A Section 2: Follow the Perturbed Multiple Leaders
Proof of Proposition

Proof. Construct a cost sequence inductively for ¢t = 1,2, ..., T: Let S; C A be the deterministic
choice of arms the bandit algorithm chooses for round ¢ given the previously chosen cost functions
€1,...,¢t—1. Now choose ¢;(a) = 1 if a € Sy, and ¢;(a) = 0 otherwise. Then the bandit algorithm

achieves cost 7'. The total cost summed over all arms is Zthl |S¢| < BT, so there must exist at least
one a’ € A such that Z;‘F:l a(@) < Bl Thus Ry >T - L = (1- )T O

Proof of Lemma[3|

Proof. Let R, = Zi:l ct(Sy) —mingsc 4 Zi:l ct(a*) be the regret at the end of round 4. Then the
increase in regret in round ¢ is

ri=R; — R;_1
=3 (elsp) — ™) = 3 (el7) — alaiy)
t=1 t=1

<1fa]" ¢ 57]
and the result follows by evaluating ZtT:1 . O
Lemma 9. (Proof of independence for Lemmal)) Let X1, ..., X be jointly independent continuous
random variables. Let i, . . .,i; and v;,, .. .,v;, be the indices and values of the largest k < K
random variables, and let X := {X;|i & {i1,...,ir} be the smallest K — k random variables.
Then conditional on (ij, vi;)je[x), the values of each X; € X are jointly independent. Moreover, the
marginal distribution X;|(i;,vi;) e for i & {i1, ..., ix} is Xi| Xy < minjep vy,

Proof. Let M := minj¢ vy, . The conditional joint density function is

F(X1, s X[ (i, v3) jemy) o< F(X A (5, 03;) jer)
= 11 f&x) I &G =v) 11 1[X; < M]
JEIK]—{i1,. ik} et ir} GEIK]—{i1,yir}

o 11 S(X5)1X; < M|
jE[K]—{il,...,ik}

i.e. the joint density factorizes for each X; (which implies joint independence), and marginally the
density for X; € X is oc f(X;)1[X; < M] which gives the required result. O

Proof of Lemma 4|

Proof. Fix around t. Consider the jointly independent random variables X, = C;_; (a) fora € A.
Condition on the values and identities of the NV — B largest of these random variables, i.e. condition on

E={(X_ ,a:fl)}év:BH, andlet M = X . 511 be the minimum perturbed cost among these non-
t—1 t—1

leading arms. Impose an ordering on A and let I, ...,lp € A— {a*J }j-V:BH be the remaining arms
(the top B leaders) ordered lexicographically (i.e. not necessarily in order of cumulative perturbed
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cost). Then it can be shown that the distribution of the random variables X;,, ..., X, conditioned
on E is jointly independent, and the marginal distribution of X;, given E is X;,|(X;; < M) (see
Lemma E). Now observe that if X;, < M — ¢;(l;) for any j € [B], then the event (ar' ¢ Sr)is
impossible. This is because I; € S}, but for any a & Sy, Cy(a) > M but Cy(l;) = X, +e(ly) < M
(i.e. I; cannot be overtaken by any non-top-B-leader in round t). Therefore we have

E 10" ¢ ;1B < P | A\ (X, < M - aly) | E (1)

Il
Mo
>

P[~(Xi, < M —c(1y))| Xy, < M] )

.
Il
-

I
e

(1= Pp(ly) > Cr1(ly) + ci(ly) — Mp(l;) > Cy—1(l;) — M]) (3)

j=1
B

<[ - Pp) > ) 4)
j=1
B 50 B

= H (1 f/ 5emdx> = [T —e=ella)y 5)
j=1 ce(ly) j=1
B

< [[e)) < Pe(Sy) ©6)

~
Il
-

follows by independence, () is due to the memorylessness property of the exponential distribution
(with equality unless C’t,l(lj) — M < 0), and (E) follows because 1 — ¢™* < x for z > 0 and
ct(S7) > Tae sz ci(a) = Hle ¢¢(1;). The final claim follows by taking the expectation over the
conditioned event E. O

Proof of Theorem

Proof. Consider a modified version of FPML where p;(a) = p1(a) = p(a) forallt > 1 (i.e. we

keep the random perturbation fixed across rounds). Then this version of FPML picks the set 5‘; in
round ¢, and the regret can be bounded as

