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A Experimental methods: Input transformations

In practice, mini-batch training was performed, hence we applied input transformations to each
datapoint twice to ensure that for every x, there is always one x”’ related through a;q = 0, i.e. having
the same underlying object identity. As a result, using a batch size of B different images will cause
2B images being processed at a time.

We exhibit below the complete list of data augmentation methods in the order that they were applied
during SSL. Note that only Random crop and Random horizontal mirroring were considered as part
of the same-object manipulations amanip, Se€ Section A.2.

1. Random crop.
For each transformation we randomly extracted a patch of the image with an area sampled
uniformly between 8% and 100% of the original area with an aspect ratio sampled log-
uniformly between % and %. This patch was resized to 32x32, 96x96 or 224x224 pixels for
CIFAR-10/100, STL-10 or ImageNet respectively (using bilinear interpolation).

2. Random horizontal mirroring.

For each transformation we mirrored the image separately with a probability of 50% hori-
zontally.

3. Random colour jittering.

With a probability of 80%, we randomly altered separately for each transformation the
brightness, contrast, saturation and hue in a random order. More accurately, brightness was
adjusted by multiplication of the pixel values with a factor that was uniformly sampled in
[1 — u, 1+ u] (I.e. multiplicative change in brightness). The contrast was adapted by scaling
the distance of the pixels from their mean, i.e. a(z — ) + p, where p was the average pixel
value of the image (weighted according to red: 0.2989, green: 0.587, blue: 0.114), and a
was sampled uniformly in [1 — u, 1 4+ u]. The saturation was adapted similarly, but in this
case the mean was computed per pixel location. The change in hue was performed in HSV
colour space by adding to the H channel a value sampled uniformly in [—v, v] modulo 1.

For CIFAR-10/100 w and v were set to 0.4 and 0.1 regardless of the SSL method. For
STL-10 and ImageNet experiments u and v were given by 0.8 and 0.2 in the cases of
SimCLR or S-TEC. In our experiments with ReLIC and S-TEC*, these values were halved.

4. Random conversion to grayscale.
For each transformation the image was converted separately to grayscale with a probability
of 20%. For this conversion the same weighting strategy as described above was employed.
5. Random gaussian blur (Only for STL-10 and ImageNet).

With probability of 50%, we applied a Gaussian blur filter separately for each transformation.
This filter had kernel edge dimensions of 10% of the image width and height (rounded to
uneven edge lengths), and used a standard deviation that was sampled randomly for each
transformation uniformly in [0.1, 2.0] for size 224x224 and scaled proportionally in case of
other dimensions.

6. Random solarization (Only for STL-10 and ImageNet).

With a probability of 20%, we also applied solarization of the image for each transformation
separately. This was performed by inverting pixels with a value above 0.5 (assuming a pixel
value range of 0 to 1). Here, inversion refers to a mapping  — 1 — x.

Note that we excluded the loss for the manipulation-related inverse model Lyanip if either
2 or z' had been solarized.

A.1 Object-identity-related actions a;q

Since we applied training in mini-batches with B different images, the action a;q = 1 is simply given
by z and z’ corresponding to different image identities in the batch.

A.2  Same-object manipulations a,anip

The same-object manipulations Gmanip, as introduced in Section 3.1 in the main manuscript, are only
applied if the object identity of x and =’ remains the same, which is the case when a;q = 0.



The same-object manipulations amanip, as defined in our setting, took into account only spatial
operations: Random crop and Random horizontal mirroring. To represent this action, we first
computed for each transformation the affine matrix M, that generates the particular cropped view of
x from the original image. More specifically, this matrix M, transforms points on the canvas of the
new view x to the points on the canvas of the original image, i.e. M, determines the source position
of the new pixels.

To compute M,, let w, and h, denote the width and height of the crop in pixels as sampled from
the Random crop operation. In addition, let [,. (t,) be the distance of the crop’s left (top) edge from
the original image’s left (top) edge. Additionally, let W and H denote the width and height of the
original image respectively. Furthermore, let f, be -1 if the Random horizontal mirroring operation
dictates a mirroring and 1 if not. With these definitions M, is defined by:

fo¥%e 0 % —1+2L mi ) m? Y
My=| 0 ‘he 1-he ol | = [0 32 09 (S
0 0 1 mf”” mC(ES,Q) mf"g)

Since we identify with ayanip, the action that turns z into 2, we are interested in the affine transfor-
mation matrix M, _,, that transforms z to 2’ (i.e. it computes the source location of pixels in z’ on
the canvas of z). It is given by:

