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Abstract

Theorem proving in natural mathematical language b the mixture of symbolic and
natural language used by humans b plays a central role in mathematical advances
and education, and tests aspects of reasoning that are core to intelligence. Yet
it has remained underexplored with modern generative models. We study large-
scale language models on two new generation tasks: suggesting the next step in a
mathematical proof, and full proof generation. We deve\ag URAL PROVER, a
language model that generates proofs by conditioning on background references
(e.g. theorems and dePnitions that are either retrieved or human-provided), and
optionally enforces their presence with constrained decoding. On theorems from
the NATURAL PROOFSbenchmark NATURAL PROVER improves the quality of
next-step suggestions and generated proofs over bne-tuned GPT-3, according to
human evaluations from university-level mathematics stud&MsURAL PROVER

is capable of proving some theorems that require short (2-6 step) proofs, and
providing next-step suggestions that are rated as correct and useful over 40% of
the time, which is to our knowledge the brst demonstration of these capabilities
using neural language modéls.

Generate with in-context reference titles
r Learn to generate proofs \ and constrained decoding

and reconstruct references

Theorem Proof Theorem Language Constrained
The sum of any finite By induction: Let x be an even integer. Mode| Decodlng
number of even ™ for all N, let P Then x + 5 is odd.
integers is even. oralln €N, let P(n)... £ ') \

Reference Titles

Reference Content Even Integer Generated Proof
Reference Title . An integer n is even Odd Integer Proof by Contradiction: Aiming for a contradiction,
Even Integer iff it is of the form Integer suppose x + 5 is even.

Hence, by Proof by Contradiction, x + 5 is odd.

n=2r.. Proof by Contradiction Then there exists an integer k such that x + 5 = 2k.
k This contradicts the premise that x is even. J

Figure 1:NATURAL PROVER proves Even Integer Plus 5 is Odd. At training timMaTURAL PROVER

obtains background knowledge about references (e.g. theorems or dePnitioe$greace recon-
struction learning to map a reference0s title to its content. At test NWBJRAL PROVER grounds

its generations through in-context reference constraints that are retrieved or human-provided, and
optionally enforced wittstepwise constrained decodinghis theoremOs human-written proof in
ProofWiki contains an error and differs substantially fromMRAL PROVEROs correct proof.

1Code and data available laitps://github.com/wellecks/naturalprover

36th Conference on Neural Information Processing Systems (NeurlPS 2022).



1 Introduction

Constructing a rational argument that justibes a claim is a key aspect of explaining, verifying, and
communicating ideas in situations ranging from everyday interactions, to legal and political discourse,

to science and mathematice)] 42, 24]. Within the latter context, amathematical proob a sequence

of logical arguments expressed in a mixture of symbolic and natural language B assumes this role by
providing justibcation and insight into why a claim is trd&]. Proofs operate on a relatively explicit

and objective set of ground knowledge, isolating a subset of reasoning that is desirable for models
that form the foundation of machine learning systeBjsloreover, we envision assistive systems

that provide suggested proofs or next-steps, analogous to language-model-based code suggestions
(e.g. GitHub CoPilot$]) or formal proof assistants (e.g. GPTF20]), which could make learning or

using mathematics more productive and accessible.

To this end, we study the capabilities of large-scale language models (e.g. GH BB fwo new
theorem proving tasks in natural mathematical languaget-step suggestiom which a model
suggests the next step of a proof, dnlt-proof generationin which a model fully proves a claim. As

proofs are grounded in knowledge from past results (e.g. theorems, debnitions), analogous to facts
deployed in a conversatioAJ], prior rulings used in a legal opiniori§], or articles used to justify

an answer3(], we develop a methodology for obtaining and using background knowledge to prove
theorems with a generic language model.

We developNATURAL PROVER, a language model that generates proofs by conditioning on back-
ground references (e.g. theorems and debnitions that are either retrieved or human-provided), and
optionally enforces their presence with a constrained decoding algorithm that leverages the multi-step
structure of proofs. On a collection of theorems from xerURAL PROOFShenchmark45], NAT-
URALPROVERIimproves the quality of next-step suggestions and generated proofs over bne-tuned
GPT-3, according to human evaluations from university-level mathematics studésitsRAL -

PROVER s capable of proving some theorems that require short (2-6 step) proofs, and providing
next-step suggestions that are rated as correct and useful more than 40% of the time, which is to our
knowledge the Prst demonstration of these capabilities using neural language models.

Along with these successes, we study debciencies in our current models. We Pbnd that models
can struggle with logical coherence on longer proofs, with providing valid justibcations, and with
performing multi-step symbolic derivations. Taken together, our tasks, methodology, and evaluation
show the feasibility of language models as interactive aids in mathematics, along with open challenges.