The second term is < 0. The first term can be interpreted as the regret of a modified version of MAB
with a 0" round with cost function —p, where we are only allowed to pull arms from round ¢ = 1.
The regret increase incurred in the 0™ round is at most max,e 4 p(a). For the remaining rounds, we
use Lemma 3] followed by Lemma[d]to get
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Where the inequality on E [max,ec 4 p(@)] comes from [Kalai and Vempala [2005]. The final step
is to argue that the unmodified version of FPML which chooses independent noise p;(a) in each
round also achieves this bound. This is immediate because both versions of the algorithm incur the

same expected cost in each round, and E [ZtT:l ¢:(FPML)| = S_°_| E [¢;(FPML)]. Having new

random perturbations in each round is not necessary against oblivious adversaries, but is necessary to
achieve the regret bound against adaptive adversaries. O

Lower bound:

Proposition 10. (Lower bounds) In the full feedback setting, any randomized algorithm has R} >
B
0 ((1)” (0m2(N) ~ og(B)) ) for T > Q0 (N) ~ logy(B)).

Proof. First suppose N = 2* for some k € N. Let Ag = A. Intoundt = 1,...,T, welet A; be a
uniformally randomly chosen subset of A;_; of size max(2¥~*, 1), and we let ¢;(a) = 0if a € Ay,
1 otherwise. Suppose an algorithm chooses arms S; C A in round ¢. Then

provided that [A;| > 2B and t < k, which holds when t < k — log,(B) — log, (3). If we set
T = |k — log,(B) — log, (2) ], then the expected cost of any fixed algorithm ALG is > (1) Pr=
Q ((i)B (logy(N) — 1og2(B))). By construction, the cost of the best expert in hindsight is 0. Since
the expected regret is 0, there exists fixed cost functions ¢y, . . ., cp such that the expected regret of
ALG on this on this sequence is > (2 ((%)B (logy(N) — 1og2(B))). If N is not a power of 2, we

can just let Ay C A be any subset of size 211°22(N)J and the asymptotic bounds remain the same. [

Proof of Proposition[5]

Proof. Fix deterministic cost functions cy,...,cr. We first consider the simpler case where the
unbiased cost estimators (¢4, . .., ér) are jointly independent of any random perturbations used by
the algorithm, and the algorithm re-uses random perturbations between rounds, i.e. p;(a) = p(a) for
all a € A,t € [T)]. Afterwards we will show how to reduce the general problem to this special case.

Writing F; for the o-algebra generated by all actions and observations (as well as any other ran-
domness) up to and including round ¢, for each ¢ € [T] let ¢, be a F;-measurable random function
A — [0, K] such that E[¢;(a) | F;—1] = ¢:(a) for each a. Assume an oblivious adversary and that
w.l.o.g. instead of perturbations there is a ‘round zero’ with costs (—p(a))qec4 Where p(a) ~ Exp(e)
independently for each a; define Fy = o((p(a))ac.4 to be the o-algebra generated by these and
include it in each (F;)>1.
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Writing C;(+) == Zi:l ¢,(-) for cumulative estimated reward and C7*(-) = Zt 0C() = Ci()—p()
for the same but including the ‘round zero’ random initializations, define

Ry=) al(S) - mnin Ci(a)

t=1

for each ¢ € [T]. Let S; be the set of arms chosen by the algorithm at round 7 and a be the best of
these by perturbed estimated cost. We follow the argument from Lemma 3}

i—1

é(ai_1) — ét(@i‘)) < ci(8) - éi(a])
1

t=1

R, — R, = ¢i(S;) — é;(a)) + (

=
and so

E[R; — Ri_y | Fi-1] < ci(Si) — E[és(a;) | Fima] = ci(Si) — ci(ai) < 1[a] & Si.
Hence (using the tower law)

T
E[R} | Fo] = [Z]ER’ R, || Fia]+Ry| <

t=1

T
E|> 1 ¢St}+Rofo]

t=1

=E|Z
IZ] | Fol + max p(a),
where Z == {t € [T] : aj ¢ S:}. Noting that by Jensen’s inequality
T

AESE S )~ min ECr(a) | Fol = 3 eu(81) — min(Cr(a) - p(a)
t=1

ac
1

o~
I

[M]=

> ct(St) — Cr(a”) + p(a”)

t=1

(where a* is the best-in-hindsight arm) hence gives that the algorithm regret satisfies

E[RY} | Fo] < E[Z] | Fo) +I;1€a;‘<p(a) —p(a”).

