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Abstract

The logit outputs of a feedforward neural network at initialization are condition-
ally Gaussian, given a random covariance matrix defined by the penultimate layer.
In this work, we study the distribution of this random matrix. Recent work has
shown that shaping the activation function as network depth grows large is neces-
sary for this covariance matrix to be non-degenerate. However, the current infinite-
width-style understanding of this shaping method is unsatisfactory for large depth:
infinite-width analyses ignore the microscopic fluctuations from layer to layer, but
these fluctuations accumulate over many layers.

To overcome this shortcoming, we study the random covariance matrix in the
shaped infinite-depth-and-width limit. We identify the precise scaling of the acti-
vation function necessary to arrive at a non-trivial limit, and show that the random
covariance matrix is governed by a stochastic differential equation (SDE) that we
call the Neural Covariance SDE. Using simulations, we show that the SDE closely
matches the distribution of the random covariance matrix of finite networks. Addi-
tionally, we recover an if-and-only-if condition for exploding and vanishing norms
of large shaped networks based on the activation function.

1 Introduction

Of the many milestones in deep learning theory, the precise characterization of the infinite-width
limit of neural networks at initialization as a Gaussian process with a non-random covariance ma-
trix [, 2] was a turning point. The so-called Neural Network Gaussian process (NNGP) theory
laid the mathematical foundation to study various limiting training dynamics under gradient descent
[3-2]. The Neural Tangent Kernel (NTK) limit formed the foundation for a rush of theoretical
work, including advances in our understanding of generalization for wide networks [[3-T5]. Be-
sides the NTK limit, the infinite-width mean-field limit was developed [T6-T9], where the different
parameterization demonstrates benefits for feature learning and hyperparameter tuning [2Z0-27].

Fundamentally, the infinite-width paradigm derives results from the assumption that the depth of the
network is held fixed while the widths of all layers grow to infinity. Unfortunately, this assumption
can be problematic for modeling real-world networks, as the microscopic fluctuations from layer to
layer are neglected in this limit (see Figure [). In particular, infinite-width predictions are shown to
be poor approximations of real networks unless the depth is much less than the width [23, 24].

Impressive achievements of deep networks with billions of parameters crystallize the importance of
understanding extremely large, deep neural networks (DNNs). An alternative to the infinite-width
paradigm is the infinite-depth-and-width paradigm. In this setting, both the network depth d and the
width n of each layer are simultaneously scaled to infinity, while their relative ratio d/n remains
fixed [23, 25-29]. Recent work also explores using d/n as an effective perturbation parameter [B0-
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(Left Column) Unshaped ReLU DNNs, see (2.1) (Right Column) Shaped ReLU DNNs, see Definition 3.1
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Figure 1: Simulations of correlation pgﬁ = between post-activation vectors in ReLU net-

T leglled |
works, comparing finite NNs vs. our theoretical predictions vs. infinite-width paradigm. Left Col-

umn: p?ﬁ vs. our Markov chain (ZI0) vs. infinite-width update pyy1 = cK;(pe) (see (Z10) and

note the log scale and 1 — p here). Right Column: po‘fn | Vs. our Neural Covariance SDE vs. ODE

dp: = v(pt) dt (see Theorem B33). Top Row: Median p as a function of layer. Bottom Row: Full
distribution at final layer / = d. Simulation details: n = d = 150, py = 0.3, 21 samples for each.
In right column: ¢, = 0,c_ = —1, DE step size 1e—2. Densities from kernel density estimation.

33] or to study concentration bounds in terms of d/n [8, 34]. This limit has the distinct advantage of
being incredibly accurate at predicting the output distribution for finite size networks at initialization
[277] — a significant improvement over the NNGP theory. Furthermore, it has also been shown that
there is feature learning in this limit [23], in contrast to the linear regime of infinite-width limits [8].
Considering the mathematical success of the NNGP techniques, the infinite-depth-and-width limit
hints at the possibility of developing an accurate theory for training and generalization.

An immediate issue of the infinite-depth limit is that this limit predicts that network output becomes
degenerate as depth increases: on initialization the network becomes a constant function sending all
inputs to the same (random) output [B3, 36, B3]. While degenerate outputs are not necessarily an
issue in theory, it poses a more serious problem in practice: degenerate correlations imply a “sharp”
input—output Jacobian, and therefore exploding gradients [B', P3]. Intuitively, the output is not very
sensitive to changes in the input, hence the gradient must be very large in the earlier layers.

A promising new attack on this problem is to modify the activation function (“shaping”) to reduce
to the effect of degeneracy [38, B9]. In this prior work, extensive experiments show that shaping
the activation significantly improves training speed without the need for normalization layers. This
method has been proven effective for problems as large as standard ResNets on ImageNet data. The
authors designed several criteria including reducing estimated output correlation, and numerically



Notation Description Notation Description Table 1: Notation
nin € N Input dimension Nout € N Output dimension
n €N Hidden layer width deN Number of hidden layers (depth)
»(*) Base activation ws(+) Shaped activation
& € R"in Inputforl < a <m Wo € RMinxn Weight matrix at layer O
28 € Rl Network output Wou € R™*™ Weight matrix at final layer
zg € R" Neurons (pre-activation) W, € R™*" Weight matrix at layer 1 < ¢ < d
forlayer 1 < ¢ <d All weights initialized iid ~ A\(0, 1)
v €R” Neurons (post-activation) ceR Normalizing constant
for layer 1 < ¢ < d c=(Ep(9)?) " for g ~ N(0,1)

optimized the shape of activation functions for improved training results. However, their determin-
istic estimation of output correlation using the infinite-width limit leads to a poor approximation of
real networks, as the additional randomness has both non-zero mean and heavy skew (see Figure [
right column). Furthermore, numerically searching for the activation shape obscures the picture on
how shaping should depend on the network depth and width.

In this paper, we address these problems by providing a precise theory of shaped infinite-depth-
and-width networks, extending both the NNGP theories and the activation shaping techniques. In
particular, we prescribe an exact scaling of the activation function shape as a function of network
width 7 that leads to a non-trivial nonlinear limit. By keeping track of microscopic O(n~'/?) ran-
dom fluctuations in each layer of the network, we show that the cumulative effect is described by a
stochastic differential equation (SDE) in the limit. In contrast to existing infinite-width theory, we
are able to characterize the random distribution of the output covariance, which matches closely to
simulations of real networks. In a similar spirit to how the NNGP theory laid the foundation for
studying training and generalization in the infinite-width limit, we also see this work as building the
mathematical tools for an infinite-depth-and-width theory of training and generalization.

1.1 Contributions

Similar to the NNGP approach, we use the fact that the output is Gaussian conditional on the penul-
timate layer. However, unlike in the infinite-width paradigm, the covariance matrix is no longer
deterministic in the infinite-depth-and-width limit. Our focus in this paper is to study this random
covariance matrix. Our main contributions are as follows:

1. We introduce the tool of stochastic y/n-expansions and convergence to SDEs for analyzing the
distribution of covariances in DNNss.

2. For unshaped RelLU-like activations, we show that the norm of each layer evolves according to
geometric Brownian motion and correlations evolve according to a discrete Markov process. See
left column of Figure [ and Section D.

3. For both ReLU-like and a large class of smooth activation functions, we derive the Neural Covari-
ance SDE characterizing the distribution of the shaped infinite-depth-and-width limit. See right
column of Figure [l and Section B.

4. We show our prescribed shape scaling is exact, as other rates of scaling leads to either degenerate
or linear network limits. See Proposition B4 and Proposition B-10.

5. For smooth activations, we derive an if-and-only-if condition for exploding/vanishing norms based
on properties of the activation function. See Proposition B71 and Section @.

6. We provide simulations to verify theoretical predictions and help interpret properties of real DNNs.
See Figures [ and D and supplemental simulations in Appendix B.

2 Limits for Unshaped ReLLU-Like Activations

Using the notation in Table 1, the output of a fully connected feedforward network with d hidden
layers of width n on input ¢ is defined by vectors of pre-activations z;* and post-activations ©}':

1 c c
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Note that factors of v/ cn~1 are equivalent to intializing according to the so-called He initialization
[20]. We use Greek indices «, (3, . . . to denote multiple different inputs. Note that while our results
are all stated for fixed width n in each layer, they can be generalized to layer width ny in the limit

where all ny — oo with Z?:l ne~ ! replacing the role of the depth-to-width ratio d/n [25].

In this section, we analyze ReLU-like activations by which we mean activations which are linear on
the negative and positive numbers given respectively by two slopes s and s_:

o(x) == sy max(z,0) + s_ min(x,0) = s4@reLu(T) — S—@reLu(—2) . 2.2)
These are precisely the positive homogeneous functions: p(az) = |a| p(z) Vz,a € R.

2.1 SDE Limits of Markov Chains

We briefly review the main type of SDE convergence principle used in our main results (see Propo-
sition &A for a more precise version). Let X;, t € R™, be a continuous time diffusion process
obeying an SDE with drift b and variance o2 as given in (Z3). Suppose that for each n € N, Y/risa
discrete time Markov chain ¢ € N whose increments obey (Z3) in terms of the same functions b, o

1 .
AX = WX e+ o(X) By Y =¥ = W) + oY) S+ 0, @)

where &, are independent variables with E(&;) = 0, Var(&,) = 1. With this setup, under technical
conditions described precisely in Appendix B, we have convergence of Yy at £ = |tn] to X;, or
more precisely: with X' = Yﬂn | we have X™ — X as n — oo in the Skorohod topology. In
our applications, n is always the width (i.e., number of neurons in each layer) which may appear
implicitly and ¢ is always the layer number.

2.2 A Simple SDE: Geometric Brownian Motion Describes |¢% B

To motivate our approach of SDE limits, we illustrate the method using the example of the squared
norm of the ¢-th layer, |©%|?, where we recall ¢ = ((2¢'). For a single fixed input 2 and a ReLU-

like activation ¢, the norm of the post-activation neurons |g02‘|2 forms a Markov chain in the layer
number ¢. We use the fact that a matrix with iid Gaussian entries applied to any unit vector gives a
Gaussian vector of iid A/(0, 1) entries. Hence, in each layer, we can define the Gaussian vector g®
as follows, and use (1) with the positive homogeneity of  to write the Markov chain update rule:

« 2 {67 1 S {67 {63 ¢ d
ol = of L Do ewlof ), where g i= Wer Pl SN0, 1) 24)
i=1 £

At this point, the infinite-width approach applies the law of large numbers (LLN) to conclude
lim ’@?HIQ = |p¢PE[ee?(g)] = |@f|® - 1 as. by definition of ¢. However, the LLN cannot

n—oo
be applied when depth d is diverging with n, as the cumulative effect of the fluctuations over d lay-

ers does not vanish! Instead, we keep track of the O(1/+/n) fluctuations in each layer by introducing

the zero mean finite variance random variable B3 := —= 37" | (cy(gf")* — 1). This allows us to

rewrite this Markov chain update rule as

2 2 1
o %= o2 (1 + —=Ro 2.5
’@Z—Q—l’ |<P€‘ ( + \/ﬁ v ) ) ( )
which allows us to see that the Markov chain Y;* = <£[p¢|? is now in the form of (Z3) with

Yy = o[z, b(Y) = 0,0%(Y) = Var(Ry®)Y? = Var(cp(g)?)Y?. Consequently, we have
that the squared norm Markov chain converges to a geometric Brownian motion dX; = 0 X;dB;, or
more precisely

2 52
lim £ “Pftnj - X, 4 N(=%Fto%t) 7 (2.6)
n—oo n
where the convergence is in the Skorohod topology (see Appendix &l). When ¢ is the ReLU function
(s = 1,s— = 0), we have ¢ = 2 and 02 = 5, which recovers known results in [, D77-79].

We remark again this simple Markov chain example illustrates the main technique we use in later
sections to establish SDE convergence for shaped networks in Section 3.



