), that, in turn, reduces to o1, > ft2, 07 — €1, + &m- In particular,
we build an arm v ,, =N (i1} ,,,, 0%) where i ,,, = 12 ;1 — 1,0 + &m. Notice that the precision
condition on the fidelity is now satisfied for the new arm. Moreover, we have that KL(VU,,,, y{m) =

(11,m — 2,0 —Em+c1,0)?
202

Denote with M, (¢; ar) the set of modified fidelity for arm ¢; that is M (1, ar) = {m € [M] : pt1,1m >
tanr —cim +Em ), and My(ci ) ={m € [M]: pim < p1,0r + ¢i.pmr — Em } for i # 1. Moreover,
for all 4% 1 and for each fidelity m € M;(c; ar), define v, . (i ar) =N(p1m +cing — Em, ).
For i =1, and each fidelity m € M (c1,ar), define vy ,,, (1) =N(p2.m — 1,00 +&m, OQ)D

KL(v1 a1, 1 ) SKL(v1ar, v, ) +

. Finally, notice that the optimal arm in ¢’ is no longer arm 1.

~

We introduce the event Z := {I(7) = 1}. Then, for any §-correct algorithm it holds that P, (Z) > 1 —§
and P,/ (Z) < 4. Lemma 1 of [24] applied to stopping time 7 in the alternative instance v’ in which
arm ¢ is modified leads to:

S BT (DKL (i, ) > log (215> . (10)

meM;(ci,m)

5We recall that the KL divergence between two Gaussian distributions p = N (u1p, 02) and g = N (g, o) is
— (pr*l"q)z

given by KL(p, q) o
"For all 4, in the limit condition ¢; ar — 0, we adopt the following abbreviations: M (ci ar) — M,
Vi (Cim) = Vim, and vy, (€1,01) = V2,m.
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Now, focus on the left-hand term of Equation (I0):

KL(Vim, V)
Y BT KL i) = Y AT (7)) )
meM;(ci,m) meMi(ci ) m
KL(Vi ms Vz{m)
< max _ My [T 1 (T)].
T meM;(ci,m) Am, Z KEy [T (7))

keM;(ci,m)

Plugging this result into Equation (I0), we obtain:

> AEy[Tim(r)]>  min

Am log (2.15)
2 Tl
meM;(ci,m) meMilesm) KL(VZ’TW Vi,

m)

Now, we can further lower bound the right-hand term using the definition of the alternative instance
v/ that we discussed at the beginning of the proof. For 7 # 1, we obtain:

Z )\mEV [TimL(T)]

meM;(ci,m)

> min A log (ﬁ) - min Am log (ﬁ) .
B KL(vi a1, v1,m) + 555 T meMi(ei s \MMY KL(Vim, 1 (Ci,01))

For ¢ =1, similarly:

> AE [Ty (7)]

mEMl(Cl‘]u)

1 1
> min Aa log (m) SNV min Am log (m) .
KL(v1,0,v2,0m) + 525 meMi(er, )\ (M} KL(V1 i, vy (C1,01))

Now, letting ¢; ps — 0 and €; 5y — 0 for all i € [K] and summing over the arms, we conclude the
proof.

O

C Upper Bound

C.1 Proof of Theorem2]

We begin our proofs with the standard concentration results. For completeness, we report the
Hoeffding inequality [4] for o2-subgaussian random variables.

Lemma 1 (Hoeffding inequality). Let X1, Xo, ..., X,, be independent o-subgaussian random
variables with mean i1, iz, . . . , ji,, Tespectively. Let [i,, == + S g and fiy, = % Yo Xi. Then,

Ve >0, it holds that: "

n€2
P(la, — 1, | >€) <2 - .
(i 7l > 0 <2050 (- 15 )

We now continue with bounding the probability of the failure event.

202 log(%)

Lemma 2 (Failure event). Consider § € (0,1) and B (¢, ) == ;

K M +oo 5
€:=U U U {|ﬂi,m,t_ﬂi’m>B(t7m>}.

i=1m=1t=1

, and let:

Then, P(£) <.

17



Proof. By the union bound we can write:

0330 ([ etz )]

i=1 m=1 t=1

Now, focus on a single term within the summation. Recall that for all ¢ € [K] and m € [M], fi; m.
denotes the expectation with ¢ samples of t; ,,,. Applying a union bound together with Lemmam we
obtain:

+o0 5 +o0 ; 20%log (4t2§<M)
P(U {|,Ui,m,t_,ui,m|zB<ta M) }) S;QGXP _ﬁ t

t=1

SN
T 22KM T KM

Thus, P(E) <YK, M +5- =4, which concludes the proof.

Now, we focus on the properties of Algorithm [I] We begin by showing that the optimal arm remains
in the active set with high probability. Denote with £ the complementary of event £.

Lemma 3 (Non-elimination of the optimal arm). With probability at least 1 — 6, the optimal arm
remains in the active set S until termination.

Proof. 'We notice that, considering a generic active fidelity m € [M] and ¢ > 1, arm ¢ # 1 is removed
from S if and only if there exists j € S and j # ¢ for which it holds that:

1) 1
it — — > i — & |-
Mg om.t U (tv KM ) E'rn) Z Himt + U (ta KM ) Em)

However, due to Lemma[2] we know that with probability at least 1 — ¢ the following conditions
hold:

1) 1)
P <. <
Hj,m,t 7:u%m+B <t7 KM) 7/~LJJW+U (tv KMa§m> )

é é
it > M — — ) > i — — )
Him,t = Him B <t, KM) 2 Wi, M U <t, KM7£m>

Plugging these inequalities into the elimination condition, we obtain that 7 is eliminated with proba-
bility at 1 — ¢ only if it exists j # ¢ for which:

1 )
AL it — — > — & ) >
Mg M = Hjm,t U (ta K] Z—afm) = Himt + U (ta K1 [7£m) = M, M

which is never satisfied for ¢ = 1, thus concluding the proof.