My _yyr = My M. (S2)
Finally, we identify the spatial action amyanip With the two top rows of this matrix:
1,1 1,2 1,3 2,1 2,2 2,3
Amanip = (mi—nl’? mi—nl/? mft—};” mi—m)m m;_m)w mfc—m)c/) (S3)

Categorical targets. In order to classify the values of the matrix of amanip, We subdivided
the interval of values that can be assumed into X = 6 bins. For that we first define limits
manip;, = (—2,—-2,-0.5, -2, -2, —0.5) and manip,,, = (2,2,0.5,2,2,0.5), which ultimately
allows us to express the discretized ak,manip of the main manuscript in Section 3.2 as:

—~ . Ak manip — manipk i
@k manip = max | min { manip k. min J,K ~1),0) . (S4)
manlpl@max - manlpk,min

B Experimental methods: Architectures

The architectures for feature encoder f were residual convolutional networks as introduced by He
et al. (2016) (i.e. ResNet v1). More specifically, we used ResNet-18 or ResNet-50, depending on the
experiment, and used the activations after global average pooling as the output of f.

The functions ¢, for the identity-related inverse model, and v, for the manipulation-related inverse
model, were based on multilayer perceptrons (MLPs) with batch normalization and rectified linear
activation (ReLU).

B.1 Identity-related inverse model ¢.

The function ¢ was defined by a cosine similarity of the outputs of an MLP g:

b(a,b) = Z gjla) g;(b) (S5)

lg(a)llz lg(®)l2 °

where the MLP g had 1 hidden layer with batch normalization and ReLU activations. Batch normal-
ization was also used for its output (except when target networks were used in S-TEC*). The number
of hidden and output units of ¢ differed among experiments, see Table S1 for concrete dimensions.

B.2 Manipulation-related inverse model 7).

The manipulation-related inverse model ¢) was defined in the main manuscript as a function of two
feature vectors. It was implemented as an MLP, applied on the concatenation of both inputs, with one
hidden layer that contained 512 units with batch normalization and ReLU activation. The output of
1 was 36 dimensional in total, producing predictions for each component @y manip, in which of the
K = 6 bins its value falls.



Table S1: Parameters of the MLP g per learning experiment.

Architecture for f Parameters of g CIFAR-10/100 STL-10 ImageNet

Hidden size 512 512 -
ResNet-18 Output size 64 128 -
Hidden size 2,048 2,048 2,048
ResNet-30 Output size 64 128 128
B.3 S-TEC#*

We also experimented with ReLIC (Mitrovic et al., 2021), which modifies the approach by introducing
target networks and an overall confidence factor exp(—a.D,1 ¢2), which is explained in Section D.7.3.
In this case, the definition of gg becomes:

do(aia = O, 2", 0) — exp(¢(f(2), f(2")/7) exp(—aDu ), (S6)

Za;"e{z’}uc eXp(gb(f(l‘), f(xn))/T)

where we used f as a target network that follows the weights of f using an exponential moving
average (Mitrovic et al., 2021) with same decay properties as in (Grill et al., 2020) using an inital
decay 7 = 0.99. In addition, the exponential moving average was also applied to the MLP g such

that ¢(a, b) = ¢(a,b) = >, \sziﬁ\)lz \Igié;)\)lz , with g following the weights of ¢ using an exponential

moving average.

B.4 MoCo

For our implementation of MoCo v2 (Chen et al., 2020c), we used target networks f and g with the
same exponential moving average schedule as used by (Grill et al., 2020) with an initial decay of
7 = 0.99. All other architectural settings were kept equal to the SimCLR setting, see Table S1. The
size of the dictionary, i.e. the bank of contrastive embeddings, was set to 65k.

B.5 BYOL

For our implementation of BYOL, we followed the architectural principles as provided by Grill et al.
(2020). However, for CIFAR-10/100 we used a hidden dimension of 512 for projection and predictor,
as well as an output dimensionality of 64. For STL-10, we used a hidden dimension of 2048 with an
output dimensionality of 128.

B.6 Object detection

For object detection, we employed Faster R-CNN (Ren et al., 2015) with a ResNet-50 backbone. In
general, we followed the architectural settings of (He et al., 2020), but adopted an additional batch
normalization layer not only for the box prediction head, but also for the region proposal network
(RPN) just before the linear output layers.

B.7 Semantic segmentation

For semantic segmentation, we employed fully convolutional networks (Long et al., 2015) with a
ResNet-50 backbone. More specifically, we followed the settings of (He et al., 2020), where we retain
only convolutional layers of the ResNet, replacing stride in the last convolution block (convs) with a
dilation of 2. After that, two 3x3 convolutions, each with batch normalization and ReLU activation,
are added, followed by a 1x1 convolution for pixel-wise classification. This design yields a total
stride of 16 (FCN-16s (Long et al., 2015)).

