A Notation and preliminaries

We introduce notation and preliminary results regarding finite differences, Sobolev spaces, the Legen-
dre basis, the Fourier basis, trigonometric polynomial interpolation and neural network approximation
theory.

A.1 Overview of used notation

Table 1: Glossary of used notation.

Symbol Description Page
o tanh activation function

d spatial dimension of domain

T¢ periodic torus, identified with [0, 27)?

D general d-dimensional spatial domain p.
Q general domain, either @ = D or Q = [0,7] x D p.
o0 boundary of {2

D)

D
H function space of PDE solution p.[2l
Yy function space of parameters for £, e.g. L, witha € Y p.[2
Z function space of initial conditions for the PDE p.2
X input function space of the operator G p.P
g operator of interest, G : X — L?(Q) p.2l
L, L, differential operator that describes the PDE (with parameter a) p- Z
T, s regularity of the PDE solution, u € C”(D) or u € C'*")([0,T] x D) p-13
Do) plhe) .= DEpo .= gko21 ... 094, for (k, o) € NgH! p.|5
1 upper bound on |||, p.p)
q see Assumption [3.1 p.B
P see Assumption@ .l
poly(d) apolynomial in p.p
oy subset of C" functions with compact support -
AT finite difference operator; if the variable is time: Ay p.|15
In grid point indices, Jn = {0, ...,2N}4 p.|16
Kn Fourier wavenumbers Ky = {k € Z? | |k|oo < N} o
L? Space of square-integrable functions
Hs Sobolev space of smoothness s, with norm || - || s p-|16
L% L3 C L? trigonometric polynomials of degree < N p.[17

A.2 Finite differences
Forh > 0,a € Nd, r € Nand £ := ||| ,, we define a finite difference operator A7 as,
AYTfI(t,z) = Zc?’rf(t,x—i—hb?’r), (A.1)

J

for f € C"*(R?), where the number of non-zero terms in the summation can be chosen to be finite
and only dependent on £ and r and where the choice of b;” € R? allows to approximate D& f up to
accuracy O(h"). This means that for any f € C™+*(R?) it holds for all « that,

W=t ASTf)(t, z) — DS f(t,x)‘ < cop|f(t, )] prsch™ forh >0, (A2)

where ¢, > 0 does not depend on f and h. Similarly, we can define a finite difference operator
Azi [f](t, z) to approximate DF f (¢, ) to accuracy O(h?).
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A.3 Sobolev spaces

Letd € Nk € Ng,1 < p < ocandlet Q C Rdbeopen. For a function f : © — R and a
(multi-)index o € N& we denote by

oledl ¢
Ozt - Oz
the classical or distributional (i.e. weak) derivative of f. We denote by LP({2) the usual Lebesgue
space and for we define the Sobolev space W*?(()) as

Def = (A.3)

WEP(Q) = {f € LP(Q) : D*f € LP(Q) for all & € N¢ with |a| < k}. (A4)
For p < oo, we define the following seminorms on W**((2),
1/p
oy = | 2. ID%f1500) form=0,...,k, (A.5)
la|=m

and for p = oo we define

\f|Wm,m(Q) = ‘E}i’;”Daf”me) form=0,...,k. (A.6)
Based on these seminorms, we can define the following norm for p < oo,
& 1/p
Hf”wkvp(sl) = Z ‘fl?/vm,p(g) , (A.T)
m=0
and for p = oo we define the norm
1fllvwrkoe ) = jmax | flyym.o(e)- (A.8)

The space W () equipped with the norm l[[lyy%.» () is a Banach space.
We denote by C*(Q) the space of functions that are k times continuously differentiable and equip
this space with the norm || f{| cx () = | f lyye.0 (-

Lemma A.1 (Continuous Sobolev embedding). Let d, ¢ € N and let k > d/2 + . Then there exists
a constant C' > 0 such that for any f € H*(T?) it holds that

1flcecpay < ClS N gw(pay- (A.9)

A.4 Notation for Legendre basis

In a one-dimensional setting, we denote for j € Ny the j-th Legendre polynomial by L ;. Following
the notation of [64], it holds that L;(x) = Zf:o )z’ where, with m(€) := (j — £)/2,
{0 G—0{0,...,jYU(2Z+1),

) = (A.10)

(D)m27 (1) )V T -0, j}u2z,

where each polynomial is normalized in L?([—1, 1], \/2), where ) is the Lebesgue measure. Simi-
larly, the tensorized Legendre polynomials,

d
Ly(x) =[] Lv,(z;)  forallv € N§, (A.11)
j=1

constitute an orthonormal basis of L2([—1, 1], \/2%). By considering the lexicographic order on
N¢, of which we denote the enumeration by k : N — Ng, one can defined an ordered basis (L;)jen
by setting L; := L ;).

From [64, eq. (2.19)] it also follows that,

Vs € No,v € N¢ 1 ||L, |

d
Cs([—1,1]9) = H(l + 2”1)1/2+28~ (A.12)
j=1
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A.5 Notation for Standard Fourier basis

Using the notation from [43]], we introduce the following “standard” real Fourier basis {e } .z« in d
dimensions. For £ = (k1,...,kq) € Z%, we let o(k) be the sign of the first non-zero component of
x and we define

1, o(k) =0,
e, :=Cy ¢ cos((k,z)), o(k) =1, (A.13)
sin((k,z)), o(k)

where the factor C,; > 0 ensures that e, is properly normalized, i.e. that |[e|| 2(7¢) = 1. Next, let

k : N — Z% be a fixed enumeration of Z¢, with the property that j ~ |k(j)|o is monotonically
increasing, i.e. such that j < ;' implies that |K(j)|co < |K(j’)|co- This will allow us to introduce an
N-indexed version of the Fourier basis,

ej(z) == ey)(z), VjeN (A.14)

|
I
—

Finally we note that

llexllcs o.2ne) < 116112 (A.15)

A.6 Trigonometric polynomial interpolation

For N e N, letz; = 212\;:{'1 and lety; € Rforall j € Jy = {0,...,2N + 1}%. We will construct
an operator

On : RN 5 L2(T) sy — On(y), (A.16)
where Qn (y) is a trigonometric polynomial of degree at most N such that Qn (y)(z;) = y; for
all j € Jn. We construct this polynomial using the discrete Fourier transform and its inverse. For

ke Ky ={-N,..., N} we define the discrete Fourier transform as,
Xi(y) = > yjexp(—ilk,z;)), (A.17)
JEIN

and the trigonometric interpolation polynomial as,

o)) = —— 3 Xi(y) exp(ith, 2))

|’CN| keXN

= ﬁ Z Z yjcos(<k,z—xj))

keEKN JETIN

= ﬁ Z Z Y; (cos((k,xj>) cos((k, z)) — sin((k, z;)) sin((k,z>))

keEKXN jEIN

= ﬁ > yjanjen(2),

keKn jeIN

(A.18)

where,

1, o(k) =0,
ak,; = § cos((k,z;)), o(k)=1, (A.19)
sin((kyag))7 o(k) =—1,

with o as in SM|A.5] We can also define an encoder £y by,
En : O(T?) = RN f s (f(2)jegn- (A.20)

The composition Qx o Ey is called the pseudo-spectral projection onto the space of trigonometric
polynomials of degree at most /N and has the following property [38].

Lemma A.2. For s,k € Ng with s > d/2 and s > k, and f € C*(T?) it holds that
1f = (Qn 0 EN) (D] e gpay < Clss DN fll gy, (A21)

Sor a constant C(s,d) > 0 that only depends on s and d.
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A.7 Neural network approximation theory

We recall some basic results on the approximation of functions by tanh neural networks in this section.
All results are adaptations from results in [[15]. The following two lemmas address the approximation
of univariate monomials and the multiplication operator.

