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A Proofs

We introduce some notations utilized in this supplementary material. Bold capital letters such as
A, B, ... denote the matrices and in particular, we use I to represent the identity matrix. Columns in
matrices are denoted via specifying column index and using colon to cover all row elements, i.e., A ;
denotes the ith column in matrix A. ® represents Khatri-Rao product between matrices.

A.1 Proof of Theorem 1

We use the updates for CL as an example; similar error bounds can be derived for A:i, B, analogously.
As stated, Fused-Orth-ALS algorithm includes the following major four steps for the updates:

1. Orthogonal prO_]CCthl’l
Suppose A.; and B.; are estimates from the prev10us iteration. With a slight abuse of

notation, we first calculate the projection of A.; and B,; to the previous (¢ — 1) orthogonal
basis, {A.;,j <i}and {B.;,j < i}, which are denoted by A.; and B.;; they are calculated

as
A,=A, ZAEA:iA:j
j<t
B,=B,-) B/ B B
j<t

2. ALS-update:
This is similar to the classical alternating least squares algorithm; it computes the unnormal-
ized version of the estimate for the factor matrix along the third mode via Y(3)(B © A). We
denote with Z the estimate after taking ALS updates with normalization. In summary, each
column in Z is equivalent to,

y(Aﬂ l7I)

1Y(Asi, B.i, Il

Uj‘ W|

Z:i -

3. Fuse operator:
This step imposes a generalized LASSO regularization on the pairwise row differences on
Z, which is equivalent to imposing the operator 3A on each column as

. 1 (
Z.; = argmin o || Z.; — Cil3 + A "ACui[x

4. Normalization: A ~
The factor matrix estimate C is finally obtained via normalizing columns in Z to have unit 1
norm.
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We show the convergence rate for Fused-Orth-ALS algorithm in two steps, one for the first column
and one for the remaining columns. The first step updates the first column, i.e. C.; which is not
affected by the ’orthogonalization’ step. Then utilizing a similar proof strategy, induction will be
implemented to prove the same convergence error bounds hold for the remaining K — 1 columns.

Step 1: convergence error for C,
Update for Z.; can be written as

_ y(A:hB:laI)
||y(A:17leaI)H2
and furthermore ||Z.; — C.1||2 can be upper bounded by

1

V(A4 By I
|Z — Calls = |-222 22D g,
||y(A:17levI)H2
y*(A:I;B:hI) S(A:MB:DI)
<= = Culle + |l——= 2
IV(A:1,B.1,I)||2 |V(A:1,B.1,I)|2

The second inequality comes from the model assumption that the tensor observation is a perturbed
version of the true underlying tensor, ) = V* + £. Following the proof of Theorem 3 in Sun and Li
[2] and denoting f (g, p, K) := aed + p*(K — 1) + 2egp(K — 1), we can show the convergence
error bound for Z.; is

2Wmax f (€0, p, K) + 2
wl(]- - 6(2)) - wmaxf(e()a Ps K) -

By Lemma and choosing an appropriate tuning parameter A, the update C.1, which is derived from
Z., after taking fuse operator, satisfies

2wmax,f(607p7 K) + 211) 8MH 3AC:1H1(wmaxf(€0,P,K) + IZ))

|Z.q — Cal2 <

. 2
C: - C: 2 S |: :|
H ' 1”2 wl(l_E%)_wmaxf(empaK)_w w1<1_€%)_wmaxf(€07p7K)_¢
(D
Moreover, under bounded fusion assumption A4, the convergence error bound in (T)) can be expressed
as

Zﬂ(wmaxf(e(hpv K) +¢)
- w1(1 - 6%) - wmaxf(507p7 K) -

Note that f(eg, p, K) can be organized as p?(K — 1) + geo, where § = aeg + 2p(K — 1). Moreover,
_ 2P(K*1)}

2

assumption A2 requires €y < min{ Zmin — p2(K — 1), ———%min which leads to

6Wmax 7 12V 2Wmax
e < gomin- and ¢ < 1. Thus, we can derive f(€o, p, K) < Wmin/(6Wmax). Now, the denominator

max

in () can be lower bounded by
wl(l - 68) - wmaxf(€0>p? K) - '(/)