2 NATURAL PROOFS-GEN Dataset and Tasks

We create &NATURAL PROOFSGEN dataset adapted froMATURAL PROOFS[45], and use the
dataset for two tasks: suggesting the next step of a proof, and fully proving a theorem.

NATURAL PROOFS-GEN. NATURALPROOFSGEN adapts data frolNATURAL PROOFS which
contains theorem statements, proofs, debnitions, and additional pages (e.g. axioms, corollaries)
sourced from ProofWiki, an online compendium of community-contributed mathematical proofs. In
NATURAL PROOFSGEN, each exampléx,y) ! D pairs a theorem with a gold proofy, both of

which are a mixture of text andTigX. [45] split the examples and reference sets into training, dev,
and test splits to ensure that no theorem in the dev or test splits was mentioned in the training split.
We adopt these splits of roughly 12.5k training, 1k validation, and 1k test examples, and sampled
core evaluation setwith 100 dev and 100 test theorems that are used for human evaluation. The
proofs contain additional structure, discussed next.

Multi-step proof structure. Each proof has anulti-stepstructure, meaning that a progf =
(Y1,..-,Yjy)) is a variable-length token sequence that is segmentegiats stepswhere each step

yt is itself a variable-length sequence of tokens (either text or Latex). The segmentation is largely
determined by ProofWikiOs formatting and community standards for structuring proofs, and we
additionally merge steps to ensure that each step contains non-trivial semantic content. For example,
Figure 1 shows a 4-step (generated) proof with each step highlighted in green.

References Each proof mentions a variable-numbeneferenceqry,...,rg,} from a seR of
roughly 33k theorems and debnitions, analogous to how Wikipedia articles reference other pages.
For example, Figure 1 shows a proof with reference mentions in blue. Each mention identibes a



reference by its title and provides a natural language surface form. For instance, in Figure 1, the
brst proof step mentions the debnition of even integavag which is formatted in the proof as
[[Definition:Even_Integer|even]] and tokenized along with the rest of the proof.

Tasks. We consider two tasks that are motivated by an assistive system that provides suggested
proofs or next-steps to a user. Thdl proof generation task is to generate a progfgiven a theorem

x. Thenext-step suggestiorask is to generate a set of next stéps}<_, given theorenx and

proof historyy.; from a gold proof. In each case, we consider an additipralided reference

setting where the model is also given the set of refereficgs. ., r[Ry} from a gold proof of the
theorem. The next-step task simulates a human correctly proving the theorem up to a point, then
guerying a system for suggested next-steps when stuck, while the provided reference setting simulates
a human specifying a plan for a system that writes a proof.

3 NATURAL PROVER: Grounded Proof Generation via Language Modeling

We describeNATURAL PROVER, a language model which generates grounded proofs by conditioning
on references and optionally enforcing their presence with constrained decoding.

Setup. Our objective is to generate correct proagfs= arg max, correct(x,y). Unfortunately,
evaluating proof correctness is costly, and is only done once at test time. A naive approach is to
approximate the objectivgy " arg max, logp: (y|x), by Pne-tuning a language mogelon(x,y)
examples and using a decoding algorithm (e.g. greedy decoding). We instead investigate conditioning
on background knowledge in the form of reference documemty,|x, R), which is benebpcial

in related generation settings (e.q8]), and offers control over the generated proof. To do so,
NATURAL PROVER uses in-context references and a reference reconstruction objective.

In-context references.Language models have a limited context window that prevents conditioning
on full documents. InsteatNATURAL PROVER conditions on a set of reference titlgs(y|X, Rye) -
Concretely, we Pne-tune on (theorem, reference titles, proof) sequences of the form,

<theorem> <title> {theorem-title} </titte> <content> {theorem-content} </content> </theorem>
<ref> {ref-title-1} </ref> ... <ref> {ref-tite-R} </ref> <proof> {proof} </proof> (1)
with new-lines and} tokens omitted, relevant strings inserted, and loss only on tokens:abi@s .

Reference reconstruction.Reference titles do not capture all of the information contained in the
reference documents. We learn a mapping between each reference title and its underlying document
with a reference reconstruction objectiye(r|rse) for references in the training reference set.
Concretely, we Pne-tune on additional (title, content) pairs of the form,

<{type}> <title> {title} </title> <content> {content} </content> </{type}> y (2)

where theltype} is theorem/debnition/other, and the loss is only on tokens afigént> . Intuitively,
this lets the model associate each reference title with the referenceOs underlying content.

The joint objective. For trainilng, we minimize the joint loss, "
1 I "
L(I ) = |Dtrain| + |Rtrain| # Iog pl (y|X! RtitlE) + # Iog p‘ (rlrtlt|9) . (3)
(ny)"D train "R train

Evaluation-time references. We consider two settings for evaluation-time referencesetijeved
references, from a retrieval modelx) ${ rq,...,r¢}, and (i) human-providedeferences from

the ground-truth proof. The retrieval setting simulates a fully automated proof assistant, while the
second simulates a human specifying a plan for an assistant that writes a proof, and acts as an upper
bound for a retrieval system optimized to predict references in a ground-truth proof.