Lemma A.3 (Approximation of univariate monomials, Lemma 3.2 in [15]). Let k € Ny, s € 2N — 1,
M > 0 and define f, : [-M,M] — R : x + P for all p € N. For every ¢ > 0, there exists a

shallow tanh neural network s o : [—M, M| — R® of width (S+1) such that
max [ fy = (¥s)p [y < e (A22)

Lemma A.4 (Shallow approximation of multiplication of d numbers, Corollary 3.7 in [15]]). Let
d e N, ke Nygand M > 0. Then for every ¢ > 0, there exist a shallow tanh neural network

251 =M, M) — R of width 3 [d—;ﬂ |Pya| (0r 4 if d = 2) such that

Xa(@) =[] <e. (A.23)

B Additional material for Section 3|

B.1 Auxiliary results for Section

LemmaB.1. Let q € [1,00], r,£ € Nwith{ < rand f,, f» € C®7)([0,T] x D). IfAssumptionliE
holds then there exists a constant C(r) > 0 such that for any o« € N& with £ := |||, it holds that

D2 (f1 = fo)ll o < CU = Follpoh™ + max [ fi o) ¥R>0. (B

Proof. From the triangle inequality and the existence of a constant C(r) > 0 follows such that,
|2 = fo)ll 0 < masg [ D2 = - ARTIL| |+ COMT A = Fel
|c(o,r>hr4+0(7’)h4“f1 — follpa- 0

Lemma B.2. Using the notation of the proof of Theorem[3.3|(SM|[B.2), it holds that
HD(’“"") @-a| , <a (B.2)

< ¢, max ‘f]
Ti=1.2

Proof. Using the Faa di Bruno formula [12] and its consequences for estimating the norms of deriva-
tives of compositions [15, Lemma A.7] one can prove for sufficiently regular functions g1, g2, h1, ha
and a suitable multi-index 3 estimates of the form,

HD'B(gl ohy —g20 h2)HC0 < C(llgr = g2llcisiy + [P — 2|l cisiy ), (B.3)

assuming that the compositions are well-defined and where the constant C' > 0 may depend on
g1, g2, h1, ho and their derivatives. Using this theorem we can prove that

MslAlS%[Ae m’)

Dk _ plke) ZZ 1/M,t Ve

m=1 i=0

SRt —tm) - ®M (1) < C6. (B.4)

m

Because the size of the neural network X4 in the definition of @ does not depend on its accuracy &
(see Lemma|A.4) we can rescale 0 and therefore set C' = 1/2 in the above inequality.

Next, we observe that,

(e} M s— 1A11/SMzt[A5K — ) " .
Do) 37y e (8 = @)t — ) - B (1)

m=1 =0
M s— 1AZ«S i Da’\s]( .Z‘) k

=3 e >3 (i)%“(@f — ) (t— t) - OF BN (1)

m=1 i=0 n=0

(B.5)
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Analogously to before, because the sizes of the neural networks $? are independent of their accuracy
d we can rescale 0 such that ||(B.5)[| 0 < 6/2. The claim follows by the triangle inequality,

|pr@—a)| , < IBBlco + 1B o <o (B.6)

O

Lemma B.3. Let AZ? be a finite difference operator cf. Sectionand SM let1 < j<d,let

1 < g < oo letl € Nyandlet a € Ng with ||e||; = £. Let u, i € C*9([~2h,2h] x D) such that
forallt € [—2h,2h],

| D (ult, ) —a(t, ))HLQ(D) <e. (B.7)
Then there exists ¢ > 0 holds that,
s—1 A’ S0, 2)
Dk E:A——%%L—lﬁ—u@,) §CSGH%+ﬂD$mamW_Q. (B.8)

=0 La

Proof. Lett € [—2h,2h], a € N¢ with |||, = ¢ and x € R? be arbitrary. We first observe that,

SlA”’ SIA”lDO‘u](Ox)
ko h,t i ht x ) i—k
prey SRR Y S ®9

Taylor’s theorem then guarantees the existence of &, , € [—2h, 2h] such that

SSLARET](0,2)
k, h,t ’ 7 .
D™ E — t—u(t,-)

= (B.10)

_ s ALk A;'jtk’s_i_k[D?“](O,m)ti - DitFkeq 0, x) i D5*u(&y 5, x) "

Bt il (s — k)]

=0

Now observe that because of assumption (B.7) and the definition and properties (A.2) of the finite
difference operator, there exists a constant C's > 0 such that,

HAerk ,5—1— k[D;‘ﬂ}(O,x) N A;’jtk,sfifk[Dgu](O?x)HL < Clse,

A;l+tk,s—i—k[Dau](O’ .I‘) 4 . (Bll)
7 hi+kx — D"Reu(0,2)| < O Dgulgen h™ 5

Combining all previous results provides us with the existence of a constant c¢; > 0 such that,

s—1 1,5— z
Ay u](0,x) .
Dk ( hot )tZ —u(t,-)

hzz'
La
s—1—k
iy G —i—k i 1 T (B.12)
< ; |:h7r‘rk i H|D?U|c<s.o>hs ' hz] + (S,k)!|D?u|C<SYO>hS
=6 (E}f + |D?U|0(s,0>hsik) .
O
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Definition B4. Let C >0, N e N O <e < land a = ln(C’N’“/s). Foreveryl < j < N, we
define the function ®Y : [0,T] — [0,1] by

@f(t):%a <a (t—T(jN_l)D —%a <a (t—?j)) (B.13)

N (1) = éa <a (t— T(N]'V_l)>> + %

The functions {<I>§V }; approximate a partition of unity in the sense that for every j it holds on ]N
that for some € > 0,

1- Z N, <c and Z N, <e. (B.14)

v=—1 |v]>2,
j+ve{L,...N}

This is made exact in [[15 Section 4].

Theorem B.5. Let k € NU {0}, ¢ € {2,00}, £ > 0 and s € N. Let i be a probability measure on
D andlet f € C*([0,T],LY(w)). Assume that for every 0 < { < k there is a constant C; > 0 for
which it holds that for every N € N there exist functions {pj }N 1 that satisfy forall1 < 57 < N,

‘f_pj

= ma; DE(f —p3 (t,-) H <CIN*H ¢
C“(Jf’7L‘1(u)) [u 2)T)§7+1)T H pj La(p) ¢ &

(B.15)
Let C := max{maxo<e<k C7, | fllcr (0,7, 19(u))» 1} There exists a constant C(k) > 0 that only
depends on k such that for all N > 3 it holds that,

N
f—ZpﬁV-@év < Clnf (W) {Ncskk +§Nk} . (B.16)

CH([0,T], L9 (1))

Proof. We follow the proof of [15, Theorem 5.1]. All steps of the proofs are identical, with the
only difference being that the 1W*°°([0, 1]%)-norm of [13] is replaced by the C*([0, T, L?(u )) norm
in this work. Following [13]], one divides the domain [0, T] into intervals I;" = [t;_1,t;], with
t; =4T'/N and N € N large enough. On each of these intervals, f locally can be approximated (in
Sobolev norm) by p§v , by virtue of the assumptions of the theorem. A global approximation can

then be constructed by multiplying each pj»v with an approximation of the indicator function of the
corresponding intervals and summing over all intervals.

‘We now highlight the main steps in the proof. Step 2a (as in [15]) results in the following estimate,

al CN*
f=>f-oy < Cllfller v g e+ NFH I <€> el (B.I7)
= CH(IN La())
Step 2b results in the estimate,
N k
> (f—py)- o) <Ch* <CJ€V> {chk +€N"’+CkN’““E], (B.18)
=t CR(IN La()

Putting everything together, we find that if CN* > ce,
N

IR

7=t (0.7, L4 (u) (B.19)

CN*¥ Ck
< C'ln* <€> {(U”CHI{V,LQ(M)) +Ck)Nk+1€ Ns—Fk + ka]
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In particular, if we set N*1e = N~k and N > 3, then we find that

£l zaguy) +Cr
stk

N
F=> pY-o¥ < Chn*(N) +ENF| . (B20)
j=1

CF([0,T),L(n))

O

Lemma B.6. Let Gy : X — H be a tanh FNO with grid size N € N and let B > 0. For every € > 0,
there exists a tanh DeepONet G : X — H with N 4 sensors and N¢ branch and trunk nets such that

sup  sup |G (v)(x) — Go(v)(z)| < e (B.21)
lvll oo <B z€T4

Furthermore, width(B) ~ N9 depth(8) ~ In(N), width(r) ~ N%N + In(N/e¢)) and
depth(7) =3

Proof. This is a consequence of [38, Theorem 36] and Lemmawith € + Nie. O

B.2 Proof of Theorem 3.3

Proof. Step 1: construction. To define the approximation, we divide [0, 7] into M subintervals
of the form [t,,—1, t;n], where t,,, = mT/M with 1 < m < M. One could approximate u on
every subinterval by an s-th order accurate Taylor approximation around t,,, provided that one
has access to DZu( ty) for0 < i <s— 1 As those values are unknown, we resort to the finite

difference approximation Diu(-,,,) ~ A’l/SMZ AU (uo, ty)], which is a neural network. See
SM A .2|for an overview of the notation for finite difference operators. Moreover, we replace the

univariate monomials ¢; : [O T] — R : t + t' in the Taylor approximation by neural networks
22 :[0,T] — R with [|¢; — @ o1 < 6. Lemmaguarantees that the output of ($9)=; can
be obtained using a shallow network with width 2(s + 1) (independent of ¢). The multlphcatlon
operator is replaced by a shallow neural network X5 : [—a,a]? — R (for suitable a > 0) for which
| x =X5|lcrsr < 6. By LemmaM only four neurons are needed for this network. This results in
the following approximation for f € C°([0,7] x D),