2= e = D e ) = )
11 1
>1:}Umi.n(]- “5 76" 6)
2% 3)
Combining () and (3, we have
[C.i — Cua2 < 74\:310_“1“ pP’K + j}ﬂﬂ) + 4\fw.maxfj€o

with %g < % Then, by iteratively applying the above result, we can obtain
~ < 2 '(/J
[C1 = Cuall2 Sy K +
Wmin



46
47
48
49
50
51
52
53

54
55
56

57
58
59

60
61
62

63

64
65

66

67

Step 2: convergence error for C.;,Vi € {2,..., K}

We now prove that Fused-Orth-ALS algorithm recovers the remaining columns. We have already
shown that it recovers the first column and we would like to use induction to prove the same
convergence error bound holds for the remaining K — 1 columns, i.e. if the first (¢ — 1) columns
have converged, the ith column also converges. The main idea is that, since the correlations among
columns in factor matrices are small, the orthogonalization step will not affect the factors which have
not been recovered, but ensure the ith estimate never has high correlation with the first  — 1 columns
which have already been recovered. Lemma [3| proves this claim.

Next, we show how to bound ||C:i — C.l|2, for i > 1. We will start by bounding the difference
between ALS update Z.; and C.; and then apply Lemma [I]to consider the effect of fuse operator.
Taking the orthogonalization step into account, ||Z.; — C.;||2 can be bounded through

y(A:iaB:iaI)
1Z.; — C.ill2 =l 57— 5o — Cill2
V(A B, D)2
y*(A:i7B:i7I) 5(A:i7B:’i7I)
S” A B. 1 _Cz||2+|| A B. 1 ”2
||y( REE BT )HQ ||y( REE BT )||2
—_————
11, 11,

We will follow a similar procedure as that we used for proving the convergence for the first col-
umn. Note that orthogonalized columns updates A.;, B.; can be expressed as A.; = a(A.; —
i< AEA@{X;]») and Bj =b0(B.i -2, B/B.;B.;) where a, b are two normalization parame-
ters to keep ||A.;|l2 = ||B.:||]2 = 1 holds. We will ignore the normalization parameters a, b when

we analyze I1;, I15 since they will both appear in the numerator and denominator and could be
cancelled.

First, let’s try to analyze the numerator of /1.

y*(A:hB:hI) = y*(Az - ZATAzAjy B’L - ZB—EBZBJ?I)

:J
Jj<i j<i
=V"(A;, By, 1) =Y ATA V(A B, 1)) BB,V (A,;,B;I)+
Iy, <t j<i
112 113

Z A—JFIAZ Z B—;2B Zy*(A J1’P’2j27 I)
1< J2<i

114

Before we show the bound for 111, 111, 1113, 1114, we notice that AT A.;, B B.;, Vj < i, appear
in I'1y5, 1113, 1114 which can be bounded uniformly,

. AT A . BT F
A:= max ‘{A:le:i,B:jQB:i}

J1<4,52<t

< max {(Ay, +&) (Ai+&), By, +&,) By +&))

T J1<4,52<i

< a/Vd+ €y + 10Kya/Vd 4+ 10K~ya /Vdeg
The two inequalities above are derived based on Lemma 3]
Bound HI.[11||2

IIll :y*(AszvI)
K ~ A
=Y wi(As, Ay — A+ AL)(By, B, — B, + B,)Cy
=1

K
=> wi(As, Ay — A+ A)(By, B — B, + By)Cy + wi (A, Ay — Ay)(By, B, — B)Cy
1
+wi(Ay, Ay — Ay) (B, By)Cuy + wi(Au, Ay) (B, By — Bi)Cyi + wi (A, Ay) (B, B)Cy
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For simplicity, we denote 11}, = Z{; wi(Ag, Ay — Ay + ALY By, B, — B, + B,)Cy +

wi{Ai, Ay —A) (B, B, —B.)Ci+wi(A, A —A) (B, B.)C.i+wi (A, A,) (B, B —
B.;)C.;. After re-randomization, we can use the conclusion from the convergence result from step 1
and Theorem 3 in Sun and Li [2], we can obtain