2.3 Non-SDE Markov Chains: the Gram Matrix <<p‘g‘, gof > and Correlation p?ﬁ

We can generalize Section E2 to a collection of m inputs {z®}7"_; by looking at the entire Gram
matrix [(p§, <pf )Mo s=1, where we again recall i = ¢(z7). We note that the convergence of
Markov chains to SDEs in (Z3) can be generalized to Y;* € RY by considering Cov (&) = Iy,
b:RY = RY and o : RY — RV*N_ The Gram matrix is of particular interest because the
neurons in any layer are conditionally Gaussian when conditioned on the previous layer, with
covariance matrix proportional to the Gram matrix:

d Cc
el | Fe 2N (0, 2 llef, oD Npm @ 1)
ol Fa £ N (0, 2 [0, )i 51 © L)

where F; denotes the sigma-algebra generated by the ¢-th layer [ze |™_,, and ® denotes the Kro-
necker product (here indicating conditionally independent entries in each vector). With this prop-
erty in mind, we will introduce Ey[-] := E[-|F,] to denote the conditional expectation, and
Var,(-),Covy(-) similarly to denote the conditional variance and covariance. If we define g*
as in (I4), we see that the g© are all marginally N (0, I,,). Similar to (Z), we can write the update
rule for the «, S-entry of the Gram matrix:

2.7)

(P81, 9l) = l971lel I* Z cp(9)p(9)) 2.8)
Just as we did in (I3), we can define RO‘B f Yo cp(gs )o(97) —Eelee(92)o(g?)] and write

1 o
(031, 001) = lofllef| (Ee [cw(gi’)w(giﬁ)} + \/ﬁRﬁ> , (2.9)

where R)” are mean zero with covariance Cov[Ry”, RZ‘E] = Cov[cp(g®)p(g?), co(g7)p(g%)].
(By the Central Limit Theorem, R?B will be approximately Gaussian for large n.)

However, unlike the simple single-data-point case from Section 22, we do not have convergence to
a continuous time SDE. This is because the differences (7, ;, gpf 1) — (o7 gpf ) = 0asn — oo.
Instead, (Z9) is a discrete recursion update with additive noise of the form Y/}, = f(Y;") + ﬁg
for some function f, and consequently Y, ; — Y, does not vanish as n — oo.

For a clarifying example, we can consider the one-dimensional Markov chain of hidden layer correla-

tions. More precisely, we can define p?ﬁ = (p7, gpf )Y/ e \gp? |, which we observe can be extracted
from the entries of the Gram matrix. In fact, we can write down an approximate recursion update

for p‘;ﬁ (see Appendix B and Proposition B for details):
1 ff afs af <xa7 $ﬁ>
WH ~ cK1(p)") + MReLU(Pg ) + ﬁUReLU(pg )s Py = T (2.10)
where K1(p) = E[p(g)e(gp + wy/1 — )] for g,w iid N(O 1) random variables, and &, are iid
N(0,1). For the ReLU case, ¢ = 2 and cK1 \/ 1 — p?+parccos(—p))/m was first calculated
in [&T]. In fact, we can observe that as n — oo, meJ converges to the fixed point of cK1(-) atp =1
for all ¢ > 0. We note this limiting behaviour cannot be described by an SDE, as the solution
must jump from the initial condition to the fixed point at ¢ = 0.

Despite not having an SDE limit, we observe that the approximate Markov chain (ZZI0) already
provides a much better approximation to finite size networks compared to the infinite-width theory
(see left column of Figure M). This is because the infinite-width approach discards the terms in
(1) that vanish as n — oo and consider only the update p?fl = ckK 1(pj‘ﬁ ). Analysis of this
deterministic equation leads to the prediction that p“ﬁ =1—0((2) for £ >> 1 (see (4.8) in [B3]
and a new bound in Appendix B).

Furthermore, we observe that in this case, the microscopic O(n~') and O(n~'/2) terms in (ZI0)
accumulate to macroscopic differences! For the examples in Figure [, we see their net effect is that



p‘j"B — 1 faster than the infinite-width prediction. Heuristically, the reason for this discrepancy is
due to oreLu(p) — 0 as p — 1. This means that the randomness can push p?ﬁ closer to 1, but

becomes “trapped” when pgﬁ is close to 1 because ogeLy is so small here. In the next section, we
will see that we are just one step away from achieving limiting SDEs.

3 Neural Covariance SDEs: Shaped Infinite-Depth-and-Width Limit

In this section, we follow the ideas of [38, BY] to reshape the activation function (. Reshaping means
to replace the base activation function ¢ in (Zl) with ¢, that depends on width n. We will also
replace the normalizing constant ¢ = (E ¢4(g)?) ! for g ~ N(0,1). Specifically, we will choose
(s to depend on n such that in the limit as n — oo, we have that ¢ is approximately an identity
function, s — Id. Recalling from (EZ2) that the output is conditionally Gaussian with covariance
determined by the Gram matrix (¢, cpf )o s=1- therefore we recover a complete characterization
by describing the random covariance matrix.

3.1 Neural Covariance SDE for Shaped ReL.U-Like Activations

Definition 3.1. We shape the ReLU-like activation ps(x) = sy max(z,0) + s_ min(z,0), by
setting the slopes to depend on n according to s+ =1+ % for some given constants c,c_ € R.

We will also set c = (E @s(g)Q)_lforg ~ N(0,1).

We will show that with shaping of Definition BT, one gets non-trivial SDEs that describe the covari-
ance (Theorem B2) and correlations (Theorem B3) of the network. The precise scaling is shown to
be the critical scaling for a non-trivial limit in Proposition B4. All proofs for results in this section
appear in Appendix [O.

Remark. Note that in the statement of our theorems, we abuse notation and use the same letter to
denote the pre-limit Markov chain and the limiting SDE. For example, in Theorem B2 we use V,
for the covariance at layer ¢ and V; to denote the limiting SDE at time .

Theorem 3.2 (Covariance SDE, ReLU). Let Vf‘ﬂ £(p7, vy 5\, and define Vy == [V; li<a< p=m

10 be the upper triangular entries thought of as a vector in R™™+1/2 Then, with sy = 1 + f

as in Definition B, in the limit as n — oo, d — T, the interpolated process V|, converges in

distribution in the Skorohod topology of Dy | Rm<m+1> /2 to the solution of the SDE

1
dV, = b(V;) dt + 2(V))Y2dB;, Vo= {(w“,xﬁ)] , (3.1)
Tin 1<a<p<m
ap
where v(p) i= (1= ( 1 — p? — parccos P) o7 = \/%
b(Vi) = [V (Ptaﬂ) \/W] , and X(V;) = {Vf”vf‘s + Vtocévtﬁv )
1<a<p<m asp,y<é
(3.2)

Furthermore, the output distribution can be described conditional on V evaluated at final time T
a |m d apim
ol Ve 2N (0, Vi) ) (33)

Here we remark that v(1) = 0, and therefore the drift component of diagonal entries (V,*¢) are
zero, as they are geometric Brownian motion. However, we emphasize that the m-point joint out-
put distribution is not characterized by the marginal for each of the pairs, as the output z§, is not
Gaussian. In particular, we observe the diffusion matrix entry corresponding to Vt"‘ﬁ , V;"S involves
other processes V,*7, V2, V@3 VP71 This implies that the Neural Covariance SDE limit cannot be
described by a kernel, unlike stacking random features or NNGP.

That being said, it is still instructive to study the marginal for a pair of data points. More specifically,
it turns out in the generalized ReLU case, we can derive the marginal SDE for the correlation process.



a B
Theorem 3.3 (Correlation SDE, ReLU). Let pi” := %, where p§ == @ (2¢"). In the limit as
e 4

n—ooandsy =1+ % the interpolated process p(ffl | converges in distribution to the solution
of the following SDE in the Skorohod topology of Dr, r

a B
" = [t + )] e+ o ae, = L (G.4)
where
—c )2 1
V(P):% |:,/1_p2_arccos(p)pi| R IL(‘D):—gp(]_—pz)7 U(p):]_—p2 (35)

To help interpret the SDE, we observe that i and o are entirely independent of the activation function.
In other words, these terms will be present in this limit even for linear networks. At the same time,
v describes the influence of the shaped activation function in this limit. [BY] has derived a related
ordinary differential equation (ODE) of dp; = v(p;)dt in the sequential limit of n — oo then
d — oo, where the activation is shaped depending on depth. Here we also note that v(p) is closely
related to the J; function derived in [A1]. See Appendix L3 for the m-point joint version of the
correlation SDE, and Appendix B for an empirical measure of convergence in the Kolmogorov—
Smirnov distance.

One immediate consequence of the correlation SDE is that we can show the n~1/2 scaling in Defi-
nition BT is the only case where the limit is neither degenerate nor a linear network.
@ B
Proposition 3.4 (Critical Exponent, ReLU). Let pj‘ﬁ = %, where py = ps(z7). Consider
£ 4
the limit n — oo and s = 1+ % for some p > 0. Then depending on the value of p, the
interpolated process pf’ﬁb | converges in distribution w.r.t. the Skorohod topology of D, R to

(i) the degenerate limit: pf‘ﬁ =1forallt >0, if0<p< %, and c4 # c_,
(ii) the critical limit: the SDE from Theorem B3, if p = %

(iii) the linear network limit: if p > % , the following SDE, with 1, o as defined in (B3),

(z®, 2P)

dpi” = p(p?) dt + o (p??)dBy,  pf” = (o] 28]

(3.6)

Here we remark that the unshaped network case (p = 0) is contained by the above in case (i). At
the same time, we observe that case (iii) is equivalent to the correlation SDE in Theorem B3 except
with v = 0. In particular, we observe this limit is also reached when c; = c_, which implies
s(x) = sy is linear, which is the reason we call this the linear network limit. Furthermore,
without much additional work, the same argument also implies the joint covariance SDE also loses
the drift component, i.e., dV; = X(V;)Y/2 dB,.

3.2 Neural Covariance SDE for Shaped Smooth Activations

In this section, we consider smooth activation functions and derive a similar covariance SDE. All
the proofs for results in this section can be found in Appendix D.

Assumption 3.5. » € C*(R), ¢(0) = 0,¢'(0) = 1, and |¢™® (z)| < C(1+]|z|P) for some C,p > 0.

We note that for any non-constant function o € C*(R) and ¢ € R such that o’(zo) # 0, we can
_ o(z+zo)—0o(z0)

always define ¢(x) = =i such that it satisfies »(0) = 0,¢'(0) = 1. The choice of zg

will be discussed further in Section B. The fourth derivative growth condition is used to control the
Taylor remainder term in expectation, but any control over the remainder will suffice.

Following the ideas of [BR], we consider the following shaping of a smooth activation function .

Definition 3.6. For some constant a > 0, we set ps(z) = sp (%) with s = av/n, and ¢ =

(Epa(9)2) " forg ~ N(0,1).



Observe that in the limit n — oo, we will achieve that ¢, — Id as desired. We also observe
that the shaping factor s outside the activation cancels out with the next layer’s % factor, therefore
it is equivalent shape the entire network. More precisely, if we view 2y, as an input-output map
f : R™ — R™u of an unshaped network, then shaping the smooth activation functions is equivalent
to the modification s f (£)."

In this regime, we can similarly characterize the joint output distribution, however the limiting SDEs
are not always well behaved. In particular, they can have finite time explosions as described by the
Feller test for explosions [A7, Theorem 5.5.29]. Here the SDE in Proposition B is exactly the V,*¢
marginal of the Neural Covariance SDE, with the parameter b determined by the activation function
 and controls whether or not finite time explosions happen (see ().

Proposition 3.7 (Finite Time Explosion). Let X; € R be a solution to the following SDE
dX; = bX, (X, —1)dt +V2X,dB,, Xo=x0>0,beR. (3.7)

Let 7% = supy~oinf{t : X; > M or X; < M1} be the explosion time, and we say X, has a
finite time explosion if T* < oo. For this equation, P[7* = oo] = 1 if and only if b < 0.

Technically speaking, the main culprit behind finite time explosions is the non-Lipschitzness of the
drift coefficient. This issue requires us to weaken the sense of convergence in this section; the
ordinary convergence in the Skorohod topology is in general not true when the diffusion has finite
time explosions. A weakened type of convergence is the best we can hope for. To this goal, we
introduce the following definition.

Definition 3.8. We say a sequence of processes X™ converge locally to X in the Skorohod topology
if for any r > 0, we define the following stopping times

Tn:{tZ()lth‘Zr}7 T:{t20|Xt|Z7"}7 (38)

and we have that X}, .n converge to X in the Skorohod topology.

This weakened sense of convergence essentially constrains the processes X", X in a bounded set
by adding an absorbing boundary condition. Not only do these stopping times rule out explosions,
the drift coefficient is now also Lipschitz on a compact set. With this notion of convergence, we can
now state a precise Neural Covariance SDE result for general smooth activation functions.

Theorem 3.9 (Covariance SDE, Smooth). Let o satisfy Assumption B3, V" == € (%, ol) where
©F = s(27), and define Vy = [V;ﬁ]lgagﬁ:m to be the upper triangular entries thought of as a
vector in R™M+V/2 Then with s = a~/n as in Definition B8, in the limit as n — 00, % — T, the
interpolated process V|, | converges locally in distribution to the solution of the following SDE in
the Skorohod topology of Dy gmm+1)/2
AV, = b(Vi) dt + 2(Vi)Y2dB,, Vo= {<xa,xﬁ>] : (3.9)
Tin 1<a<B<m

where X(V;) is the same as Theorem B2 and

" 0 2 o o " 0 o
ba’ﬁ(‘/t) _ 904512) (‘/tozav;@@ + V; 5(2‘/; B _ 3)) + QOQT(Q)V; ﬂ(V'toza + ‘/;53 _ 2) . (3.10)

Furthermore, if VT is finite, then the output distribution can be described conditional on Vr as

el Ve 2N (0,115 ) G.11)

a=1

and otherwise the distribution of [2,|"_, is undefined.