Ai/let[f](tm,x)

s—1
No A7) =" %s Bt —tm) | VEE[0,T],z€D,1<m<M.
=0

M~

(B.22)
Next, we patch together these individual approximations by (approximately) multiplying them with a
NN approximation of a partition of unity, denoted by ® ... ®3 : [0, 7] — [0, 1], as introduced
in Definition [B.4|in SM [B| l Every ®M can be thought of as a NN approximation of the indicator
function on [tm 1,tm]. For any €,5 > 0, we then define our final neural network approximation

u:[0,T] x D — Ras,

M
i) =3 R (Ng[uf(uo,tm)](t,x),¢% (t)) vt € [0,T], x € D. (B.23)

m=1

Step 2: error estimate. In order to facilitate the proof, we introduce the intermediate approximations
:[0,T) x D — Rand N, : C°(D) x [0,T] x D — R by,

M M s—1 AZS i [’\E )
e 1/M.t tm, @
)= Y Nul@,)(t,2) =Yy Y e it —t)-BM (1), (B.24)
m=1 m=1 i=0

where uZ, = U (ug, t,,). Note that & can be obtained from @ by replacing the multiplication operator
and the monomials by neural networks. Since these the size of these networks are independent of
their accuracy &, we can assume without loss of generality that | D) (7 — @) (¢, -)||z« < 0 (see
Lemma @) for any relevant D*:®) and ¢.
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It remains to prove that D*:®)7 ~ D)y, Combining the observation that D" N, a2 ] =

D¥N,,[D2%E,] with Lemmalzlets us conclude that forall 0 < k < s —1land ¢ € [typ—2, tmr2),

| DEO @) e, )|, < COM(DE @ = w)Ctm)]| 1+ s M)

(B.25)
e e o Bt s NP € COPALDE(E L)
CZ — C<S)|U|C(k,z), N < M to find that,
HD(k,a>(a— w) ‘L < Ol (M) (ull oo M= + M| DE(E, - u)t)|],.), (B26)
q

where C(r,s) > 0 only depend on r and s. Finally, using Lemma E to bound
| D& (@, — u) (- tm) || 1« and combining this with Assumptlonproves
Step 3: size estimate. The following holds,

depth (@) < Cdepth(U°), width(@) < CMwidth(U®). (B.27)

B.3 Proof of Theorem 3.7

Proof. Step 1: construction. Let N € N, let Ey : C°(T%) — R~ be an encoder and
QN RIINI L3 be a trigonometric polynomial interpolation operator, cf. SM - If we
let G = U o Qu o E then we can define an FNO Gy : L2, (T%) — L2(T%) as Gy(uo)(x) =
(Qn 0 En 0 G)(uo) ().

Step 2: error estimate. We decompose the L?-error of the FNO using the triangle inequality and the
inequality [|[4¢ — G||,2 < Ctapblluo — Qn o En o wgl| 1, which follows from Assumption

IG = Goll > < 16 — Ul 1> + Caplluo — Qn 0 En 0 uoll 1 + [1G — Goll 2. (B.28)
First, we find using a Sobolev embedding result (Lemma[A.T) and Lemma[A.2]that,

(Qw 0 Ew)(wo)| < [[uo = (Quv 0 En)(wo) [0 < O )N T
(B.29)
where p* is such that 1/p + 1/p* = 1/2. Next, we observe that for any uq € X with [jug|| . < B

that H (On 0 EN)(ug HHT(’]Td) < CB =: B. Hence, by applying Lemmato the second and last
term of (B.28) we find that,

G — Goll 2 < Cle + Cou, BN "4/ 4 CB N—7). (B.30)

Step 3: size estimate. As for any FNO, the width is equal to N%width(/¢). The depth in this case
is equal to depth(L/€).

O

B.4 Proof of Theorem 3.10]

Proof. Step 1: construction.

Let e > 0 and n, N € N. We first introduce some notation. Let Jy = {0,...,2N + 1}d,
Ky = {=N,...,N}% let {e;},en be an ordered Fourier basis, as described in SM ‘ and let
{€j}jen be a neural network approximation of the same basis such that

- » <1, B.31
gg%ii”ek ekller <1 (B.31)

cf. Lemma Using notation from SM let Qn : RIINI — C(T?) be the trigonometric

polynomial interpolation operator as in (A.18) and let £y : C(T¢) — R~ be the encoder as in
(A.20). We define

@N CRIINT C(’}I‘d) Dy |]CN| Z Z Yjar, €k, (B.32)
keXnN JEIN
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with coefficients ay, ; as in (A.19), as a neural network approximation of Q.

Inspired by the proof of Theorem (and using its notation as well), we define G : C (T4) — L2(u)
by

M s— lAls 1[ s(QZogZOUO t )](t .CE)
1/M s bm m 5 M
Gluo)(t,z) = e Rt —ta) @M (1), (B3I

m=1 =0

Then it holds that

M ak,j Azl/SMZ[ 8(QZogZou07tm)](tm7xj)

(Qn 0 En 0 G)(u => > ZZM‘ ET Wy it 2)

keEKN jETN m=1 i=0

Ui, 1ot ) = 3 (t = t) By (e ().
(B.34)

Now for every i, m, k let U; ,,, . : [0,T] X T? — R be defined as,
Vim(t,2) = X5 (00t = tm), @1 (1), 81 (1)) (B.35)

where X is a neural network approximation of the multiplication operator. We can then construct a
DeepONet as

Go(uo) (. 2) = 3 o)t 2)

om1 M AV U (Qz 0 E2 0 ug, to)|(tm, ) | ~

a
= Z Z Z |k] /M = Uk (t, ).

i= =1kekn |jEIN

(B.36)

We see that we need to set p = sM (2N + 1)? and that the trunk nets are given by 7; ~ ‘i’im’k, up
to a different indexing.

Step 2: error estimate. First we use Assumption [3.4]to see that

1£6 ~ G|, < O3 [5G~ G|
k,o

(B.37)

2’

Next, we observe that using Assumption [3.1] Assumption[3.6]and (B.29) it holds that for all ¢,

(U (Qz 0 €7 0 ug) — G(ug)) (-, 1)| ., < &+ CoupCBZ T/ (B.38)
One can then use Theorem [3.5] but by replacing ¢ by (B.38) in the error bound (3.4), to find that
[PE0(G =) | < CmF MDYl g MH 5+ M (o4 Coy 27 )R +-CEP )

(B.39)
Then, using the observation that D*:®) (Id — Qx 0 Ex)G = D(Id — Qu o Ex)DFG we find that

|pEed - ox 0 &n)Glus)| | < N9 DG . (B.40)
which can be combined with the estimate
HDfé(uO)Hm < M7 MP IR (M)|[UF(Qz 0 £ 0 uo)|| . < METF 1 In*(M)CE,, (B.41)
where we used that for ug € X with ||ug || < B itholds ||(Qn o En)( HHT(W <CB =:B.
Next, we make the rough estimate that,
HD(k,a)(@N —Qn)o gN)g(uO)HLz < ONIMsHE=1 1k (A1) (B.42)
Finally, using Lemma [B.2 we find that
HD(’“")(@N 0EnoG— gg)(uo)‘ e (B.43)
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By setting n = N*~"=% h = 1/N and using that M?* < M*+5=1 and Cff < C’fT we find,

1£(G = Go)l > < O (M) (|[ull oy M*5 + MEF7Y (e 4+ C5

sta

bZ—r-‘rd/p* )NZ + Cere_r))'
(B.44)
We conclude by using that In* (M) < CM? for any p > 0.

Step 3: size estimate. It follows immediately that depth(3) = depth(i/), width(3) = O(M (Z%+
Nwidth(?))), depth(r) = 3 and width(r) = O(MNN + In(N))).

O
B.5 Proof of Theorem 3.11]

Proof. Define the random variable Y = E5(0*(S))? —Er(0%(S), S)?. Then if follows from equation
(4.8) in the proof of [[16, Theorem 5] that

2 de -9 4
P(Y > ¢2) < (ff) exp ( 052 ”) , (B.45)

since P(Y > €%) = 1 — P (A), where A is as defined in the proof of [16] Theorem 5]. It follows that

E[Y] =E[Y ly<] + E[Y Iys.2] <& + P (Y > 52). (B.46)

Setting £2 = ¢P (Y > £?) leads to

de
E[Y] < 2¢2 = 2621n<c <2R;2) ) (B.47)
13

n g2

For € < 1, and using that In(z) < /x for all z > 0, this equality implies that
3 de /2
&_d@-‘rl < 2c (QRE) o/ )

(B.48)
n
Hence, we find that if n > 2c?e%/(2R€)%/? then ee ! < ce~8(2RL)% which implies that
. —1/2
¢ [(2RL\"° 1
In| = < —. B.49
n<€2<€2>> <o (B.49)
Using once more that e = cP (Y > £?) and (B49) gives us,
~1/2 do+1
2c2 V2 2RE\ %
E[Y] < i c(2RL)%e von 111(02 < R22> )
n c 5 € (B.50)
2¢2 2c2(d 1
< \/C In((afy/n)de+1) = \/C(GJF) In(aLy/n).
n n
O

C Additional material for Section

C.1 Auxiliary results

Lemma C.1. Let e > 0, let (0, F,P) be a probability space, and let X : Q — R be a random
variable that satisfies E [| X || < e. Then it holds that P(|X| < &) > 0.