Since E[p(a*)] = 1/ as for any fixed action, and max,¢ 4 p(a) is the maximum of |A] i.i.d. Exp(e)
random variables, so has expectation at most (1 + In |.A|) /e as argued in|Kalai and Vempala [2005],
taking expectations gives

In \.A|

E[RT] < + E[|Z]].

It remains to upper-bound E[|Z]].

Fix t € [T] and let V := minge4_s, C; 1 (a). So for any a, a € S; iff Cf_,(a) < V. Define
E, = {C# ,(a) < V — K}; if this holds then « must have been ahead of every action a’ € S; by
at least K and therefore cannot be overtaken by any such action, since the estimated costs are all
upper-bounded by K. So

{a overtaken by some a’ &€ S;} C E£.
Note that

{af ¢ Si} ={3a' € A— S, :Va € Sy, a overtakes a at round ¢}

= U ﬂ {a’ overtakes a at round ¢}
a’'€A—S; a€S}

C ﬂ U {a’ overtakes a at round ¢t} = ﬂ {a overtaken by some a’ & S;}.
ac€S; a’€A-S; a€Sy
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Let G, == o(S:, (CF_, (a))ags,) be the o-algebra generated by the random set .S; and the current
perturbed estimated cumulative costs of the actions not in it. So we have

Pa; €S |G) <P ( ﬂ {a overtaken by some @’ &€ S;} | Qt>

a€Sy

P(ﬂ Eg|gt>
aeC
:P<m{éf1(a)<V—K}gt>_

a€St

IN

But, since V = mingec4_s, C;_,(a), applying Lemma@gives us that

P ( NG (@) <V - K} @) =[P (G@<v-K|Ci@=v).

a€S a€S

By the memoryless property of the exponential distribution, each term here just becomes

1P (p(a) > Coa(a) ~V + K | p(a) > Cror(a) ~ V) <1 B(pa) > K) =1 — e *

Where we have used the assumption that the perturbation p(a) is independent of Cy_1. Thus
P(a; ¢ S; | G¢) < (1 — e~ K<)B. Since this expression is deterministic and so trivially independent
from the o-algebra G,, this immediately implies that P(a} & S;) < (1 — e 5¢)5.

The result then follows, since E[|Z|] = Zthl Plaf ¢ S;) < T(1 — e K&)B,

We now show how to reduce the general problem to a simpler case where the unbiased cost estimates
(é1,...,¢r) are jointly independent of the perturbations used by the algorithm, and the algorithm
re-uses random perturbations between rounds, i.e. pt(a) = p(a) forall a € A, t € [T]. Consider the
general problem. Let p; be the noise perturbations of the algorithm in round ¢, so p;(a) ~ éExp. Let
¢t = (é1,...,¢i—1) and S(é.4,pr) C A be the B lowest cost-perturbed arms given ¢é.;, p; (i.e. the
arms chosen by the algorithm in round ¢ if cost vectors ¢.; are observed and noise perturbation p; is
chosen). We are guaranteed that E[¢;|p1, ¢1, pa, ¢, - . ., pt] = ¢;. The expected regret is

T
Eplyél7p2762 ----- jo [Z Ct (S(éit’pt))] - gélﬂ Z Ct(a)

t=1 t=1

Focusing on just the first term, and letting {p, }7_, be independent random noise perturbations where
pi(a) ~ LExp, we have
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Ep,,e1,p2,82,...p [E ct Ctapt ]

Il
[M]=

Epy.e1,p0,82,....07 [Ct (S(é:t’pt))]

\*
Il
—

Il
Fgﬂ

P1,81,P2,C2,---,Dt [Ct (S(é:tapt))]

o~
Il
—

Il
Pgﬂ

P1,C1 ,P2,527-~~,p1,]Ep§ [Ct (S(é:tv p;))}

o~
Il
—

Il
™=

EPQ [Ephél \p2,82,...,p: Ct (S(éit7 p;))]

o~
Il
s

Il
B

EPQ [EP1751 ,p2,82,...,p7 Ct (S(é!ta p;))]

~
Il
-

EPE) [Emﬁh:ﬂzﬁzw.,pTQ (S(éitapé)))]