We now proceed with a technical lemma that will be useful in bounding the duration of a given phase
m and the maximum number of samples that are necessary to discard a sub-optimal arm 7 # 1.

Lemma 4 (Technical Lemma). If:

> 12802 ) 12802
O
- T],2 g n26 b

then n > 4B (t,0) is satisfied.

18



202 log(%)
t

4¢2 2t
tn? > 324210 () =64021o ()
= g 5 g G

Then, we proceed by contradiction and analyze: tn? < 6402 log ( f) The proof follows from a di-

Proof. First of all, rewrite n > 4B (t,0) =4 in the following way:

rect application of Lemma 12 of [18]]. In particular, due to Lemma 12 of [18], if tn? < 6402 log (ﬁ)’
then, the following inequality holds as well:

2
1 2 [ 2
t<— | 640%10 6402, | —
n? 8 n4/s ( \/S>

With some basic manipulations, we obtain:

f < 12802 1 12802
n2 8 n2d )’

Then, as soon as t > 128" log (128‘7 ) n > 4B (t, ) holds, which concludes the proof.

O

The next result is crucial to Theorem [2|and provides guarantees on when (i.e., at which fidelity), at
worst, sub-optimal arms will be eliminated, and the number of samples required to take this decision
in that given phase.

Lemma 5 (Arm elimination). Consider o, > 0 for all m € [M — 1] and apr = 0. Suppose | S| > 2
at the beginning of a given phase m € [M|. Consider i € [K| such that i # 1. With probability at
least 1 —§:

* ifieSand A >4, + auy, then, arm @ will be removed from S during phase m using, at

most [(A 28 3z log ((f%ﬁé\/]‘;%)—‘ samples at arm i,

o ifi¢ S and m>1, then A; < ming <., {4&m + o}

Proof. Letus focusoni€ S, i#1,and A; > 4€,, + a,,. First of all, we notice that with probability
at least 1 — 0 the optimal arm remains in .S until termination (Lemma [3). Therefore, one of the events
that eliminate arm 4 from S is given by:

) )
1 m,t taivm ZAim tvivm . 11
fi1m,t U( KMf) u,,t+U( KMS) (11
Moreover, due to Lemma 2] with probability at least 1 — §, the following holds:
0 6
2 -U m |
[1; <pim+B 0 < +U 6 13
Hiym,t > Him KM i, M Ma m | -
Plugging these results into Equation (TT)), we obtain:

. ) 5
f1me—U (t, M §m) > p1,m —2U (t, KM fm)

()
(i)

/ll,m,t 2 Hi,m — B <

> pi v +2U0

LI,

>’\.
7,U/2,m,t+U KM
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It follows that event of Equation (TI)) is guaranteed to occur if

) )
_ - > -
ﬂl,M 2U (t; KMvgm) ,,uz,M +2U <ta KM»fm) )

which, in turn, is equivalent to A; — 4&,,, > 4B (t7 ﬁ) Due to Lemma@ this inequality is satisfied

as soon as:
‘> [ 12802 log ( 128K Mo? )1
N (Ai - 4§m)2 (Az’ - 4§m)25
What remains to prove is that the condition that guarantees to eliminate i from S (i.e., A; — 4, >

4B (t, 257)) activates before switching to the next phase, that happens when o >4B (¢, 25-).
However, since A; > 4&,, + a;y, this is always true.

Focus now on ¢ ¢ .S and m > 1. The proof follows as a direct consequence of the previous claim.
O

We are now ready to prove Theorem 2]

Theorem 2. If «,;, > 0 for every m € [M — 1] and aipy = 0, then, with probability at least 1 — 0, IISE
returns the optimal arm 1 with cost complexity ¢(T) upper bounded by:

K
A, 02 o?MK P ’MK
< i
C(T)O@ (& — 16 P 1°g(<Ai—4gm>26)+m; e (% >>

where m; is the smallest m € [M| for which A; > 4&,,, + vy, holds.

Proof. Consider i # 1. Due to Lemma[3 using fidelity m;, arm ¢ will be discarded from the active
set with probability at least 1 — §, using a number of samples upper bounded by:

12802 128 K M o2 "
o .
(Ai - 4§mi)2 (Ai - 4§mi)26

Since my;, by definition, is the first phase at which LemmaE] guarantees elimination of arm 4, we have
T; 1 (7) =0 for k > m,;. At this point, to derive the total cost required by IISE to discard i, we need

to consider also the number of pulls at fidelity m < m,. This is provided by Lemma[d] which yields
an upper bound on the maximum duration of a given fidelity. More specifically:

12802 128 K M o2
5 lo —‘ .

T (M) < |

- <
Tim(r) < [ a2, a2

Given that a.,, > 0 for all m < M, we notice how the duration of each phase is finite. Together with
Lemma and oy =0, this guarantees that IISE is J-correct.

To obtain the upper bound on the cost complexity, it is sufficient to multiply the number of pulls with
their related cost. Summing over the arms concludes the proof.