Proof. This result is [23], Proposition 3.3]. O
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Lemma C.2. Let v € {0,1}, 5 € [1,0), ag, a1, Tg, 1, T2, . .. € [0,00) satisfy for all k € Ny that

k—1
o < In(k)(ao + onk)B* + ) (k BED N a) + Tinax(i—1,03 | - (C.1)
=0

Then it holds for all k € Ng that

(a0 + 1) B (k) In(k) (oo +a1)27 (1 +21/2)kpF oy =0 ©2)
ES = .
(4+7)H2(1+2000/2) 7k (k) (i + aq)51/2(3B)* cy=1
Proof. This result is [33, Corollary 4.3]. O

Lemma C.3. Let a € [1,00), g, 21, ... € [0,00) satisfy for all k € Ng that xj, < axf_,. Then it
holds for all k € Ny that

zp < aFFDigk (C.3)

Proof. We provide a proof by induction. First of all, it is clear that ¢y < axg. For the induction step,
1) .
assume that z,_1 < aklxék DY for an arbitrary k € Ny. We calculate that

k
T < « (ak!x(()kfl)!) < a(k+1)!x§!. (C4)

This proves the statement. O

Lemma C4. Let ¢ € N, f € CY(R,R), h € C*(T?,R) and let By denote the (-th Bell number.
Then it holds that

14
1 0 hlorg) < Iflorm) (Bellbllge s o) + hlera ) - (©3)

Proof. Let 11 be the set of all partitions of the set {1,...,¢}, let & € N¢ such that ||a||, = ¢ and

let . : N — N7 be a map such that D = 287[(). Then the Faa di Bruno formula can be
LT

reformulated as [12],

Do f(h(a)) = 3 £ (h(@) - [T 5 lh(z
rell Ben HJEB axt(])
15 (C.6)
= 3 1) T ey ) Do),
mell, Bem HJGB airL(J)
i3

Combining this formula with the definition of the Bell number as B, =
upper bound,

, we find the following

¢
|fohlom) < Z 1 llcemylPllce-1my + 1 f lor @yl Pl cery
el €7

< M llor gy (Bellblles ) + hlergey ) -

C.2 Proof of Theorem

Definition C.5. Let (2, F, i) be a measure space and let ¢ > 0. For every F /B(R®)-measurable
function f : Q — R%, we define

1/q
||f||[:q(#’|\.||Rd) = [/Q Hf(W)H%dM(dW)} . (C.8)
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Let (Q, F, P, (F;).c[0,17) be a stochastic basis, D C R? a compact set and, for every = € D, let
X*:Qx[0,T] — R< be the solution, in the Itd sense, of the following stochastic differential
equation,

dX} = p(XP)dt + o(XF)dBy, X§ ==z, x€D,tel0,T], (C.9)
where B is a standard d-dimensional Brownian motion on (€2, F, P, (F¢).c[0,7])- The existence of
X7 is guaranteed by [3, Theorem 4.5.1].

As in 16} Theorem 3.3] we define pg as
1XS = XE Nl cagpp1,0)

pd ‘=max sup n < 00, (C.10)
£€D5t6[0 T, |s —t|?

where X” is the solution, in the Itd sense, of the SDE (C.9), ¢ > 2 is independent of d and
H'HEQ(P,H-HRd) is as in DeﬁnitionE.

Lemma C.6. In Setting .1} Assumption[3_1|and Assumption[3.6]are satisfied with

Hu —U(p,t HL2 <e, C’fz = CB - poly(dpy), Céar = 1, p =00, (C.11)
where t € [0,T] and ¢ € C2(R?). Moreover, there exists C* > 0 (independent of d) for which it
holds that depth(U¢) < C*depth($°) and {width, size}(U) < C*e~2{width, size}($°).

Proof. 1t follows from the Feynman-Kac formula that u(t, z) = E [¢(X7)] [62]]. Replacing ¢ by a
neural network @° with || — @°|| o0 < € gives us for any probability measure 4 that,

=[x - E [, , < lle - Flos- C12)
Using [[16} Lemma A.2] (which is based on [23]]) we find,
9 1/2
E[(I)] :=E / E [5° (X)) —li (w (dx) < Aelcn (C.13)
= . m - m 7 < \/m . .

From [16, Lemma A.5], for all z € R%, ¢ € [0,7] and w € 2 it holds that

d

Xp(w) = Y (X5 ) = XP(w)) s + X{(w). (C.14)

i=1

Using this equality, together with Holder’s inequality and the boundedness of || X7 ||, [16, Lemma
A.5] we find that,

9 1/2
m

B[] =B || [ |B[DSF(X9)] = 2o 3 DI (X7 ()| ()

i=1
4 1/4

Z (X¥ (wm))| w(dx)

Sl

< C - poly(dpg) - E /]E[AE X)) -
D
< OB - poly(dpa)

(C.15)

Combining the previous results gives us,

E|vm-(I)+ Y (IIa)| < CB-poly(dpa). (C.16)

llell; <€
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If we combine this with Lemma|C_then we find the existence of (w;)!™ ; such that for

1 m
£ - 97 0 . 0,
U (i, mg ;(X ~ X0 )) i + X2 (w)) (C.17)
it holds that
|e @) —wen|, <2 (C.18)
L2(p) ~ \/m
and by setting m = £~ 2 and (C.12) we find that,
lu(-,t) —U (o, t HL2(D) Cfe = CB - poly(pq), Céor, = 1, p=o00. (C.19)

Moreover, it holds that
depth(U®) < C*depth(¢°), {width, size}(U) < C*e~2{width, size}(5°) (C.20)

where we write C* = Cpoly(dpq). O
We can now present the proof of the actual theorem.

Proof of Theoremd.2] We use Theorem [3.5|with £ = 1 and ¢ = 2 and combine the result with
Lemma|C.6. We find that for every M € N and 6, h > 0 it holds that,

||‘C(a_ U)HLq([Q T|x D) + ||’/LL\— UHLz (8([0,T1x D))

< OB - poly(dpa) - n(M)(ful i) M~ + M2(Sh™2 + 1" ~2)). 20
Set § = h", M~17% = §'2/" we find that
12 = )| o1y + 1T =l 2(a021 py) < CB - poly(dpa) In(1/6)8°7 55 (€.22)
Using that In(M) < C'M? for arbitrarily small o > 0, we find that we should set
§=ergit, = (C.23)
O

C.3 Nonlinear parabolic equations

Some examples of nonlinear parabolic PDEs of the type (@.3) are:

¢ The Kolmogorov—Petrovsky—Piskunov (KPP) equation [|37] is a celebrated model that is often
used to model wave propagation and population genetics. The model is particularly useful
for systems that exhibit phase transitions. One obtains the KPP equation if one chooses
a sufficiently smooth nonlinearity F' that satisfies the requirements F'(0) = F(1) = 0,
F'(0)=7>0, F(u) >0and F'(u) < rforall 0 < u < 1. Well-known examples include
the Fisher equation [21] with F(u) = ru(1l — u) and the Allen-Cahn equation [1] with
F(u) = ru(l — u?).

* Branching diffusion processes give a probabilistic representation of the KPP equation for
the case where F(u) = B(Y 4o, axu” — u) with a, > 0 and Y, aj, = 1. In this setting,
the PDE describes a d-dimensional branching Brownian motion, where every particle
in the system dies in an an exponential time of parameter /5 and created k i.i.d. descendants
with probability ay [29, 58]

* Finally, the PDE (4.3) arises in the context of credit valuation adjustment when pricing
derivative contracts to compute the counterparty risk valuation, e.g. [28]. The dimension d
corresponds to the number of underlying assets and can be very high.
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C.4 Multilevel Picard approximations

In what follows, we will provide a definition of a particular kind of MLP approximation (cf. [33])
and a theorem that quantifies the accuracy of the approximation. First, we rigorously introduce the
setting of the nonlinear parabolic PDE (4.3) that is under consideration, cf. [33] Setting 3.2 with
p < 0]. We choose the d-dimensional torus T = [0, 27)¢ as domain and impose periodic boundary
conditions. This setting allows us to use the results of [33]], which are set in R, and yet still consider
a bounded domain so that the error can be quantified using an uniform probability measure.
Setting C.7. Letd,m € N, T, L, L € [0,00), let (T?, B(T<), 11) be a probability space where ji is
the rescaled Lebesgue measure, let g € C(T%, R) N L%(p), let F € C(R, R), assume for all x € T¢,
Y,z € R that

[Ply) - F)| < Lly—2,  max{[F(y)],[g()[} < L. (C.24)
Let ug € C12([0, T) x R4, R) N L2 () satisfy for all t € [0,T],x € R? that
(Orug)(t,x) = (Agug)(t, z) + F(uq(t, x)), uqg(0,z) = g(z). (C.25)

Assume that for every € > 0 there exists a neural network 135, a neural network g. and a neural
network Z. with depth depth(Z.) = depth(F ) such that

~ ’

‘ P

€

ooy = 97 dllagy & 1T —Tdlloorgare) <& (C26)

Note that for some of the equations introduced in Section [C.3|the nonlinearity /" might not be globally
Lipschitz and hence does not satisfy (C.24). However, it is easy to argue or rescale g [43] 5] such
that u4 is globally bounded by some constant C'. For instance, for the Allen-Cahn equation it holds
that if [|g| .. < 1 then ||uq(t, ||Loo < 1forany t € [0,T] [75]. One can then define a ‘smooth’,
globally Lipschitz, bounded function F' : R — R such that F'(v) = F(v) for |v| < C and such that
F(v) = 0 for |v| > 2C. This will then also ensure the existence of a neural network F that is close
to F in C°(R)-norm.