C Experimental methods: Optimization



C.1 SSL phase

We used stochastic gradient-descent with a momentum of 0.9 along with the LARS adaptive learning
rate mechanism (You et al., 2017), but excluded batch normalization and bias parameters from it. We
used a batch size B of 1024 for all our experiments, except for those on ImageNet, where we used a
B = 1680. Recall that B denotes the number of different images, each of which was subject to 2
augmentations, resulting in 253 images processed at a time.

We employed linear scaling of the learning rate with respect to the batch size, with cosine learning
rate decay and with 10 epochs of linear warmup, see Table S2 for learning rates per 256 batch size.
Global weight decay was used as part of £,., with a coefficient of 1076.

Specifically for the ResNet, we note that the last batch normalization layer in each residual block was
initialized with zero scale to stabilize training (Goyal et al., 2017).

Table S2: Optimization hyperparameters per learning experiment.

Hyperparameter CIFAR-10/100 STL-100 ImageNet
Learning rate per 256 batch size 1.0 0.3 0.3
Temperature 7 0.5 0.2 0.1
Coefficient Apanip (S-TEC) 1.0 0.3 0.6

C.2 Linear classification on frozen features

For classification we trained a linear classifier on top of the frozen features using stochastic gradient
descent. We trained this linear classifier alongside SSL training in the cases of CIFAR-10/100
and ImageNet, but without propagating gradients into the ResNet feature extractor f (i.e. we used
stop_gradient for the classification loss), noting that similar results were achieved with a subse-
quent optimization protocol consistent with (Chen et al., 2020a).

Specifically for STL-10, we trained the linear classifier separately in a subsequent optimization
procedure with stochastic gradient descent and Nesterov momentum of 0.9, using a learning rate of
0.01 per 256 batch size (we found the value of 0.175 to work best in the case of BYOL and MoCo).
In this case, only random cropping and random horizontal mirroring were used as augmentation
methods. This optimization program was carried out for 2,000 epochs using cosine learning rate
decay and 10 epochs of warmup. For the weights of the linear classifier (excluding bias), a weight
decay regularization with a coefficient of 5 - 10~* was used.

C.3 Object detection

For object detection on PASCAL VOC, we largely followed the settings of (He et al., 2020) and
fine-tuned network parameters end-to-end, with training data from the trainval2007+2012 splits,
while evaluation was carried out on test2007. Training was performed for 24K iterations with
stochastic gradient descent (using a momentum of 0.9) and a batch size of 15. The learning rate was
set to 0.7, which was linearly warmed up for 1K iterations, and then multiplied by 0.1 at 18K and
22K iterations. The loss coefficient for region proposal network-related losses was set to 0.2. No
weight decay was employed.

C.4 Semantic segmentation

For semantic segmentation on PASCAL VOC, we also largely followed the settings of (He et al., 2020),
where training was performed on an augmented split train_aug2012, introduced by (Hariharan
et al., 2011) for 45 epochs with stochastic gradient descent (using a momentum of 0.9) and a batch
size of 16. The learning rate was set to 0.03 (0.003 for ResNet parameters initialized from SSL),
which was multiplied by 0.1 at the 70% progress mark and the 90% progress mark. A weight decay
of 10~* was employed.

D Derivations and additional theory



D.1 Sketch of the derivation

We begin from the definition that poses the optimization of the inverse model as a minimization of
the Kullback-Leibler divergence as defined in Eq. (1) of the main manuscript. Based on this and on
biologically-inspired assumptions (see Section 2 of the main manuscript), the inverse model becomes
a classifier of pairs of sensory inputs into actions.

Since we introduced the action as being composed of two categories, namely Object-identity-related
actions and Same-object manipulations (see Fig. 2), we can decompose the loss into a sum of two
losses, Liq and Lmanip respectively (see Section D.9). This, in turn, allows us to learn the two
associated inverse models separately.

Subsequently, we elaborate on the assumption that this model represents an embodied natural setting.
From there, we show that different SSL methods emerge from S-TEC, depending on the specifics of
the classifier’s mathematical definition and the corresponding EC-based learning. The methods we
recover include existing and proven ones, such as SimCLR (Chen et al., 2020a), BYOL (Grill et al.,
2020), or ReLIC (Mitrovic et al., 2021).

D.2 Concretizing the inverse model as a classifier

The Kullback Leibler divergence loss of the inverse model (Eq. (1) of the main manuscript) is
computed between (a) a probability distribution over true actions, which are copied through EC
(given pairs of sensory inputs), and (b) the modelled probability distribution over actions, which is
provided by the inverse model (given pairs of sensory inputs). Grounded on biological evidence (see
Section 2 of the main manuscript), we assume that the probability distribution of the EC reflects a
perfect copy, and that the probability distributions involved are discrete.