3.1 Stepwise constrained decoding

In the provided-reference setting, the conditioned references are known to be relevant to a correct
proof. We hypothesize that explicitly encouraging generated proofs to contain the references will
improve correctness, by placing lexical constraints on,the reference-titles at decoding time,

9

arg maxlogp (Y |[X, Rite), Subject to I Trige ! Y]= |Ruitel, (4)
y

Iite" R tite



wherel [§ is an indicator function. To approximate this objective, we generate step-by-step by
sampling multiple proof-step candidates, retaining those with high value (reference coverage and
log-probability) in a beam, and continuing to the next step, which we call stepwise beam search.

Value function. The search supports any function of the proof-sovféys ) $ R. We use a value
function that is a weighted combination of constraint satisfaction and log-probability,

Ve (y# t) =" constrain(y# t) + (1 #" )VLM (Y# t)v (5)

whereVeonsirain{Y# t) iS the number of unique in-context reference-titleyin, andviy (yz+) is
logp: (yz¢). We normalize each term by dividing by the maximum absolute value among candidates.

Stepwise beam searchThe procedure generates a prgof (vya, ..., yr) by iteratively sampling
and pruning next-proof-step candidayesEach iteration expands a sikebeam of proofs-so-far,

Sis1 = {YX }K., , by generatindN next-step candidates,
0

%_ $ o D (Y
S°= W vsyy (Yoo &YO) VY A(@<t o X, Rie) 1y (6)
whereq is a decoding algorithm (e.g. temperature sampling) &mlconcatenation. The next
iterationOs beam is formed by selecting the top scoring candiatesyg top -K,, - s¢ (Yut)-
When a proof in the beam terminates, it is not expanded further. The search ends when the beam
consists oK terminated proofs. The highest value proof is returned as the Pnal output.

Stepwise++.We add two mechanisms for promoting exploration at each step. First, we expand each
prebx in the beam (Eqn 6) by sampling with multiple temperatfngs, a:(al< , X, Riie) | #!
{#}",}, whereqy is sampling with temperatur#. This relaxes the commitment to a single
temperature for all proof steps, balancing exploration (highevith exploitation (lower).

Second, rather than selecting the top-K candidates, we select clusters based on different value weights:
St =% - b topy «(S; ), whereS; is the set of candidates scored with, andK "= K/$ . This

interpolates between selecting steps based on likelihood'(Jaand constraint satisfaction (high.

Full proof sampling and greedy decoding.An alternative is to sample full proofs and select the best

one according to the value function. This can be viewed as expansion (Egn. 6) done at the full proof,
rather than the step level. Moreover, greedy decoding corresponds to expanding only 1 candidate
with temperaturé 0. We formalize this in oD as a segment-level search that contains stepwise++,
full proof sampling, and greedy decoding as special cases.

4 Proof Evaluation

A proofOs correctness is contingent on a variety of factors, including reasoning with past results,
performing symbolic derivations, and altogether providing sufpcient evidence that the claim is true.
We design a human-evaluation schema that isolates these aspects at the proof-step level, along with a
full-proof summary. Table 1 summarizes the schema, which we overview below.

References.First, proofs involve deploying statements from references, such as applying a dePnition
or adapting it to bt the context. Deployments should be consistent with the reference, e.g. deploying
the debnition of even integer as O...by debnitibrt, Z : x = 2k...0, rather than ¢k.! Z : x =

2k + 10, and are a common source of errors in student proofs [15].

Second, proofs use references as justibcation for steps of reasoning; for instance, Real Addition is
Commutative provides justibcation for the statemerty = y + x wherex,y ! R, but not for

Xy = yx. This aspect is analogous to using an article to justify a claim (8Gj). [Fmally, proofs

should not hallucinate references, or Obeg the questionO by self-referencing the current theorem.

Equations. Proofs contain a variety of multi-step derivations, ranging from simple arithmetic to
more sophisticated derivations (e.g. see Table 17). A derivation should start with a valid equation
given the surrounding context (ex)+ x = 2x in Table 1 versug + x = 3x). Each subsequent step
should be a valid derivation from the previous step, e.g. stati(®k + 6) # 1 aftery =2k +5.

Other reasoring , language, & symrbolic errors. A proof should provide sufbcient evidence

that a claim is true to a human reader; it should not skip steps. Proof steps should make progress
towards proving the goal; in particular, they should not repeat known conditions in the theorem or
conclusions made in a prior step. Finally, our schema leaves room for any other reasoning errors, as
well as symbol errors (e.g. undebned symbols) and language errors (e.g. incomplete statements).