I
E

t=1
= Epy | Epiérpaéarpr Z ¢t (S(Ctspp))
Therefore the final expected regret is equal to
T
Ept | Epy,e1,p2.20,pr Z e (S(é.4,1p)) ] — ’;Iélﬁ Z ct(a) @)
t=1

Note the expression Zthl ¢t (S(é.4,pp)) is precisely the cost incurred by the algorithm
when observing cost estimates ¢.r and using random perturbations pg in each round, where
Elé¢po, p1, €1, ..., pi—1] = ¢t We therefore conclude that the expected regret is equal to the
expected regret of the algorithm in the special case where (a) the algorithm fixes an initial perturba-
tion p{, and uses this randomness for all subsequent rounds and (b) where py, is jointly independent of
é:T~ ]

B Section 3: Generalized regret bounds for Online Submodular Function
Maximization

Proof of Theorem [6]

Before proving the theorem, we give a modification to the original result from |Streeter and Golovin
[2008]. The problem setting they considered was slightly more general:

Definition 4. Let an action now be an activity-duration pair a = (v, T) €V x (0,00) = A for some
fixed finited set of activities VI | The length £(S) of a schedule S € S is now the sum of the durations
of all the actions in S. Write Sy;y for the prefix of length i of schedule S.

The algorithm OG they introduced, which takes a budget B and experts algorithm &, is given in
Algorithm [3|using our notation for ease of reference.

We first prove a lemma generalizing Theorem 6 in Streeter and Golovin|[2008]]:

*We will enforce integer durations so that there are only finitely many possible actions to choose from given
a duration constraint.
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Algorithm 2 OGypria( B, B)

Require: B > B > 1. Assume for simplicity that B | B; define L := B/ B.
Let By, ..., By be instances of FPML, each with budget B.
forroundst =1,...,7 do
Let S o = () be the empty schedule.
fori=1,...,Ldo
) 3 ot t t
Use B; to choose B actions a(i71)§+1’ ERNET
Set St,i = Stﬂ',_l ©®
end for
Set S; := Sy 1; receive the job f;.
fori=1,...,Ldo '
For each action a € A feed back the cost cgl)(a) =1 (fi((al,,...,a; 14a) —
fe({ai4, ..., a1 4))) to FPML instance B;.
Define af , == argmin,_ 7 ) (@i 1yBag)-
end for
end for

t t
<a(i71)§+1, . a“§>.

Algorithm 3 OG(B, &)

Require: B > 1.
Let &1,...,Ep be instances of experts algorithm £ (e.g. Hedge).
forroundst =1,...,T do
Let S o = () be the empty schedule.
for:=1,...,Bdo
Use &; to choose an action a! = (v,7) € A.
With probability 1/7 set S ; == St i—1 @ (al), otherwise set Sy ; == St ;1.
end for
Set S; = S¢ p; receive the job f;.
For each i € [B] and each action a = (v,7) € A feed back the cost c§” (a) = (fe(St; ®
(a)) — f:(St4))/T to experts algorithm &;.
end for

Lemma 11. Let f be any job and let G = (g1, Ga, - - .) be an infinite ‘greedy’ schedule satisfying
)(f(Gj@<(V,T)>)—f(Gj)>_gj’ is1
0,00

T

f(@j@ﬁg_')—f(@j) > max

Tj T (v,m)eVx(

for additive errors 1,2, ... > 0, where g; = (v,7;) and G; = (g1, ..., Gj—1) for each j > 1.

Then for any L, By € N and for By == Zle T,

L
[(Gpy) > (1= B/5) f(Sh,) = 3 &5
j=1
where Sp, = arg maXges.o(s)=p,f (9) is the best schedule of length By for f.

Proof. Foreach j € N write A; == f(S% ) — f(G;). By Fact 2 from Streeter and Golovin| [2008],
forany j € N,b > 0and S € S with £(S) < b,

F(S) < F(Gj) +b- (55 +¢5),

where
o~ max f(G@((n,) = f(G)) _ f(Gj@g) — F(G)) _ f(Gjw) = [(Gy)
T (0, 7)EV X (0,00) T 7 7j
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so in particular for any j

F(Shy) = g gmax_, f(S) < f(Gy)+ Bo- (s +5)) ®)
— H(C)) + Bo <f(Gj+1)T‘ f(Gj) Jrsj) ©)
J
= f(G;) + Bo (AjT_Aj“ +ej>, (10)
J

giving A; < By (Aj_?ifj“ + Ej).