The inverse model estimates which actions were executed that caused the sensory inputs to change
from z to 2’. Based on biological evidence (see Section 2 of the main manuscript), we chose to
represent this inverse model as a classifier gg(a|x, 2") (parametrized by 6) that assigns probability to
specific actions, given the inputs x before the action was executed, and the inputs z” after the action’s
execution.

We identified two categories of actions in Section 3.1 of the main manuscript, and therefore chose to
view actions as being composed of two components a = (a;q, amanip). As a result, two sub-inverse
models (sub-classifiers) can be defined:

* the identity-related inverse model gg(aiq|x, z’), and

* the manipulation-related inverse model gg(amanip|@id, =, ')

by means of gg(a|z,2’) = go(aid|z, 2")go(Amanip|aid, , 2), see also Fig. 2. In turn, in order to
install the function into this classifier, we defined a loss: the KL divergence in Eq. (1), which can
be decomposed into a sum of two divergences, according to the aforementioned factorization. See
Section D.9 for proof that the decomposition is equivalent to the original loss. This allows us not
only to specify the inverse model as two separate classifiers, but also to learn them separately.

Identity-related inverse model The identity-related inverse model has to effectively solve a binary
classification problem for a;q to identify whether the main object of the sensory inputs x is the same
as the main object of the subsequent sensory input =’ (in which case aiq = 0). The probability that is
assigned to this event is denoted by:

qo(a;q = 0]z, 2/, 0) . (S7)

The specific implementation of the identity-related inverse model (i.e. the classifier for a;q) can use a
variety of criteria to determine whether two sensory inputs represent the same object identity. It is
typically based on the similarity of the sensory inputs (more accurately the representations thereof).
Examples of such (dis-)similarity measures include (a) dot product, (b) mean squared error, (c)
KL-divergence, and more could be envisioned.

Manipulation-related inverse model As commented in the main manuscript, the manipulation-
related inverse model has to infer which manipulations were performed, when the same underlying
object remains in focus, i.e. a;qg = 0. Also this inverse model can be conceived in various forms,



depending on which interactions and manipulations are possible for the same object. For manipulation
of static images, an example is to classify the components of affine transformation matrices as we
proposed in Section A.2.

D.3 Concretizing the embodied natural setting

To account for a generic and natural setting, we assume that the inverse model’s parent entity, i.e. the
observer or agent that performs the actions, may have contextual information from the environment in
addition to the observed x and x’. More specifically, we assume that in addition to the perception of
2 as the main object, the agent also perceives some additional context Cl,,.. Likewise, after execution
of the action a, we assume that the agent perceives 2’ and some additional context C'. In summary,
the agent perceives the set {x} U Cp,; before executing the action a, and {2’} U C thereafter. We
further specify that in the case where a;q = 0 the identity of  and 2’ is the same. On the other hand,
in the case that the agent switches the focus to a different main object (a;q = 1), then the identity of
the object = remains in the broader context of the agent and is still represented in the set C' in some
form.

We additionally assume that the agent has prior knowledge about the physical environment’s conser-
vation laws, i.e. that one object cannot take more than one identity, and that objects do not vanish
without cause. Altogether, this prior knowledge imposes a constraint on the probabilities of = having
the same identity as some other z,, in the context. More accurately, we say the identity of x must be
conserved in the set {2’} U C after taking the action:

> golaia =0z, 2,) =1, (S8)
z, €{z'}UC
which is imposed on the identity-related inverse model.

As we will show, using the entire context {2’} U C during learning or only z’, determines if the
emerging SSL approach with S-TEC belongs to the contrastive category of methods or not.

D.4 Learning the identity-related inverse model for a;q

D.4.1 Using the context of an object: Contrastive SSL

When the entire context {z'} U C is available during learning, utilizing the assumptions and emerging
constraints from Section D.3, we arrive at two implications:

1. Learning the identity-related inverse model gy (aiq|x, 2’) consists in maximizing the prob-
ability in Eq. (S7), if the EC dictates that = and =’ share the same object identity. On the
other hand, if the EC dictates that the identity of x does not match the identity of z’, the
probability in Eq. (S7) is to be minimized.

2. Consider specifically the case where x and &’ do not share the same identity. It was assumed
that the original x stays preserved in the context C' in some, possibly altered, form. We
denote this preserved item sharing the same identity by z’/ € C. Through conservation
in Eq. (S8) it follows that maximizing the probability gg(a;q = 0|z, ") has as a result
the minimization of the probability gp(aiq = 0|z, z,,) for all other z,, € {2’} UC\ {z"}
“negative” objects in the context, therefore explicit separate minimization for the negative
examples is not necessary.

