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A Posterior consistency

Lemma 1 (Lemma 2 in |Ghosal and Van Der Vaart [2007]]). Suppose that observation X (") =
(X1, -+, Xp) of independent observations X;. Assume that the distribution Py ; of the ith component

X has a density pg ; relative to a o-finite measure [1;. Let Pg(") = ®?:1 Py ; be the product measures
and average Hellinger distance

1 n
di(e(he) = E Z/(\/pemi - \/m)gdﬂz
i=1

Then there exists test ¢,, such that Pe(:)qbn < e~ 3nd(80.01) gpg Pg(n) (1—=¢p) < e~ 3nd;,(00,61) for

all 0 € © such that d,,(0,01) < %dn((%, 601).

Proof. See|Ghosal and Van Der Vaart [2007]. O

Let define divergences

IC ) B
K(f.0) =5/ [los T | = [ f1oeLap, m
k
Vi(f, 9) =ET | |log g g; ] @
k
Violf9) =B | log T — K(7.0) ] ®

and set

. 1< 1 &
B (0, € k) = {9 co: - Z;K(PGWPM) <é, - ;kao(Pgo,i,Pg,i) < C’kek}.
Here, the CY, is the constant satisfying
_ ok I 5
E[XH—IEXH }<c k22 IE[X,-]
0B < e DS

for £ > 2. The existence of C}, is guaranteed by Marcinkiewiz-Zygmund inequality. The following
lemma gives a sufficient condition for obtaining posterior consistency.
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Lemma 2 (Theorem 4 of |(Ghosal and Van Der Vaart| [2007]]). Let Pe(”) be product measures and

dn(6o,6) = % Soi 1 [ (\/Pooi — +/Pe.i) dpi. Suppose that for a sequence €, — 0 such that ne2
is bounded away from zero, some k > 1, all sufficiently large j and sets ©,, C © which satisfies
following conditions:

sup log N(¢/36,{0 € O, : d,(0,6p) < €},d,,) < nefb, 4)
€>€n
H(@ — @n) _ —2ne?
TI(B: (00,6 ) o(e7), ®)

I1(0 € O, : je, < dp(6,00) < 2j€,)
H(Br*t(e()ven;k))

Then PQ(:) (T1(6 : d,,(0,60) > M,€,|Dy,) — 0 for any sequence M,, — oco.

< enend’/4 ©6)

Proof. See|Ghosal and Van Der Vaart [2007]. O

In|Ghosal and Van Der Vaart|[2007]], they mentioned that it can be replaced by any other distance d,,
for which the conclusion of holds. Moreover, for k = 2, work with the smaller
neighborhood

— 1 & 1 &
Bn9 == 9 @Z* KP,L‘PZ‘<27 V PiPi<2 7
(6o, €) {E n; (90,79,)_€7n; 2,0(00,»0,)_6} (7

instead of B} (6, €n; k).

The following is an adapted version of which was introduced in [Polson and Ro¢kova
[2018]].

Lemma 3. Assume model ({I). Suppose that F is uniformly bounded. Let
Acn :=A{f € F:|If = foll,, < Me}.
If there exist C > 2/0? and F,, C F such that

sup log N(e/36, Ac1 N Fu, [I-l,,) < ”6721» 8)
€>€n

(A, 1) > e O, ©)

H(F-F,)=o0 (e_(C”2+2)”€i> (10)

for any €, — 0, ne2 — oo,
(AL p, IDn) — 0

in P}:)-probability as n — oo for any M, — oc.

Proof. See appendix [C.1] O

B Consistency of neural network

The upper bound of the covering number of the neural network space is given by as follows.
Lemma 4 (Lemma 3 in|Suzuki[2018]]). Ve > 0,

log N (€, (L, W, S, B), |||l =) < (S + 1) log (2 'L(B Vv 1)X(W + 1)?F) (11)
for W, L > 3.
Proof. See appendix[C.2] O

For L, W, S € Nand B, a > 0, define a function space
O(L,W,S,B,a)={fy:0 € O(L,W,S,B,a)}, (12)

where
O(L,W, S, B,a) = {a (0,103 > )T, € O(L, W, S,B)} .