Rearranging gives A1 < A; (1 — ;—70) + 7;¢; for each j, and unrolling this inequality and using
that 1 — ;—i’ < 1Vj as in|Streeter and Golovin|[2008] gives us

L _ L
Tj _
AL+1§A1 1_[11—ij0 +ZlTj€j.
J= J=

By definition B; = 3.

=1 Tj€;5> and maximizing the product above subject to this constraint results

in 7; = 51 for all j. Thus

L _

L L
: B/L (—B1/By) s
1--L < 1-— =14+ "7 1/Bo
By = jl:[l By ( T <¢

j=1

and so

L L
F(Sp,) = f(Gryr) = Apg1 < Age D/To 4 Z?ﬁj < f(Sp,)e P1/Po Zfﬁm

j=1 j=1
giving f(Giry) = f(Grs1) > (1 — efBl/BO)f(SEO) - Zle Tje; as required. O
Next we prove a generalized regret bound for the original OG algorithm:

Lemma 12. For B > B'logT the algorithm OG, run using Hedge as the subroutine experts
algorithm, produces a sequence of schedules Sy, . .., Sp with regret

T T
E lzftwjg/) =D filSh)

relative to Sp,, = arg MaXges.o(s)=p’ Zle f+(S), the best-in-hindsight fixed schedule of length

B
=0 [E Y Rri(&)
j=1

B', where Rr 1(&;) is the 1-regret incurred by the j™ experts algorithm.
In particular, when run with Hedge as the subroutine experts algorithm, this is O (\/ BT log N )

Proof. Consider the quantity pg g/ = (1 - e_B/B/) S fi(SE) = S fi(Sy). As argued

in Streeter and Golovin|[2008], we may view the sequence of actions a}, ..., a! selected by each
experts algorithm &; as a single ‘meta-action’ @; € A”’; so the schedules 51, . . ., St output by OG
can be viewed as a single ‘meta-schedule’ S = (dy,...,ap) over A’ which is a version of the

greedy schedule G for the job f = % Zthl ft, and it may be assumed that each meta-action a
takes unit time per job. Thus we may write

po =T [(1=e"2/%) (S5 - £(5)]

(after extending the domain of f appropriately). Applying Lemma [E with L = B, By = B/,
B, = Zle 7; = B (by the unit-time assumption) then immediately gives



Taking expectations,
B B
Elpp,p] <TY Ele]=T» E

j=1 Jj=1
where Rt 1(&;) is the 1-regret incurred by the j experts algorithm; here we used that E[e;] =

E[R7,1(£;)/n] as argued in Streeter and Golovin|[2008]. So E[pp /] < E {ijl Rr1(&j)|.

)

The result then follows quickly: since B> B'logT,soe B/B" <e=InT — 71 Thuys

T T
PB,B’ > th (SBr) th(st):RB’ _T_IZfT(SE’)
t=1 t=1
where Rps = 23:1 fi(S%) — thl f+(St) is the regret of interest. Consequently,
T
Rp <ppp +T7" th(SE') <ppp +T ' T=ppp +1.
t=1

and the result follows.

The bound E {Zle Ry (é'j)} = O(v/BTlog N) when using Hedge was shown in |Streeter and
Golovin/[2008]]. L]

Finally we prove the theorem on OGryprig:

Proof of Theorem|[B] Note first that under Assumption |1, any job f, any schedule S € S and any
sub-schedule S’ of S (i.e. the actions of S” appear in order in S) satisfy

f(S) > f(8");
this is immediate using monotonicity and induction.
Suppose for each i € [L] there is a fictional experts algorithm (classical full feedback multi-armed
bandit algorithm) &; which picks a;, at each round ¢, and consider a hypothetical instance of the
standard algorithm OG run with time allowance L and these fictional experts algorithms &1, ...,&r
as subroutines.
Since L > B’log T (by our assumption that B > B’Blog T), by Lemma|12 the B’-regret of our
OG instance is upper-bounded in expectation by ZZ 1 R1(&;), where R1(&;) is the total 1-regret
experienced by &;.
But the payoff received by this OG instance at each round # is f(({aj ;.. -, a’i7t>), which by Ap-
pendixis upper-bounded by f(.S;), the payoff of OGnypria, since the actions a7 4, . . ., ay, , appear
in order in \S;. So the B’-regret R g: of OGnybria must be at most that of our fictional OG instance,
giving the upper bound
L
ERy) < 3R

It remains to argue how large each of the regret of each of these ‘fictional’ experts algorithms &; is.