”Ilil HQ S wmaxf(€07 P K) + szfo
Bound ||/]y3||> Similarly, 17,5 can be written as
S ATAY (A, BT <Y AV(A, B
j<i j<i
with

V*(A,;,Bi,I) =YV*(A; —A,;+A.,;,B; —B,; +B,;,I) =V (A, — A;,B,; — B,,I)

i1
+ y*(A:jv]:)’:i - BzaI) +y*(A'] - A:jaB:DI) +y*(A:j7B:iaI)

iz i3 14

Using the CP low rank decomposition structure of }*, we have

1]z = || Z wi(Ay; — Ay, A) (B — B, By)Cll

l€[K)
< eomax |[|glla Y wi < eo max [|§[lawmaxar )
1<t 1<t

l€[K]

where the last inequality is obtained from Lemma [3| and assumption Al, i.e., ||V*|| < wmax.
Similarly, by imposing the incoherence assumption A1, we can bound |[|iz||2

||12H2 = || Zwl<A:ja Al><Bz - B:ia B:l>C:l + Wy <Bz - B:i7B:j>Cin2
I#5
< e0p(K — 1)Wnax + Wmax€o 5)

To bound ||i3]|2, ||i4]|2, we split i3, 74 into two parts with the second part related to w;C.;,
iy = i3 + [|§[l2wi Cui
iz = 1> wi(Ay — Ay, Ag)(Bui, By)Cull2
I#£i
< max [|€5][2p(K — 1)wmax (6)
1<

and

i4 = 7/21 + wl-pC:z—

lill2 = 1> wi{A, Auy)(B.i, By)Cull2
1#i
< p2(K - 2)wmax + WmaxpP (7

Thus, combine the above analysis for i1, i, i3, 74, We have

[2alla < (K = DAL |l + (K — DAmax & + o) i Cail

Furthermore, || I1{5]|2 can be bounded by combining the results in @), (3, (6) and (7) as,

[115]l2 < llirllz + llizll2 + ll#5ll2 + [li4]]2

< Igliif{ ||€j|‘2€0wmaxa + (€0 + rglix ”5] ll2) (K — 1)wmax + p2(K — 2)Wmax + (€0 + P)Wmax
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Bound ||I1y5]2 Similar to || I112]]o.
Bound HI[14||2

Iy = Z A A Z B ly* - Aijl + AijuBZJé - B1j2 + BijzaI)
Jj1<ie j2<i
< Z Z AQ(y*(Aijl - A2j17Bij2 - Bij2’1)+y*( AJI’B]27 I)
J1<i j2<i i1 it2
+ " ( 317 _Bijzv )+y ( g1 JzaI))
iig ii4

Still, under the CP decomposition structure of V*, we have

linlls = | 7 wilAs, = Ay Au)(By, — By Bu)C |
I€[K]

< 1€ 1211€5, l2wmaxa (8)

liialla = || Y wi(Ayy, Ag)(By, — By, Ba)Cull

l€[K]
< Wiax €5, 12 + p(K = 1)[[&, [l2wmax )
|li43]|2 can be bounded in a similar way to ||éi2||2, which is
lids]l2 < wmax [, 2 + P = D[, l2t0max (10)

For i14,

||”4||2 - || Z wl J17 (B j27B > :l||2

l€[K]
S (K - Q)P Wmax + 2rwmax,o (11)
Combine the above results in (8),([©).(I0) and (T,

([ Tallo <((K — 1)A)2{||§j1 12115 lowmaxr + Wmax (1€ |2 + (€52 |2 + 2p)
+ p(K = 1)([15 ll2 + 152 [12) wmax + (K — 2)102wma>c}

In summary, if we denote § := max; ||§]||2,V] € [K] and from Lemma 3, we can obtain § <
10y KK /+/d and furthermore, the norm of J*(A.;, B.;, I) in the numerator of I1; is bounded by