We also have a similar critical scaling result for general smooth activations.

Proposition 3.10 (Critical Exponent, Smooth). Let ¢ satisfy Assumption B3, Vfﬁ = £(p7, go? )
where p} = @s(2§') with s = an® for some p > 0, and define V; = [Vfﬂ]lgaggzm to be the upper
triangular entries thought of as a vector. Then in the limit as n — 00, % — T, the interpolated

process Vi, | converges locally in distribution w.r.t. the Skorohod topology of Dy gmm+1)/2 10V,
which depending on the value of p is

"'We want to thank Boris Hanin for observing this equivalent parameterization.
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Figure 2: Simulation of 10 shaped softplus networks as in Example B2 with n = d = 100,a =
L,V = ni z®? = 1 centred at two different values. “Stable” here means the Neural Covariance
SDE is guaranteed not to have finite time explosions; unstable networks can explode on initializa-
tion!

(i) the degenerate limit: if 0 < p < %
Ver =0oroo, if2¢"(0)2+ ¢ (0) > 0and Ve # 0,
if SON 2

(0) + ©"(0) <0, @12

VP = const. ,

L[S (O]

forallt >0and1 <a < <m,
(ii) the critical limit: the solution of the SDE from Theorem B9, if p = %

(iii) the linear network limit: the stopped solution to the SDE dV; = ¥(V;) d By with coefficient
Y defined in Theorem B3, if p > %

Here we observe that in case (i) when 3¢ (0)? + ¢"(0) < 0, we also have a constant (in time) cor-

relation p?‘ﬁ similar to the ReLU case in Proposition B4, however in this case p;' A is not necessarily
equal to 1. At the same time, the linear network limit in case (iii) also has the same covariance SDE
as Proposition B4.

4 Consequences, Discussion, and Future Directions

So far, we have derived the Neural Covariance SDE. Analysis of this SDE reveals important be-
haviour of the network on initialization. Here we lay out one concrete example and provide some
discussion and future directions.

Exploding and Vanishing Norms. Here we consider the behaviour of shaping smooth activation
functions, as it is done in the experiments of [38]. While the authors here avoided exploding and
vanishing norms by numerically optimizing shaping parameters, we can actually describe the precise
behaviour a priori with the Neural Covariance SDE. Recall the shaping parameter a from Defini-
tion BA. Let V; be the solution to the SDE in (B9). We can write down the marginal SDE for V,*¢
as e

d‘/;aoc — (i@//(0)2 + S0///(0)> V;tL2 (Vvtaa o 1) dt + \/i‘/;aa dBt, (41)

which implies by Proposition B72 that V; has a finite time explosion (with non-zero probability)
if and only if 2¢”(0)? + ¢"(0) > 0. This criterion can be used to help choose how activation
functions should be centered for shaping; below are two examples.

Example 4.1 (Sigmoid and tanh at g = 0). We start with the sigmoid activation o(x) = H—%
then we can define o(x) = 4o (x) —2 to satisfy Assumption B3, which leads to ©" (0) = 0, " (0) =
—%, and therefore leads to a stable network. It turns out p(x) = tanh(x) already satisfies Assump-
tion B3, which leads to ¢"(0) = 0, 9" (0) = —2, and therefore is also stable.



More generally, if o behaves like a cumulative distribution function for a symmetric unimodal den-

sity, we will have that ¢’ (0) = 0 and ¢"”(0) < 0 as desired.

Example 4.2 (Soft Plus at General xy € R). Let us consider zo € R and o(z) = log(1 + e*T%0),
which implies p(z) = (1 + e~%°)log 1Tj§:0 satisfies Assumption B3. This gives us ¢©"(0) =
1+1eIO ,0"(0) = 7(11;:;0)2, and therefore 3" (0)? + ¢ (0) = 7(1_‘_6110)2 (2 — e®0). In other words,
the shaped network is stable if and only if To > log% (see Figure Q). We note that the authors of

[B8] numerically found a shift of x¢ =~ 0.41, which is in the stable regime of xoy > log % ~ 0.097.

Relationship to Edge of Chaos. The finite time explosion example above resembles the Edge of
Chaos (EOC) analysis of gradient stability [&3, BS, 44, 5], where the weight and bias variance at
initialization determines a stability criterion. However, we note that the EOC regime is sufficiently
different that the results are not directly comparable. More precisely, the EOC analysis is in the
sequential limit of infinite-width and then infinite-depth, which also leaves the activation function
unchanged. Under very weak assumptions, the variance (diagonal of V) will not explode in this
regime; instead, the gradient can explode due to the covariance (off diagonals). On the other hand,
our finite explosion result is in the joint limit of depth and width, where the variance (diagonal of
V) can explode instead.

Posterior Inference. Similar to the NNGP setting, we can use the Neural Covariance SDE to gener-
ate a prior over functions f : R™» — R"u. Consequently, an interesting future direction would be
to study the posterior distribution, i.e. the output 27, conditioned on 2! and a training dataset
(z%, z8,)™ ;. However, to our best knowledge, it is not straightforward to explicitly compute or
sample from the conditional distributions for this SDE structure. It would be desirable to extend

existing approaches in the perturbative regime [BU, B1] to our setting.

Extension to Other Architectures. The key step to deriving the covariance SDE is the conditional
Gaussian distribution in (2Z72), which directly leads to a Markov chain. It follows immediately that
ResNets [46] admit a similar conditional structure. With a bit more work for convolutional networks,
we can obtain 2§ |F, ~ N (0, A(V;) ® I,) where A is an affine transformation and V; is the
previous layer’s Gram matrix [£7]. We note that recurrent networks will not lead to a Markov chain
or SDE limit, as the weight matrix is reused from layer to layer.

Simulating SDEs. Both the Markov chains and SDEs predict neural networks at initialization very
well (see Figure M), but the SDE is significantly faster to simulate. In particular, we can view the
Markov chain as an approximate Euler discretization of the SDE, but with a very small step size
n~1. In contrast, to simulate the SDE we should only need a step size that is small on the scale of
depth-to-width ratio T' = d/n, which is independent of width n. Therefore, practitioners using the
shaping techniques of [38, BY] can now simulate the covariance SDEs at a low computational cost
to significantly improve estimates of the output correlation (see Figure [ and additional simulations
in Appendix B).

Analytical Tractability of SDEs. Besides numerical tractability, the SDEs are also far more
tractable to analyze. For example, in the one input case, we arrive at geometric Brownian mo-
tion (Z6), which is known to have a log-normal distribution at fixed times. Similarly, our finite time
explosions hinge on the fact we identified an SDE limit. In the same way that NNGP theory played
a major role in the infinite-width regime, the Neural Covariance SDEs and the techniques developed
here also serve as a mathematical foundation for studying training and generalization.
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A Background on Markov Chain Convergence to SDEs

In this section we briefly review the background and technical results required to characterize the
convergence of a Markov chain to an SDE. Majority of the content in this section are based on [A8—
~0].

To start we first introduce the Skorohod J;-topology [48, Appendix 5]. Let S be a complete sepa-
rable metric space, and Dg, s be the space of cadlag functions (right continuous with left limits)

from R, — S. Here we write z,, “b 2 to denote locally uniform convergence (i.e., uniform on
compact subsets of R ). We also consider bijections A on R so that A is strictly increasing with
Ao = 0. We can now define Skorohod convergence x., 2 2 on Dy .5 if there exists a sequence of
bijections A, satisfying the above conditions and

A 51, zhoN, . (A.1)

The most important result is that D, s equipped with the above sense of convergence is indeed a
well behaved probability space, which we state below.

Theorem A.1 (Theorem AS5.3, [48]). For any separable complete metric space S, there exists a
topology T on Dy 5 such that

(i) T induces the Skorohod convergence x, 5o,
(ii) Dg, s is Polish (separable completely metrizable topological space) under T,

(iii) T generates the Borel o-field generated by the evaluation maps m, t > 0, where 7,(x) =
Tt.

We also need to define Feller semi-groups. To start we let .S be a locally compact separable metric
space and Cj := C((.5) be the space of continuous functions that vanishes at infinity, and we equip
Cy with the sup norm to make it a Banach space. T : Cy — Cj is a positive contraction operator
ifforall0 < f < 1wehave 0 < Tf < 1. A semi-group of such operators (73) on Cj is called a
Feller semi-group if it additionally satisfies

T,.Co C Cy, t2>0,

T.f(x) 2 zast—0, feCohzels. (A-2)

Let D C Cpand A : D — (), and we say that (A, D) is a generator of (T}) if D is the maximal set
such that for all f € D, we have that

p T = 1
1m
t—0 t

= Af. (A3)

An operator A with domain D on a Banach space B is said to be closed, if its graph G =
{(f,Af)|f € D} is a closed subset of B x B. If the closure of G is the graph of an operator
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A, we say A is the closure of A. Finally, we will define a linear subspace D C D as a core of
A if the closure of A|p is A. If (A, D) is a generator of a Feller semigroup, every dense invariant
subspace D C D is a core of A [&8, Proposition 17.9]. In particular, we will work with the core C§°
of smooth functions vanishing at infinity.

We will state a sufficient condition required for an semi-group to be Feller based on its generator.

Theorem A.2 (Section 8, Theorem 2.5, [89]). Let a'/ € C?(R?) with O,0pa" be bounded for all
i,j,k, € € [d]. Furtherletb : R? — RY be Lipschitz. Then the generator defined by

d d
1 ij i
Af = 5 E a ]aiajf + i_g . b'o; f, (A4)

ij=1
generates a Feller semi-group on Cy.

We will next state a set of equivalent criterion for convergence of Feller processes.

Theorem A.3 (Theorem 17.25, [AR]). Let X, X', X2, X3, ... be Feller processes in S with semi-
groups (13), (T¢) and generators (A, D), (A, Dy), respectively, and fix a core D for A. Then
these conditions are equivalent:

(i) forany f € D, there exists some f,, € D, with f, — f and A, f,, — Af,
(ii) Ty, — Ty strongly for each t > 0,
(iii) Ty ¢ f — T3 f for every f € Cy, uniformly for bounded t > 0,

(iv) Xg 4, XoinS=X" 2. X in the Skohorod topology of Dy, 5.

Once again, we note that it is common to choose the core D = C§°, and that checking condition
(1) is sufficient for convergence in the Skorohod topology. This is translated to the Markov chain
setting by the next theorem.

Theorem A.4 (Theorem 17.28, [2R]). Let Y1, Y2 Y3 ... be discrete time Markov chains in S
with transition operators Uy,Us, Us, - - -, and let X be a Feller process with semi-group (T;) and
generator A. Fix a core D for A, and let 0 < h,, — 0. Then conditions (i) — (iv) of Theorem B3
remain equivalent for the operators and processes

Ap =h (U, — 1), The = Urgt/hnj , X = Yﬁ/th : (A3)
It remains to check that the generators A,, converges to A with respect to the core D = C§°, and

we will use a criterion from [B0]. Here we will first let II,, (z, dy) be the Markov transition kernel of
Y™, and define

y 1
@)= [ ) - ) edy)
hn Jyy—a1<1
4 1
hn ly—z|<1

A (z) = iﬂn(x,Rd \ B, 6)) .

Lemma A.5 (Lemma 11.2.1, [8U]). The following two conditions are equivalent:
(i) Forany R > 0,€¢ > 0 we have that
lim sup [|an () — a(@)[op + [ba(2) — b(2)| + AL @) =0, (A7)
(ii) Foreach f € C5°(RY), we have that
1
h—Anf — Af, (A.8)

uniformly on compact sets of R%, where A is defined as (A3).
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Finally, we summarize the above results in a user friendly form for our applications.
Proposition A.6 (Convergence of Markov Chains to SDE). Let Y™ be a discrete time Markov chain
on RV defined by the following update for p,§ > 0

O'n(?”)le + O(n—2p—5) , (A9)

/b\n Y, wh
(V7 swp)

YR, =Y+
41 V4 ngp n

where £ € RN are iid random variables with zero mean, identity covariance, and moments uni-
formly bounded in n. Furthermore, w} are also iid random variables such that E[b, (Y,",w})|Y,;* =
y] = bu(y) and by, (y,wy) has uniformly bounded moments in n. Finally, o, is a deterministic func-

tion, and the remainder terms in O(n_Qp_‘s) have uniformly bounded moments in n.