Error Type Example

Reesoring: Reference
Invalid Deploymen  Sincex is anevenintegert k " Z :x =2k +1.
Invalid Judibcetion  E(X?)= = [_; k’Pr(X = k) Poweg Series for Exponential Function

Hallucinatec Ref, From Powe of Numbesl are Irrational, ° 2 is irrational.

Seli Loop (Proving PythagorasOs Theorem:FromPythagorasOs Theorah= a? + k?.
Rezsoring: Equation

Invalid Equetion $x " R, X+ X =3X.

Invalid Derivetion (Sincex isanevenintegek +1=2r+1) =2(r +1)
Reesoring: Other

Skips Step:s (x " Zisnotamultiple of 3.) Thereforex® % 1 or 8(mod9)

Regetition (Let& ABC be aright triangle.) Then& ABC is a right triangle.

Invalid (Other’ (x is an even integer.) So,x + 1 is an even integer.

S —

Language Letc= a2\addk? be the (inconplete statemen:; urknowr synbol\adc)
Symbolic (Letx " R.) Lety=x'x'1. (urdebne(ogerator' for real nurrbers)

Table 1: Overview of human evaluation error schema. See Table 24 for full scirReference
Hallucinatec refelence. The necessary context (e.g. known conditions, prior sieps)

Usefulnes::and correctness. To judge the potential utility of language models as assistive systems

in natural mathematics, we measure whether generated next-steps and full proofs are potentially
useful hints for proving the theorem on oneOs own. Additionally, we measure a summary judgment of
correctness. Note that an incorrect statement can still be helpful; for instance, it could give a hint for
the type of reference to use, derivation to perform, argument to make, etc.

Human evaluation protocol. We measure these aspects through human annotatisteg-aviseand
anoveralllevel. For a step-wise annotation, an annotator is presented with the theorem, proof-so-far,
and a generated next-step. The annotator labelsHg correctness, usefulness, and presence of
Pne-grained errors outlined above. After labeling each step of a proof, the annotator rates the full
proofOs overall correctness and usefulness on a 0-5 scale. A rating of 4 or 5 is needed to be considered
as correct, and a rating of 3 or above is needed to be considered as useful.

Automatic metrics: lexical content. As automatic proxies for quality, we compare each generated
proof against its ground-truth counterpart using the sentencedegelm matching metriGLEU

[29], and following work in knowledge-grounded dialogu88] we use F1 overlap between generated

and ground-truth tokens. Prior to computing the metrics, we normalize the generated and ground-
truth proofs by only keeping the surface form of references, removing formatting characters with a
MediaWiki parser, and collapsing any consecutive whitespace into a single space.

Automatic metrics: knowledge grounding. We debne knowledge grounding as meaning that a
generated proof contains the same references as those found in the ground-truth proof. To measure
this, we use precision, recall, and F1-score between the reference sets contained in the generated and
ground-truth proofs; i.em({&x, ..., Bz}, {ri, ..., ri%}), wherem(9 is precision, recall, or F1. We

also use Knowledge Token-F1 (kF13d), the overlap of the generated proofOs tokens with tokens
contained in the references mentioned in the ground-truth proof.

5 Experiments

We use the training and dev splits NfATURAL PROOFSGEN during Pne-tuning, and theore
evaluation setgonsisting of 100 theorems from the validation set and 100 from the test set for
evaluation (see ©2). These theorems were selected by the authors such that by looking at the theorem
title each author could recall its content and sketch a proof. While this may shift the evaluation
towards an easier slice of the dataset, it was necessary to make human evaluation at a meaningful
scale feasible. We also use the core sets for explorations and ablations.

We Pnetune three GPT-3 [5] (Curie) models, using the OpenAl API (see Appendix E for details):



Reasoning Err§() Lexical Errs(() Per-Ster()) Full Proof ())
Ref. Eqn Othel Lang Sym Useful Correci Useful Correc

GPT-3 30.92 3254 40.15 5.61 5.24 25.69 28.18 20% 13%
NATURAL PROVERRetrieve 23.52 37.55 23.66 4.54 6.19 4154 33.56 32% 24%
NATURAL PROVER 25.84 35.93 25.23 8.41 535 39.60 26.30 35% 24%
NATURAL PROVER:+ 23.61 2854 18.45 5.58 3.65 46.57 35.41 45% 32%

Next-stepnaruracProver)  19.70 26.32  19.10 8.57 5.86 51.43 42.86 b b

Table 2: Human evaluation results on the core test set for full proof generation and next-step
suggestion (bottom row). All models are Pne-tuned\®TURAL PROOFSGEN. Knowledge b either
retrieved or human provided B and constrained decoding improve proof generation, with 46% of
proof steps rated as useful and 35% correct according to university-level mathematics students.