In this setting, multilevel Picard approximations can be introduced. We follow the definition of [33].
Definition C.8 (MLP approximation). Assume Setting Let © = |, cnZ", let (Q, F,P) be a
probability space, let Y?: Q — [0,1], € O, be i.i.d. random variables, assume for all § € O,
r € (0,1) that P(Y® <7)=rletU: [0,T] x Q — [0,T], § € O, satisfy forallt € [0,T), ) € ©
that W =t + (T — )Y, let W?: [0,T] x Q — R%, 6 € O, be independent standard Brownian
motions, assume that (U)gco and (W9)gco are independent, and let U?: [0,T] x T% x Q — R,
n €7, 0 € O, satisfy foralln € Ny, € ©, t € [0,T), x € T¢ that

= 0,0,—
> gla+ Wil

k=1

Ul (t, ) = 20

n

m 0.,ik . 0,—i.k 0,i.k 0,i,k
> (P = @O ) e+ WG, )|
k=1

1=0
(C.27)

Example C.9. In order to improve the intuition of the reader regarding Definition[C.8, we provide
explicit formulas for the multilevel Picard approximation (C.27) forn = 0andn =1,

Ul(t,z) =0 and U(t,x) [Zg (z+ WO | (T — 1) F(0). (C.28)

Finally, we provide a result on the accuracy of MLP approximations at single space-time points.
Theorem C.10. It holds for all n € Ny, t € [0,T), x € T? that

1/2 .
(]E UUg(t,x) - u(t,@ﬂ) < T tir)jf :}Eﬁ(T_)SL /;)ZLT) . (C29)

Proof. This result is [33] Corollary 3.15] with p < 0, p < 2 and £ « L/2. O
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C.5 Neural network approximation of nonlinear parabolic equations

In this section, we will prove that the solution of the nonlinear parabolic PDE as in Setting [C.7 can
be approximated with a neural network without the curse of dimensionality. At this point, we do not
specify the activation function, with the only restriction being that the considered neural networks
should be expressive enough to satisfy (C.26). By emulating an MLP approximation and using that
F, g and the identity function can be approximated using neural networks, the following theorem can
be proven.
Theorem C.11. Assume Sem'ng Foreverye,o > 0 and t € [0,T) there exists a neural network
U, : T% = R such that

() = ut, )| 2y < € (C.30)

In addition, U satisfies that
depth(ti.) < depth(gs) + logc, (3C) exp(m/2) /e)depth(Fs),

4Cy exp(m/2) > e (C31)

width(. ), size(7i.) < (size(gs) + size(Fy) + size(Zs)) ( =

where

C1=(T+1)(1+ Lexp(LT)),  Cy=>5+3LT,

2 C.32
£ = 20+1/0) (C.32)

6 = - =
9CF exp(m/2)’ 2

Proof. Step 1: construction of the neural network. Lete,d > 0 be arbitrary and let F= ﬁ(g,
g = gs and Z = T; as in Setting|C.7. We then define for all n € Nand 6 € O,

]lN(n)

m"

n— N 67 '
ST@tog) @+ Wikt
k=1

U(t,z) =

mnfz

=0 k=1

(C.33)

with notation and random variables cf. Definition [C.8, Note that for every t € [0,T],n € N, 0 € O,
every realization of the random variable U’ (¢, -) is a neural network that maps from T¢ to R.

Letn € Ng, m € Nand ¢ € [0, T] be arbitrary. Integrating the square of the error bound of Theorem
C.10 and Fubini’s theorem tell us that

EM Ug(t,x)u(t,x)rdu(x)} :/Tdnz UUg(t,x)u(t,x)ﬂdu(x)

C.34
- 4L%(T + 1)?exp(2LT)(1 + 2LT)*" (€39
- m™ exp(—m) '
From Lemmal[C.T it then follows that
2 4L2%(T +1)? 2LT)(1+2LT)*"
P (/ VRt ) — ult, )| dp(e) < (T'+1)"exp(2LT)(1 + 2LT) ) S 0. (C35)
Td m™ exp(—m)
As a result, there exists w = w(t,n,m) €  and a realization U2 (w) such that
L(T+1 LT)(1+2LT)"
‘ US@)(t, ) — ult, ~)] < L@+ D exp(LT)(1 + 2LT)" (C.36)
L2(p) mn/2 exp(—m/2)
We define
w:[0,T] x N2 = Q: (t,n,m) — @(t,n,m) (C.37)
and set forevery 1 < k <n,
Uf,(t,z) = Ul(w(t,n,m))(t,z) and U, (t,z) = U(w(t,n,m))(t, ) (C.38)
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for all k£ € Ny and all § € ©. We then define our approximation as ﬁgw(t, ).

Step 2: error estimate. We will quantify how well ﬁQM approximates Ung. Using the calculation
that for f1, fo € C1(R) and hy, he € L?(u) it holds that

[f10h1 = faohallpz,y < Ifiohy — fao hallpzqy + 120 ha = f2 0 hall 2,
< ||f1 - f2||00(]R) + |f2‘Lip(]R)||h1 - h2||L2(M)7
and the fact that 2n < 2™ for n € N we find that it holds for every 6 € © that,

|08t~ Ul ()

n—1
=0

+TZ]1N ‘

< In(n) llﬁ— 9ll L2y + ZT”HF - F‘

(C.39)

L2 (1)

In—i—l ° ﬁ ° (’j_(e,i,k:) _Fo U'(01i7k)

In lOFOUl(el FOU(Q’ i,k)

i—1w

L2 (w)

2 2

L2(M)>

COR)

Ai(f,;i,k) _ 0k

i—1

sz) sz)‘

Lali
LQ(M)+ w(?)

+LTZ(

< 102" |19 ol + T F = P, 4 01T - Tl

+ 5 (max{1, LT}) HU“’ sisk) in’ixk)’ 41 ‘ ok _ U}f’*i”“)‘ ) .
Z L LT < L2(p) () ! ! L2 ()
(C.40)
Now let us set for every k € Ny,
Tk = SupHﬁgw(tﬂ') 7Ugw(t7)‘ ’ (C4D
' ' L2(p)

6co
and in addition we define g = ||g — 9||L2(u)+THﬁ - FHcO( y o1 = |7 = 1d|co and 8 = 2+ LT
R

Taking the supremum over all § € © in (C.40) gives us for all £ € Nj that,
k-1

o < In(k)(ao + ark)B* + Y 857 (@ + Tmax(i-1.0})- (C42)
i=0
Therefore, we can use Lemma@with v < 0 then gives us that for all k£ € Nj it holds that,

O (8, 7) = UL (t,9)|

sup
6co

L2 (p)
A+V2)k [ ~ k
< (k)5 (15 gllpag + T|[F = F , . +17 ~Tdlgn ) 2+ L)
(C.43)
Next we define
C1=(T+1)(1+ Lexp(LT)),  Cy=>5+3LT. (C.44)
Combining (C.36) with (C.43) then gives us that,
U0 (t,-) — ult, - ’
wlt) =)
U0 (t,- —U,?wt,-' +‘U2wt,-—ut,~‘
w(tss) w(t:) o) wl(ts) —u(t,) e (C.45)

< CiCy (Hg Illz2q + HF FH +|Z = 1d|| o +m /2 eXp(m/Q)) .