[V* (A, Bii, D)2 < [[All2 + || (2( —DAE+p) + 1) wiCiifl2

o

where
||AH2 = M Wmax & + 772P(K - 1)u]max + nSPZ(K - 2)'wmax
m = 2(K — 1)Ageo + (K — 1)2€2A% 4 ¢2
n2 = 2(K — 1)A(eg + &) + 2(K — 1)?A%¢ + €9
n3=2(K —1)A+ (K —1)2A% +1
Next, following Theorem 3 step 2 in Sun and Li [2], the denominator of I/; can be lower bounded in
a similar way to the numerator,
V(A B, Dl2 > wi(1 — €§) — [[Alla — ¢
Thus,
[All2 + llmowiC.i — (wi(1 — ) — ||A||2 —¥)C.ill2

1112 <
wi(1 —€g) — [|Allz —

(12)
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Using assumption K p? = o(1) in A1 and the initialization assumption in A2,

(V2= 1)Vd/(K —1) — a1 4+ 107K)

e <
0= Vd + 100K

Utilizing the above upper bound on ¢, we can show that 79 < 2,7 < 2€3,m2 < 2¢0,m3 < 2.
Plugging those facts into (T2), we obtain

dwWmay f (€0, p, K) + 1)

IL||2 < 13

2 = =) — 2 e . ) — 0 9
Following the analogous arguments in step 1, we can bound || /152 as

18]z < v (14)

wz(l - 63) - meaxf(em P, K) - ¢
Therefore, combining (13 and (T4), we successfully show that

4wmaxf(60a P, K) + 2¢
w;i(1 — €§) — 2wmax f (€0, p, K) — ¢

Next we consider the effect of fuse operator by combining the result in Lemma |I] assumption A4 and
appropriate choice for tuning parameter A, which leads to

4V 2wias f (€0, p, K) +2v/2¢
w1(1 — 6(2)) - 2wmaxf(€07p7 K) - ’l/)

Under assumption A2, w; (1 — €2) — 2wyax f (€0, p, K) — % > wWpin (1 — % - % - %) = “=in Then,

sz - CZ||2 S

|C.i — C.yll2 <

IC. — Cuill2 smﬁ%pz(fﬂl)%ﬂ LA PN

min wmm wmm

We know that 12+/2 “;U”“T:(j < 1 by assumption A2. Thus, iteratively implementing the above result,
we have

Y

Wmin

IC: = Cuilla S vp* (K —1) +

A.2  Proof of Corollary 1

Theorem 1 shows that

~ Wmax
||C:i - C:i||2 5 w *PQ(K - 1) + v

min Wmin

5242
Under the assumption that &;;;, are independent, zero-mean and IE[et&'f K] < eTt, by Lemma we
have with probability at least 1 — 9,

6 2
< 4 [802(3d1 log —
V< \/ o*( Oglog3/2+ Og5)
Combined with Wiy, > \/02 [3dlog ﬁ + log %]dQ/(K — 1), we have
b (K1)
Wmin ~ d

Furthermore, under assumption Al that p < %z’ it is easy to derive that

R K -1
1€y — Cullo < D
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A.3 Proof of Theorem 2

We have shown in Corollary 1 that, if elements in error tensor £ are independently and identically
sub-Gaussian distributed, we have

(K-1)
d
Based on this result, we can obtain the estimation error for the true cluster means as

) R K15
max | f3,i — ps3,ill2 < \/E”Cl —-C,ll2<C ]
K1.5

for some constant C. If min, j |p3,; — p3,jll2 > C =5~ for some constant C' > 4C, we have, for
any two samples i3 ;, f13,; from two different clusters €7, €7 respectively,

|C.i — Cuill2

| frs,i — fas jll2 = ||fes,s — pa,i + M3, — M3 + 3 — 352

~I(l.ii
> s — m3ll2 — B3 — paille = |3 — gl > 2C

For any two samples fi3 ;, ft3 ;+ from same cluster €7,

3,0 — B30 ll2 = [[fs,0 — p30 + p3i — fzir][2
< lfsi — p3ill2 + (s, — fos,ir |2
K15
<20
1.5
< K
~ d
Thus, the within cluster distance is always smaller than the between-cluster distance, and henceforth,
we will get the clustering consistency, €; = €F,Vi € {1,2, ..., s3} with high probability. Analogously,
this method can be applied to the first and second mode to obtain similar results.