1. Baseline GPT-3.We Pnetune a baseline GPT-3 mogely|x), on theorem-proof examples
{(x,y)} from the training split. At test time, we condition the model on a test theorem.

2. NATURAL PROVERRerrieve - We Pnetune GPT-3 with retrieved referengagy [X, 1, . . ., B20).
We use a pretrained joint retrieval modék) $ (ry,...,rg ) from [45], which was trained to
retrieve an input theoremOs ground truth references. At test time, the model receives a theorem
and the top-20 reference titles that are retrieved given the theorem.

3. NATURAL PROVER. We Pnetune GPT-3 with human-provided referenpey [x, i, .. ., r‘Ry ),
where{r}, ..., r!Ry} is the set of reference-titles in the ground-truth proof. We use reference-title

conditioned examples (Eqn. 1) and reference-reconstruction (Eqn. 2) on the training split/reference
set. At test time, the model receives a theorem and reference titles from its ground-truth proof.

For next-step suggestionve use the human-provided knowledge modeA{NRAL PROVER).

Decoding. For full proof generation, we use stepwise++ decoding with the provided knowledge
model, which we refer to aSATURAL PROVER.. , and otherwise use greedy decoding. We do not

use stepwise constrained decoding with retrieved references since these references introduce noisy
constraints, nor for next-step prediction since the algorithm is designed for multi-step proofs. See sE
for additional experimental details.

Human evaluation setup. To evaluate the proofs generated M¥TURAL PROVER, we recruited

15 students from the Department of Mathematics and Applied Mathematics at the University of
Washington, including undergraduate, masters, and Ph.D. students. The annotators were trained on
how to evaluate proof correctness and compensated according to IRB requirements; see aF.2. For
each task, we prst reveal the theorem and its gold proof to the annotator. If they cannot understand
a theorem or its gold proof, they may skip evaluating it. Otherwise, they may proceed to see the
model-generated proof, one step at a time, and annotate each step under the step-wise evaluation
schema (outlined in ©4). After all the steps are shown and evaluated, for the full-proof generation
task, the annotator is asked to annotate the entire proof under the overall evaluation schema.

5.1 Main Results

Our best method is capable of generating correct and useful proofsAccording to human
evaluation results (Table 2), our best methoblis URAL PROVER with human-provided references

and stepwise++ inference. 32% of the proofs generated by this method are r correct and 45%

are rated a useful as an aid for human proof writers. On the per-step level, 35% of the proof steps
are correc! and 47% ar¢useful . Taking a more granular view, our best method makes signibcantly
less relelence, equition , and othel reesoring errors than other baselines. It makes very few
languag(:and syrrbolic errors , meaning it produces mostly complete, well-formatted mathematical
statements, and debnes and uses symbols accordingly. It mostly avoids hallucinating references or
creating circular proofs. On the other hand, despite improving over the other methods, the model
often struggles with correctly deploying and using references (23.6% reference error rate), as well as
symbolic computations (28.5% equation error rate), especially multi-step derivations (21.9% invalid).

What do the modelOs correct proofs look like®Ve inspected the proofs labeled as correct and
found three main categories: (fBference-assembjyroofs whose correctness is heavily determined

by reference statements (e.g. Table 18, Table 20)e{@plate-adaptatioproofs in which the model

adapts the structure and content of a training theoremQOs proof to prove the unseen evaluation theorem



Theorem Singleton Set is not Dense-in-itself Singleton Point is Isolated

LetT =( S,#) be atopological space LetT =( S,#) be atopological spacg
Letx " S. Letx " S.
Then the singleton s¢ix} is not dense-in-itself Thenx is an isolated poinof

GPT3 Letx " S, the singleton setx},

From Cloper Pointsin Topclogical Spaci:we have that but not necessarily @solated poinbf T .

{x} isopennT. o ) Dense-in-itself
From Poiniis Oper iff it is not Denstw-in-itself , it follows B LetT = S,# be atopological space
that{ x} is not dense-in-itself LetH & S.

ThenH is dense-in-itselfff it contains
no isolated points

NATURALPROVER:+ FromsSingleton Point is Isolated x} has an isolated point
Hence the result by debnition dénse-in-itself

Table 3: GPT-Z hallucinate! refelence ; while the knowledge-groundddATURAL PROVER,, Wwith
constrained decodingprrectly uses referencagsulting in a correct and useful proof.

(e.g. Table 21, Table 22); (8pmplexproofs that are not fully determined by reference statements and
differ signibcantly from training proofs (e.g. Figure 1, Table 3). In terms of techniques, our method
demonstrates some ability to produce direct proofs (Table 19), proofs by cases (Table 22), proofs by
induction (Table 23), utilize references (Table 20) and do symbolic computations (Table 21).