O
C.2 Proofs concerning Assumption 1]
We now provide evidence of the theoretical claims made that regards Assumption[I] More specifically:

* First, in Proposition [2] we show that the linear cost increase rate combined with the £’s
decay rate discussed in Section ] provides sufficient conditions for Assumption [I]

* Then, in Proposition[3] we provide bounds on the maximum bias for the planning problem
presented in Section 4]

* Finally, we prove Proposition [T}

Finally, at the end on this Section, we provide final remarks on Assumption
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Proposition 2. If the following conditions hold:

vigjeM-1i<j  (VAm- \F) (\/Aﬁl—wﬁ)z, (12)
1 1
S (TR

v e [M] (13)

Then, Assumption[l]is verified.

Proof. The proof follows from simple upper bound arguments. Consider a generic fidelity m €
[M — 1], and proceed from the left-hand term of Equation (3]

(VA= VAm)? (VAmi1 = VAm)?
Z I?;Im (§ —fk) o Z (gm £m+1)

< (Vi — VAmo1)? Z m
\/7 \/ m— 1

m<m

m<m

- (&m)?
< Asi+1 —2 7
(&m)
where, in the second and last inequality we have used Equation (12), while in third one we have

used Equation (I3). At this point, denote k7 € argming - (‘(anf ng)’;) Then, we proceed in the

following way:

(VA1 — Vam)? \//\k— V)2 . (VA= VAm)?

min ————,

(gm) N (gm gkm) _k>m (fi_fkp

where in the second step we have used A\r__ > A1, together with the fact that & > & — & >
0.

Before diving into the maximum bias bounds for the planning problem described in Section ] let
us introduce some notation. We define a policy 7, := (7, )}, as a sequence of m probability
distributions over the action set .4. We denote with 7, j, the h-th element in 7,,,. More specifically,
given y € Y, m,, n(y) represents a probability distributions over A in state y at depth ~. We define the
cumulative expected reward associated with policy 7, as E. , [>/~ | n'r;]. We define the optimal
policy 77, as the one that maximizes E ,, [>_;~, 'r¢]. Given this initial setup, we now show how
the mean E(])f the arms are defined in our MF-BAI problem. Fix yo € ), and set, for all ¢ € [K] and
m e [M]

tim =10(Y0,1) + Erx

Z ntm] . (14)
t=1

Equation (14) states that the mean of a given initial action 7 is given by two components. The first
one is the immediate reward for taking action ¢ in state yo at depth 0. The second one, is the expected
cumulative discounted reward that will be collected by an agent that maximizes the cumulative
discounted reward over the next m steps. It follows that, selecting the optimal arm within this
problem is equivalent to identifying the action that maximizes the the cumulative discounted reward
starting from state yo. Finally, we notice that, to obtain a sample from 7} it is sufficient to apply any
Monte Carlo algorithm (e.g., depth-first search) to the planning problem and cutting the depth of the
search at m. This is equivalent to set reward O (i.e., the minimum value of the reward) to all actions
at step m > m.

We are now ready to provide maximum bias bounds on ;.

Proposition 3. Consider the stochastic planning problem described in Section|d} and consider for
all i € [K| and m € [M|, u; m as specified in Equation (14). Then, for all m € [M| and i € [K] it

81n this stochastic planning application, we assume fidelity to be indexed starting from 1.

21



holds that:

m—+1 M+1

n —-n

i, v — fim| < &m = 1
-n

Proof. We start by considering |i; ar — f4i,m|. Due to Equation (T4), we have that:

M m
IMM—mmFﬂﬁwlzh%J_&%pbjﬁé
t=1 t=1

m M m
S]Ew;‘n,p Znt,r,t _,’_mngﬂ,’p [ Z ntTt‘| _Eﬂfmp lz 77757'25‘|
t=1 t=m-+1 t=1
7n+1 nM-‘rl
§:’7 ——
t=m-+1 N

where in the first inequality we have upper bounded the maximum of 73, over the entire depth A
into the maximimization of two components (i.e., from 1 to m and from m + 1 to M), and, in the
second inequality we have used |r, (-, )| < 1. O

Proposition 1. Consider A >2. If A\,, =A™ and &, = (n™ 1 —nM+1) /(1 —n) for all m € [M],
then Assumption[I| holds.

Proof. Consider a generic fidelity m € [M —1] and plug the definition of A and ¢ within

_ 2

WA VA? (1)t (VAR VAT
min 7 — = min (15)
k>m (fm—fk) n k>m 7’] —77

The proof follows in two steps. First, we prove that k=m+1 is the minimizer of

VAF /AT

2
Y ) , then, we use this result to show that Assumptionis satisfied.

mingsm, (
Let us proceed with the first step. Consider [ > 1, we need to show that:
(Am+l —A ) >(Am+1 7Am)
(m —nitm)2 = (gm —pmtl)2

(16)
That is equivalent to:
Az —1_ A3 -1
> .
1-nt = 1—-9

a7

Let us recall the Bernoulli’s inequality. For all n >0 and = > —1, it states that: (1 4+ z)™ > 1+ naz.
Now, consider:

A%—1:(H4¢X—nf—121+K¢K—n—1=u¢X—n7

where we applied the Bernoulli inequality since v/A — 1> —1. Moreover, since 1 — 1> —1, we
apply the same reasoning to n! — 1:

1=+ =1)) =12 141 -1)~1=1(y-1),
At this point, we can plug these two results to lower bound the left-hand term of Equation (T7):
A%—1>zmé—1y_A%—1
1-n" = i(1-n") 1-7"
Therefore, Equation (T6)) is always true. More specifically, since it holds for all > 1, we have proved
VAF— m )

that kK =m + 1 is the minimizer of ming~.,, ( T
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We now continue the proof to show that Assumptionis satisfied. Fix an m € [M — 1]. We start by
plugging Equation (T3) into the left-hand term of Equation (5):

mm(ﬁ—\/EF:(l—n)? (A5 —A m)Q

min

o kem (Em —&k)? no) o kem (=)
(1—71)2 3 (A" —AF)
no ) e (=gt

Thus, we can further rewrite as:

<1n)2 A1 QZ A% 2m(ln>2 aon) () -t s
n 1—n <\ 7 S\ 7 1—n A '

m<m n

At this point, consider Equation (I3) with m =m:

(5 e ()

n k>m 77 — ’17

(1—77)2 (W—W)z

n N —

5 () )

and compare it with Equation (T8)). Define ¢ = ;\—2 we obtain:

That is, 2¢™ ! — 1 < ¢, which is always true for A > 2, which concludes the proof.