Lemma 5. Ve > 2aL(BV 1)E=Y(W + 1),
log N (e, ®(L, W, S, B, a), ||| ) < (S + 1) log(2¢ ' L(B Vv 1)*(W + 1)?) (13)
for W, L > 3.

Proof. See appendix[C.3] O

The following lemma shows that for any function fj in the Besov space, there exist neural networks
which is closed enough to fj.

Lemma 6 (Proposition 1 in|Suzukil [2018])). Suppose that 0 < p,q,r < oo, w :=d(1/p—1/r); <
s < ooandv = (s —w)/(2w). Assume that N € N is sufficiently large and m € N satisfies
0 < s <min{m,m — 1+ 1/p}. Let Wy = 6dm(m + 2) + 2d. Then,

sup Ifo— fllp S N7/4 (14)
Fo€U(Bz., ([0,1]9)) rea s mfo ~ fllo
for
dvm
L =3+2[log (> +5][logy(d Vv m)], W = NWy,
2 T(N)C(d’m) 2 0 (15)

S=(L-1)WZN+N, B=0O (N<v*1+d*1>(1v<d/p—s>+>> 7

my —1
where U(H) is the unit ball of a quasi-Banach space M, c(q,m) = (1 + 2de%) and T(N) =

N—s/d=( ™ +d™ ) (d/p—s)4+ (log N)~!
Proof. See|Suzukil [2018]]. ]

C Proof of theorems

C.1 Proof of Lemma[3

Proof. Letd,(fo, f) = ||fo — fl|,,- As in|Ghosal and Van Der Vaart [2007], page 214, we may use
the norm d,, instead of the average Hellinger distance d,, and

1 1
K(Pyyi, Pri) = ﬁ|f0(mi) — f@)|* = 5‘/2,0(1300,1'7130,1‘) (16)
foralli =1,2,--- ,n. Then,
Bulfor) = {f € F:d(fo.f) < 0%} = Ao, an
and it is enough to show that
W(F—Fn) _ ([ —one
(4. ) =o(e), 1%
H(Agj6 1 — Aje 1) 2 .2
n nl) - nejT/4 1
H(AO'En71) = {19
for all sufficiently large j.
I(F — F) c —2ne?
< TLO’ 6 H ( TLEn) 2
(A, 1) (F—Fn)=ole (20)
and 4 A
1 €n,2] T enyg nole? ne
H(Ajosn,l) 2 < eOMTATI(A,, a5 — Ae,5) < €m0/ 1)
for all sufficiently large j. O



C.2 Proof of Lemmald]
Proof. Letdenote f € (L, W, S, B) as
f@)=WHC) + b)) om0 (W2 4 bD),

A (D)) = o (WD) +b<“>>o~-~o WDz 4 D),

Ap (H(@) = (WHEC) + b)) 0o (R 4 53) 22
fork=2,--- L,and A7 ,(f)(7) = AT (f)(x) = . Then,
F@) = Ay (f) o WE - 160) o A7 (f)(2).
Since f € ®(L, W, S, B),
At ()@ < max |5 A (@) + o0
<WB|A_ () +B (23)

<SW+1)(BV|AL (NH@)]
< W+ DBV
for all -, where A; . is the j-th row of the matrix A. Similarly,
AL ()(@1) = Ay (f)(@2)| < (BW)E M|z — | . (24)
Fix e > 0and § € ©(L, W, S, B). For any 6* € ©(L, W, S, B) which satisfies || — 0*|| < €
|fo(x) — fo- ()]

A1 (for) o (WHR 45y 0 A (fo) () — Ay g (for) o (WH™ - 408)7) 0 A (fo)(x)

M=

B
Il

1

IN

(BW)EE W 458) 0 47 (fo) (@) — (WO 458) 0 AF (fa) )|

(BW)L ke [W(BV 1D)F YW + 1) 1]

IN

= I= I=

(BW)E=Fe(B v 1)1 (W + 1)k

>
Il

1
eL(Bv1)EY (W 4 1)E.