Suppose b,,, o, are uniformly Lipschitz functions in n and converges to b, o uniformly on compact
sets, then in the limit as n — oo, the process X' = Yﬁnzp | converges in distribution to the solution

of the following SDE in the Skorohod topology of Dy g~
dX; =b(Xy)dt +o(Xy)dBy, Xo= lim Y. (A.10)
n—oo

Suppose otherwise by, o, are only locally Lipschitz (but still uniform in n), then X™ converges
locally to X in the same topology (see Definition B8). More precisely, for any fixed r > 0, we
consider the stopping times

me=mf{t>0:|X>r}, T=if{t>0:|X>r}, (A.11)

then the stopped process X{\ .» converges in distribution to the stopped solution Xp, of the above
SDE in the same topology.

Proof. We will essentially check the criterion of Theorem &4 directly for the metric space S = RY
if b, o is globally Lipschitz, and S = B(0, r) otherwise. In both of these cases, b, o are Lipschitz on
S, therefore the limiting process (either X; or X;-) is Feller in .S by Theorem B2,

In the equivalent criteria of Theorem B3, we will use the implication of (i) = (iv) to get convergence
of X" to X in the Skorohod topology of D, s. More precisely, it is sufficient to choose hy, = 2
as the natural time scale, and check ﬁAn f — Af forany f € C§°. Given Lemma BT, it is
sufficient to check the convergence of the coefficients and AS,.

We start with Af (x). Given that the randomness in the Markov chain have bounded moments
(uniform in n), then by a Markov inequality we have that for any ¢ > 0

~ 2q
I, (z, R\ B(z,€)) =P b(i’%g) + %&l +0(n~ | > <0 (e72In—2P9) |
(A.12)
therefore choosing g > 1 we have sup), < g A (z) = O(n~2P(4=) — 0 for any fixed e.
We can rewrite b,,(z) as
by(z) = n*E[Y, — Y'Y = 2] + O(n %) — b(z), (A.13)

since £} has zero mean and the remainder terms have bounded moments (uniform in n), which also
gives the desired convergence of sup, <| g/ |bn(z) — b(x)| — 0.

Similarly we can rewrite a,,(x) as
an(z) = nE(Y7L, — Y)Y = Y)Y = 2] + 0 407 = a(a)o(a) ", (A1)

where we note the drift’s randomness contributes the higher order n~2? term and therefore also
vanishes in the limit. This implies sup,<|g/ [|an(x) — a()|lop — 0, which gives us the desired
result.

O
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B Unshaped ReLLU Markov Chain

In this section, we will derive the Markov chain update (Z-I0) with explicit coefficients. For the rest
of this section, we will adopt the following notation. Let ¢(z) := max(x, 0) be the ReLU activation

function. Let f(x) = \/%e_w /2 be the density of a standard Gaussian, and let F'(z) = [ f(t)
be the cumulative distribution function (CDF).

Lemma B.1 (Gaussian Integration-by-Parts with Indicator Function). For g ~ N(0,1) and h is
weakly differentiable, we have that

Eg]l{g>fa}h(g) = h(_a)f(a) + E]l{g>fa}h/(g) ) (B.1)
where f is the standard Gaussian density.

Proof. We start by writing the expectation as an integral

Bl iysmahle) = [ ah(a)f(o)do. ®2)
Here by observing that f/(z ) = —xf(x), we can use integration by parts for u = h(x),dv =
zf(z)dx to get du = h/(z) dx,v = —f(x), and therefore
/ zh(z) f(x) de = [—h(z) f(z)]~, + / b (z)f(z)dx = h(—a)f(—a) + ]E]l{g>_a}h'(g) .
(B.3)
Finally we recover the desired result using symmetry of f(—a) = f(a).
O
We will note the special case of a = 0 to get
h(0)
Egl h(g)=——=+E1 (g). B.4
91g=03h(g) Jon g0 (9) (B.4)

Lemma B.2 (Gaussian Density Substitution). Let g ~ N(0,1),p € [0,1],q = /1 — p?, then we
have that

Eh(g) f (pgq*) — 4/(a)E h(gg — pa). B.5)

Proof. We will again write the expectation as an integral

Eh(g)f (”g+a> /h <’m+a) Fz)dz . (B.6)

Here observe that
pT +a 1 (pr +a)? 22 1 p2x? + a® 4 2apx + ¢>x?
f f) = exp |- T L |

q 2 2q¢? 2 2m 2q¢? ’
B.7)
at this point, we can complete the square to write
PP+ a® + 2apzx + ¢°2% = (x4 ap)? — d®p® + a = (z +ap)? — a®¢°. (B.3)

This implies that we have

f(p“a> f() = — exp [—(“W—“T =f(“a”)f(a>. (B.9)

q 27 2q> 2 q

Finally, we can use the substitution y = %, dy = %da: to get

[ s (252 steyas = [ e po) £ @ady = af @ ag ), @10

which is the desired result.

O
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We will start by calculating simpler quantities.
Lemma B.3 (Moments). Let g ~ N(0,1), then

E(g) = \/%—W Eo(9)’ ==, Eo(g)'=

Proof. For the second and fourth moments, we simply observe that g2 is symmetric and ¢ is exactly
half of of the integral. For the first integral we will use Gaussian integration-by-parts with h(g) = 1
to get

(B.11)

1
E¢(g9) =Egligsoy = ord (B.12)

which is the desire result.

We will also recall the following result from [21]

Lemma B.4 (Jy, Ji, J2). Letp € [0,1],q = \/1 — p% and let p,w ~ N(0, 1) be independent. Then
we have that

T arccos(—p

Jo(p) = ELigo01 L {pgrqu>0y = # ’

T q + parccos(—

Ji(p) = Eo(9)e(pg + qu) = PT(P) 7 B13)
J. 3pq + arccos(—p)(1 + 2p?

J2(p) = Ep(9)*p(pg + qu)* = P 2(7r p)( ) '

We will need to compute the following quantity.

Lemma B.5 (J51). Let p € [0,1],q = /1 — p? and let p,w ~ N(0,1) be independent. Then we
have that
q(2 + p?) + 3arccos(—p)p

2

Js1(p) = Ep(g)*o(pg + qu) = (B.14)

Proof. We start by using Gaussian integration-by-parts with h(g) = E; g%¢(pg + qw) where we
use E [ -] :=E[-|g] to denote conditional expectation
E ¢(9)*¢(pg + qu) = E gl {g=01h(g)
= El{y>0y [29E, 0(pg + qu) + °Egpl {pg4qu>0}] (B.15)
=2J1(p) + PE g1 (4>0}Egg1 {pg+qu>0} -

Here we observe that E g1 41 qw>0 = 9F (pg/q), and we can again set this to the new (g) and use
integration-by-parts to write

Py . (P9
Eglig>01Egg1{pgrqu>0y = ELygs0yLipgtqu>oy + E ]l{g>0}?f (q) . (B.16)
At this point we can use the substitution formula from Lemma to write
Py . (P9 P Pq
E1 —fl—=)==f0OFE = —. B.17
w21 (2) = L 0)Botag) = 22 ®.17)
Putting this together, we have
PN _oF 7 P’q
J3,1(p) = 2J1(p) + pJo(p) + o (B.18)

which is the desired result after simplifying.
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We will now recall the ReLU-like activations for s = (s ,s_) € R?
vs(x) :== s4 max(z,0) + s_ min(x,0) = syo(x) — s_p(—z), (B.19)
where ¢(z) := max(z, 0) is the usual ReLU activation.

We will compute several basic moments first.
Lemma B.6 (Moments, ¢, M5). Let g ~ N(0, 1), we have that

2 2
54 —S— 9 83 s 4 3,4 4
Eps(g) = 2=, Epy(9)?=F-—, Eplg)'=> Y. B.20
@s(9) Nors ©s(9) 5 ws(9)" = 5(s3 +52) (B.20)
Furthermore, this implies the normalizing constant is ¢ = — isg and
3482
st 4 ogh
My =Elcps(g)? — 1> =6————_ — 1. B.21
2 =Elepu(9)” -1 =659 ®21)

Proof. To start we first recall the Gaussian integration by parts calculation

1
E = f(0) = —, B.22
v(g) = f(0) W (B.22)

then the first moment follows immediately from rewriting in terms of ¢
Sy — S—

Eops(g) = s, E —s_Ep(—g) = ——. B.23
vs(9) = s+Ep(g) ¢(—9) Nors (B.23)

For the second moment, we will also rewrite in terms of ¢
Eps(9)® = Esio(9)* + 5% o(—g)* — 255 0(9)e(—g) = (s7 + 52 )E@(9)*,  (B.24)

where we used that ¢(g)p(—g) = 0 almost surely and g < —g, and the desire result follows from
Gaussian integration by parts

1
Ep(9)* = 0f(0) + Eligs0y = 5 - (B.25)

For the fourth moment, we will similarly observe that all mixed moments ¢(g)P¢(—g)" = 0 almost
surely whenever p, r > 0, which allows us to write

Eps(9)' = Esio(9) +sto(—9)* = (s1 + sL)Ep(g)*, (B.26)

and the desire result follows from the Gaussian integration by parts calculation
3
Ep(9)" = 0*£(0) + E39° 1450y = 3(0°F(0) + Elgn0y) = 5 - (B.27)
O

‘We will also convert the jk, ¢ formulas to K}, , formulas, i.e. the following quantities
Ky (p) = Eps(9)0s(9)", (B.28)

where g,w ~ N(0, 1) and we define § = pg + qw with ¢ = /1 — p?. We will also use the short
hand notation to write J,, := Jp, p, K}, := K, .

Lemma B.7 (K, K3, K31). Let p € [-1,1], ¢ = /1 —p?, g,w ~ N(0,1), and § = pg + qu.
Then we have the following formulas

Ki(p) = (5% + 52)J1(p) = 2s45-Ji(—p),
Ks(p) = (st + s1) Ja(p) + 252 52 Jao(—p) (B.29)

Kz1(p) = (s% + s2)J31(p) — sys—(s5 + 52 )J31(—p) .

~ —
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Proof. Before we start, we will make several observations. Using the fact that (g, w) 4 (xg, Tw),
we have the following equality in distribution relations

d N
) +qw) = (— y —qw)=\(—¢g,— )
(9. P9 + qu) ) (—9.—pg—q Z (=9,—9) (B.30)
(9:—9) = (9, —pg + qw) = (=g, pg + qw) = (=9,9).
In particular, we note that the two Gaussian random variable (g, —¢) have correlation —p.

This allows us to simplify K
Ki(p) =Eps(9)es(9)
= Es%0(9)(@) + 52 0(—9)p(—a) — s15-0(9)p(—§) — sys_p(—g)p(3) (B3
= (85 +52)i(p) — 2515 Ji(—p),
which is the desired result.

With K, we will additionally make use of the fact that ¢ (g)¢(—g) = 0 almost surely to write

Ka(p) =E(s30(9)% + s> 0(—9)*) (sT0(9)* + s> 0(—4)*)
=Esiog )2<p(§)2 + 51 0(—9)%0(=9) + 575% 0(9)%0(—=9)* + 552 o(—9)*0(9)?
= (s1 4+ s1)Ja(p) + 25282 Jo(—p).

K3 1 follows from a similar calculation

K31(p) = E(s10(9)® — s° 0(—9)*) (s40(3) — s—p(—3
= E s} 0(9)*0(9)s0(—9)%0(—9) — s3s_¢(g)
p)-

(5+—|—s V31(p) — sys_(s7 +52)J31(—

)
3

)
o(—§) — 545> p(—9)°0(9) (B.33)

O

Finally, we to get to state the desired formulas for the approximate Markov chain. Here we will
make introduce several definitions first. In the event that |p3| = 0 or |<p? | = 0, the formula

[e3 B
pgﬁ = gf"f;% is undefined. We will remedy this by introducing an additional point e in the state
£ 4

space R U {e}, and set p?ﬁ = e in this event. We note that once p?ﬂ = e, then the next step

pj‘fl = e as well since either 27}, |, PA +1 = 0. Forallz € R we will define the distance |z —e| =

Consequently, R U {e} is a Polish space (complete separable metric space), and therefore it’s a well
behaved probability space (e.g. admits conditional densities). For a random variable X, we write
X = O(nP) if all moments of n~?X are bounded by a constant independent of n.