CO(R)
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For an arbitrary o > 0, we choose

m= 022(1“/0), n = ologe, (4Cy exp(m/2) /e) (C.46)

and if we choose g = g5 and F= ﬁ(s such that,
€ E1+U

4C\Cy ~ (4Ch) 7 exp(om/2)’

19— 9l 2y < 0= (C.47)

then we obtain that

U2 () = ult, )|

<e. (C48)
L2 ()

Step 3: size estimate. We now provide estimates on the size of the network constructed in Step 1.
First of all, it is straightforward to see that the depth of the network can be bounded by

L(U2,) < Ls(@) + (n — 1D)Ls(F) < L5(g) + loge, (3C1 exp(m/2) /e)Ls(F).  (C.49)
Next we prove an estimate on the number of needed neurons. For notation, we write M,, =
M (U, ). We find that for all 0 < k < n,

My, < JlN( ) F(Ms(9) + (k= 1)Ms(T))

—l—Zm (2Ms(F) + (2k — 20 — YM5(Z) + Mi + Munaxgi—1.0y) 50

k—1
S ]lN(k)(Mé( ) + M5( ) + kM5( ))(2m>k + Z mk_i(Mi + Mmax{i7170}>'
=0

Applying Lemmato (C30) (i.e. g + Ms(§) + Ms(F), ay + Ms(Z) and B < 2m) then
gives us that

M, <= (M5( ) 4+ Ms(F) + Ms(I))(1 4+ V2)™(2m)™. (C.51)

2(14+1/0)

Observing that 2 + 2\f 2 < 02 and recalling that m = C,, we find that

M, < - (Ma( ) + M5 (F) + Ms(T))C5 7 2me

4C, exp (m/2) ) 2430 (C.52)
— .

— %(M(s(ﬁ) + Ms(F) + Ms(T)) (

For the width, we make the estimate width, (U° 00) < M.

C.6 PINN approximation of nonlinear parabolic equations

Setting C.12. Assume Setting letg € C(T4,R) N LQ(;LE and let w : [0,T] x N> — Q be
defined as in (C.37) in the proof of Theorem Let Usw: 0, T] xTIxQ R necZfco,

satisfy for alln € No, e > 0,0 € ©,t € [0,T), x € T¢ that

n

~ 1 v . _
09 (t2) = DS @01 0 ) WS ot m,m)
k=1
+Z — [Z(a: o R
k=1

i—1lw

L)@ o RO (U it mm)), @+ WD, (wtn,m)) .

(C.53)

3The function § can but need not be the same as the function g, for some & > 0, of Setting
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Lemma C.13. Assume Setting|[C. 12| Under the assumption that,

max Hzﬂ" <2, (C.54)
1<j<k CF([—L—1,£+1))
where T7 denotes j compositions of I, it holds for all ¢, k € Ny that,
R e 2(6+1)!
if H <Che=||g 2B,(1 + v2)*(1 + 2B THFH k ,
228 H g cO.5([0,T]xT4) — e ”gHC@(W) +2B(1+ \f) (1+2B, CZ(JR))
(C.55)

and where By denote the (-th Bell number i.e., the number of possible partitions of a set with {
elements.

Proof. We prove the claim by induction on 4.

Base case. From Definition [C.8, we find that for £ = 0 and all & € Ny it holds that

k. (C.56)
CO(R)

sup| |72, < 1glleo ey + 27| F|

0€®

CO([0,T]xT%)

Claim (C.55) follows immediately for £ = 0.

Induction step. We assume that claim (C.55) holds true for all 0 < ¢* < ¢ — 1 and k € Ny. From
this assumption, we will deduce that (C.55) holds true for ¢ and all k¥ € Ny. We first observe that it
follows from Lemma g the induction hypothesis and the fact that (C}, ¢)¢>0 is non-decreasing for
any k, that forall § € © and 0 < ¢, 5 < k it holds that,

(T o F)(UY?,)

7,w

<|
Ce([0,T]xTd) —

7 ﬁH B,CL, ‘[7.9‘ (57
© C"’(R)( LYkl 1+ 7,w ( )

C(Ov@>([O,T]><’J1‘d))

N ~||¢
and where (again using Lemma|C.4) it holds that HIJ o FH < 2By HFH .
CL(R) ct

Using this estimate and the fact that (C}, ¢) x>0 is non-decreasing for any ¢, we can make the following
calculation for every k € Ny,

f4 ‘
ve6 | lcwn (o m)xma)
k—1
< 1n(R)[§ T (@ o F)TL,)|
< WB)lGloeas + ;Sgg ( ° F)(Uiw) COO(([0,T]xT))
k—1
TS 1n(i ‘I’H‘ )07 ‘
' ; W) S | e ENUi1)| oo o rmsy

E
—

e
< lN(k)|§|cf(T‘i) + 2B£THFHC@(R)

(2

Il
=)

BiOLes+5up ||
( k-1 +Slelg b .0 (([0,T)xT4))

1t k-1 N
2B THFH (i) | B, ‘UQ ‘
+2B, CE(R); N(i) | BeCr 18D Ui 10 G0 o)

¥
< W) (Glerrey + 2B T[F , . Chmsh)

k§_123 7|7 u? In(i u?
- H HW(R) 328‘ ’V“’cwnqo,ﬂxﬂrd))+ N(”SEBI i”’“‘c@»@(([om]md))
(C58)
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11t
Application ofLemmawith a0 < [9lce(pay, a1 2BCf, 1, B+ (1+ ZBETHFHC[( )) and
: (R
~v + 0 gives us

< ‘gﬂcf(qrd) + 23@6}2171

if4 ‘
Sup” kwll oo,y = 2

0c©

e
(1+\/§)k(1+QBgTHFH )k
cr®)

4
k 4
)| G

Filling in the definition of C}, ¢ indeed gives us the formula as stated in (C.55), thereby concluding
the proof of the claim. O

(C.59)
< [ﬁlce(m +2B,(1+ V2" (1 + 2B, F|

Lemma C.14. Let F be a polynomial. For every o,& > 0 there is an operator U¢ as in Assumption
B.1|such that for every t € [0, T,

[e4° (uo. t) = G(0) (w0, )| oy S &0 CFp < C(B?)2HDL O

sta

L < Ce™?. (C.60)

Moreover it holds that depth(U®(uo,t)) < depth(ip) + Cln(e™1), width(U®(uo,t)) <
width(tg)e =277 and size(U* (uo, t)) < size(tg)e~277.

Proof. The three bounds are a consequence of, respectively, Theorem |C.11/and Lemma|C.13|and
(C.45). The size estimates follow from Theorem [C.I1] Note that one might have to rescale the
constant o > 0. O

D Additional material for Section [4.2]

D.1 Errors of DeepONets

In [43], numerous error estimates for DeepONets are proven, with a focus on DeepONets that use
the ReLU activation function. In order to quantify this error, the authors fix a probability measure
u € P(X) and define the error as,

1/2

5= / / 1G(u)(y) — Go(w) ()| dyduu) | . ®.1)

X U

assuming that there exist embeddings X' L?(D) and Y= L?(U). From [43, Lemma 3.4], it then
follows that & can be bounded as,

& < Lip,(9)Lip(R o P) (&) + Lip(R)Ea + éx, (D2)

where Lip,, (-) denotes the a-Holder coefficient of an operator and where & quantifies the encoding
error, where &4 is the error incurred in approximating the approximator A and where &% quantifies
the reconstruction error. Assuming that all Holder coefficients are finite, one can prove that & is

small if <§5 & "4 and @273 are all small. We summarize how each of these three errors can be bounded
using the results from [43]].

* The upper bound on the encoding error &¢ depends on the chosen sensors and the spectral
decay rate for the covariance operator associated to the measure p. Use bespoke sensor
points to obtain optimals bounds when possible, otherwise use random sensors to obtain
almost optimal bounds. More information can be found in [43, Section 3.5].

* The upper bound on the reconstruction error (?R depends on the smoothness of the operator
and the chosen basis functions 7 i.e., neural networks, for the reconstruction operator R.
Following [43] Section 3.4], one first chooses a standard basis 7 of which the properties

are well-known. We denote the corresponding reconstruction by R and the corresponding
reconstruction error by &7 . In this work, we focus on Fourier and Legendre basis function,
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both of which are introduced in SM|A. One then proceeds by constructing the neural network
basis T i.e., the trunk nets, that satisfy for some ¢ > 0 and p > 1 the condition
€

-7 <
kille ||Tk Tk;HL2 <S

vey

which is shown to imply that,
Er < &5 + Ce, (D.4)
where C' > 1 depends only on [}, ||u|* dGxp(u). Using standard approximation theory,

one can calculate an upper bound on &5 and using neural network theory one can quantify
the network size of 7 needed such that (D.3) is satisfied. For the Fourier and Legendre bases
such results are presented in LemmaD.I]and Lemma|[D.2] respectively.

* The upper bound on the approximation error & "4 depends on the regularity of the operator
G. We present the tanh counterparts of some results of [43| Section 3.6] in the following
sections, with the main result being Theorem [D.6]

For bounded linear operators, these calculations are rather straightforward and are presented in [43}
SM D]. For nonlinear operators, one has to complete all the above steps for each specific case. In [43]
Section 4], this has been done for four types of differential equations.