C.2.1 Remarks on Assumption i]

Now, we remark our contributions concerning Assumption [I] The purpose of Assumption [I}is to
make the multi-fidelity structure provably convenient. Assumptions, in the multi-fidelity literature,
are typical in many settings. In many optimization works [20} 22, 39} |40, [11]], assumptions were
required on the smoothness/structure of the target function to be optimized at each of the different
fidelity. In the context of finite armed bandits [21]], instead, assumptions were required on the values
of ¢ to limit the cumulative regret that is introduced by the adversarial behavior that fidelity might
have in the unstructured setting of finite-armed bandit (i.e., there is no prior knowledge on the arm
space). More specifically, [21]], assumed, that for each m € [M] the following holds:

S E 52 : (19)

k<m

that states a decay rate on the maximum bias function. We remark that also in [21]] a subset of fidelity
on which the assumption holds can be pre-selected so that the algorithm enjoys nice theoretical
properties.

In our work, we provably confirm the adversarial behavior of fidelity in the fixed-confidence setting
(i.e., Theorem|[I)). However, Assumption [I]significantly differs from Equation (I9), since, as already
remarked in Section[d] it states a direct relationships between costs and biases. This is as expected
since, in MF problems, the goal is to trade-off cheaper but biased samples with more expensive
(but more accurate) ones. As a straight consequence, compared to Equation (19), Assumption [T}
depending on the values of \’s, is valid with £’s whose decay is slower (e.g., linear) w.r.t. to the one
of Equation (T9).

Moreover, in this paper, we further discussed the meaning and relevance of Assumption [T] with two
sets of sufficient conditions:
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* in Proposition [2] we derived sufficient conditions for Assumption [I] to hold that do not
put a direct relationships between costs and biases, but that allows for an easy to grasp
interpretation that has been discussed in Section 4}

* in Proposition ] instead, we have shown that with exponential increasing costs (i.e., A, =
A™) and exponential decreasing biases (i.e., &, = (™! —n™+1) /(1 — 7)), Assumption|]
is always satisfied. This is the practical case of the stochastic planning application discussed
in Sectiondl

Furthermore, as we will see in Lemma [6] Assumption [I] is not necessary in the entire proofs of
Theorem 2] Indeed, m; is the cost minimizer among the fidelity subset for which A; > 4¢,,, holds,
without any regard to Assumption [T} The purpose of Assumption[I](that is used in the last step of the
proofs only) is to limit the cost at previous fidelity that were not useful to discard arm with small
enough gaps (which are unknown to the agent).

As a final recap of this remark:

* we have discussed why assumptions are necessary (i.e., Theorem I]and previous literature);

* we have discussed the interpretation of Assumption [T] by deriving two set of sufficient
conditions. Moreover, we have analyzed the relationship with typical assumptions of the MF
literature (i.e., Section E]), with a particular focus on [21]], that studies finite-armed bandits
without any structured assumption on the arm space;

* we have discussed that Assumption [I)is not necessary in the entire proof of Theorem 3] but
it is necessary only for the last step of the proof (see Lemma|6)).

C.3 Proof of Theorem

The proof follows in two steps. First, we prove that m; is the minimizer of the identification costﬂ
Then, we make a direct use of Assumption [I|to prove Theorem 3]

Lemma 6 (Cost minimizer). Consider i # 1. Choose apy =0 and oy, as in Equation (8). Define m;
as the smallest m € [M] for which A; > 4&,, + a, holds. Then:

Am, Am

(i — 46 )2 melMEA>4en (B — 4Em)2

Proof. We proceed by contradiction. Suppose there exists 72 € [M] such that A; > 4&z for which it
holds that:

_— < < g .
(A; —4&7)? me[M]\?%l?:Ap%m (Aj —4&m)? ~ (A —46,,)?

(20)

We split the proof into two parts. Let us first consider 72 > m,; and consider:
L <  min )‘7’”
(Al — 4§m,,)2 T M>m>m; (A7 — 4§m)2
That holds if A; > 4¢,,,, + cum,, Which we know to be satisfied by the definition of m;, thus Equation

(20) is false.