We will also define the bounded Lipschitz function norm as

h(z) —h
Bl = ] + sup =ML (B.34)
oty |z =yl
which induces the bounded Lipschitz distance for probability measures
dpr(p,v) = sup /hdu /hdu (B.35)
IRz <1

@ ﬁ
Proposition B.8 (Unshaped ReLU Correlation). Let pi° := {25k when defined, and e when
4 14

either |¢|, |¢¢| = 0. Let us also define the approximate Markov chain

z
+ O'ReLU(pZ)T% ; (B.36)

eLU\D.
Pey1 = cKi(pe) + MR#(E)

where z; are iid N'(0,1) and

,uReLU(p? ) == [Ki(®Ky + 3Ms + 3) — 4cK31]
(B.37)

[K7(PKa + M+ 1) — 4cK K31 + 2K>] |

¢

4

2
Ul%eLU(p?B) = D)
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where we write K. = K. (p‘;ﬁ), and the formulas for K, Ky, K3 1,c, My are calculated in
Lemma BA and Lemma B4

Let II(x, dy), P(x, dy) be the Markov transition kernels of p?ﬁ and py respectively, then
dpr((z,-), P(z,)) = O(n~1), forallx € RU {e}. (B.38)

Remark B.9. The infinite-width (n — o0) approximation of the Markov chain corresponds to the
update q¢+1 = cKi(ge), and this is an O(n~'/2) approximation to the chain {p{ A1. On the other
hand, the {p,;} chain we propose is an improved approximation up to the zero mean terms up to
O(n~'/?), and the expected value of non-zero mean terms up to O(n~"'). In the SDE limit of
Proposition A4, these are exactly the terms that do not vanish, which leads us to speculate that this
approximation is sufficiently close when studying the infinite-depth-and-width limit.

We will also note that O(n ') error in the result arise from replacing the O(n~'/2) with a Gaussian
due to Berry—Esseen, and the O(n~!) term with its expectation, as these are the dominant error
terms in the approximation.

Proof. We start by defining the notations
Wz| a| R?*B = \f Zaps (g7 Z)gos(ge ) — cKl(pe ), (B.39)

and using positive homogeneity we can write ¢ \/g Wepd) = \/% |7 |@s(gg), which gives us

(o7 (0% 1 (6%
(1) = ot lf |72%gu ) =1t 6] (ki) + i) L Bdo)

Now consider the same case for Ry and RM with K1 (1) = ¢!, we also get

o B aB
(PFe1P01) _ K1 (g )+ Jn By if % | |90ﬁ | >0
af ) Teglled ]l — o BB 24+115 1P+ )
Poyr = 41l 1Pegn \/(1+ Rge)( 1+\FR )’

e

B.41)
otherwise.

)

e 2
We observe that whenever |’ | > 0, we have that 1 + ﬁRZ’“ = IT:;;TQ > 0. Therefore the event
12

E = {R3}*, Rﬁﬁ < —y/n} is the same as {le = e}, which is equivalent to when 2§, or Zf+1 has
only non—posmve entries. When conditioned on the previous layer, all the entries are independent,
this event has probability II(z, {e}) = O(27™). We will see later that modifying this Markov chain
to remove this event will incur only a "minor cost" of O(27").

Let us fix any realization of R, R# R®# outside of the event F (i.e. by viewing it as a map
R** :  — R from the probability space for some fixed w € €2), we can compute the Taylor
expansion with respect to 1/+/n about 0 (Taylor expansion done using SymPy [51] Python package)

cKi(py”)

af8
R,” — 5

(o3 (e 1
it = k(o)) + = (R7™ + R}")

1| ek (9 1
1 [ W) 3y 4 BY%)2 AR R)) — LERPRE + RE)| + O,

(B.42)
where we recall the X = O(n~3/2) notation denotes a random variable (the Taylor remainder term)

where all moments of n3/2X are bounded by a constant independent of 7.

We can simplify these terms further by computing the mean and variance of the expansion (without
conditioning on ). More specifically, each of the 7', Rf A , R?ﬁ have zero mean and covariance

R?oc M2 C2K2 -1 C2K3,1 — CKl
Covi | |[R)°| | =| 2Ky—1 M, 2Ky —cKy| | (B.43)
R?ﬁ 62K371 —cK; 62K311 —cK; 02(K2 —Klz)
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where we recall Covy, is the conditional covariance given the sigma-algebra F, generated by the
¢-th layer [z§']7_;. We can now recover the desired result by calculating the drift and variance
coefficients using SymPy [51] again

r 2
(e « CKl
oreru(pf”) = Be | R — T(R?“ + R
2
= C— [K%(CzKQ + M2 + 1) - 4CK1K3,1 + QKQ} 5

2 ) (B.44)
pan) = B | S GRE + RE)? - aRgR) - SR (RE + )
ot
=1 [K1(c?Ky 4+ 3Mz +3) — 4cK3 1]
where we recall Ey[-] = E[-|F] is the conditional expectation given the sigma-algebra F; gener-
ated by the ¢-th layer [z ;.
This allows us to write (considering the well defined case)
af af3 af
a a ORe e + _
pely = cKi(pp”) + RL\U/(;‘Z )£g+ HreLu (P 7)1 ne;) +0(n™%?), (B.45)

where & is has zero mean and unit variance (when not conditioned on pj‘fl = e), and n(pj‘ﬁ ) has

zero mean. Observe that there are three differences between { p?ﬁ } and the approximate chain {py}:

L. pg?, = e with probability O(2~"),
2. & is replaced by z, ~ N(0, 1),
3. n( p?ﬁ ) and the higher order O(n~?/2) terms in the Taylor expansion are removed.

To complete the proof, we will need to control these differences in terms of the bounded Lipschitz
distance on the Markov transition kernels. To this goal, we let h be such that ||| gz < 1, hence
it must be both bounded by 1 and at worst 1-Lipschitz. We will first condition on E° to write the
Taylor expansion, and then “uncondition” to recover the original distribution, both at a cost of an
O(27™) error term. More precisely, we will write

Eoh(p}l))
= Eo[h(p;],)| B Po(E) + Eq[h(e)| E] Po(E)
= Eo[h(p0?))| BT Po(EC) + O(1)0(27™)

af3 af3 af
« €. e + —
_E, lh <CK1<p£ﬂ> n oReLU () )& n reLU (P 73 n(e,"”) +0(n 3/2)>

N Bl P(E°)+0(27"),

where we recall E,[-] = E[- |F(], and we define Py(F) := E,1 5.

(B.46)

At this point we observe that we can now “uncondition” the Taylor expansion by essentially doing
the same trick, or more precisely observe that

OReLU (P?’B )

E
‘ NG

E

&+

Po(E) = O(27"),

af afs
h <CK1([)?B)+ ,uReLU(pz T)}I+T](pe ) +O(n3/2)>

(B.47)
therefore we can write

E, h(PZz)
=Eo[h (- )| B P(E) +Ee[h(---)| E] Po(E) +0(27")

af af aB
« el e + - —-n
—Eh (d{l(pﬁH r Lf/%)‘ Ve, 4 retu(ps 2 12 | on 3/2)) +0@2™).

(B.48)
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Since h is 1-Lipschitz, we have that h(z 4+ y) < h(x) + |y|, and therefore we can write

af af
(e} (e 0 € €
Eeh(pzfl) <E,h (cKl(,ozﬁ) I RL\U/(HPK )Ze i R, LUn(pé ))
(B.49)
O'ReLU(p?ﬁ) |77(P?ﬁ)‘ —3/2 —n
+E£T\&*Zz|+EZT+O(n +27M).

Observe that the first term is exactly the transition kernel of p, applied to h, i.e. Eph(pet1) =
| h(y) P(pe, dy), which means it’s sufficient to control the leftover terms at order O(n~!) for a

chosen coupling of &, and z,. Since clearly E, n(p?ﬁ ) = O(1) as it does not depend on n, we just
need to show Ey |&; — 2| = O(n~1/2). Observe that by definition, we have

K (ptP
& = — % (cws(gZi)Q +epslg))? - 2)] ,
(B.50)
where the terms of the sum are iid with zero mean and unit variance (since each neuron is inde-
pendent conditioned on the previous layer). Therefore, we can invoke a standard L' Berry—Esseen
bound, e.g. Theorem 4.2 of [chen2011normal]. In this case, we let F' be the CDF of &, and G be
the CDF of z, and by duality of L' (equation 4.6 of [chen2011normal]) we have that

1 « 1

e B af
—_ ———— | ews(90:)ps(gp ;) — cKi(p
Vi 2~ o o) (92.:)%s(904) (Py")

infE[& — z¢| = |F — Gz < O(n~?), (B.51)
where the inf is over all couplings of &g, 2.

Finally since the above results do not depend on the choice of the test function &, so we have that

dpr(l(z,-), P(z,-)) = sup Eq (h(p;ffl) - h(pgﬂ)) <omY), (B.52)

lhllsL<1

which is the desired result.

O
C Proofs for ReLLU Shaping Results
In this section, we first recall the ReLU-like activation function for s = (s, s_) € R? defined as
vs(z) == s+ max(z,0) + s_ min(z,0) = sy p(x) — s_p(—z), (C.1DH
where ¢(x) := max(z, 0) is the usual ReLU activation.
We will also recall the definitions
Tpr(p) =E(9)"0(9)",  Kpr(p) =Eps(9)Pes(9)", (C2)
where g, w are iid N (0,1) and we define § = pg + qw with ¢ = /1 — p2%. We will also use the
short hand notation to write J,, := Jp 5, K, := K, 5.
Here we recall from [&1]]
- 1 — p2 + (7 — arccos
Ji(p) = 2 (2 2)e. (C3)
m
We will also recall from Lemma B4 the following moment calculations
2 2
-1 _ 2 _ 83+ 8T

Ki(p) =E@s(g) 0s(9) = (55 + 5% )J1(p) — 2s45_J1(—p) .

In the shaped case, we will calculate a Taylor expansion for the function ¢K; (p).
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Lemma C.1 (Shaping Correlation Function Expansion). Let s+ =1+ %, then
v _
cK1(p) =p+—(p) +0(n =37, (C.5)

where v(p) = C* = ) (\/ —&-parccosp)

Proof. We start by consider plugging in the formula from (C4) to get

2 _
cKi(p) = 212 ((s% +s2)Ji(p) = 2515-J1(—p))
+ —
= 53__12_52_2; ( s3 + s (\/ 2+ ( w—arccosp)p) — 2818 (\/l—p2 — (W—arccos(—p))p>>
= Li ( s2 452 (\/ 2+ (m— arccosp)p) — 25,8 (\/ 1—p%— (arccos,o)p))
st 482 20 \VF o ’

(C.6)
where we used the fact that arccos(—p) = 7 — arccos(p).

After substituting s+ = 1+ C—\/j%, we can use SymPy [51] to Taylor expand with respect to the variable

x =n"12 about 2y = 0 and get
arccos T — arccos
cKy(p) =2 (p) , p( (»)
7r 7r
N (n_1/2) 2 [ —pc? arccos (p) + 2pcyc_ arccos (p) — pc? arccos (p)
2m
(C.7
c+\/1— 2 —2cyc_ — p? \/1—p>
2m

co((nm)).

where we used the simplify function on the coefficients to reduce the size of the expression.

We can further simplify to get

R ) o (s ey ~3/2
cKi(p) =p+ " . 1 parccosp) +O(n=>/=), (C.8)

which is the desired result.

We will also need an approximation result for fourth moments.
Lemma C.2 (Fourth Moment Approximation). Let g%, g%, g7, ¢° € R be jointly Gaussian such that

(e af
P~ 7). )

and similarly for other pairs of «, 3,7, 9. Then
E¢s(97)ps(97)0s(97)0s(9°) = Eg®9°g7 9" +O(n™/2) = p® p74p*7 pP 492 pP 1O (n~1/2) |

(C.10)
where the constant in the O(-) notation is universal.
Proof. We start by writing
1
ps(z) =2+ n (cro(z) —c—p(=2)) , (C.11)
and this allows us to write
E0s(97)2s(9”)2s(97)ps(9°) = Eg%9°97 9" + O(n™1/?). (C.12)
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Then by Isserlis’ Theorem, we can write
Eg%¢°g'9° =Rg*¢’Eg"g’ + Eg°g"E¢’¢’ + Eg*¢°E g9, (C.13)

which gives us the desired result.

We will also calculate a useful covariance.
Lemma C.3 (Covariance of R*?). Let g*, g%, ", g% € R™ be jointly Gaussian vectors such that

g“ 1 pP
(o b 7o), cio
and similarly for other pairs of a, 3,7, 9. If we also define
(6% 1 - « o
R= 53 [epa(9)0s9)) = eBa (6] (C.15)
then we have the following covariance formula:
ERYPRY = p™pP% 4 p*pP7 4 O(n=1/?). (C.16)

Proof. We first observe that since each entry of the sum in R“P are iid and zero mean, it is sufficient
to just compute the covariance a single term. In other words

ER*R" =E¢? (sos(g?)sos(gf) - Kl(paﬁ)) (ps(9])s(99) — K1 (p™)) . (C.17)

Since ¢ = 14+ O(n~'/?) and K, (p) = p + O(n~') from Lemma [T, we can further write this as

ERYR’ =E (%(9?)%(9?) - p‘“ﬁ) (2s(g))ps(9?) = p7°) + O(n~1/2), (C.18)
and we can use the fourth moment approximation Lemma 2 to get
ERaBR'yé _ poz,Bp'yé + pa'ypB(S + paépB'y _ paﬁp'yé _ paﬁp'yé + pa,@p'y& + O(n—1/2)
= p* P + p*pPY + O(n~1/?),

which is the desired result.