(25)
Let s be the number of nonzero components of 8, s < S. Consider a subspace Oy (L, W, S, B) of the
parameter space O(L, W, S| B) consists of parameters which have s nonzero component. Choose

01, - 0 from each grid divided with length €* = m over Og(L, W, S, B). Then

M
foe UL I = foll~ <e}

m=1

Note

L
T = |0(L,W, S, B)| Z W+D)W < (L+1)(W+1)2< (W +1)E

for W, L > 3, and the number of cases of choose s nonzero components are

(T):T(T—l)-~-(T—s+1)

s s!

<TF < (WH+1)ks



Thus,
N(e,®(L,W, S, B), |/l ) < Z ( ) (2Be Y (L(BV 1)E=H W + 1)1y

< Z (2 ' L(B vV 1)L (W + 1)25)” (26)
s*<S
< (2¢ 'L(BV 1)I(W 4 1)28)5H!
and we get desired results by taking the logarithm of both sides. O

C.3 Proof of Lemmal3]

Proof. Let (a) = (0:1(|0;] > a)). Then Ha - é(a)H < aand

&(L,W, S, B,a) = {é(a) 0 @(L,W,S,B,a)} = O(L,W, S, B).

As in the proof of
Hf9 - fé(a) L
for any fy, fé(a) € ®(L,W, S, B,a, F). Let s < S be the number of nonzero components of é(a).
Consider a subspace O (L, W, S, B, a) of ©(L, W, S, B, a) consisting of parameters which have s

€/2
L(BVD)L-T(W+1)L

_<aLBVHFI W A 1)F <e/2 27)

nonzero component. Choose 61, - - - , 0, from each grid divided with length ¢* =
over ég(L W, S, B, a). Then

M
foe UL = fonll~ <€}

m=1

from triangular inequality. We get desired results in a similar way as in the proof of O

C.4 Proof of Theorem/I|

Proof. Let F = ® NUB(F) and
Aoy ={feF:|f = foll,, < Me}.
From it is enough to show that there exist a constant C' > 2/0% and F,, C F which satisfy

(a) sup... log N(€/36, Aci N Fn,||']],,) < ne2
(b) —logII(A., 1) < Cne?
© T(F = F,) = o (e (@ +2m)

for sufficiently large n. Let F,, = ®(L,,, W, Sy, Bn) NUB(F). First, (c) is trivial from (16). From
{feFn Ifllpe <t C{fEFn:lfll, <€}

and[Cemma 4
€
1 N(f,AE N Fo, || )

68;161) og 36 ,1 || Hn
< suplOgN( Aelmfna‘|'||L°°)

e>e, 36
< 1 N( nv : 00)

s log ¥ (2 7 I,

(28)

<1 N( Foo || oo)

&N (& T,

< (S +1) [og Ly + Ly Log((By v 1) (W + 1)?) — log 22|
< Na(logn)?

2
= ne,,



for sufficiently large n. Thus, (a) holds. Here, the last inequality holds from

L, = O(logn), W,, = O(N,,), S, = O(N,, logn) (29)
Next, from there is a constant C; > 0 and fn = fs € F such that
£ = o], < Crllfollg , ogoy Na ™/ < €n /4. (30)
for sufficiently large n. Moreover, by the assumptions and the strong law of large numbers,
IS = folls, < 21 = follZ2(pyy < 41 = follZ2 3D

for sufficiently large n P}")-almost surely. Let 4 and 9}7 be index and value of nonzero components of
[9)