Furthermore, this type of learning can use directly the conservation in Eq. (S8) for mutual comparison
of & with the items inside the set {«'} U C, typically through the use of normalization of similarities
(e.g. “softmax’ of similarity scores), such as how it was defined in Eq. (4) of the main manuscript.

We refer to Section D.10 for a concrete proof of the second implication, following the same idea that
explicit minimization for “negative” objects is not necessary, which then connects this to the upper
bound objective in Eq. (5) in the main manuscript.

D.4.2 Not using the context of an object: Non-contrastive SSL

If contextual objects (see Section D.3) are unavailable, then learning the identity-related inverse
model can still be implemented by a formulation of the probability in Eq. (S7), solely on the basis of
the similarity between the representations of  and z’, without a comparison to the context.



That choice therefore implies a non-contrastive type of SSL. By further specifying the options of
the realization of this model, we show concretely in Section D.7.2 that existing non-contrastive SSL
methods emerge (Grill et al., 2020).

In this non-contrastive setting, where the task is to maximize the similarity between paired sensory
representations, a trivial solution could be found, where all objects collapse to the same representation
(Grill et al., 2020). As a result, a potentially trivial solution can occur, where all objects collapse to
the same representation, thus maximizing the similarity of all possible representations.

This has been recognized and it has been shown that such trivial solution can be mitigated by
using separate feature extractors for the two representations, and by optimizing them differently by
learning in different timescales (i.e. “online networks” and “target networks”) (Grill et al., 2020). We
conjecture that this complexity and its drawbacks are potentially not necessary when a complete EC
is employed through S-TEC, since an additional classification task involving amanip must be solved
that would naturally prevent such collapse, since it demands separation between representations of
differently manipulated views.

D.5 Learning the manipulation-related inverse model for @i,

On the other hand, we have established that in addition to the identity-related inverse model, there
also exists the manipulation-related inverse model that classifies which manipulations @ anip Were
applied to an object, if the identity of = and 2’ remains the same.

The learning procedure of the manipulation-related inverse model depends on the specific definition
of the model, as well as the type of manipulation actions @manip that it models. In this work, we
considered amanip as being composed of the components of affine transformation matrices (see main
manuscript’s Section 2 for the motivation, and Sections A.2 and D.2 for details). The corresponding
inverse model for amanip Was implemented as a classifier that predicts in which bin, i.e. class, the
components of the actions fell, see Section A.2.

As a result, learning the manipulation-related inverse model consisted of training multiple classifiers
for all the components of @,anip, in other words minimization of the cross-entropy loss between
the target classes in which the components of the manipulation action ayanip fell and the predicted
classes for these components.

D.6 Simultaneous training of two inverse models for a;q and amanip

Ultimately we aim to train both of these inverse models simultaneously, which could be naively
carried out by simply adding together the corresponding losses. However, in practice, the tasks
of the two inverse models can differ in their difficulty, and thus require a different weighting to
enable learning of both simultaneously. For this reason we have introduced a weighting factor Apanip
that scales the impact of the loss concerning the manipulation-related inverse in relation to the one
corresponding to the identity-related inverse model, see Fig. 3B for a sweep over this parameter.

Furthermore, since our main goal is to achieve the best possible sensory representations installed
in one model, we want to share parts of the architecture for both inverse models regarding amanip
and ajq. A direct consequence from doing so is that there may be an interaction between parts of
the representation space relating to amanip and other parts of the representation space relating to a;q,
which we briefly elaborated on in Section 5 of the main manuscript.

Another conjecture, as pointed out in Section D.4.2, is that the presence of the loss relating to amanip
in addition to the loss relating to a;q could help to prevent collapse of representations, although we
have not tested this hypothesis. In a similar vein, the particular point at which the two inverse models
extract the respective features for their further use, and their depth, may have significant impact on
the organization of representations.

D.7 Recovering prior SSL techniques from S-TEC

D.7.1 Recovering SimCLR

In case that the entire context {2’} U C of objects is available and used during learning, we can obtain
the NT-Xent type of loss as used in SImCLR (Chen et al., 2020a). This emerges from a specific



choice for modelling the identity-related inverse model’s inferred probabilities gy (a;q = 0|z, x,,), as
follows.