(C.19)

C.1 Proof of Theorem B2 (Covariance SDE, ReLLU)

We start by restating the theorem.

Theorem C.4 (Covariance SDE, ReL.U). Let V;‘ﬁ = £(p7, gof ), and define Vy := [V;B li<a<p=m
10 be the upper triangular entries thought of as a vector in R™™+1/2 Then, with sy = 1 + %

as in Definition B, in the limit as n — o0, % — T, the interpolated process V|, | converges in

distribution to the solution of the following SDE in the Skorohod topology of Dy gm(m+1)/2

1
Vs = bV e+ 20D B V= | et o) )
Tin 1<a<p<m
o (ey—c)? o I Vs ;
where we denote v(p) = = ( 1 — p? — parccos p) Py = N and write
bV = |v (o) Ve S = [ v e
1<a<p<m a<p,y<o

Furthermore, the output distribution can be described conditional on V evaluated at final time T

gl Ve £ (0,1VR7)5, ) (€22)
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Proof. We start by recalling the definitions

Vi = E<w+1,w+1 < ([Wew) s<\/gwwf)>. (C.23)

At this point, we can define
a

gy = Wg (C.24)
Iso I’
and observe that
{g%:H]:giN(O {1 ”?ﬁ]@ﬂ) (C.25)
9e BV ’
a B
where Fy is the sigma-algebra generated by [25']0;, p?ﬁ = |<:’;"|‘ifﬁ>‘ , and ® denotes the Kronecker
I3 £

product. Then we can use positive homogeneity (i.e. ps(cx) = |¢|ps(z)) to write

fm el | = <sos<g?>,gos<gf>>

-y 1
A AG (C 1o \/ﬁ
(o3 ]‘ (o3
—:y/Voev P <0K1(pﬁ) + \/ﬁRf> :

where we defined R‘;ﬂ = ﬁ Dy [cws(gzi)@s(ggi) —cK, (p?ﬁ)}

af
Veri

RN )cKl(p?ﬁ)D (C.26)

—

Next we use the expansion of cK; (p?ﬁ ) from Lemma Tl to write
o ao a (p ) 1 o —
Vi = Ve’ ( i R Gl
1 1
S peTe) ap BB BB pap —3/2
= Vi WV Ve VR 0,

which essentially recovers the Markov chain form we want from Proposition AT, where the drift is

b(v) = v (s%) Verv?, (C.28)

It remains to simply compute the covariance conditioned on previous layer. To this end, we will use
Lemma C3 to write

E(W)aﬁ,’y(s =K, |: ’VﬁanﬁRﬁﬁ /VZ’Y’YVZMRZLS]
aa a a _ (C.29)
=\/V Veﬁﬁvevvveéé (p 7p56+pzép57+0(n 1/2)>

— V'ZCV’YV'ZB(S + V'Eous‘/eﬁ’Y + O(n—l/Q) ,

(C.27)

as desired.

where we recall Ey[-] = E[-|F,] is the conditional expectation given the sigma-algebra generated
by {z7'}_;. By setting o = /2, we then recover the desired SDE via Proposition B8 on the
Markov chain of V,*".

O

C.2 Proof of Theorem B3 (Correlation SDE, ReLLU)

We start by restating the theorem.
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a B
Theorem C.5 (Correlation SDE, ReLU). Let p?ﬁ = lg’j"rzﬁ)‘, where ©f = p(z3). In the limit as
3 £

n—>ooandsy =1+ % the interpolated process pf‘ﬁl | converges in distribution to the solution
of the following SDE in the Skorohod topology of Dr, r

a B
& o (] @ o o, T
dptﬂ = [V(ptﬁ) + u(py B)} dt + U(ptﬁ) dBy poﬂ = W) (C.30)
where
cr —c_)? 1
v(p) = % [m- arccos(p)p} . ulp) = _ip(l —p?), olp)=1-p.

(C.31)

Proof. While it is possible to obtain this result as a consequence of Theorem B via It6’s Lemma,
we will show an alternative derivation by extending the steps of Proposition B8, where we can

directly compute the Taylor expansion in the event E := {|¢f, |, |905+1| >0}

ws (P81 Ph) N o B
Pty = T — e (pg ) + o) U(peﬁ)% +0(n=3?), (C.32)
“Pe+1| “Pe+1| n n

where (unconditioned on E) & are iid with mean zero variance one and
o ~/ « C
p(pg?) =B fi(pg”) = 1 [K1(PKy + 3Ma + 3) — 4cK31]

2 (C.33)
0'2(p?ﬁ) = 5 [K%(CQKQ + M2 + 1) — 4CK1K3’1 + 2K2] s

where we replaced preLu, OreLU With i, o as we will be shaping the activation function, and we recall
E,[-] = E[-|F] is the conditional expectation given the sigma-algebra generated by {z{' }7".

We note that the undefined event £ occurs only when 2, ; or zf 1 has all negative entries, which

occurs with probability O(27"). Since all the terms of interest have finite moments, we can proceed
by removing this event E in a similar fashion as Proposition BR.

Using the expansion of ¢K7 (p) from Lemma Cl, we can now write

af ~ af
V(Pz )‘T’L‘M(Pz )+‘7(p26)j%

Furthermore, we also have that by Lemma 1 and Lemma C2

Pl =" + +0(n=%?). (C.34)

Ki=p;7+0(m™Y), Ky=2(p;")+1+0(n "2,

af —1/2 —1/2 (C.35)
K3,1:3pg —|—O(n )7 M2:2+O(n ),
which gives us the desired formula of
_ L —1- 2 C.36
plp) = —5p(1=p7), olp)=1-p". (C.36)
Finally, we can recover the desired SDE via Proposition A-f.
O

C.3 Joint Correlation SDE

In this section, we will extend Theorem B3 to a general joint process over all the possible pairs of
correlations.
o« B
Theorem C.6 (Joint Correlation SDE). Ler p?ﬁ = lgjl’rgﬁ)‘, and define p; = [p?ﬁ li<a<p=m to
i 4
be the upper triangular entries thought of as a vector in R™™+TV/2 Then, with s, = 1 + %
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as in Definition B, in the limit as n — oo, & — T, the interpolated process Plin) COnverges in

distribution to the solution of the following SDE in the Skorohod topology of Dy gm(m+1)/2

z*, zP
dpe = blp) dt +S(p) /2 dBy,  po = P}] | (©37)
|z [P 1<a<pB<m
where the coefficients are defined by
_ aff ap
o) = i)+ i
(0% 1 (0% (0% (%
(o) = 007+ 7 5 (0 P (P ()
— paB (p(”p +p67 66) pvé <pa7p67 +pa6 Bé)] ,
a<pB,y<d
(C.38)

with v, u defined as in Theorem B3.

Proof. 1t’s sufficient to just compute the covariance matrix 3 for the random terms of the Markov
chain (B=22), which reduces down to

feY « C
S(pe)asas = Be (Rf® = SEP (R + R)”)) (R) = SKP°(RY + R))) . (C.39)

where we recall E[-] = E[- |]:z] is the conditional expectation given the sigma-algebra generated
by {28}, and we write K{ := K, (p0").

Using Lemma T and Lemma 3, we can calculate this explicitly as
2
c «
E(pe)aps = Ee RapRos + K PK7°E¢ (Raa + Rsp)(Ryy + Rss)

- EK&B]E@ Ry5(Raa + Rpp) — EK”"SEE Rap(Ryy + Rss)

(C.40)
= "% + ™" + 2paﬁfﬂ‘5 ((p™)7 + (07 + (p°°)* + (p™)?)
_ paﬁ (porvp _~_p/3’v /35) _ pvé (powpﬁ’v +p“5 /35) + O( 1/2)7
which is the desired result.
O

C.4 Proof for Proposition B4 (Critical Exponent, ReL.U)
We start by restating the proposition.

Proposition C.7 (Critical Exponent, ReLU). Let p? = lwcf"l%ﬁ‘ where ©§ = pg(z3). Consider

the limit n — oo and s = 1+ % for some p > 0. Then depending on the value of p, the
interpolated process pf‘ti | converges in distribution w.r.t. the Skorohod topology of D R to

(i) the degenerate limit: pfﬁ =1forallt >0, if0<p< % and cy # c_,
(ii) the critical limit: the SDE from Theorem B3, if p = %

(iii) the linear network limit: if p > % , the following SDE, with u, o as defined in (B3),

a B
(e} (e} x7:17
dp;? = p(p?) dt + o (pi”) dBy po"W, (C.41)

Proof. Case (ii) follows from Theorem B33, therefore it is sufficient to only consider cases (i) and
(iii). In the case that p = 0, we can recover the following recursion in the limit as n — co

ey = cKi(pg?), (C.42)
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which matches the infinite-width limit, and it is known that pj‘ﬁ — las? — 1 (see also Appendix B
for an upper bound).

Next we will recall the result of Lemma C1l and observe that we can simply replace y/n with n? to
recover the expansion

cKr(p) = p+ 22 L oy, (C.43)

n2p
This gives us the following Markov chain from the proof of Theorem B3

v(py”)
n2p

M(P?B) apy §o -3 —3/2
+ - +o(py )\/ﬁ—i—O(n P+n ). (C.44)

In the case that 0 < p < 1/2, we can consider the time step size h,, = n~2P instead of n~! and
apply Proposition A7, where we recover the ODE

9:p2% = v(p2?), (C.45)

ity =" +

but on the time scale of p2%" = ﬁﬁfn% |- Converting it back to the time scale of pBm — p([‘ti |
implies that we have

PP =pef  forallt>0. (C.46)
And since v(p) > 0 for all p < 1 and that v(p) = C(1 — p)3/2 + O((1 — p)®/?) as p — 1, we have
that 528 = 1 as desired.

In the case p > 1 we have that since v is deterministic, we observe the drift term used in Proposi-
tion A-A in the limit as n — oo 18

bu(p) = v(p)n' = + p(p) — b(p) = p(p), (CA47)
which would simply recover the desired SDE with drift x4 only.

O

D Proofs for Smooth Shaping Results

In this section, we consider smooth activation functions ¢ satisfying Assumption B, that is ¢ €
C*,¢(0) = 0,¢'(0) = 1, and that [ (z)| < C(1 + |z[?) for some C,p > 0. We recall the
shaping we consider for activations of this type is via the following definition for s > 0

X
ps(T) = sp (;) ; (D.1)
so that lim,_, o, @s(z) = .

Before we start, we will calculate the behaviour of the normalizing constant c up an error order of

53,

Lemma D.1. Ler o, be defined as above with o satisfying Assumption B3. Then if g ~ N(0,1), we
have that

c=1+ 5% (igo”(O)z + <p“’(0)> +0(s7%). (D.2)

Proof. We will first Taylor expand ¢ (g) about g = 0

/! (O) ()0/// (O)
2s 652
where we note by Assumption B3 the remainder term is at most polynomial in g.

@
0s(9) =0+g+ 9+

g*+0(s7?), (D.3)

Therefore the second moment satisfies

(0 1 /1 2 -
Es(9)> =Eg* + wT()gg T (4‘9"(0)2 + 6<P"’(0)> g'+0(s7?)
(D.4)

— 14 (o2 470 067,
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where O(s~?) is bounded due to Gaussians have all bounded moments.

Therefore, for s > 0 sufficiently small, we have the following expansion
o 1 b
S Ees(9)? 1-(=bsT2+0(s78) s
where b = 3¢"(0)? + ¢””(0), which is the desired result.

¢ +0(s7%), (D.5)

D.1 Proof of Theorem B9 (Covariance SDE, Smooth)

We start by restating the theorem.

Theorem D.2 (Covariance SDE, Smooth). Let ¢ satisfy Assumption B3, V;‘ﬂ = £({pg, @f ) where
©F = s(27), and define Vy = [V;‘ﬁ]lgagﬁzm to be the upper triangular entries thought of as a
vector in R™(M+V/2 Then with s = a~/n as in Definition B4, in the limit as n — oo, % — T, the
interpolated process V|4, | converges locally in distribution to the solution of the following SDE in
the Skorohod topology of Dy gmm+1)/2

1
AV, = b(V;) dt + 2(V,)Y*dB,, Vo= {@;a,xﬁ)] , (D.6)
1<a<p<m

where (V;) is the same as Theorem B2 and

N S0// 0 2 wer o o 901” 0 o wer
) = O (Voo pvesavet —g)) + E 0 yer oo v g )

Furthermore, if Vi is finite, then the output distribution can be described conditional on V as
a |m d apim
[’Zout]azl ‘VT = N (07 [VTﬂ]a,ﬁzl) ) (DS)

and otherwise the distribution of [z,|"_, is undefined.