0 respectively. Let ©(%; Ly, Wi, Sn, By, ) be a subset of parameter space O(L,,, W,,, S,,, By,) consists
of parameters which have nonzero components at 4 only and F,,(¥) = ®(%; L,,, W,,, S, Bn) N
UB(F) be an uniformly bounded neural network space generated by O(%; Ly, Wi, Sp, By, ). Note
(A, 1) =1(f € Fn: [[f = foll,, < €n)
> TI(f € Fu: If — follys < eaf2)

>N (f e Fu: |[f=Ful , <enrt) o)
> A f = £, <e,
>N (feFu: |[f=fuf | <enrt)
> )< lf = f, <
_H(fe}-n(’)/) Hf In oo _En/4>
for sufficiently large n. As in the proof of
H(fefMﬁwa—ﬁzUo<aJ@
> T (0€R™ 05 =0, 0], < Ba, [0 -0 < n
= ( € 30 =0, [Olloc < B, o = AW, +1)n L, (B, Vv 1)En—1
S €n Sn T, -1 (33)
=\ 4B, (W, + )LnL, (B, v 1)Ln—1 s,
Sn
> tn
- (4Bn(Wn + 1)2Ln L, (B, V I)L"_l)
4B, (W, +1)2Ln L, (B, Vv 1)kt
:exp(—Sn log( (W +1) ( ) ))
€n
Thus,
AB, (W, + 1)2E0 L, (B, v 1)En L
—log (A, 1) < S log< (Wo + 1 (B V1) >
€n
< Sy [Lylog((Wy +1)*(B, V 1)) 4 log 2L, — log €] (34)
< Ny (logn)?
= ne2
for sufficiently large n. O

C.5 Proof of Theorem

Proof. Let F = ® NUB(F). From it is enough to show that there exist a constant
C' > 2/0* and F,, C F which satisfy

(a) sup.., log N(€/36, Acy N Fon, [|l,,) < ne,
(b) —logIl(A., 1) < C'ne?

(© T(F = Fy) = o (e +2mel)



for sufficiently large n. From (29), we can choose

Hy > sup{Ly/logn, W, /Ny, S,/(Nylogn), Z}. (35)
Let Nn = CNN,,
Nn ~ ~ ~ ~
Fo=UBF)N | | ®(Ln(Ho), Wn(Ho, N), Sn(Ho, N), B,(Ho, N))
N=1

for sufficiently large C'y > 0 and 7 (V) be a density function of N. First, show that (a) holds. From

€y
Ngénmmg

72 - N _ N )
= Z (6 Lo (Ho)(By(Ho, N) v 1) 5 H0) (W, (Ho, N) + 1) (Fo)
N=1 N "

Sy (H,N)+1
) (36)
~ 72 -~ - - - B S (Ho,Np)+1

= Ny < Ly (Ho)(By(Ho, Ny) v 1) 550 (W, (Hy, N,,) + 1)2L"(H0)>

n

and
sup IOgN( Ae,lmfna”Hn)
€>€p
< .
65;13 log N (36 e1 N Fn, || ||L°°)
< Es,;lepn IOgN(36 n;H'HLOO)
<1 N( Fas || m)
o N (55, Fus 1.
< logNn
- - 72 - ~ < 3 i
n [SH(HO’NW) n 1} log (Ln(HO)(Bn(HO,Nn) v )L HO) (W, (Ho, N,) + 1)2E <HU>)
€n
< No (10gn)3
< ne

(37
for sufficiently large n. Next, show that (b) holds. Note N, (logn)? < ne? and

Ln < Lo(Hy), Wy, < Wo(Hy, Ny, Sp < S,(Hp, Ny, By < By (Hy,, Ny,) (38)

for N,,, Ly, W, Sy, By in[Theorem I|and sufficiently large n. Thus, there exists a constant D > 0
such that