Writing a;* = arg min, ¢ 4 Zt e c )( ) for the best-in-hindsight fixed action under the costs passed
to these subroutines, the regret mcurred by &; is therefore

T
:chi) ” th a; an

= Zmax e (Z 1)B+] chi)(af*) =R1(B;). (12)
t=1

t=1 J€(B]
where R (B;) is the 1-regret incurred by multitasking bandit algorithm ;. So by Appendix

L
BE[R1(B
E[Rp] < ;E[Rl(&)] — LE[R,(B)] = %
where E[R;(B)] is the expected 1-regret of any of the instances By, ..., By, of B. 0
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Table 2: Sample means and standard deviations of normalized validation scores of FPML, OGhybrig
and OG over black-box optimizers.

@B=1 (b)B=2
Mean StD Mean StD
Best in hindsight 0.574 0 Best in hindsight 0710 0
FPML 0.652 0.0194
FPML 0.426 0.0202
e Pt o OGuybria (B1, Ba) = (1,2)) 0577 0.0187
P - : 0G 0.519 0.0179
(© B=3 dB=4
Mean StD Mean StD
Best in hindsight 0.779 0 Best in hindsight 0.836 0
FPML 0813 0.0108
FPML 0751 0.0151
OGuywria (B1, Ba) = (2,2)) 0.756 0.0149
OGuybria ((B1, B2) = (1,3)) 0.657 0.0191 =
: o) oo oo OGuyria (B1, Ba) = (1, 4)) 0.716 0.0178
: - oG 0.689 0.0151
) B=6
(e)B=5
Mean StD
Mean StD Best in hindsight 0.901 0
Best in hindsight 0.874 0 FPML 0.888 0.0072
FPML 0.855 0.0004 OGuypria (B1, B2) = (3,2)) 0.836 00111
OGuybria (B1, B2) = (1,5)) 0.756 0.0150 OGuybria (B1, Ba) = (2,3)) 0.814 0.0143
oG 0.734 0.0140 OGuybria (B1, Ba) = (1,6)) 0.785 0.0137
oG 0.767 0.0157

Proof of Proposition

Sketch proof. This is a special case of the more general result that the expected regret relative to the
best-in-hindsight fixed set of size B’ is at most

1— B! 4+In(N/B Bl/p\ .
+ n( / ) +T Z ( ‘)e—js(l _e—E)B—J +errp
j=0 J

3

where errp: is the difference in cumulative cost between the best-in-hindsight set of B’ actions and
the set of the top B’ actions in hindsight on the given problem instance.

The proof of this is a simple adaptation of the 1-regret argument, using “an action not in the top B
enters the best B’-set" as the event of interest; use the harmonic series form of the expectation of the
max of exponential random variables to get a lower bound, and use a binomial counting argument to
bound the probability of the event. O

C Experiments

C.1 Full comparison of OGpypria

In Table 2 we give a more detailed comparison of FPML and OG with various instantiations of
OGrpybria on the hyperparameter-selection task from Section E Specifically, we include for each B
and each possible pair (B, Bz) s.t. B1 B2 = B a version of OGhyprig With By internal boxes and arm
budget B; per box. As can be seen, in all cases decreasing the greediness and adding more arms per
box is beneficial in this application.

C.2 Synthetic tasks
In this section we evaluate our algorithms on three synthetic tasks. In all cases,

* let S* be the best-in-hindsight set of B arms;
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Table 3: Cost distributions for round types A and B in the first synthetic environment; Beta distribu-
tions are parameterized by mean and variance, not shape.

Arm | A-rounds | B-rounds | Resulting mean
Actions 1to 5 | Beta(0.4,0.01) Always 1 0.7
Actions 6 to 10 | Beta(0.6,0.01) Always 1 0.8
Actions 11 to 15 Always 1 Beta(0.8,0.01) 0.9

--@-  Best-in-hindsight
@ Top-of-leaderboard
—— FTL

Oyt
—— 0G

2 Ii 1
Figure 1: Performances (1-cost) on the first synthetic task. OGpybrig is Tun with FPML boxes each
with arm budget 1.