To see how this bound relates to the cluster size s3, we will do the following analysis. Recall that
assumption A4 imposes the following restriction

Winax (€30 + 260p(K — 1) + p?(K — 1)) + ¢
2M Winin (1 — €2)

Considering the simple case when we have balanced size in each cluster, i.e., there are d/s3 samples
equally in each cluster. Then, || 2AC.;||; can be bounded by

d\2
IPAC.L < > (g) 1(3.5),0 — B3l

| PAC,||; < (15)

Jrl€lss],i<l
d 2
< (S ) (ss=1) > |neg).l
3 J€[ss]
d N2
< (5) Gs =1V | 0 Ineal
J€|ss]

a2 1
< (53> (55— 1)\/5\/§ < d5(1— ) (16)

where the third inequality is due to Cauchy-Schwarz inequality and the fourth inequality is derived

from the following fact: since [|C.ill2 = >, ¢4, %|u(37j)7i|2 = 1, we can obtain

2 _ 53
Z |M(3,j),i| = a
J€lss]

Considering that we impose uniform weight difference operator, i.e., 7?1,1-2 = 1, we have the
following result for AT,

1
Al= AT (17)
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This results in M = 2/d. Thus, under assumptions A1-A3, we have (I3) can be simplified as
wmax(ega + 260p(K B 1) + pz(K — 1)) + '(/) < 5
2wmin(1 — 63) ~ d
Combining (T6), and (I8)), we have

(18)

1_i<£

53N\/&

In conclusion, when the cluster size sz increases, the clustering task becomes more challenging.

B Supporting Lemmas

In this section, we provide several supporting lemmas.

Lemma 1. Consider the model y = 3*+¢ with true parameter 3* € R® and arbitrary noise €. Denote
the fused LASSO estimator as 3 := argming ||y — B[|3 + A|DB||1. Denote M := max; ||[D1]; |-
If A\ > M]||€l|2, then we have

18 = 87113 < llell + 4ADB" 1
Lemma [I] provides the error bound of a fused LASSO estimator and can be proved using similar
arguments as in the proof of Theorem 3 in Wang et al. [4].
Lemma 2. Assume that each element in £ € RN *%2%93 js independent, zero-mean and satisfies

5242
E[etfiir] < e 2, then spectral norm can be bounded as follows:

6 2
= < 2((d d d-)1log ——— + log =
¥ IIEII_\/&; ((d1 + d2 + ds) %8 {57573 0g 5)

with probability at least 1 — 0.

Proof of Lemma 2] follows from similar arguments to the proof of Theorem 1 in Tomioka and Suzuki
(3.

Lemma 3. Consider a stage of the algorithm Fused-Orth-ALS iterations when the first (m — 1)
columns in each factor matrices have converged. Without loss of generality, let C., = C., +

£p,p < m, where ||&p||2 < 6v2(a? + 1)K~ /d. Let {C.,,p < m} denote an orthogonal basis for
{C.p,p < m}. Then if assumptions Al-A4 hold, we have

¢ C:p =C,+&, 6l < IOK’YQ/\/ZL Vp<m
. |CI§p\ < 20Kva?/d, Vp <m,i>p

Proof. We now analyze the orthogonal basis {C.,, p < m}. The key idea follows Lemma 3 in
Sharan and Valiant [1] where the orthogonal factors {C.,,p < m} is close to the original factors
{C.p, p < m} as factor matrices satisfy the incoherent condition. Next, we try to prove the result by

induction. As shown, the first column estimate converges to C.; + 51 with the error term 51 satisfying
the bound

N 1V A D -
LPQK‘F \[ZZJ-F v2 qeo

1€ <
Wmin Wmin Wmin
2 Y 1

<V209"K + ——) + 2e0

n 11 1. 1
< 4V2(yp*K 4+ S+t —)+—
< AV2yp°K + Lt TR Rl
< 6V K + —)

min

<6v2(a® + 1)Kv/d



154 The third to last and second to last inequalities are derived by keeping updates iteratively and set
155 number of iterates n — oo. Under assumption Al p < «/ Vd and A3 ¢ < wmaxK /d, the last