Now, consider m < m;. If Equation (12;0]) holds, then, it would imply A; > 4& + a7 However, we
know by definition of m;, that m; is the smallest m for which the previous condition holds; thus
Equation (20) is false. O

Theorem 3. Under Assumption|[l] selecting the thresholds oy, as in Equation (8), with probability
at least 1 — §, IISE returns the optimal arm with cost complexity ¢(T) upper bounder by:

o(r) <O XK: min _ Amo? <0 S Ao’
T\ &y menaisag, (Ai—46n)? ) T \Z A7

Notice that this holds without any regard to Assumption
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=0and o, =maxar>m>m % Y= form < M,

Proof. First of all, notice that, choosing a;r =
satisfies the requirement of Theorem 2] i.e., v, >0, since &, > & Therefore, IISE returns the

optimal arm with probability at least 1 — § with cost complexity upper bounded by:

K
~ )\miUQ Am 02
c(T)<O<E <(Ai_4§mv)2+ E 2 ))
i m<m; m

i=2
P

K

~ )\m70

Ol X\ a2 —
S ( gmz 4(fm fm) )\m
= s \MAXM >m>m =5

Consider an arm 7 # 1 and us focus on the sum at previous fidelity m < m;
A2 . 2V m—VAn)?
> e Y i TR
<m; (maX o 4(£7n_£ﬁ) Am ) <m m>m 16(5771 - gﬁ)
e M2m>m = = Am e

With some basic manipulations and applying Assumption [T} we can rewrite this summation as

S in 2 02V~ VAm)?

nn 2 Z i 2
m>m 16(£m - gm) m<mg_1 m>m 16(€m - gm)

m<m; 3
V>‘7 V m1 1

R T e

2(\/% Y )\mi—l )2

<2 min
Toom d 16(677”71 _€W)2

m>m;—1

0-2)\'”741‘—1
((45’””—1 + a””i—l) - 4§7n1:71 )2 .

=2

At this point, consider the following general equation of the form
AM' )\m
i—1 i (2 1 )

(d - 45771171)2 h (d - 4577”)2 ’

with d > 4&,,. This is equivalent to:
1
)‘7%11 1(d 4§m ) 72/1 (d74£mi—1)7

which in turn can be rewritten as:
Em'z 1 §mz) Am’l. 1

RV, e v, e B
T VA Ve o VeV
4(5"“ 1S )\/7 . However, due to the defini-

Therefore, Equation 1)) holds for d > 4&,,,_, +
1—1 / / mL B

tion of the thresholds as in Equation (8], we know that

A(Em,, = &) o,
Ay, = max (§WV1 gm)\/m > gmz 1 gmb) /\m1 1'
T M>m>m; 1 VvV )\m— \/m o \/71'_ /\mi—l

Therefore, Equation (21)) holds also for d =4¢&,,, , + am,_, . It follows that:

02A77L7171
((4£mi—l + ami—l) -
At this point, due to LemmaE}, we know that A; <4&,,, |, + am,_,, otherwise, arm ¢ would have
already been discarded at phase m;_1. Moreover, A; > 4¢,,,. due to the definition of m;. Conse-

2
g /\mi

2 4£mi 1)2 = 2((4577%71 +ami—1) _4£mi)2.
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Algorithm 2 Near-optimal Iterative Imprecise Successive Elimination (IISE).

Require: Multi-fidelity bandit model v, confidence &, thresholds {c, }2_,, bounds {&,, }2_,, accuracy e

I: S+ [K]

2: m<1landt<+0
3: while |S| > 1 do
4:  ife—4&m > 4B (t, 257) then
5 return S

6: end if
7:

8

if vy > 4B (t, ;) then
: m<m-+1landt <0

9:  endif

10:  Pull all arms in S at fidelity m and t - ¢ + 1

11:  Update fij m, forall j € [S]

122 S+ S\{i€S:35€ S fijms—U (t, 5. &m) > frime + U (t, 257, &m) }

13: end while

14: return S

quently:

9 0—2)\mi <9 0—2>\mi
((4§mi—1 + ami—l) - 4£mi)2 - (AZ - 4§mi>2 '

Applying the previous reasoning for each i # 1, we can rewrite the upper bound on the cost complexity

of IISE as:
K
~ A, 02
() <0 <Z 7(Ai —4rfm,-)2> )

=2

What is left is proving that m; satisfies the minimum condition on all m € [M] such that A; > 4¢&,,,,
which is guaranteed by Lemma@ (indeed, notice that, given our threshold choice, A; > 4€,, + a,,
implies A; > 4&,,,). Therefore:

A . .
(A — 460 )2 melMArsaen (B — 46p)2

with which we can further the cost complexity:

K A 0.2 K A 0'2 K A 0'2
~ m; ~ . m A M
<o> A )< AL A
C(T) <0 < (AZ _4§m1)2> <0 <Z mG[Z\/[I]I:lg}>4§m (Az _4£m)2> <0 (Z A2 ) ’

=2 =2 =2 *

which concludes the proof. O

C.4 Pseudocode and Analysis of Near-Optimal Identification

We now provide the pseudocode and the analysis of a modification of IISE that allows identifying
e-optimal arms. Algoritm [2]reports the pseudocode. As we can appreciate, the only modification
required is the new if branch at line 4 — 6. Everything else is left unchanged. Due to this observation,
we notice that Lemma EG] and Lemma [3|still hold. What changes, instead, is the arm elimination
lemma (Lemma ).

Lemma 7 (Near-optimal arm elimination). Consider «,,, >0 for all m € [M — 1] and ap; =0.
Suppose that Algarithmhas not terminated at the beginning of a given phase m € [M|. Consider
i € [K] such that i # 1. With probability at least 1 — 0:

o ifi€ S and A; > max{e, 4, + aum }, then, arm i will be removed from S during phase m

2 2 .
using, at most [(A%iz IE log ((E%ﬁé\/]%&)—‘ samples at arm i;

e ifi¢ Sand m>1, then A; < ming<m{4&m + am }-

10Log factors could be optimized since, in e-optimal arm identification problems, anytime-confidence intervals
are not needed. For the sake of simplicity of exposition of the proofs, we continue to use LemmaE}
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Moreover, if m is such that € >4, + o, then, Algorithm will terminate in, at most,

[(51—25502)2 log ((61_2251“)426” rounds in phase m.