Vanilla Pne-tuned GPT-3 struggles with proof generation.The vanilla bne-tuned GPT-3 model
yielded fewer useful and coireci proofs, with more refeience-baseriand othel reesoring eirors

than all three knowledge-grounded settings. The model showed severe reference hallucination (18%)
and repetition (23%). It also makes signibcantly more reasoning errors related to reference usage.
Language and symbolic error rates roughly stay the same. Overall, naively Pne-tuning GPT-3 on
theorem-proof examples alone is suboptimal for proof generation.

Human-provided knowledge improves proof generation Grounding the generations with human-
provided references signibcantly rais coirecnes:: and usefulnes:. of the proofs in both full-

proof and per-step evaluation. It most substantially redi relelence errors , especially invalid
deployments and hallucinated references. For example, Table 3 shows the model grounding a proof
with information from the theorem Singleton Point is Isolated and the debnition of Dense-in-itself, in
contrast to the vanilla GPT-3 model which hallucinates references.

Retrieved knowledge also improves proof generatiorRetrieved knowledge also turns out to be

very helpful, and even comparable to human-provided knowledge in some metrics. Although the
retrieval model is far from perfect, the proof generation model is capable of narrowing down the
retrieved reference titles provided in its context, assembling proofs th useful and coirect more

often than the no-knowledge model. Qualitatively, we found examples where grounding in retrieved
references eliminates repetition, enables multi-step derivations justibed by references (Table 21),
and assembles references into a correct proof (Table 20). This paves a promising path towards fully
automated mathematical proof generation in natural mathematical language.

Constrained decoding further improves proof gen-

eration. Table 4 conPrms that stepwise++ decoding/M-CONtext_Stepwise++ PPIY Ref-F1()

approximates the constrained objective (Eqn. 4) bet- " " 1.0639  26.33
ter than greedy search, yielding proofs with lower " 1.0549  30.07
perplexity and higher constraint satisfaction (Ref-F1). " 1.0644  89.43
This translates to generations that are correct and 1.0549 94.25

useful more often according to the annotators. Intu
itively, the constraints encourage the model to includ@ble 4: Stepwise++ decoding approximates
references that help prove the claim (e.g. Table 1&he constrained objective better than greedy

Next-step suggestion. The next-step suggestiondeCOd'ng’ resulting in both lower perplexity

task characterizes a model®s performance on rfiag- I?]ettir reflergncg Covefggga regardless of

ing a single proof step given a correct proof-so—féﬂ‘. ether knowledge is provided in-context.

In Table 2 we use the provided-knowledge model with greedy decoding for next-step sugges-
tion, and bnd that reasoning errors decrease and per-step usefulness and correctness improve
compared to the full proof setting, with 51% of the proof steps rated as useful and 43% cor-
rect. Although we used a single suggestion in our human evaluation study, in Table 5 we
simulate a user choosing from among multiple suggestions by sampling 10 next-steps from
our model and computing automatic metrics on the sample with the best sum of metrics. Us-



Lexical Grounding
GLEU TokenFl kF1 Ref-P Ref-R Ref-F1 Hallug)(

GPT-3 24.40 49.96 49.30 29.93 2473 23.69 17.92
NATURAL PROVERRetrieve 26.58 53.02 55.88 38.17 28.48 27.10 2.25
NATURAL PROVER 35.27 66.00 90.07 93.05 86.05 87.08 1.60
NATURAL PROVER:+ 34.49 65.61 96.39 94.66 95.00 93.92 1.71
Correctness [full] 0.93
2 Usefulness [step] 0.61 0.53 0.47
E Reasoning Errors: Ref. m 0.52 0.48
g Reasoning Errors: Eqn. 0.74 0.75 m
< Reasoning Errors: Other 0.61 0.53
Language Errors m 1.00 m m 0.73
Symbolic Errors -0.72 -0.80 -0.88 -0.89 -0.89 -0.88 -0.21

Table 6: Automatic metrics on the core test set for full-proof generation, and correlation between
human metrics and automatic metrics on the core validation set.

ing 10 samples instead of greedily decoding a single sequence substantially improves each
metric, suggesting that utility might be increased further by presenting multiple suggestions.