156 inequality can be shown easily. Since C, = C;l, the base case is correct. Assume the result is
157 true for the first p — 1 vectors in the basis and after orthogonalization, the pth basis vector has the
158 following form of updates

_ 1 . o
Cyp= E((C:p + &) — Z((C:p + §p)TC:j)C:j)
J<p
159 where £ is the normalizing factor which guarantees ||C.,||2 = 1. Define 1, ; = C,(C; + ;) and it

160 can be bounded by |u, ;| < 2va/ \/d since induction hypothesis and incoherent assumption. Using
161 the induction hypothesis, we can write

KCyp=Cyp— Y (CLIC;+EN(Cy+ &)+ 65— (€ (Ci +£))(Cy + &)
Jj<p J<p
=Cy - Zﬂp’j(czj + &) + &

Jj<p
162 where & = &, — Zj<p(é;(C;j +&;))(C.; + &;). Since &, is a projection of £, orthogonal to the
163 basis {C.j,7 < p},it’s easy to obtain ||E||2 < ||€p]l2 < 6v/2(a? 4+ 1) K~y/d. Next, we can write

/i(_j;p =C, - Z,U/p,jczj - Zﬂp,jgj + éﬁ
Jj<p J<p
=Cy,+¢,

164 with§, =~ 1piCj— >ty + €. which can be bounded by

I€pll2 <> NepiCoillz + D N i&lla + 1€l
J<p Ji<p
< 2K~ya/Vd + 2KyaVd x 10K~ya/Vd + 6v2(a? + 1)K~/d < 3K~ya/Vd
165 Recall that & is the normalizing constant and thus by triangle inequality, 1 — 3Kya/vd < k <
166 1+ 3K~a/v/d. Furthermore, we can also bound 1/x by
1

— =<
1+ 3K~ya/Vd

1

1-3Kya/Vd< < -
ne/vd < T 1-3Kvya/Vd

1
- <1+ 6K~a/Vd

167 Thus, we can rewrite C:p as
_ 1 ,
Cy = (Cy + )
1 1
=C,—(1- ;)C;p + E&
= C:p + mlc:p + m2£;;
=Cp+&
168 withmy = —(1—=),ma = +,&, = m1C.p+maf),. Since [my| < 6K~ya/vdand 1-3K~ya/Vd <
169 my < 1+ 6K~ya/Vd. Hence, ||&,]|2 < 10Kya/Vd.
170 The remaining work lefts to show |C [ ¢,| < 20va?K/d,p < i.
|C:—1|'—§P| = |m1||C:—£C:p| + [mal| Z:“p,jcz-lj—'cii - Z/‘pﬁjcz—ggj + CTZEJ
J<p Jj<p
< 6Kya?/d+ (14 6Kya/Vd)(2Kvya?/d + 2Kvya/Vd x 20Kva? /d + 6v/2(a? + 1) K~y/d)
< 20K~ya?/d
171 O



172 C More details on numerical experiments

173 C.1 Finite sample performance of Fused-Orth-ALS algorithm

174  We add more synthetic experiments to evaluate the Fused-Orth-ALS algorithm performance on
175 finite samples, and the relationship between recovery error, clustering error and different parameters
176 including perturbation level ¢, dimension d as shown in Theorems 1 and 2. Theorem 1 reveals that
177 the convergence bounds are in the same form with respect to parameters over each mode. Thus, the
178 first experiment takes a similar simulation setting to that in the paper, using an order three tensor, and
179 where we would like to perform clustering over the third mode. We assume the order three tensor is
180 generated under the CP decomposition structure with rank K = 2, and we set the dimension of the
181 first two matrices to be the same e.g. d; = do = d and their unnormalized columns:

A =B = (p, —p,0.50,—0.54,0,...,0) ", Ay = B.y = (0,0,0,0, i, — 1, 0.5, —0.51,0, ..., 0) "
N—— N——
d—4 d—8

182 The third factor matrix with unnormalized & unshuffled columns is generated by

C:l = (}L, vy oy =y ey 7:“‘)T7 C:2 = (7/1‘7 ooy T [y ey [y = ey 7,“‘)T (19)
—— ——— — Y —
Lds/2] Lds/2] Lds/4] Lds/2] Lds/4]

183 We then shuffle the rows of C to make the samples from same cluster not necessarily in consecutive or-
184 der. There are four clusters over third mode with cluster means as (p, — ), (1, o), (— g, 1), (—p, — 1)
185 respectively. After normalizing the columns of A, B, C, we can calculate the weights w;. For sim-
186 plicity, the factor matrices we used in this example, A, B, C, are orthogonal, satisfying assumption
187 Al. Moreover, the error tensor is generated with entries drawn independently from a Gaussian
188 distribution with mean 0 and standard deviation o.