By using the dot-product similarity between the representations of = and each example z,, € {2'}UC
in the context, and then applying a “softmax” operation to convert these values into a probability,
yields Eq. (4) of the main manuscript as the inverse model for aiq. In addition, statement (2)
of Section D.4.1 is employed, which poses the learning of gy(aiq|z,2’) as a maximization of
qo(aiq = O|x,2”) for a 2" € {2’} U C that shares the same identity as x. This maximization of
the softmax probability for the “positive” pair is equivalent to minimizing its negative logarithm,
which is, in fact, the NT-Xent loss. In Section D.10 we also show formally that NT-Xent optimizes
an upper bound to the original Kullback Leibler divergence objective for learning the identity-related
inverse model. Thus, we have recovered NT-Xent (Chen et al., 2020a) as a special case of our
S-TEC framework, which has been the core mechanism in some of the best performing methods for
SSL (Chen et al., 2020b, 2021).

D.7.2 Recovering non-contrastive SSL. (BYOL)

In the case where no context is available or used during learning of the identity-related inverse model,
the “BYOL” approach (Grill et al., 2020) can be recovered if the identity-related inverse sub-model
of S-TEC is realized differently.

Specifically, in order to arrive at the approach of Grill et al. (2020), we begin by defining our identity-
related inverse model gg(a;iq|z, 2") in accordance to a normal distribution, such that its optimization
will result in a mean squared error loss, which is what is used in BYOL. Namely, we define:

Go(aa = Ol,a’) = (1= ) exp (= llg(f(2)) = G(F@DI3) - (59)

where we have introduced f and g to indicate that these networks can be different from f and g but
related. In Grill et al. (2020), they are related to the original network f and ¢ via an exponential
moving average (target networks). The constant e denotes a small number.

We then define that the probability assigned to a;q = 1 is a small constant. Since the probability will
generally not sum to 1 for these two cases, we formally introduce a;q = 2 that does not occur in
practice, i.e. prc(aiq = 2|z, 2") = 0:

qo(aiq = 1|z,2') = €, (S10)

qo(aiqa = 2|z,2") =1 — qo(aiqa = 0|z, ") — qo(aiq = 1|z, 2") . (S11)
Inserting these definitions into the loss of S-TEC’s identity-related inverse model, Liq =
Dxr(prc(aid|z, 2'); go(aiq|x, 2')) (see Section D.9), recovers the approach of (Grill et al., 2020):

Lia =Dk (prc(aidlz, 2'); go(aialz, 2"))

2

= const — ZpEc(aid = s|z,2") log qo(aia = s|z, ")
s=0

= const + prc(aialz, ') |g(f(2)) — §(f(@))3(1 —e) - (S12)
Therefore, BYOL has emerged as another special case of S-TEC.

D.7.3 Recovering ReLIC and ReLICv2

Finally, we hypothesize that the approach for ReLIC (Mitrovic et al., 2021) along with its assorted
invariance penalty can also be recovered from our framework if one postulates that both contexts
{z} U Cphre and {2’} U C (see Fig. D.3) are available and used during learning. The same principles
form the basis of the more recent ReLICv2 (Tomaseyv et al., 2022).

In this case, the idea to arrive there is to base the classifier gg(a;q = 0|z, 2’) on two factors:

1. The probability of the context-aware model that was used to obtain NT-Xent, see Sec-
tion D.4.1, and D.7.1,

2. An overall confidence of the identity-related inverse model that is defined based on the
consistency between the contexts {x} U Cpe and {z'} U C.
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Consider specifically the second point that is added on top of what we considered already in the case
of SimCLR in D.7.1. For the purposes of this derivation, we refer to the identity-related inverse model

that emerges for obtaining SIimCLR, see the definitions in D.7.1 and in D.10, as q(SNT) (aialz, ).

Furthermore, we define probability distributions g1 ¢(z1) = qéNT) (aiglz, z1) withzy € {2’} UC

and gea,0(z2) = qéNT)(aid\x”, x2) with z2 € {2} U Cpye in order to cross-compare probability

assignments between the same objects in both contexts (recall that 2/ € C' denotes the item with
the same identity as z’). The consistency between these distributions is quantified by a Kullback-
Leibler divergence Dkr,(qc1,0(%1); ge1,0(x2)) =: De1 ¢2, and is used as an overall confidence for the
predictions of the inverse model in the following way:

go(aia = 0|z, 2", Cpre, C) = qéNT) (aig = 0|z, 2") exp (—aDe1,c2)
go(aia = 1|z, 2", Cpre, C) = qéNT)(aid = 1|z,2") exp (—aDe1 c2) , (S13)

while, similar to D.7.2, we add a aiq = 2 that does not occur in practice such as to absorb the
remaining probability: gg(aia =2|...) =1 —gp(aiqa =0]...) — go(aig = 1]...). Note that a is a
hyperparameter.