How good are Automatic Metrics? We study how well the -
automatic lexical and grounding metrics introduced in (a4) can2€¢0ding  GLEU Ref-F1
re3ect the real quality of proofs, as a guide for using them asGreedy 47.87 65.50
a proxy evaluation protocol fdNATURAL PROOFS GEN. We Temp (=.6) 60.60 84.44
compute the Pearson correlation coefbcient between each pafiemp (1=.8) 61.89 86.74
of human and automatic metrics, with data from the four exper-temp (1=1.0) 62.12 86.87
iment settings for full-proof generation. Results are shown in
the lower part of Table|6, with error metrics negated, meanifgple 5: Next-step suggestion
pOSitive Correlation iS desired. Samp“ng 10 Suggestions improves

The lexical and grounding metrics positively correlate with fuiver @ single greedy suggestion.

proof coirecnes:;and useulnes:;() 0.8). At the step-level,

the metrics show (i) high correlation with step-le coirecnes:;and larguage errors ; (i) varied, but
positive, correlations with aggregate reasoning errors; (i) negative correlatior syrrbolic eirors

(though symbolic errors are relatively low for all models). The results suggest that optimizing for
automatic metrics may be a viable strategy, albeit without guarantees on how bner-grained reasoning
aspects vary across proofs.

5.2 Ablations and error analysis.

Reference reconstructionWe Pne-tune an additional GPT-3

model that is provided with in-context reference titles, but Recon. Gleu Ref-F1 Halluc.
without reference reconstruction. As seefiin Table 7, refer—;

ence reconstruction improves content and reference usage. | gggg gi?g ggé

Constrained decoding.First[Table  compares the step-level
search in stepwise++ with searching at the full-proof levéhble 7: Effect of reference re-
through sampling multiple proofs and selecting the best witbnstruction inNATURAL PROVER

the NATURAL PROVER value function ferank (n). Rerank- (greedy decoding, full validation set).

ing 60 samples matches the cost of stepwise++ in terms of

number of decoded tokens. Full-proof reranking yields the best Gleu, though with lower reference-F1.
Second[ Table|8 shows that the expansion and selection mechanisms together result in the best
reference matching, while holding Gleu at a similar level. Finflly, TabJe 13 shows that both terms in
the NATURAL PROVER value function'v constraintst (1 # " )vim are needed: increasing the constraint
weight" increases reference-matching, with a tradeoff in Gleu at high values.

Language model comparison(Table 10 varies the language model used to parametiirze -
RALPROVER. The content and reference usage metrics improve with larger models. Separately, we
Pnd that increasing inference-time compute closes the gap in reference-matching between GPT-2
and the larger GPT-3 mod¢l (Table| 11): sampling 10 full-proofs from GPT-2 and selecting the best



Expand Select GLEU Ref-F1 Decoding Gleu Ref-F1

" " 40.62(.84) 91.78(.49) Greedy 41.12() 89.30 (D)
! " 41.12(58) 92.61(.63) Rerank (10)43.88(.29) 91.72 (.28)
" | 39.14(55) 93.11(.34) Rerank (60) 42.23 (.80) 93.16 (.27)
! ! 40.11 (1.55)94.13(.45) Stepwise++ 40.11 (1.5594.13(.45)

Table 8: Ablation of the stepwise++ expansidable 9: Stepwise versus full-proof search. Mean
and selection mechanisms. Mean (std) oves®l) over 3 runs on the core dev set.
runs shown on the core dev set.

using theNATURAL PROVER value function achieves the same reference-F1 as GPT-3 with a single
greedily-decoded proof. However, Gleu remains much higher with the larger GPT-3 model.

Challenge: Reasoning with referencesAlthough reference reasoning errors were decreased through
knowledge-grounding and constrained decodingt RAL PROVER still commits a reference error

on 23.6% of test steps (27% dev), with 15% of steps containing invalid deployments and 10% invalid
justibcations. For next-step prediction, the reference error rate remains nontrivial (19.7% test, 13%
dev). , meaning that the model can struggle to correctly deploy references or use them as justibcation
even in the absence of compounding errors from previous sgteps. Table 15 shows example invalid
deployments and justibcations; the errors are at times subtle, and require reasoning about the theorem
statement, reference content, and proof context.

Challenge: Equations and derivations. NATURAL PROVER commits an equation-related er-

ror on 28.5% of test steps (22.8% dev), including invalid equations (9.4%) and derivations
(21.9%). Though an improvement over vanilla Pne-tuned GPT-3 (32.5%), the errors occur fre-
quently and remain high for next-step prediction (26%). Table 17 shows representative errors,
which range from simple Ocommonsense® mistakes Z8.g= 2°) to making invalid steps

with false justibcation within more sophisticated multi-step proofs. Investigating the role of
pretraining, in-context technique8l], and autoformalizationid9] is interesting future work.

Challenge: Proof length. Although NATURAL - 051 N¢

PROVER demonstrates some ability to write long RN

proofs (e.g[ Table 23), the 42% next-step correctness \—— ”””” .
suggests that compounding errors are likely as proof o« oL

length increases. Indeed, our best modelOs full-proof | =« \\’/
correctness is 48% on 1-4 step proafis£ 102), 22 el (ronep,
decreasing to 15.6% on proofs with 5 or more steps o1 2
(n = 64), with lower per-step usefulness and cor-

rectness at later stefjs (Figurie 2). Our Pndings @i, ¢ 2: per-step correctness and usefulness
analogous to recent_work on language modeling fQL” ;5 tunction of step number, for full-proof
formal theorem proving32], where current mOdelsgeneration WithNATURAL PROVER,, and

are typically limited to chaining 2 or 3 no”'tri"ialnext-step prediction WithNATURAL PROVER
steps of mathematical reasoning. i

4 5 6

3
Step

5.3 Additional discussion

Finally, we provide higher-level comments on future work related to interactive systems, mathematical
assistants, and generating proofs in informal versus formal mathematics.