N (Ny) 2 exp (—Nn(log n)?log ;7\\/') > exp(— Dnei) 39)

and

(fy € Fu: If = foll, < en)
> 7N (No)II(fo € (L, Wi, Sny Bn) « [[fo = foll,, < €nlNn) (40)
2 exp(—(C + D)nefl)
holds for sufficiently large n. (b) holds for C’ = max{C +D,1+2/ 02}. From
I(F - Fn) < 7n(N > Ny)
and Chernoff bound, for any positive number ¢, Zy > 0,

P(Z > Zp) < e_t(ZOH)E[etz] < e HZo+D) (exp(e’An) —1). 41)
Letting t = log Zy, we get
P(Z > Zy) < e”ZotDIos 2o (exp(ZoAn) — 1) . (42)



Thus,
7TN(N > N ) < 6_[(1\7n+1) lOgN7L+Nn)\N](lOgn
e 3 ~ (43)
(C'0? + 2)ne2 + Any N, (logn)? — (N, + 1) log N, (log n) — —00

for sufficiently large Cy > 0. (c) holds. O

C.6 Proof of Theorem

Proof. Let F = ® NUB(F). From it is enough to show that there exist a constant
C"” > 2/0% and F,, C F which satisfy

(@) sup,s., log N(€/36,Ac1 N T, [|],,) < ne,,

(b) —logIl(A., 1) < C"né?

© T(F - Fy) = o (ef<0"o2+z>nez)

for sufficiently large n. Let F,, = ®(L,,, W, Spn, Bn, an) NUB(F). It is easy to show that (a) holds
from as in the proof of By the assumption,

II(F — Fn)
Ty
T (16;] > By| Ln, Wy, Sn, Bp) + 7 <Z I1(16;| > an) > Sn|Ln,Wn,Sn,Bn>

i=1

=(1=1=v,)™)+P(S>5,|S ~B(Ty,1—uy))

S, 1-8,/Tn Sn. S,/Tn
< — - - — -
_Tnvn+exp< Tn{<1 Tn>log w +Tn 1og1_un})

0 (e_KOnei-o-long) + exp (Tn (1 ‘; ) log 1_7;77” Sy lo 15 /Tn>
<€ K1n€ ) 4 exp( ( T’TL) nnS /T - 51 Sn/Tn
Su\ (A=m)Sn/Tu (1 =10)Sn/ T,
Klne p— - 2
<o (6 —|— exp( ( T ) < 1— STL/T to < 1-— Sn/Tn Knen
( (Sn

1-8,/T, nOglun>
o~ Kine}, )+exp (1 =nn) +0(Sn(1 —ny)) —Knei)

e —Kine2 ) ( 7K2nen)
=0 (67 mm{Kl,KQ}nen) )

(44)
for some 4 < K; < K and 4 < Ko < Kj. Letting C” = (min{ K, K2} —2)/0?, (c) holds. We use
Bernoulli’s inequality and a tail bound for binomial distribution in |Arratia and Gordon|[[1989] for the

second inequality. Next, as in the proof of , there is a constant C; > 0 and fn =fs€Fn
h||,, < cillsol

such that
‘fn -
Hf fOHn — 4||f fOHL2

for sufficiently large n almost surely. Let 4 and 0@ be index and value of nonzero components of 6
respectively. Let

) N4 < e, /4,
Bs,(0,1]9) / 45)

&(L,W,S,B,a) = {é 0 e @(L,W,S,B,a)} — O(L,W,S, B)

and (:)(&; Ly, Wy, Sn, Bn, a,) be a subset of parameter space (:)(Ln, Wi, Sn, Bn, a,) consists of
parameters which have nonzero components at 4 only and F,,(¥) = ®(%; L., Wy, Sn, B, an) N



UB(F) be an uniformly bounded neural network space generated by (:)(’y; Ly, Wy, Sp, Bp,ap).
Note

N(Ae,1) = 1(f € F: I = foll, < &)
> (fer:||f—fl, <an)