189 Henceforth, we would like to see how recovery and cluster errors change as the noise level o and the
190 sample size over third mode d3 change. Results for multiple experiments are shown in Figure[I] Top
191 left panel in Figure [I]indicates that recovery error increases linearly with o as we change the noise
192 level o from 0 to 2. As we increases sample size dz from 20 to 200, recovery error decreases roughly
193 at the rate of 1/d3. The trend in these two figure is consistent with our theoretical result in Theorem
194 1. Note in top right panel of Figure[I] that clustering error increases as noise level o increases. As
195 reflected by bottom right panel of Figure clustering error decreases at a rate of 1/d3 as ds increases
196 which validates the clustering error bound provided in Theorem 2.

197 Theoretical results show that a large number of clusters sz increases recovery and clustering errors.

198 To test this conclusion, we modify the third mode factor matrix C (defined in (I9)) to increase the

199 number of clusters from 2 to 8. Remember that we shuffle rows of C to make sure that rows from

200 same cluster are not necessarily adjacent to each other. The detailed choice of cluster mean values for

201 different number of clusters can be found in Table[] Corresponding recovery and clustering errors

202 for experiments with different number of clusters are provided in Table |2} and are in agreement with
previous analysis in the proof of Theorem 2.

Table 1: Cluster center mean choice for C with different number of clusters sg

cluster mean

(DN
(ps 1), (pty —p2)y (= gty 1), (—pt, — 1)
(tts )5 (py —p0)5 (=t ), (= gy =), (0, 1), (12, 0)
(:ua /’L)a (u7 _M)v <_:ua /’L)a (_Ma _:U/)7 (07 /J), (Mv 0)7 (07 _:U/)a (_H" 0)

0 O A &

Table 2: Recovery error and clustering error with different number of cluster s3. Average errors
and standard deviations (in parenthesis) are reported based on 50 replications. (Model setting:
n = 1,d1 = dg :8,d3 = 40,0 = 1)

83:2 83:4 83:6 83:8
Recovery Error | 0.504(0.0871) 0.507(0.0829) 0.555(0.0604)  0.614(0.1109)
Clustering Error | 0.019(0.0328)  0.025(0.0490)  0.109(0.0326)  0.121(0.0301)

203
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Figure 1: (Top left): Recovery errors for different noise levels (Model setting = 1,dy = do =
8,ds =40 and o € {0,0.01,0.1,0.25,0.5,0.75,1, 1.5, 2}. (Bottom left): Recovery errors for differ-
ent sample sizes d3 (Model setting u = 1,d; = ds = 8,0 = 1 and d3 € {20, 40, 60, 80, 100, 200}).
(Top right): Clustering errors for different noise levels o (Model setting 4t = 1,dy = do = 8,d3 = 40
and ¢ € {0,0.01,0.1,0.25,0.5,0.75,1,1.5,2}). (Bottom right): Clustering errors for different
sample sizes d3 (Model setting u = 1,dy = do = 8,0 = 1 and d3 € {20, 40, 60, 80, 100, 200}).
Average errors and standard error bars are reported based on 50 replications.

C.2 More details on real data analysis

The rank K for Fused-Orth-ALS algorithm is chosen with the elbow method for recovery error.
Finally, K = 2 which achieves the lowest recovery error is picked for HCP dataset and K = 7 is the
elbow point for Nations dataset.

The number of clusters based on Gap statistics are set to be 5 and 3 for HCP and nations dataset
respectively (Figure[2).
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Figure 2: Number of clusters based on gap statistics (Left: HCP, Right: Nations)
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