Proof. We begin by focusing on the last claim. From Lemma] the e-stopping condition at Line 4 of
Algorithm [2]activates as soon as:

. [ 12802 o 128 K M o2 W
= e—1g,07 (=g, ) I
provided that € > 4&,, and € > 4&,,, + «,,,. These conditions are satisfied by hypothesis.

For what concerns on i € S, i #1, and A; > max{e, 4¢,, + a;, }, the proof follows from a direct
extension of Lemmal(3] The only difference is that we need to prove that the condition that guarantees
to remove ¢ from S (i.e., A; — 4&, > 4B (t7 ﬁ)) activates sooner w.r.t. both the time at which the
phase change happens (this is already proved in Lemma|[5), and also the time at which Algorithm 2]
terminates due to Line 4. This second point directly follows from the fact that A; > e by assumption.

Finally, if ¢ ¢ S and m > 1, the proof follows as a direct consequence of the previous claim.

O
Theorem 4. If o, >0 for every m € [M — 1] and ap; =0, then, with probability at least 1 — 6,

Algorithm [2| returns a subset S € [K| such that for all i € S, it holds that y; > 1 — €. Its cost
complexity ¢(7) is upper bounded by:

)\miO'Q o?MK A2 o?MK
> VNEPTIRE log((Ai—z;gm,)Q(s)+ > 1°g< a2 s )+ 22)

e(r) < O(

igK. m<mg m
A, 02 2 MK A 02 o’MK
L 1 —1 —_— 23
gc: (c—4m,)? °g<<e—4£mi>26>+m; o, Og( 00 >> )

where K. :={i € [K]:u; >p1 —€}. Fori¢ K., m; is defined as the smallest phase for which
A; >4, + auy holds; for i € K, instead, it is defined as the first phase at which € > 4€,, + a,,
holds.

Moreover, under Assumption [I}

_ )\mO'Q )\m0'2
< n )’
er)<O( Y min A e +i€K i1 (€ — 4p)2

g, e

Proof. Let us focus on the result given under generic thresholds «,,,. Consider i # 1. Due to Lemma
m; is, by definition, the first phase at which Lemma [7] guarantees elimination of arm 4. It follows
that T; 4 (7) = 0 for k > m,. For what concerns T ,,,, (7), instead, Lemmaprovides, with probability
at least 1 — § an upper bound on this quantity that is given by:

12802 128K Mq?
Tim, (1) <O ((Ai_w log ((A—4£m>2é>) ’

12802 128K Mo?
Tim (1) <O ((6—4&”)2 tog ((6—4&”)25» ’

for i ¢ K, and:

for i € IC,.

At this point, to derive the total cost required by Algorithm 2]to discard ¢, we need to consider also
the number of pulls at fidelity m < m,. This is provided by Lemma[d] which yields an upper bound
on the maximum duration of a given fidelity. More specifically:

2 2
To(7) <O (12820 log (128KM0 )) .

2
m QA 4
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Algorithm 3 Iterative Imprecise Successive Elimination with Maximum Bias Variation (IISE-).

Require: Multi-fidelity bandit model v, confidence &, thresholds { ., }2_,, bounds {v., }M_;

Pull all arms in S at fidelity m and t <t + 1

Update [ij,m, for all j € [S]

9: S« S\{i€eS:I €S fijme—B(t, 257) > fime + B (t, 257) +¥m}
10: end while

11: return S

I: S+ [K]

2: m+1landt<+0

3: while |S| > 1 do

4:  if o > 4B (t, 257 ) then
5: m<m-+1landt <0
6: end if

7:

8:

Given that a,, > 0 for all m < M, we notice how the duration of each phase is finite. Together with
Lemma[3] aps =0, and Lemma(7)this implies that, than all arms i € S returned by Algorithm 2]are
e-optimal, with probability at least 1 — 4.

To obtain the upper bound on the cost complexity, it is sufficient to multiply the number of pulls with
their related cost. Summing over the arms concludes the proof. For what concern the statement under
Assumption[I] it easily follow using the same analysis of Theorem [3|applied to Equation (22)).

O

D Order-Aware BAI

D.1 IISE-v: pseudocode and analysis

In this section, we provide pseudocode and analysis of IISE-vy. We notice that everything is left
unchanged in the case in which we have knowledge on ¢,,, > v,,. We will highlight this equivalence
throughout the proofs. Algorithm [3]reports the pseudo-code: as we can see, the only modification
lies in the elimination rules.

We now dive into the analysis of IISE-v. First of all, notice that Lemma 2] holds unchanged.

Lemma 8 (Order-aware non-elimination of the optimal arm). With probability at least 1 — 0, the
optimal arm remains in the active set S of IISE-vy until termination.