- 46
> (fer:||f -] . <ens) i
LOQ
> 9l - <
_H(fe}_n(')/) H.f fn Lo _€n/4>
for sufficiently large n. As in the proof of
H(f e F3): |[F=Fuf . < en/4)
> H(e € RT" 1 05¢ € [—an, an)™ 5", |05, < B,
. € (47)
o o] < :
o = AW, +1)En L, (B, vV 1)En—t
B Sn
s ([ o)
Bn—ty
where t, = jrp—oyrs L€:(an1)L"*1 . Letting
By
Bn_tn
- 1OgH(A6n71) < —Splogyn — (Tn - Sn) log up,
Sn
< =Sy log(tng(By)) — T, (1 — T) log(1—S,/T))
Sn
= —Sylogt, — Sylogg(By,) + T, (1 ; T> (Sn/Tn +0(Sn/Ty)) S
< S, (logn)* + Sy, +0(Sn)
<ne.
O

D Numerical Examples

D.1 Gaussian Mixture Prior

Consider a problem of estimating the Besov functions f1, f2, f3 and f4. Assume the Gaussian
mixture prior distribution for each parameter as in Example We sampled n points from z ~ U(0, 1)
and y from NV (f;(z), o) fori =1,2,3 and 4. We set 67 = 03 = 0.01? and 03 = o = 0.1%.

As mentioned in we used a smaller model that was weaker than the conditions of the
theorem. We fix the depth L,, = 5, the width W,, = 200 and set N,, + W, /W, of the model.
We consider the prior in (Gaussian mixture BNN) and set the smaller variance o1, <
max{0.001, o1, } to avoid numerical precision issues.

We fit the model using the NUTS algorithm [Hoffman et al., 2014]] with the python Pyro [Bingham
et al.,[2019] and PyTorch [Paszke et al., 2019] packages. Experiments were run on a GPU server
with Nvidia GeForce GTX TITAN X and RTX 3090. The code and instructions for the experiment
are provided in the supplementary material. shows the results. Overall, as the number of the
data n increase, the mean functions get closer to the true regression function.



Figure 1: The results of estimating four functions f;, f2, f3 and f4 using Gaussian mixture BNN
model with n = 100 (left), n = 1,000 (center) and n = 10, 000 (right) samples. We construct 1,000
functions from the MCMC samples and plot the mean function with training data. The blue lines are
the mean functions and the yellow intervals are the prediction intervals.

® training data ® training data 10] @ training data
1.0 s mean function s rmean function s rmean function
mean = 3std mean = 3std mean = 3std
08
08
06
06
04 04
02 02
00
00
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
© training data © training data © training data
s—mean function m—mean function 02 & s—mean function
-02 mean = 3std —024 L mean = 3std mean = 3std
-04 -04
-06 -06
> _08 > -08
-10 -10
-12 -12
-14 -14
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
8
© training data © training data - ® training data
s rmean function s rmean function | = mean function
mean + 3std mean = 3std mean = 3std
6
a 4
A 3
2 2
-, - -
1
0 o
0
-1
-2 2 -2
-3
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
x x x
© training data ® training data ® training data
4 s mean function 4 Ve m—mean function 4 m—mean function
mean = 3std mean = 3std mean = 3std
2 2 2
o o 0
-2 -2 -2
—a —a -4
-6 -6 -6
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
x x x

(d) The results of estimating f4.
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D.2 Gaussian Prior

We performed the same experiment as before using Gaussian prior (Gaussian BNN). The standard
deviation of the Gaussian prior is the same as 05, in the Gaussian mixture BNN (see [Example T)).
shows the results. Overall, as the number of the data n increase, the mean functions get
closer to the true regression function.