Proof. We start by defining g§* == ngi—z‘, and observe that
: 4

af
= ) @I, |, D.9)
[95 ‘ p;” 1
a B
where F; is the sigma-algebra generated by the ¢-th layer [z§*]7", p?ﬁ = \if‘fl’r;fgl , and ® denotes
4 £

the Kronecker product. We can then write the Taylor expansion for ¢ about 0 as

c
otins = o (y/ Sl
— 0a(0) + 0 (01 ) S ge +90’s’(0) Cloelge 2+<p;”(0) € loelge ’
= ¥s Ps n Pe 19 B n Pe 190, 6 n Pe 190,
lc
R _ « Qy
+ 3( n“Pe |g€71,)7
(D.10)

where R3(-) is the Taylor remainder term, which has polynomial growth by Assumption B3.

By using the fact that »(0) = 0,4'(0) = 1 and observing that the derivatives of ¢ satisfies
(x)
e (0) = “"Ski,(lo), we can further write

2 3
« ¢ ol o 50//(0) ¢ ol o 90”/(0) c ol o —
Por1,i = \/;W’e |9 + 9 E\W lggi ) + 652 E\‘Pe 975 ) +O(s™%), (D.11)

where the remainder term is at most polynomial in gg',.
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Then we can compute the inner product with the same expansion as

C
<§0[+1 ) 90[+1

= 3 (i + SR EerPony+ 2 (Sler) o+ 06)

c ,B B s0// )c ﬁ ﬁ <p///( ) 3/2 /3 _
(y/Sttior + S it + 22 (S4et) " it +067)
D.12)

and we will proceed by analyzing the product terms separately. We start with the terms of order
O(s?) first, which are

11

- PRl *Iw\lso le | p0? + —=—= g0, — P3P

Z 4 £, l \/ﬁ\/ﬁ; 190, 0
1

— aat BB af af

=\ Vv C(pg +ﬁRZ) (D.13)
8

RY
— CV;ﬁ +c /Veaa‘/fﬁ

where we used the definitions V" := £ (¢ 7W> and R?B = \/ﬁ D1 9f de L= pob.
For the first order terms, i.e., terms of order O(s™ '), we have the terms

Z\ﬁmq g (gl \ﬂmg €| oz ?
=1
¢"(0 55 C 5 55
:TS\/VZaaVZ nzg?,igé,i< Vitgei + Ve géz) (D.14)
=1
_9"0) [ et 86 € Hap
=Ty VYV \/ER‘* ’

where we define }A%?B = ﬁ Dy gzigg i (w/Vﬁo‘gzi + Vf s gz Z) and observe this random

variable has zero mean and a finite variance. Therefore in view of Proposition A8, this term cannot
contribute to the drift due to having zero mean, nor can this term contribute to the diffusion term due
to s = a+/n leading to the term being order % In other words, the effect of this term will vanish in
the limit as n — oo.

‘We then turn our attention to the second order terms, i.e., terms of order 0(3*2)

gz@;g?f PP IR 050 )

n
(D.15)
I/I
o (ﬁ ?|(\fm) s+ (ySen) [Eebion gh>.
Since this term is order s™° = 2 , it can only contribute to the drift term, and in view of Proposi-

tion A6, we only need to compute its mean. To this goal, we will simply invoke Isserlis’ Theorem
and calculate

Ee (9879007 = 1+2(00")%, Eegfi(er,)® =Ee(g8:) %90, = 305" . (D.16)
where we recall E,[-] = E[-|F] is the conditional expectation given the sigma-algebra generated
by {z¢}™_,. This allows us to compute the conditional expectation E, for the terms of order s~ as

"0 ¢ yac, op a2y L PO0) g S 0y [ 0 (C c2, € ¢ 2)
St 142 2 3 < < < <
[ O ot b1+ 2002 + £ Dot [ 1oty [t (1t + St

(0 (1 "(0) a8 100
=c[ 1 VEVEPRAVEP) + S Vet (Ve + V) |
(D.17)

31



Putting these terms together with the fact that ¢ = 1 — & + O(s73) with b = 3¢"(0)2 + ¢©"(0),
we can write the update rule for Vﬁﬁ

a 1 901/02 aa o o L,O///O N e
w+1vﬁ+n[ 422) (vev? vt vt =) + 2a(2)veﬁ(ve + VP —2)

I—ry
+e waav‘zﬁﬁﬁ + O(n—3/2) )
(D.18)

At this point, we have fully recovered the drift term, and we observe the covariance structure is the
same as Lemma 3 in the limit as n — co. Therefore we can invoke Proposition A to recover the
desired SDE.

O

D.2 Proof of Proposition B0 (Critical Exponent, Smooth)

We will restate and prove the proposition.

Proposition D.3 (Critical Exponent, Smooth). Let ¢ satisfy Assumption B3, V;‘ﬁ = {7, @f )
where ¢§ = ps(z5) with s = anP for some p > 0, and define Vy = [Vﬁﬁ]lgagﬁzm fo be the
upper triangular entries thought of as a vector. Then in the limit asn — 00, % — T, the interpolated

process V| converges locally in distribution w.rt. the Skorohod topology of Dy gm(m+1)/2 1oV,
which depending on the value of p is

. L 1
(i) the degenerate limit: if 0 <p < 3

\ w

(D.19)

\ w

Voo =0 or oo, 30"(0)% 4 ¢""(0) > 0 and V§** # 0,
VP = const. , 30"(0)% 4 ¢"(0) < 0,

forallt >0and1 <a<pg<m,
(ii) the critical limit: the solution of the SDE from Theorem B3, if p = 3,

(iii) the linear network limit: the stopped solution to the SDE dV; = ¥(V;) d By with coefficient
Y. defined in Theorem B3, if p > %

Proof. Similar to the proof of Theorem B9, we will borrow the same notation and write down the
Markov cham update and consider the time scale depending on the value of p. In case (i) where
0<p < =, we will consider the time scale h,, = %2 = ﬁ and observe that based on the Taylor
expansion of (s about 0, we can write

n

Vé-‘rl 22 ( /Veaagzi + SO;(SO) VZaa(gZi)Q L ¢"(0) (,0/”(0) (Vaa)3/2( ) + O( ))

2
S
i=1 6

=V - Z(%i)g + (V)2 - Z 2(g8:)°
-1 =1

" 7 2\ ¢ n
+(waa)2 <('0(0)+ ¥ (O) ) Z(gzi)4+0(873)

352 452 n 4
i=1

~

1 ¢"(0) 1
_ C‘/ﬁa _i_cwoza%R?oe +C(waa>3/2 , % o
4,0/// 0) 4,0// 0)2 1 ~ B
revee) (G + S0 ) JeRe 4067,

where we define R{® == =371 (97;) — 1, Rg™ = = 30001 (97,)° Ry = T Y (gh) -
3 and observe they all have zero mean and finite variance.
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In view of the time scale s~2 for Proposition &, it is then only important to keep track of the
expected value of the s~2 terms and the covariance of the s~! terms. However, since there is no
terms on the order of s~1, we essentially have

1 3
Vs = v+ (#7104 02 ) Ve - D+ 06T ) 2
where we used the fact that ¢ = 1 — & + O(s72) for b = ¢ (0) + 2" (0)? from Lemma DT
Hence, we have that U™ = Vs converging to the ODE via Proposition B8

QU™ = UL (U™ — 1), (D.22)

where we observe if b > 0 this ODE is “mean avoiding” as it will drift towards 0 or co. And since
the V; time scale is on the order of %, for all t > 0 we have that

Ve = oo (D.23)

therefore if b > 0 we have that V,** = 0 or oo as desired in the first case of (i). When b = 0 we
observe that V2% = V** since the time derivative is zero. Furthermore if b < 0 we also have that
V2 =1 in the second case of (i).

When b < 0, we can also write down the ODE for Ut(w using a similar argument and keeping only
the s~2 terms. More precisely, we can modify (D-I) to get

i (p”(())Q
2 4

RYP :
eV S o),

which leads to the following ODE

2"(0)
2

V=V (Vv veravp? - ) + SRV e v - o)

(D.24)

o (0 2 o o a0 N
ouse =2 51 ) (Vv + U (20p° —3) ) + £ 2( Jyes (e + 0 -2) . ©23)
Since U, Utﬂﬁ converge to constants as ¢ — oo, |Uto‘5| < \/U{mUtBB by definition and Cauchy—

Schwarz inequality, and that Ut“’B satisfies a first order ODE (so it cannot have a periodic solution),
we must also have that lim; o, U;" # = const. This completes the proof for case (i).

Case (ii) follows directly from Theorem BT, therefore we can then consider case (iii) with the
same Taylor expansion, however this time on the time scale of n~! instead. We will again follow

Proposition B8 to only track the mean of the order n~! term and the variance of the n~'/2 term.
Since p > %, the only term that remains is the diffusion on the order of n~1/2
1
VEA =V VP =R, (D.26)
which gives us the desired SDE from calculating the covariance from Theorem BE9.
O

D.3 Proof of Proposition 3.7 (Finite Time Explosion Criterion)

We will start by recalling several definitions from [A2, Section 5.5]. Firstly, we consider the one
dimensional Ité diffusion on I := (0, c0)
dX; =b(X;)dt + o(X¢)dBy, (D.27)
where the drift and diffusion coefficients satisfy the following conditions
o*(z) >0,Vrel,

LI (D28)

Vmel7ﬂe>0:/
e—c 02(Y)
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We will also define the following functions for some fixed ¢ € I

= wex - 572b(z) z
pio) = | p( /ca%z)d)df’
2dx
m(de) = — (D.29)
)= )

o) = [ @) / ’ o= | () — ply) midz)

We will also define the following sequence of stopping times for M > 0
v =inf{t>0: X, >MorX, <M '}, (D.30)

and let 7% := sup,;- o Tas. Now we will state the main results we need for finite time explosions.
Lemma D.4 ([42, Problem 5.5.27]). We have the following implications

lim p(z) = —c0o = lim v(z) = oo,

z—0 z—0
) . (D31
lim p(z) =00 = lim v(z) = .

r—00 T—00
Theorem D.5 (Feller’s Test for Explosions [42, Theorem 5.5.29]). Assume the conditions in (D28)
are satisfied. Then P[t* = oo] = 1 if and only if

l.ii% v(z) m v(z) =o0. (D.32)

=1
Tr—r00
We will begin our derivations for the SDE (D-217).

Lemma D.6 (Geometric Brownian Motion, the b = 0 Case). Let X, be a solution to the following
SDE
dX; = V2X,dB,, Xo=uz0>0, (D.33)

then we have that T = oo a.s.

Proof. Here we observe that
p(zr) =exp(0) =1 = p(z)=2—1. (D.34)

Then we have that od p
T T
= ——= — D.
m(dx) o) a2 (D.35)

which implies

v(a?):(x—l)/ —‘g—/ y2 dy=x—logz —1, (D.36)
1 Y 1Y
and therefore
lim v(z) = lim v(x) = oc0. (D.37)
z—0 r—00

By Feller’s test for explosions Theorem IDH, we have the desired result.
O

Proposition D.7 (Calculate p(x), m(dz) and the b < —1 Case). Suppose X, is a solution of the
following equation

dX; = bX, (X, —1)dt +V2X,dB,, Xo=mx0>0, (D.38)
then for all b # 0 we have that
£ dx
_ b —by, b _
p(z)=e /1 e~ Yy’dy, m(dx) = R (D.39)
This implies that
—o00, b< -1 00 b<0
li = ’ - R = ! - D.4
Z%p($) {ﬁnite, b>—-1, xirgop(x) {ﬁnite, b>0. (D40)

In particular, when b < —1, we have that lim,_,o v(x) = lim,_, o, v(z) = oc.
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Proof. We start by writing

p'(r) = exp < /lw jg((z)) dy> = exp (—b(z — 1) + blogz) = ele %2t . (D41)

Then we can also calculate the integral via a substitution of y = bx to get the desired result.

At this time, we observe that when b > 0

p(r) = /1 ' P'(y) dy

eb /m e Wyt dy
1 (D.42)

bx
zebbfbfl/ e #20dz
b

=ebp ! (v(b+1,bz) —v(b+1,b)) ,
where vy is the lower incomplete gamma function, and therefore finite for all values of x including
the limits x — 0, co.