D.2 Auxiliary results for linear operators

Following Section [D.I] we need results on the required neural network size to approximate the
reconstruction basis to a certain accuracy (D.3). The following lemma provides such a result for the
Fourier basis introduced in SM[A.3]

Lemma D.1. Let s,d,p € N. For any ¢ > 0, there exists a trunk net T : R% — RP with 2 hidden
layers of width (’)(pd%l + psln (pssfl)) and such that
3/2

p*T max 75 — ejllcso,2714) < €, (D.5)

where eq, . . ., e, denote the first p elements of the Fourier basis, as in SM

Proof. We note that each element in the (real) trigonometric basis eq, ..., e, can be expressed in the
form

ej(z) =cos(k-z), or ej(x)=sin(k-x), (D.6)
for k = k(j) € Z? with |k|o < N, where N is chosen as the smallest natural number such that
p < (2N + 1)9. We focus only focus on the first form, as the proof for the second form is entirely
similar. Define f : [0,27]¢ — R : 2 + s -z and g : [-27dN,27dN] — R : = > cos(z).
As £([0,27]%) C [-2mdN, 27dN], the composition g o f is well-defined and one can see that it
coincides with a trigonometric basis function e;. Moreover, the linear map f is a trivial neural
network without hidden layers. Approximating e; by a neural network 7; therefore boils down to
approximating g by a suitable neural network.

From [15, Theorem 5.1] it follows that the function g there exists an independent constant R > 0 such
that for large enough ¢ € N there is a tanh neural network g; with two hidden layers and O(t + N)
neurons such that

g = Gellcs (—2man,2manyy < 4(8(s + 1)°R)* exp(t — s). (D7)

This can be proven from [13} eq. (74)] by setting 6 %, k< s,s <+ t, N < 2 and using ||g]
and Stirling’s approximation to obtain

1 3\ 1 e \'°
( ) < ( ) <exp(s—t) fort> s+ e’ (D.8)

(t—S)' 2-2 ﬂ/Zﬂ'(t—s) t—s
Setting ¢ = O(In(6~1) + sIn(s)) then gives a neural network g, with ||g — G|
follows from [[15, Lemma A.7] that

lgof—gio f||cs([o,27r]d) < 16(6254612)3”9 — 9t Cs([727rdN,27rdN])Hf“és([o,%r]d)
< 16(e?s*d?)*n(2rdN)*.

ce =1

cs < 7m. Next, it

(D.9)
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From this follows that we can obtain the desired accuracy (D.3) if we set 7; = gy (,)) o f with

ep3/2

= - D.10
16(2r Nd3e?s*)s’ ( )

Ui

which amounts to t = O(s ln(sN 5’1)). As a consequence, the tanh neural network 7; has two

hidden layers with O(s ln(sN 5’1) + N) neurons and therefore, by recalling that p ~ N, the
combined network 7 has two hidden layers with

d+1

O(p(s ln(stl) + N)) = O(ps 1n<psefl> +p ) (D.11)

neurons. [

D.3 Proof of Theorem 4.6

Proof. Consider the setting of Theorem Using [43, Theorem D.3], the reasoning as in [43}
Example D.4] and Lemma|D.1| we find that there exists a constant C' = C(d, ¢) > 0, such that for
any m, p, s € N there exists a DeepONet with trunk net 7 and branch net 3, such that

size(T) < C(p% + ps ln(psa_l)), depth(r) = 3, (D.12)
and where
size(8) < p, depth(8) < 1, (D.13)
and such that the DeepONet approximation error (D.1) is bounded by
L eml/d
1G(0) = Go(©)]| 2 yny < =+ Cexp (—ep/!) + Cexp [ -1 ). (D.14)
‘ log(m)

Moreover, it holds that
V() ()] < Cp*e, (D.15)

since in this case T approximates the Fourier basis (SM|A.5). From (A.13)), one can then deduce
the estimate on the C*-norm of the DeepONet. This proves that (3.7) in Theorem [3.9]holds with
o(s) = s/d. This concludes the proof. O

D.4 Auxiliary results for nonlinear operators

We provide a neural network approximation result for the Legendre basis from SM|A 4|

Lemma D.2. Let n,p € N. For any ¢ > 0, there exists a trunk net T : R* — RP with two hidden
layers of width O(p) such that

3/2

cs([-1,14) < €, (D.16)

p¥* max |[r; — Lj|
=1,...,p

)

where Ly, . .., L, denote the first p elements of the Legendre basis, as in SM

Proof. Let j € 1,...,p. It holds by definition of Legendre polynomials and the corresponding
enumeration (SM that the degree in every variable is at most p. Therefore, L; is a product of d
univariate polynomials of degree at most p. From [15) Lemma 3.2] it follows that one needs a shallow
tanh neural network with O(p) neurons to approximate a univariate polynomial to any accuracy. The
result from [[15 Corollary 3.7] can be used to construct a shallow tanh network that approximates the
product of the d univariate polynomials. Note that its size only depends on the dimension d and not
on the polynomial degree p or the accuracy. Finally, [[15) Lemma A.7] ensures the accuracy of the
composition of the two subnetworks. It then follows that there exist a tanh neural network of width
O(p) and two hidden layers that achieves the wanted error estimate. O

In our proofs, we require tanh counterparts to the results for DeepONets with ReL.U activation
function from [43]]. We present these adapted results below for completeness.

The first lemma considers the neural network approximation of the map u — ?(u), as defined in
(43 Eq. (3.59)].
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LemmaD.3. Let N, d € N, and denote m := (2N + 1)d. There exists a constant C > 0, independent
of N, such that for every N there exists a tanh neural network ¥ : R™ — R™, with

size(¥) < C(1 4+ mlog(m)), depth(¥) < C(1+ log(m)), (D.17)
and such that U(u) = (Y1 (), ..., Ym(w)), for allu € R™.

Proof. The proof is identical to that of [43] Lemma 3.28]. O

We can now state the following result [/0, Theorem 3.10] which is the counterpart of [43, Theorem
3.32] for tanh neural networks.

Theorem D.4. Let V be a Banach space and let J be a countable index set. Let F : [-1,1]7 — V
be a (b, e, k)-holomorphic map for some b € {(N) and q € (0, 1), and an enumeration . : N — J.
Then there exists a constant C' > 0, such that for every N € N, there exists an index set

Ax C {u = (v1,va,...) € IL,esNo | vy # 0 for finitely many j € j} : (D.18)

with |An| = N, a finite set of coefficients {c, }veny C V, and a tanh network W : RN — RAN,
Y= {\IIV(y)}VGAN with

size(¥) < C(1 4+ Nlog(N)), depth(¥) < C(1+ loglog(N)), (D.19)
and such that
sup (| FW) = Y wVu(Uuq)- - Un))|| < CN'TH (D.20)
ye[il’l]J vEAN v

Using this theorem, we can state the tanh counterpart to [43 Corollary 3.33].

Corollary D.5. Let V be a Banach space. Let F : [—1,1]7 — V be a (b, ¢, k)-holomorphic map
Jor some b € t1(N) and q € (0,1), where k : N — J is an enumeration of J. In particular, it is
assumed that {b; } jen is a monotonically decreasing sequence. If P : V — RP is a continuous linear
mapping, then there exists a constant C > 0, such that for every m € N, there exists a tanh network
U R™ — RP, with

size(V) < C(1+4 pmlog(m)), depth(¥) < C(1+ loglog(m)), (D.21)
and such that
sup ([P o F(y) = ¥ (Yw(1)s- - -+ Ynom)) 2oy < C|[Pfm™%, (D.22)
ye[-1,117
where s :=q~* — 1> 0and ||P|| = ||P||lv_ denotes the operator norm.
Proof. The proof is identical to the one presented in [43, Appendix C.18]. O

Finally, we use this result to state the counterpart to [43, Theorem 3.34], which considers the
approximation of a parametrized version of the operator G, defined as a mapping

F: [—1,1]*7 — L2(U) 1y — G(u(-y)). (D.23)
A more detailled discussion can be found in [43} Section 3.6.2].

Theorem D.6. Let F : [—1,1]7 — L%(U) be (b, ¢, k)-holomorphic with b € (4(N) and k : N — J
an enumeration, and assume that F is given by (D.23). Assume that the encoder/decoder pair is
constructed as in [43| Section 3.5.3], so that [43| Eq. (3.69)] holds. Given an affine reconstruction
R :RP — L2(U), let P : L*(U) — RP denote the corresponding optimal linear projection [43, Eq.
(3.17)]. Then given k € N, there exists a constant Cy, > 0, independent of m, p and an approximator
A : R™ — RP that can be represented by a neural network with

size(A) < Cx(1 + pmlog(m)), depth(A) < Cr(1 + log(m)).
and such that the approximation error & "A can be estimated by
Ea < CrlIP|m~,
where ||P| = ||P||z2()—re is the operator norm of P.