¢ let Sgreeay be the greedy choice of B arms in hindsight;
¢ let Siop be the top B arms in hindsight.

Task 1: The first environment is one where S* = Sgrecdy and this set does better than Siop;
greediness is better than picking the top B arms. There are |.A| = 15 available arms and two types
of round, A and B, which occur with equal probability; costs are distributed within each round
according to Table[3. So the best fixed arm set of any size up to 10 will be split evenly across arms
{1,2,3,4,5} and arms {11, 12,13, 14, 15}—and will be the greedy choice—but for B < 5 the top
B arms will always be in {1,2,3,4,5}. We see in Fig. that FPML does not outperform the greedy
algorithms on this task.

Task 2: The second environment is one where (approximately) S* = Sgreedy = Stop; greediness
is good but no better than picking the top B arms. There are |.4] = 10 available arms and costs
are distributed according to Table [; because there are no groups of anticorrelated actions, the
performance gap between the best set and the top B arms is trivially small. The results in Fig. 2] show
that FPML outperforms the greedy algorithms on this task.

Task 3: The third environment is one where S* = S}, and this set does better better than Sgreedy;
greediness is worse than just picking the top B arms. Suppose there are |A| = 4 available arms and a
budget of B = 3. Costs are deterministic and listed in Table|5 for some parameter § which we set
to 0.01. The top 3 arms are Syop, = {1, 3,4} and this is also the best-in-hindsight set S*, incurring
minimum cost O at each round. A quick calculation shows that the greedy choice Sgreeay is either
{1,2,3} or {1, 2,4}, though, and either of these sets incur an average minimum cost of 1/8 — §/4,
substantially higher. Our empirical results in Table 6] show this gap in practice.

C.3 Geometric resampling

The geometric resampling technique used in the second and third partial feedback versions of FPML
in the experiments is adapted from Neu and Bartok [2013]]. At each round cost estimates

cla)
Cy (a) = qt,a ifa Wa? pUIled,
0 otherwise
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Table 4: Cost distributions in the second synthetic environment.

Arm | Distribution

Beta(0.4,0.01)
Beta(0.45,0.01)
Beta(0.5,0.01)
Beta(0.55,0.01)
Beta(0.6,0.01)
Beta(0.65,0.01)

)

)

Beta(0.7,0.01)
Beta(0.75,0.01
Beta(0.8,0.01)
Beta(0.85,0.01
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Figure 2: Performances (1-cost) on the second synthetic task. OGpybrig is Tun with FPML boxes each
with arm budget 1.

Table 5: Costs in the third synthetic environment, for some parameter 6 € (0,1/2).

Arm Reward at rounds : = k£ mod 4 for... Average
k=1 \ k=2 \ k=3 \ k=4 cost

1 1-9 1-9 0 0 1/2—6/2

2 1/2-6 1/2—-46 1 1 3/4—4/2
3 0 1 0 1 1/2
4 1 0 1 0 1/2

Table 6: Means and standard deviations over 50 trials of performances (1-cost) for various combina-
tions of FPML and online greedy algorithms in the third synthetic environment, with § = 0.01.

Algorithm | Mean | StD

Best-in-hindsight | 1.000 0
Top-of-leaderboard | 1.000 0
FPML | 0.964 | 0.0145
OGhybria ((B1,B2) =1,3)) | 0.823 | 0.0200
OG | 0.799 | 0.0202
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are made, where §; , is an estimate of the probability ¢; , := P(arm a pulled at round ¢). These
estimates are made by sampling q%@ ~ Geom(qy,q4), which is done by repeating the algorithm’s
execution at this round and counting how many trials are needed until a is pulled again. In practice,
the number of repetitions must be capped and this introduces some bias to the estimates, but this is
not problematic in practice. In fact, there is a bias variance trade-off, because K = max,c 4 |é:(a)|
is bounded by the number of samples we take. Therefore more samples lead to lower bias but higher
variance. Using bounds similar to those of Proposition [5]as a guide (the bounds of Proposition 5 were
subsequently refined after the experiments were concluded), we picked the number of samples to be

B 1/(2B+1) B 1/(2B+1) B 1/(2B+1)
In(N In(N
(N (%) ) ,s0 K = (N (715(11\\[/)) ) and ¢ = ((T ) (%) )
where B is the budget of each FPML-partial box.