D.3 Comparison

We compare two model in terms of empirical errors (training error) 1 "% |y; — f (z;)]* and

L? norms (test error) ef = ||f — fol|;» between true function f; and sampled function f. We
approximate ey as €y using Riemann sum,

N 1/2

6 = (nl S () - fo<xz>>2> ,

k

zp=—, 1 <k<n*
n*

k=1

As in[Table T|and[Table 2] both models give similar results. For the functions f; and f>, Gaussian
mixture BNN shows better results for both errors. For the functions f3 and f,, Gaussian BNN gives
slightly better results for the test error. However, as shown in|Figure I|and [Figure 2} the differences
are negligible.

Table 1: Summary statistics of the empirical errors between true functions and sampled functions,

where the numbers in the parentheses denote the standard deviations.

fo n Gaussian mixture BNN Gaussian BNN
fi 100 1.398 x 1072 (8.896 x 10~%) 1.386 x 1072 (8.774 x 10~%)
1,000 1.451 x 1072 (2.899 x 10™%)  1.455 x 1072 (2.840 x 10~%)
10,000 1.455 x 1072 (9.233 x 107°) 1.461 x 1072 (8.763 x 107°)

fa 100 1.336 x 1072 (8.119 x 107%) 1.359 x 1072 (9.023 x 10~%)
1,000 1.424 x 1072 (2.781 x 10™%)  1.427 x 1072 (2.741 x 10™%)
10,000 1.420 x 1072 (8.728 x 107°) 1.419 x 1072 (8.651 x 1075)

fs 100 1.428 x 1071 (9.301 x 1073)  1.497 x 10! (9.356 x 1073)
1,000 2.297 x 1071 (4.256 x 1073)  2.289 x 107! (4.632 x 107?)
10,000 2.200 x 107" (3.228 x 1073)  2.204 x 10! (2.668 x 10~9)

fa 100 1.389 x 1071 (9.279 x 1073)  1.390 x 10~' (9.085 x 1073)
1,000 1.430 x 1071 (2.898 x 1073)  1.460 x 10~! (2.921 x 10~3)
10,000 1.543 x 1071 (8.986 x 10~%) 1.500 x 10! (8.825 x 10™%)

Table 2: Summary statistics of the test errors between true functions and sampled functions, where

the numbers in the parentheses denotes the standard deviations.

fo n Gaussian mixture BNN Gaussian BNN
fi 100 1.921 x 1072 (1.441 x 1073)  2.359 x 1072 (3.646 x 1073)
1,000 1.327 x 1072 (3.172 x 10™%)  1.335 x 1072 (5.983 x 10™%)
10,000 1.212 x 1072 (2.808 x 107%) 1.201 x 1072 (2.643 x 10~%)

fo 100 1.363 x 1072 (6.582 x 10™%)  1.652 x 1072 (2.293 x 10~3)
1,000 1.151 x 1072(3.835 x 10™%)  1.164 x 1072 (4.203 x 10™%)
10,000 1.177 x 1072 (2.626 x 10~%) 1.155 x 1072 (2.529 x 10~%)

fs 100 1.120 x 10° (5.175 x 1072)  1.041 x 10° (6.923 x 10~2)
1,000 3.750 x 1071 (5.497 x 1073)  3.699 x 10~ (6.699 x 10~2)
10,000 2.478 x 1071 (4.589 x 1073)  2.479 x 10! (4.036 x 1073)

fa 100 4.942 x 1071 (2.930 x 1072) 4.493 x 10~! (4.450 x 1072)
1,000 1.715 x 1071 (8.959 x 1073)  1.666 x 10~ (1.029 x 10~2)
10,000 1.550 x 1071 (3.242 x 1073)  1.128 x 10~ (2.454 x 1073)
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Figure 2: The results of estimating four functions f1, fo, f3 and f, using Gaussian BNN models with
n = 100 (left), n = 1,000 (center) and n = 10, 000 (right) samples. We construct 1,000 functions
from the MCMC samples and plot the mean function with training data. The blue lines are the mean
functions and the yellow intervals are the prediction intervals.
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