It remains to substitute these definitions into L;q, which yields:

Liq =Dx1(pec(aidlz, 2'); go(aia|z, ')
2

=const — Y _ prc(aia = s|x,2’) log (qéNT)(aid = s|z, 2') eXp(—ode,cz))
s=0
— . (NT) ’
=const + aDe1 o — Dxr(pec(aia|z, 2');q5 ' (aialz, 2")) . (S14)

Thus, we obtain the ReLIC method including its consistency loss (Mitrovic et al., 2021) by suitable
definition of the inverse model in Eq. (S13).

D.8 Summary: S-TEC as a generalization of SSL methods

From first principles of sensory-motor control in Neuroscience, and the assumption that learning
occurs in the physical world, we recovered prior SSL. methods. However the full S-TEC model is
broader, as it also includes amanip in its inverse model, which is not exploited by the methods we
recovered through a;q. In the main manuscript’s Section 3, we showed that amanip is part of the
same framework, and, in our experiments and analyses in the other sections of the main manuscript,
we showed that it is actually useful to combine the two, if implemented according to ECs and
sensory-motor principles.

Moreover, from S-TEC’s framework, other powerful instantiations can be imagined. For example,
we have mentioned that possibly non-contrastive approaches without a target network could become
functional, by avoiding representation collapse, through amanip. Further SSL concepts emerge by
implementing S-TEC’s elements differently, e.g. by using different technical implementations of the
inverse-model’s classifier.

D.9 Decomposition of the loss

In the following we show how the decomposition of the loss function £ into the two components Liq
and Lyanip emerges. Starting from the definition of the loss we can expand on the definition of the
Kullback-Leibler divergence using the graphical model introduced in Fig. 2B of the main manuscript:

L =Dk, (prc(alz, 2'); go(alz, 2"))
1
=> Y peclaa = sz, 2 )pc(amanip = blaia = 5,2, 2') (S15)
5=0 bEAmanip
pECc(@id = 8|z, 2" )prc(@manip = blaia = s, z,2")

%(aid = 5|x7‘rl)q9(amanip - b|aid =S, 117,1'/>

-log , (S16)

where we have introduced Ay, anip to accommodate all possibilities that amanip can realize.
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This expression can be grouped differently in order to simplify:

pEc(aid = 3|$,$/)
go(aia = s|z, z)

1
- ZPEC(aid = S|J),$/) Z pEC(a/manip - b|aid = s7x7$l) log
s=0

bE Amanip
-1
1
+> prc(aia = sle,2’) Y prc(@manip = blaia = s, 2,2') (S17)
s=0 beAmanip

pEC(amanip = b‘aid =S,Z, (E/)
q@(amanip - b‘a/id =S, x,x’)

- log (S18)

which eventually gives rise to two separate Kullback-Leibler divergences:

=D, (pec(aid|z, 2'); g (aia|z, )
1

+ Y prc(aia = sz, 2') Dip(Pec (Gmanip|@ia = 5, 2,7); g (Gmanip|aia = 5, 2,27)) . (S19)
s=0

Since pec (@manip|@ia = 1, x, ') and gg(amanip|aia = 1, =, z’) are fixed and 1 for the same, formally
introduced, unknown @manip, We obtain:

L =Dy, (prc(aid|z, 2'); g (aia|z, ')
+ prc(aia = 0|z, ") Dk (PEC (@manip|aia = 0,2, 2"); o (amanip|aia = 0, z,2"))
= Eid + £manip . (520)

D.10 Instance discrimination as an upper bound to the identity-related inverse model loss

In the following, we provide proof that instance discrimination is an upper bound to L;q as introduced
in Section 3.2 of the main manuscript. Overall, the idea to achieve this, is to recognize that training
the identity-related inverse model to always identify the correct positive example (i.e. related through
aiqg = 0) will at the same time allow this model to predict the case a;q = 1.

We begin by the definition of the loss for learning the identity-related inverse model:
Liq =Dk (prc(aidlz, ©'); go(aialz, 2'))
1

= const — ZpEC(aid = s|z, ") log qo(aiq = s|z, ') . (S21)
s=0

Since there are only two possibilities for a;q € {0, 1} it follows that:
= const — prc(aiq = 0|z, 2') log go(a;q = 0|z, ")
— pec(aiq = 1|z, 2") log(1 — qg(aiq = 0|z, 2)) . (S22)

From the definition of gg(aiq = O|z,2’) in Eq. (4) in the main manuscript, we have that
> e, cc0(aa = 0|z, 2,) = 1 — go(aia = 0|z, "), which further implies that we can take any
a2 € C and obtain the inequality gy (a;q = 0|z, 2”) < 1 — gg(aig = 0|z, ).