Proof. 'We notice that, considering a generic active fidelity m € [M] and ¢ > 1, arm ¢ # 1 is removed
from S if and only if there exists j € S and j # ¢ for which it holds that:

) )
~ _ N 9 )
Hj,m,t B (ta KM) _Uz,m,t+B (t7 KM) +7m

However, due to Lemma[2] we know that with probability at least 1 — ¢ the following conditions
holds:

. ) )
fijom,t < thjm+ B <t, K]W) =pjm+B <t, K]M) +&ms

fii.m,t > pim — B (f, Ki%) =pim— B <t, Ki\éf) +&im.-
Plugging these inequalities into the elimination condition, we obtain:
g+ Eom — Eiom = i, M+ Y-
Since, &jm — &im < Ym bY deﬁnitiorﬂ we have that:

i M+ Ym = i, M+ Ym,

which is never satisfied for ¢ = 1, thus concluding the proof. [

"'Note that this also holds for GDm > Y-
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Lemma 9 (Order-aware arm elimination). Consider oy, >0 for all m € [M — 1] and apr = 0. Sup-
pose |S| > 2 at the beginning of a given phase m € [M] of IISE-~y. Consider i € [K] such that i # 1.
With probability at least 1 — 6

o ifie S and A; > 2y, + o, then, arm i will be removed from S during phase m using, at

2 2 .
most [(AESQ‘;M)Q log ((ﬁilgfy\:{:’)%)-‘ samples at arm i;

o ifi¢ S and m>1, then A; < ming<m{2vm + am}-

Proof. Letus focusoni€ S,i#1, and A; > 2, + a,. First of all, we notice that with probability
at least 1 — ¢ the optimal arm remains in S until termination (Lemma . Therefore, one of the events
that eliminate arm ¢ from S is given by:

. o 1)
/J/l,m,t_B< KM>>Mzmt+B< KM>+7m (24)

Moreover, due to Lemma 2] with probability at least 1 — ¢, the following holds:

N ) )
H1,m,t Zﬂl,m -B (ta W) = H1,M -B < KM) +£1 R

. 0 )
i mt < Mim + B (t, W) = i, M+ B < KM) + fz m-

It follows that event of Equation (24)) is guaranteed to occur if:

1) )
— >
Nl,M 2B( KM)+§1m_H1M+2B< KM>+§zm+7ma

which, can be rewritten as:

m 1m_mZ4B tai ’

+ (E1m — &im) — ( KM)
or, more strongly{]zl
A; =2y >4B ([ t,—— | .
245 (1 )
Due to Lemmafd] this inequality is satisfied as soon as:
12802 128 K Mo?
t> [ log —‘ .
(B, =292 B\ (A —27m)%

What is left, is proving that the condition that guarantees to remove i from the active set S (i.e.,
A; —2v, >4B ( R M)) activates before switching to next phase. For the case m = M this is
trivially true. Consider now m < M. Line 4 of IISE-v states that it will proceed to the next phase
only if iy, > 4B (t, 57 ). It follows that, if A; > 27,,, + ct,, then arm 4 will be eliminated in phase
m, which concludes the first part of the proof.

Focus now on ¢ ¢ .S and m > 1. The proof follows as a direct consequence of the previous claim.
O

Now, before moving to the proof of the cost complexity result, we introduce the equivalent of
Assumption|[I] for the maximum bias variation metric.

Assumption 2 (Costs and Maximum Bias Variation Relationship). For every fidelity € [M — 1], it
holds that:

min M <min ———M——— (VAk = v2m)® . 25)

k>mo (Y — k)2 T k>m (Yym—)?

m<m

2Notice that this passage could be carried out with ¢, instead of 7,,. This would lead to a final results

whose order is given by m‘
1 m
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The interpretation behind Equation (23)) is the same as the one provided in Section @ of the main text
for the maximum biases £’s. In the case in which ¢,,, > ,, is available to the learner, the assumption
required to make the multi-fidelity provably convenient becomes:

Assumption 3 (Costs and Upper Bounds on Maximum Bias Variation Relationship). For every
fidelity m € [M — 1], it holds that:

Z min m < min m (26)

k>m ((rbm 7¢k)2 T k>m (W7¢k)2

m<m

Notice that, Assumption [3|holds in the stochastic planning application presented in Section[d} and,
moreover, that in that case, we have knowledge on ¢,,, (see Section .

We are now ready to state the upper bound on cost complexity of IISE-vy. We present the result for ~,
but everything holds with ¢ as well.

Theorem 5. If o, > 0 for every m € [M — 1] and ap; =0, then, with probability at least 1 — 6,
IISE-vy returns the optimal arm with cost complexity ¢(T) upper bounded by:

K
A, 02 ’MK Am 02 oMK
< - . Com
C(T)—O@ & 2 P 1°g<<m2vmj>26>+,,§ o2, 1°g( 2,5 >> @D

where my; is defined as the smallest phase for which A; > 27, + oy, holds.

Moreover, under Assumption 2}

K

~ Am 02
< i — .
C(T) <0 (z; me[]\/fr]r:liril>2'ym (Az — 2’}/m)2>

i=

Proof. Let us first focus on proving Equation (27). Consider i # 1. Due to Lemma[9] using fidelity
my, arm 7 will be discarded from the active set with probability at least 1 — §, using a number of
samples upper bounded by:

12802 128 K Mo?
T (M) < | 5 )|
’ (Ai = 27m,)? (Ai = 29m,)?0
Since m;, by definition, is the first phase at which Lemma 0] guarantees elimination of arm ¢, we have
T; (1) =0 for k > m,. At this point, to derive the total cost required by IISE to discard i, we need

to consider also the number of pulls at fidelity m < m,. This is provided by Lemma[d] which yields
an upper bound on the maximum duration of a given fidelity. More specifically:

12802 128 K M o2

Tym(7) < {

m

Given that a,, > 0 for all m < M, we notice how the duration of each phase is finite. Together with
Lemma 8] and s =0, this guarantees that IISE-y is d-correct.

To obtain the upper bound on the cost complexity, it is sufficient to multiply the number of pulls with
their related cost. Summing over the arms concludes the proof of Equation (27). For what concern,
instead, the second part of the theorem, it follows directly applying the same proofs of Theorem 3]
replacing &’s with 7’s.