Proof. The proof is as in [43, Appendix C.19.1]. O
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D.5 Gravity pendulum with external force

Next, we consider the following nonlinear ODE system, already considered in the context of approxi-
mation by DeepONets in [49] and [43],

d’Ul v
— — U2,
dt (D.24)
dvr _ _ sin(v1) + u(t)
dt v 1 .
with initial condition v(0) = 0 and where v > 0 is a parameter. Let us denote v = (v1, v2) and
L V2 o 0
g(v) = (_7 sin(v1)> ;o Ut) = (u(t)> ) (D.25)
so that equation can be written in the form
d
Lo(v) = di; —g(0)+U =0, v(0)=0. (D.26)

In (D.26), vy, vy are the angle and angular velocity of the pendulum and the constant v denotes a
frequency parameter. The dynamics of the pendulum is driven by an external force u. With the
external force u as the input, the output of the system is the solution vector v and the underlying
nonlinear operator is given by G : L2([0,T]) — L?([0,T]) : u — G(u) = v. Following the
discussion in [43]], we choose an underlying (parametrized) measure p € P(L?([0,77])) as a law of a
random field u, that can be expanded in the form

2nt
ut;Y) =Y Yioey <T> , telo,T), (D.27)
kez
where ey (z), k € Z, denotes the one-dimensional standard Fourier basis lb and where the coeffi-
cients o > 0 decay to zero as ay < Cl, exp(—|k|€) for some constants C\,, ¢ > 0. Furthermore,
we assume that the {Y}, }rez are iid random variables on [—1, 1].

Assuming the described setting, the following lemma gives an error bound of tanh DeepONets in
terms of the sizes of the corresponding branch and trunk nets.

Lemma D.7. Consider the DeepONet approximation problem for the gravity pendulum (D.24)), where
the forcing u(t) is distributed according to a probability measure ji € P(L?([0,T))) given as the
law of the random field (D.277). For any k,r € N, there exists a constant C = C(k,r) > 0, and a
constant ¢ > 0, independent of m, p, such that for any m, p € N, there exists a DeepONet Gy with
trunk net T and branch net (3, such that

size(T) < Cp, depth(r) =2, (D.28)
and
size(B) < C(1 + pmlog(m)), depth(B) < C(1+ log(m)), (D.29)
and such that the DeepONet approximation error is bounded by
&< Cem 4 Oom™F + Cp™", (D.30)
and that for all s € N,
|Go(u) ()] . < Cp/2H2ed (D.31)

Proof. The proof of the statement is identical to that of [43| Theorem 4.10], with the only difference
that we consider tanh neural networks instead of ReLU neural networks. As a result, the proof comes
down to determining the size of the trunk net 7 using Lemma|[D.2]instead of [64] Proposition 2.10],
thereby proving the tanh counterpart of [43) Proposition 4.5], and replacing [43) Proposition 4.9] by
Theorem[D.6] The C'*-bound of the DeepONet follows from the C*-bound of Legendre polynomials

(A.12) and Lemma|[D.2 O

We can again follow Theorem to obtain error bounds for physics-informed DeepONets. As-
sumption [3.3|is satisfied for [0, 7]. As a result, we can apply Theorem [3.9]to obtain the following
result.
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Theorem D.8. Consider the setting of Lemma(D.7| For every [3 > 0, there exists a constant C' > 0

such that for any p € N, there exists a DeepONet Gy with a trunk net T = (0, 71,...,Tp) with p
outputs and branch net 3 = (0, B1, .. ., 8p), such that
size(7) < Cp, depth(T) = 2, (D.32)
and
size(8) < C(1+plog(p)), depth(B) < C(1 +log(p)), (D.33)
and such that
dGe(u dGe(u . _
oluh _ Go(u)a + o(u)2 + sin(Go(u)1) — u(t) <Cp*. (D.34)
dt L2(1) dt L2(1)

Proof. Lemma [D.7|with s < 1, k < 7 and m < p then provides a DeepONet that satisfies
the conditions of Theorem [3.9| with r* = +oo and equation (3.7) with o(s) = d/2 + 2sd. The
smoothness of v is guaranteed by [43, Lemma 4.3]. Moreover, it holds that,

dGo(u)1 dGo(u)1  dG(u)y
———— —Gp(u)2 < - +1|G(u)2 — Go(u)2|| 20, (D.35)
dt L2 dt dt g2 H iz
and also that,
dGy(u )
‘ ii(t )2 + ysin(Gp(u)1) — u(t)
L2 (p)
dge(u)2 dg(u)z . .
< — . e
< H 7 I o + bln(g(uh) bln(ge(uh)‘ L0 (D.36)
dGe(u)z  dG(u)z
= H b dt ||, G = Golwhll o
Combining this estimate with Theorem|[3.9|with k& = 2 then gives the wanted result. O

D.6 An elliptic PDE: Multi-d diffusion with variable coefficients

Next, again following [43]], we consider a popular model problem for elliptic PDEs with unknown
diffusion coefficients [11] and references therein. For the sake of definiteness and simplicity, we shall
assume a periodic domain D = T in the following. For b € Ny, we consider an elliptic PDE with
variable coefficients a,

Lo(uw) :=V - (a(z)Vu(z)) + f(zx) =0, (D.37)

for u € C**2(D) with suitable boundary conditions, and for fixed f € C®(D). Similar to the
previous examples, we fix a probability measure i on the coefficient a by assuming that every a can
be written as

a(z,Y) =a(z) + Z arYier(x), (D.38)
kezd

with notation from SM and where for simplicity @(x) = 1 is assumed to be constant. Further-
more, we will consider the case of smooth coefficients z — a(z;Y"), which is ensured by requiring
that there exist constants C,, > 0 and £ > 1, such that |ay,| < C,, exp(—|k|oo) for all k € Z%. Still
following [43], we define b = (b1, bs,...) € /}(N) by

bj == Coexp(—£]K(j)]o0), (D.39)

where k£ : N — Z% is the enumeration for the standard Fourier basis, (SM . Note that by
assumption on the enumeration «, we have that b is a monotonically decreasing sequence. In the
following, we will assume throughout that ||b||,» < 1, ensuring a uniform coercivity condition on all
random coefficients a = a(-;Y) in (D.37). Finally, we assume that the Y; € [—1, 1] are centered

random variables and we let ;1 € P(L?(T?)) denote the law of the random coefficient (D.38).

The following lemma provides an error estimate for DeepONets approximating the operator G that
maps the input coefficient a into the solution field u of the PDE (D.37).
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Lemma D.9. For any k,r € N, there exists a constant C' > 0, such that for any m,p € N, there

exists a DeepONet Gg = R o A o € with m sensors, a trunk net T = (0,71, ..., Tp) with p outputs
and branch net 3 = (0, 81, ..., Bp), such that
size(B) < C(1+ pmlog(m)), depth(B) < C(1 +log(m)), (D.40)
and
size(t) < Cp' @ depth(r) < 2 (D.41)
such that the DeepONet approximation error satisfies
G < Ceet™mt 4 Cm~ 4+ Cp, (D.42)
and that for all s € N
|Go(u)()| e < Cp*/e. (D.43)

Proof. This statement is the tanh counterpart of [43, Theorem 4.19], which addresses ReLU Deep-
ONets. We only highlight the differences in the proof. First, one should use Lemma|[D.I]instead of
[43, Lemma 3.13], which then results in different network sizes in [43, Lemma 3.14, Proposition
3.17, Corollary 3.18, Proposition 4.17]. Second, one needs to replace [43, Proposition 4.18] with
Theorem

Moreover, in this case the trunk net 7 approximates the Fourier basis (SM|A.5). From (A.13), one
can then deduce the estimate on the C'°-norm of the DeepONet. O

It is straightforward to verify that the conditions of Theorem [3.9]are satisfied in the current setting.
Applying Theorem [3.9] then results in the following theorem on the error of physics-informed

DeepONets for (D.37).

Theorem D.10. Consider the elliptic equation (D.37) with b > 1. For every 3 > 0, there exists
a constant C' > 0 such that for any p € N, there exists a DeepONet Gy with a trunk net T =
(0,71, ...,7p) with p outputs and branch net 3 = (0, 1, ..., Bp), such that

size(B8) < C(1+ p*log(p)), depth(B) < C(1 +log(p)), (D.44)
and
size(T) < Cp* depth(T) <2 (D.45)
such that
IV - (a(2)VGs(a)(@)) = f(2)|] 12,y < Cp7. (D.46)

Proof. We first check the conditions of Theorem [3.9] Lemma[D.9with s <— 1, k < r and m < p
then provides a DeepONet that satisfies the conditions of Theorem|3.9/with r* = 400 and equation
(3.7) with o (s) = s/d. Moreover, the following estimate holds,

|V - (a(z)VGy(a)(z)) — f(‘r)HLQ(/L)
< || V- (a(2)VGy(a)(z)) — V - (a(fc>W(a)<fC>>HLz<#)

4 4 (D.47)
<> lallco|[02(Go — g><a><z>\ vt > llallea]|95(Go = G)@)(@)]] 2 .-
j=1 j=1
Combining this estimate with Theorem [3.9| with k& = 2 then gives the wanted result. O
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