These estimators make complete use of the information received at each round, unlike the simple
one-arm uniform sampling, B arms exploiting version of FPML with partial feedback mentioned in
Section[2.T. Moreover, the construction of cost estimates means no explicit exploration is necessary;
an arm that hasn’t been pulled for several rounds will be overtaken in estimated cumulative cost by
ones that have, and so will eventually be pulled again, thus inducing a self-stabilizing property that
would not occur if we used the same technique to estimate rewards 7;(a) := 1 — ¢;(a) instead.

)

C.4 Methods

Reward definitions: For the black-box optimization experiments in Section|4] the reward (1—cost)
for each black-box optimizer on each machine learning task (i.e. round) was defined as follows. This
approach was inspired heavily by the Bayesmark package used in the 2020 NeurIPS BBO Challenge
and which we based our implementation on [[Uber} [2020]].

Fix a round ¢ and an optimizer a. Let opt, be an estimate of the global minimum classifica-
tion/regression loss achievable (at validation, not test) on the task corresponding to round ¢. Define
rand; to be the mean performance of a random hyperparameter search on this task (i.e. the smallest
loss achieved using any hyperparameter in the random search, averaged over trials) Finally, let
loss;(a) be the actual averaged minimum loss of the optimizer a on this problem.

The reward is then defined as
1 — opt
rila) = oss;(a) — opt, .
rand,(a) — opt,
Conceptually, the reward is 0 when optimizer a performs as badly as a random search, and 1 when it
performs as well as is possible on this task.

As per usual, the reward for a bandit algorithm selecting multiple optimizers at each round is then
calculated as the maximum of the rewards of each optimizer (equivalent to the minimum of costs).

Bayesian optimizers used: The nine black-box optimization algorithms we ran the experiments in
Sectiond] over were as follows:

1. Hyperopt [Bergstra et al.,|2015]

2. The AUCBanditMetaTechniqueA technique from OpenTuner [[Ansel et al.,[2014]]

3. The PSO_GA_Bandit technique from OpenTuner [|Ansel et al.,[2014]]

4. The PSO_GA_DE technique from OpenTuner [Ansel et al.,[2014]

5. PySOT |[Eriksson et al., 2019]

6. Scikit-Optimize [Head et al., [2018]] using base estimator GBRT and acquisition objective
gp_hedge

7. Scikit-Optimize [Head et al., [2018] using base estimator GP and acquisition objective
gp_hedge

8. Scikit-Optimize [Head et al., 2018|] using base estimator GP and acquisition objective LCB

“In reality this is estimated using a more statistically efficient technique than actually performing the random
search, as in the Bayesmark package.
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9. Random search

The default settings of each package were used.

D Section|S; Linear Programming

Proof of Proposition[8] (Note: this proof was given for B = 1 in|Arora et al. [2012] with slightly
tighter bounds, and essentially remains unchanged for B > 1).

Proof. We run the FPML oracle with budget B, N = n arms, and ¢ = ((In(N) 4 1)/T)Y/(B+1) In
round ¢ € [T] we do the following: Let d; be the joint distribution over N arms returned the FPML
oracle in this round. We pass d; to the (p, B)-bounded oracle, and receive either a vector z:; € P or
that no z; exists which satisfies the oracle problem. Let us first suppose that we always receive an xy
for each round. Then define the cost function ¢;(7) := A;x: — b; € [—p, p] and pass this to FPML.
After T rounds, and by scaling and translating the cost functions to lie in [0, 1], Theoremgimplies
that Vj € [N]

T . 1 B
t=1 E(is,...ip)~d: [mlnie{il ----- ip} A — bi] < 4pT 71 (1 4+ In(V)) 73T + Z?:l Ajay — by
T - T T

By assumption of the (p, B)-bounded oracle, the left hand side is > 0. When T >

B+1 T
(L) = (4p)%(1 + In(N)), it follows that z := # satisfies Vj € [N], Ajz > bj — e.
Since P is convex, x € P and we are done. Now suppose that in some round ¢ we were told the
oracle problem was not solvable. We claim that we can conclude that the problem is not feasible and
we are done. This is because if 3z € P s.t. Az > b, then E;, ... ip)~d [minie{ihm’iB} Ajx — bq;] >

Eir,....ig)~d [miﬂie{il,...,iB} 0] = 0 and so the oracle problem would be solvable. L]
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