O
D.2 Practical relevance of maximum bias variation

In this section, we prove that in the setting highlighted in Section[5| we can use &, as upper bound on
Ym-
Proposition 4. Let i; v — i m > 0 for all i € [K| and m € [M). Then, for each m € [M]:

Tm ZEm-

Proof. By definition, we know that f1; , = i ar + &; m for all i € [K] and m € [M] (with §; ,,, <0).

30



Then, since fidelity m < M underestimates fidelity M, we can write:

Hi M — Him = 7£i,m < max ‘gi,m‘ < §7n~
1€[K]

NOW, by deﬁnition Of V'HL:
fy 1_71;12[['::]{ ) 75 } i [ ] | ) |

where the first inequality follows from the fact that all §; ,,,’s have the same sign.

E Experiment Details

We have run the experiments using 100 Intel(R) Xeon(R) Gold 6238R CPU @ 2.20GHz cpus and
256GB of RAM. The total time taken to have all the results was around 48 hours. To speed up
the running time, we have relied on a parallel implementation that allows us to compure several
independent runs in parallel on different cores.

E.1 Synthetic domains

We provide further details on the experiments on synthetic domains. As highlighted in Section[7} to
make the ~y settings directly comparable with the one that uses £, we generated the arms in such a
way that the fidelity index m is left unchanged. The arm generation process is the following one.

First of all, we consider unit-variance Gaussian distributions; their means were generated at random
as follows. We first generate means for fidelity M, by sampling their value from a normal distribution.
Then, for each fidelity m € [M — 1], we first specify 7,, and a bias term b,,, > 0. Once this is done,
Wi.m 1s sampled from a uniform distribution defined on the interval [uL M —bm — %, Mi v — b +
2. Since 7, holds with the equality for two random arms k, j we fix fi n = fig,pr — by — 2 and
Hj.m = 01 — b + 25 Notice that this generation process provides upper bounds on maximum
bias &, given by b,, + “’T’" Finally, we remark that setting ~,,, > V;n+1 and b, > b,,4+1 for all
m € [M — 1] guarantees ,,, > &, +1, thus the fidelity index is left unchanged.

Synthetic A setting parameters are: K =2000, M =4, \=][1,10,100,1000], &=
[1.15,0.225,0.015,0], ~=[0.3,0.05,0.001,0] and b=[1.0,0.2,0.01,0]. For Synthetic B,
instead: K =1000, M =5, A= ][16,64,256,1024,4096], &= [1.15,0.45,0.105,0.0105,0],
~=1[0.3,0.1,0.01, 0.001, 0], and b= [1.0, 0.4, 0.1, 0.01, 0].

For what concerns MFE, we set av,, :==§,,(4.1). In both domains and for all algorithms, we used
6=0.001.

E.2 Yahtzee

The Yahtzee game has been proposed in [3]] as a benchmark for sequential decision making problems.
The goal of this experiment is showing that IISE can successfully optimize the cost complexity of
a given planning algorithm in a stochastic domain. We notice that this is different w.r.t. to testing
the efficiency of the planning strategy in its original sense [18]], i.e., we proposed a method and
an analysis for MF-BAI, not for MF stochastic planning. Indeed, given the simplification of the
multi-armed bandit setting, there is structure on the planning problem that our study did not aim at
optimizing (e.g., the re-use of experience at different depth m). This is the reason why we are not
taking a direct comparison with planning methods, but the most fair baseline is given by Successive
Elimination [10]].

We now provide a more in depth description of the problem. The game proceeds in 13 rounds. At the
beginning of each round, the player will roll 5 dice and observes the result. After that, he can choose
to re-roll a subset of the 5 dice; this can be repeated up to 3 times. Once the final combination has
been rolled, the player needs to choose a particular move that maps dice combination to scores. As
already highlighted in Section |7} typical moves are:

» “Sixes”, with score given by the sum of dice with the number 6.
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* “Yahtzee”, that assigns 50 points if all the dice show the same number, and 0 otherwise.

The total number of these possible moves is 14; all of them provide scores that are always non-
negative. In its original version, the sequentiality within the problem arises from the fact that once a
given move has been selected at a certain round ¢, than, it cannot be selected at rounds ¢ > ¢. The
goal of the player is to maximize the total sum of points.

In our setup, we consider the following modified version. First of all, it is not possible to re-roll
the 5 dice: once the initial combination has been rolled at the beginning of a given round, a move
needs to be selected. Secondly, we are interested in the discounted case: the goal of the player is to
maximize the sum of discounted of rewards (i.e., we are searching for an e-optimal action). Finally,
we consider the variation in which the player can re-select moves that he already played, but all the
rewards gathered from that move on will be set to 0.

We apply our algorithm to choose the first move in this Yahtzee variation. In particular, the agent
observes the initial combination of 5 dice (which is fixed and known) and needs to understand which
move among the 14 available leads to the highest sum of discounted rewards. As problem setup,
we set 7= 0.8. The initial and observed dice combination is the dice combination [1,1, 1,1, 1]. We
consider M = 8 fidelity with the following meaning: m = 1 stands for planning 6-step ahead from
the initial position, m = 2 stands for planning 7 step ahead from the initial position, and so on up to
M =8 which means planning 13-step ahead, that is equal to length of entire game.

In our experiments, to ease the burden of the required computing power, we pre-compute the exact
expectation of each of the action in the initial position via backward induction. Then, to make the
problem more challenging, when running our experiments we add truncated Gaussian noise to each
expectation. In MFE, we set o, '= &,,,(4.005). For all algorithms we used ¢ = 0.001. Further details
can be found within the codebase.
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