The b = 0 case follows from Lemma IDA. Finally when b < 0 we can write
T olbly
—e ol [ €
p(z) =e S dy, (D.43)

which clearly diverges to co as x — o0.

On the other hand, we can observe as that as x — 0, we have that y € [0, 1] and therefore 1 <
eltlv < el’l. This implies we only need to consider the integral — fml y~ 1Pl dy, which diverges to
—oo if and only if |b| > 1. In other words we have

—00 b<—1
I = =T D.44
w%p(x) {ﬁnite, b>—1. ( )
The limits on v(z) follows from Lemma D4.
O

Proposition D.8 (The b > —1 Case). Suppose X is a solution of the following equation
dX, = bXy(Xy —1)dt + V2X,dB,, Xo=z0>0, (D.45)
then when b > —1, we have that

whi)% v(x) =00, mlgr;o v(z) =

{007 be (_1a0]7 (D46)

<oo, b>0.

Proof. We will start by calculating the following integral using the exponential series expansion

Y 2dz o [V b~
/1 p’(z)aQ(z):e /e 2~ +2) g,

1
k
— b yz (bl»;) 5= (042) 4,

L (D.47)
E>0
ph kb1 _ 1 po+1
_ b b
=<' > wEhit B oW Lte=bi) -
k>0,k#£b+1
Now we can compute v(x)
T bk ykfbfl -1 bb+1
v(x) = / e D + log(y) 1 ki1 | dy
1 k0T K k—b—1  (b+1)!
b /GE by (, k P ’
= Y g | T =y + 71{1@:174-1}/ e "y logydy.
poiyay F—b=1) J; b+1) .
(D.48)
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We first consider the case when z — 0, in which case we have e~ 1°l < ¢=% < ¢lbl and therefore
will not affect convergence or divergence, so we can safely ignore the factor e %Y and write (for
k>0, —=0)

k b+177% k _ 1 b+1 1 -1
vy } . z (D.49)
1

@ 1
7by( k=1 _ b ~ _
ey y)dy~{ - -+ —
/1 ko b+1

ko b+l ko ob+17
. . . k .
Since the exponential series D, . % = b — 1 converges, and we have terms strictly smaller than
the exponential series, we have convergence of these terms when £ > 0. We now return to handle a
couple of edge case terms, firstly when k = 0

1 Y by 1 —logx
dy = — — D.50
—b—1/1€ y o dy TE] 00, asT — 00, ( )
which is a desired behaviour. Secondly we consider when k = b+ 1
e bHLI(b+1)logx — 1] +1
/ yblogydy:x I +(b)+01g)2x I+ = (b+1)7?, asz— o0, (D.51)
1

from which we can conclude lim,_,g v(z) = oco.

Next we consider the case when 2 — co. Firstly, since we already have that p(2) — oo when b < 0,

therefore Lemma D4 implies v(z) — oo. Therefore we only need to consider when b > 0.
Since b > 0 we will have that e~%*
case terms and consider the series

will dominate, and therefore we can safely ignore all the edge

bk ¥
vE)r Y / eyt —yb)dy. (D.52)
k>0,k#b+1 kl(k—b—1) Jy
Observe that as x — oo we actually recover the gamma integral in the terms i.e.
/ e Wyl — Y dy = —b7FT(k) + b7 ID(b 4+ 1), (D.53)
1

where we observe the second term is independent of k, and therefore the series converges due to
comparison with the exponential Taylor series. This implies we only need to focus on the first term,
which is

v(x) ~ (D.54)

1
2. Kk—b—1) =%

k>0,k#b+1

k
2. G . IR ARICE

k>0,k#£b+1

where the series converges since it’s a sum of k=2 type. This allows us to conclude that

lim, 00 v(z) < 00 as desired.

O
We can now prove the desired result of Proposition BZ2, which we restate below.
Proposition D.9 (Finite Time Explosion). Let X; € R be a solution to the following SDE
dXy =bX (X — 1) dt + V2X,dB,, Xo=x0>0,beR. (D.55)

Let 7% = supy~oinf{t : X; > M or X; < M1} be the explosion time, and we say X, has a
finite time explosion if T* < oo. For this equation, P[7* = oo] = 1 if and only if b < 0.

Proof. Putting the results of Proposition D72 and Proposition D8 together, we have the following
table

lim, o v(z) | limz oo v(z) | limgop(x) | lim, o0 p(x)
b< -1 00 00 —00 00
-1<b<0 00 %) finite %)
b>0 00 finite finite finite

Therefore, invoking Feller’s test for explosions from Theorem D3, we have that P[7* = o] if and
onlyif b < 0.

O

36



E Lower Bound for the Recursion p,.; = cK;(py)

In this section, we consider a Taylor expansion of c¢K(p) around p — 1 from the left hand side to
get

2/2
pe1 = cKi(pe) = pe + ?:77{(1 —p0)** + O((1 — pg)°/?), (E.1)

which we can rewrite using 7y = 1 — pg as

22
Tep1 =T¢ — i 3/2 +O(r 3/2) (E.2)

We will compute an upper bound on 7, inspired by the following result.
Lemma E.1 (Lemma A.6, [52]). The logistic recursion

Tpt1 < azn(l —ayp), (E.3)
for zg, a € [0, 1] satisfies
oy < —0 (E.4)
a4+ xon

We will extend the above Lemma to a slightly modified update as well.

Lemma E.2. Suppose the recursive map satisfies

T < (1 —2L/?), (E.5)
for zg € [0, 1], then we also have that
Ty € ——0 (E.6)
(1 + n:pl/Q)
Proof. We will start the induction proof at n = 1
1/2 Lo
21 <ao(l—zy'7) < (E.7)
0 1+ x1/2
When 2y < 9 we have that
1/2 1 1/2 _ 1 L1/
1+zy" 214+ -z + :c 14+ -z , (E.8)
9 3 3
and hence .
0
< E.
which proves the case for n = 1.
Then we assume the inequality holds for x,,, we will similarly write
Tns1 <an(l—zlf/?) < — (E.10)
14+ z
and plugging in the inequality for z,, we get
) -
14+ Lnz/? T
o1 < (x4 ;/2) = - ™ — (E.11)
Lt 30— (1+(§+ 1) 2 )(1""(5)550 )

1-i—\5 n,

To complete the proof it’s sufficient to show
(oG (e ()= (o (M) 7) - e
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which is equivalent to

2 02 241
(ﬁ+1) "x0+<”+1> ol > (”g ) o+ ("; )xé/Q. (E.13)

Since %" +1> %* we only need to compare the first coefficient, which is

n? + 3n N n®+2n+1
9 - 9 ’
and this is equivalent to n > 1, and therefore satisfied by the induction. This completes the proof.

(E.14)

O
At the same time, we also conjecture the following bound.
Conjecture E.3. Suppose the recursive map satisfies
Tnp1 = zp(1 — zL/?), (E.15)
forzg € [0,1], then
pp~ 0 (E.16)
(1 + %nx(l)/ 2)
Sketch of Conjecture. Suppose we want to establish the approximation of
P . E— (E.17)
(1 + bnzé/ 2)
Then for the initial induction n = 1 step, we only need
1+JU(1)/2 > (1+ba:(1)/2)2, (E.18)
which is equivalent to
1—2b)2

Using WolframAlpha (probably through the quartic formula), we find the desired solution for b €

(0,1/2) is
V1i+yxo—1
b=V O~ (E.20)
V2o
This function b(zo) is a strictly decreasing function on [0, 1], and it satisfies b(0) = 1,b(1) = v2—1.
This implies that whenever x is small, we can choose b closer to % in the n = 1 step of the induction.

Similarly, for the induction step, it’s sufficient to show

2
(1 + (nb+ 1)1:3/2) (1 + nbx(l)/Q) > (1 + (n+ l)bx(l)/Q) , (E21)
which is equivalent to
nbzt? +1 > (2n + 1)b2a? + 2b. (E.22)

Again, since we are always choosing b < 1/2, therefore we have 1 > 2b, and we will only need to
focus on the first coefficient. To this end we rewrite the first term as

b(n(1 — 2b) — b)ag/* = b(1 — 2b) (n - 1_be> a2 (E.23)

This implies we require n > ﬁ, which increases as we choose b closer to 1/2. However, if the

induction starts the step [ﬁ], then this is not a problem, which leads to our conjecture.

O
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Using the above results, we can have a similar approximation for r, given the infinite-width update

2v2
rev =T 5 i (E.24)

2
which we can rewrite using 7y := (%) r¢ to get

Porr = Po(1—7,/%). (E.25)

This allows us to consider the upper bound

7o

7o < TRTSC (E.20)
11/2
(1 + %E 70 )
or equivalently
e < o ek (E.27)
1/2
(1 + 729\7/? lr )
Similarly, the conjecture leads to the following approximation
e~ — 0 (E.28)

(1+3f*/f£ré/2)2.
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0 50 100 150
Layer !

Figure 3: Plot of the convergence of correlation pj‘ﬁ to 1 for a ReLU network, and the lower bounds

(EZX1) and (EZX). Computed with d = n = 150, pgﬂ = 0.3, using the usual ReLLU activation i.e.
s (z) = max(z,0).
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F Additional Simulations and Discussions

In this section, we have additional simulations plotting the densities of pgﬁ and Vdo‘ﬁ for shaped

ReLU-like, sigmoid, and softplus networks. In particular, the density of Vdaﬁ for ReLU-like net-
works can be found in Figure B, the densities for sigmoid in Figure B, and the densities for softplus
in Figure B.

12-

Density
()]

-0.50 —0.25 0 0.25 0.50
Covariance V%
—SDE (Ours) | Infinite Width NN

Figure 4: Empirical distribution of the covariance Vd‘lﬁ for a ReLU-like network, SDE sample
density computed via kernel density estimation. Infinite width prediction simulated from the
ODE 0,p2" = v(p?®), and we note V;** = V2 in the infinite width limit. Simulated with

n=d=150,cy =0,c. = —1,p5” = 0.3, SDE and ODE step size 1072, and 2'3 samples.
8-
6- 3
= z
g4 g2
[ ]
o [a)]
2 1
0- 0-
-0.50 -0.25 0 0.25 0.50 -1 -0.5 0 0.5 i
Covariance V& Correlation p%f
— SDE (Ours) NN — SDE (Ours) NN

Figure 5: Empirical distribution of the covariance Vdaﬁ and correlation pg‘ﬁ for a shaped sigmoid
network, SDE sample density computed via kernel density estimation. Simulated with n = d =

150,a = 1, pg‘ﬂ = 0.3, SDE step size 102, and 2'2 samples.

F.1 Convergence in Kolmogorov-Smirnov Distance

From Figure [, we can show that our results (Theorem B3) converges at a rate of n~1/2 in terms of

the KS-distance.

F.2 Tuning Shape and Depth-to-Width Ratio

Since the existing shaping methods [B8, BY] estimates the output correlation based on the infinite-
width limit, we can easily improve the shape tuning based on the covariance SDEs. In particular,
we consider the example of ReLLU-like activations with correlation described by the SDE (B34). By
simulating both the SDE and the infinite-width limit ODE, we arrive at the results in Figure .
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Figure 6: Empirical distribution of the covariance Vdo‘ﬂ and correlation pg‘ﬂ for a shaped softplus
network (centered at g = log2), SDE sample density computed via kernel density estimation.

Simulated with n = d = 150,a = 1, pgﬁ = 0.3, SDE step size 1072, and 2'3 samples.
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Figure 7: The Kolmogorov—Smirnov statistic (sup norm of the difference between two empirical
CDFs) for the empirical samples of the correlation SDE (B4) and from a neural network at initial-
ization. Simulated with ¢, = 0,c_ = fl,pgﬁ = 0.3,% =T = 1, SDE step size 1072, and 2'3
samples.
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Median Correlation o
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Figure 8: ReLU Correlation SDE (B4) and ODE simulated with ¢, = 0, pgﬁ = 0.3 varying c_
values, 2!2 samples, and step size 10~2. infinite-width is from ODE 8,p2" = v(p$?) with v.

We observe that simply by increasing c_ towards zero does not automatically reduce effects on the
correlation when time ¢ (the depth-to-width ratio) is large. In other words, even a linear network
will observe an increase in correlation when depth is large enough. Therefore shaping the activation
alone is insufficient, but we also need to account for the depth-to-width ratio.
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We also remark that Figure B only plotted the median for simplicity, but if we recall the density
plots from Figure [, correlation is heavily skewed and concentrated near 1. More precisely, while
the median correlation is approximately 0.55, roughly 20% of the samples are larger than 0.9. In
other words, one in five random initializations will lead to a correlation worse than 0.9! As a conse-

quence, practitioners implementing the shaping methods of [38, 39] should consider simulating the
correlation SDE to account for the heavy skew.
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