Interactive & improving systems. Currently, our tasks are at two ends of a spectrum: in next-step
generation, we always assume previous steps are from a human-written proof, while in full proof
generation they are always from the model. Our results with multiple next-step suggestions suggest
that users might Pnsomesuggestion among the multiple returned useful at a high rate, pointing to

a middle ground: a human-in-the-loDATURAL PROVER, in which a human picks the next step

from among the returned suggestions, or writes one based on the suggestions. The selected or written
next-step could then be used as feedback to improve the system, enabling an iteratively improving
NATURAL PROVER. This notion of a continuously improving, teachable system is an emerging (e.g.
[Q]) and interesting future direction.

Assistants for mathematics.Our tasks were motivated by an assistant that helps a user write a proof,
either from scratch or when stuck part of the way through. Our study here focusapalility.



investigating whether neural language models are capable of performing the underlying mathematics
that would be expected from such an assistant. A further challenge is to also eslisiiéty B a

user should have conbdence that the model is not deceptive or incorrect, and is robust to changes
in domain, on nearby problems, and on alternative ways of expressing a problem. Even further, we
would like Bexibility® human teachers can interact with a student Rexibly through dialogue, natural
language, and diagrams, rather than the strict input-output format debned by a dataset. Our work
provides an initial step towards this larger vision.

Informal and formalized mathematics. Our work investigates theorem proving entirely in natural
mathematical language (i.e. Oinformal® mathematics), as it reBects an interface that a student typically
uses when working with mathematics. An alternative is proving theorems in a formalized system,

in which proof steps are expressed in a programming language (e.g.1#arQperating purely

in a formalized system allows for verifying correctness B unlike our setting which must be veribed

by a human B arguably at the cost of Bexibility and interpretability, as the mathematics is no longer
expressed in natural language and must adhere to constraints of the formal system. Investigating
combinations of the two b e.g. expressing a theorem in natural language, receiving a veribed formal
proof, then providing an interpretation in natural language B presents a wide range of interesting
directions for future work.

6 Related Work

Formalized mathematics with neural language models. A large portion of work on machine
learning for mathematics focuses on formalized mathematics. Language models have been used for
interactive theorem proving, including in GRTE33,[32], PACT [20], and in 41]. In these settings

proof steps are expressed in a programming language (e.g./L&afd there is access to a veriber,
which differs from our setting of theorem proving in natural mathematical language.

Informal mathematics with neural language models. Previous work on theorem proving in
natural mathematical language focuses on retrieving relevant premises (e.g. theorems, debnitions)
[17,118,/45,121], or informal-to-formal translatior4d], which differ from our setting of generating
next-steps or full proofs. Outside of theorem proving, various works use sequence models for problem
solving, including benchmarking language models on arithmaficdr competition problems22],
symbolic mathematic&2B, 46], augmenting LMs with veriber$/[ or in-context rationales4d]

for math word problems, or using language models for math-related program syng)ésik [

and competitive programmin@@]. These settings focus on generating executable programs or a
numerical answer, which differ from our theorem proving setting, where the goal is to generate sound
and convincing arguments on a range of topics in natural mathematical language.

Related areas in NLP. Systematic reasoning in natural language (outside of math) has been studied
with synthetic proofs36,/4Q], single-step deductiond], or entailment tree<d], which differ from

proving real-world mathematical theorems. Augmenting LMs with knowledge reduces hallucinations
in dialogue B8] which has an analogous step-wise structure, widG (ise references within long-

form answers; these and related NLP bndings differ from improving the utility of mathematical
proofs. Lexically-constrained decoding algorithms include variants of (token-level) beam search
(e.g. [, 123,128, [27]) which assume access to per-token logits, and gradient-based dec@d|inoufr
segment-level decoding only assumes a sampler that returns text and its log-probability, making it
compatible with recent language model API interfaces (e.g. the GPT-3 API).

7 Conclusion

We describedNATURAL PROVER, a knowledge-grounded language model that generates mathematical
proofs by conditioning on background theorems and dePnitions, and optionally enforces their presence
with constrained decoding. Our system improves the quality of next-step suggestions and generated
proofs over bne-tuned GPT-3, demonstrating an ability to correctly prove theorems and provide
useful suggestions to human proof writers.
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