Inserting this inequality into Eq. (S22), and due to the monotony of the logarithm, we obtain:
Liq < const — prc(aia = 0|z, 2")log go(aia = 0|z, ")

_pEC(aid - 1|£C,£L'/) IOg(QO(aid = O‘LL', (EN)) 3 (523)

Finally, if on the other hand pgc represents a perfect copy of a;q, then we can define 2"/ to always
represent the example that forms a positive pair with z’ (i.e. through a;q = 0) and obtain Eq. (5) in
the main manuscript, which is the instance discrimination task of (Chen et al., 2020a):

Liq <const — log(ajq = 0|z, z") , (S24)

where const = 0 is a result of 0 entropy in ppc(aia |z, 2').
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Figure S1: Visualization of performance distribution for SImCLR and S-TEC. In each setting 5
independent runs were conducted, resulting in different performances (points). These data points
were used to obtain an estimated 95% confidence interval (bar).

E Additional results

E.1 Visual depiction of the distribution of accuracies

In addition to the results presented in Table 1 to 3 in the main manuscript, Fig. S1 depicts the
distribution of performance values for SImCLR and S-TEC visually.

E.2 Ablation

We also performed an ablation study for ResNet-18s trained on CIFAR-100 to more specifically
assess which components helped to improve the representations, as measured by linear classification
accuracy, the most. Subject to this study were two key mechanisms that were previously introduced:
categorical and egocentric action representation.

Categorical action representation. The modelling of actions in a categorical manner induces a
softmax cross entropy loss for the optimization of the manipulation-related inverse model, which we
refer to as “Classification”. Alternatively, actions and the predictions thereof can be represented in
their continuous form, which gives rise to a standard L2 regression loss, which we denote as “L2
Regression”, pointing out that this strategy was employed by Lee et al. (2021).

Egocentric action representation. On the other hand, our manipulation-related inverse model was
trained to predict the actions that would be required to move from one view into the other based on its
own perspective. This egocentric viewpoint is in contrast to the allocentric approach chosen in (Lee
et al., 2021), where differences in the view are predicted based on the original image: i.e. for random
cropping, differences in the cropping scale and differences of the crop’s borders from the top and the
left of the original image are predicted.

We tested the possible combinations of the choices for action representation (optimizing separately
Amanip € {0.1,0.2,0.5,1.0,2.0}) and report the average performance of 5 independent runs each
in Fig. 3A of the main manuscript. These results confirm that categorical and egocentric action
representations perform best as evaluated on linear classification accuracy.

E.3 Optimization progress

For insight in the optimization dynamics, we provide learning curves for runs of SimCLR and S-TEC
on the datasets of CIFAR-10 (see Fig. S2 and S5), CIFAR-100 (see Fig. S3 and S6) as well as loss
curves in the case of STL-10 (see Fig. S4 and S7). All of the provided curves were obtained using
5 independent runs for each scenario that was considered. We report the averages of these as bold
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curves, which were additionally processes using a moving average filter. Unprocessed individual
metrics are shown as thin transparent lines.

We report in each scenario the following metrics:

1. Loss of the manipulation-related objective (only for S-TEC),

. accuracy of the manipulation-related inverse model (only for S-TEC), which is defined as

the average accuracy that this inverse models picks the correct action clusters (measured on

the training set),

. loss of the identity-related inverse model, and

4. accuracy of the identity-related inverse model, which is reported as the fraction of positive
views z and z”’ being correctly identified, see also D.10.

0.6 9

6.2 0.8
—— SimCLR
—— STEC
2 6.1 0.7 4
.g—o.s B ©0.8 ]
S £ b=} 2
£ > 6.0 £0.6
0 © (=} 3
%] “ | [v]
So.4 2074 £
£ 5.9 0.5
03— T T 0.6 -7 T T 5.8 T T 0.4 - T T
0 2 0 2 4 0 2 4 0 2 4
Iteration led Iteration led Iteration led Iteration led

Figure S2: ResNet-18 on CIFAR-10: Progression of loss functions corresponding to the
manipulation- and identity-related inverse model along with the accuracy of the respective task
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Figure S4: ResNet-18 on STL-10: Progression of loss functions corresponding to the manipulation-
and identity-related inverse model along with the accuracy of the respective task (training-set).
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Figure S5: ResNet-50 on CIFAR-10: Progression of loss functions corresponding to the

manipulation- and identity-related inverse model along with the accuracy of the respective task
(training-set).
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Figure S6: ResNet-50 on CIFAR-100: Progression of loss functions corresponding to the

manipulation- and identity-related inverse model along with the accuracy of the respective task
(training-set).
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Figure S7: ResNet-50 on STL-10: Progression of loss functions corresponding to the manipulation-
and identity-related inverse model along with the accuracy of the respective task (training-set).
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