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Abstract

Diffusion processes that evolve according to linear stochastic differential equations
are an important family of continuous-time dynamic decision-making models.
Optimal policies are well-studied for them, under full certainty about the drift
matrices. However, little is known about data-driven control of diffusion processes
with uncertain drift matrices as conventional discrete-time analysis techniques are
not applicable. In addition, while the task can be viewed as a reinforcement learning
problem involving exploration and exploitation trade-off, ensuring system stability
is a fundamental component of designing optimal policies. We establish that
the popular Thompson sampling algorithm learns optimal actions fast, incurring
only a square-root of time regret, and also stabilizes the system in a short time
period. To the best of our knowledge, this is the first such result for Thompson
sampling in a diffusion process control problem. We validate our theoretical results
through empirical simulations with real parameter matrices from two settings
of airplane and blood glucose control. Moreover, we observe that Thompson
sampling significantly improves (worst-case) regret, compared to the state-of-the-
art algorithms, suggesting Thompson sampling explores in a more guarded fashion.
Our theoretical analysis involves characterization of a certain optimality manifold
that ties the local geometry of the drift parameters to the optimal control of the
diffusion process. We expect this technique to be of broader interest.

1 Introduction

One of the most natural reinforcement learning (RL) algorithms for controlling a diffusion process
with unknown parameters is based on Thompson sampling (TS) [1]: a Bayesian posterior for the
model is calculated based on its time evolution, and a control policy is then designed by treating
a sampled model from the posterior as the truth. Despite its simplicity, guaranteeing efficiency
and whether sampling the actions from the posterior could lead to unbounded future trajectories is
unknown. In fact, the only known such theoretical result for control of a diffusion process is for an
epsilon-greedy type policy that requires selecting purely random actions at a certain rate [2]].

In this work, we consider a p dimensional state signal {ast}t>0 that obeys the (Ito) stochastic
differential equation (SDE) B

dCBt = (A():Bt + Bout) dt + th y (l)

where the drift matrices Ay and By are unknown, u; € R? is the control action at any time ¢ > 0,
and it is designed based on values of «; for s € [0, t|. The matrix By € R?*? models the influence
of the control action on the state evolution over time, while Ag € RP*P is the (open-loop) transition
matrix reflecting interactions between the coordinates of the state vector ;. The diffusion term in (I)
consists of a non-standard Wiener process W, that will be defined in the next section. The goal is to
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study efficient RL policies that can design u; to minimize a quadratic cost function, defined in the
next section, subject to uncertainties around Ag and By.

At a first glance, this problem is similar to most RL problems since the optimal policy must balance
between the two objectives of learning the unknown matrices Ag and By (exploration) and optimally
selecting the control signals u; to minimize the cost (exploitation). However, unlike most RL
problems that have finite or bounded-support state space, ensuring stability, that x; stays bounded, is
a crucial part of designing optimal policies. For example, in the discrete-time version of the problem,
robust exploration is used to protect against unpredictably unstable trajectories [3H6].

Related literature. The existing literature studies efficiency of TS for learning optimal decisions
in finite action spaces [7H12]]. In this stream of research, it is shown that, over time, the posterior
distribution concentrates around low-cost actions [13H15]. TS is also studied in further discrete-time
settings with the environment represented by parameters that belong to a continuum, and Bayesian and
frequentist regret bounds are shown for linear-quadratic regulators [[16H19]. However, effectiveness
of TS in highly noisy environments that are modeled by diffusion processes remains unexplored to
date, due to technical challenges that will be described below.

For continuous-time linear time invariant dynamical systems, infinite-time consistency results are
shown under a variety of technical assumptions, followed by alternating policies that cause (small)
linear regrets [20-24]]. From a computational viewpoint, pure exploration algorithms for computing
optimal policies based on multiple trajectories of the state and action data are studied as well [25527],
for which a useful survey is available [28]. However, papers that study exploration versus exploitation,
and provide non-asymptotic estimation rates or regret bounds are limited to a few recent work about
offline RL or stabilized processes [29, [2, [30]].

Contributions. This work, first establishes that TS learns to stabilize the diffusion process ().
Specifically, in Theorem [I] of Section [3] we provide the first theoretical stabilization guarantee
for diffusion processes, showing that the probability of preventing the state process from growing
unbounded grows to 1, at an exponential rate that depends on square-root of the time length devoted
to stabilization. As mentioned above, for RL problems with finite state spaces, the process is by
definition stabilized, regardless of the policy. However, for the Euclidean state space of x; in (I)),
stabilization is necessary to ensure that the state and the cost do not grow unbounded.

Then, efficiency of TS in balancing exploration versus exploitation for minimizing a cost function
that has a quadratic form of both the state and the control action is shown. Indeed, we establish
in Theorem [2] of Section [4] that the regret TS incurs, grows as the square-root of time, while the
squared estimation error decays with the same rate. It is also shown that both the above quantities
grow quadratically with the dimension. To the authors’ knowledge, the presented results are the first
theoretical analyses of TS for learning to control diffusion processes.

Additionally, through extensive simulations we illustrate that TS enjoys smaller average regret and
substantially lower worst-case regret than the existing RL policies, thanks to its informed exploration.

It is important to highlight that theoretical analysis of RL policies for diffusion processes is highly
non-trivial. Specifically, the conventional discrete-time RL technical tools are not applicable, due
to uncountable cardinality of the random variables involved in a diffusion process, the unavoidable
dependence between them, and the high level of processing and estimation noise. To address these, we
make four main contributions. First, non-asymptotic and uniform upper bounds for continuous-time
martingales and for Ito integrals are required to quantify the estimation accuracy. For that purpose,
we establish concentration inequalities and show sub-exponential tail bounds for double stochastic
integrals. Second, one needs sharp bounds for the impact of estimation errors on eigenvalues of
certain non-linear matrices of the drift parameters that determine actions taken by TS policy. To tackle
that, we perform a novel and tight eigenvalue perturbation-analysis based on the approximation error,
dimension, and spectrum of the matrices. We also establish Lipschitz continuity of the control policy
with respect to the drift matrices, by developing new techniques based on matrix-valued curves. Third,
to capture evaluation of both immediate and long-term effects of sub-optimal actions, we employ
Ito calculus to bound the stochastic regret and specify effects of all problem parameters. Finally, to
study learning from data trajectories that the condition number of their information matrix grows
unbounded, we develop stochastic inequalities for self-normalized continuous-time martingales, and
spectral analysis of non-linear functions of random matrices.
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Organization. The organization of the subsequent sections is as follows. We formulate the problem
in Section 2] while Algorithm [I] that utilizes TS for learning to stabilize the process and its high-
probability performance guarantee are presented in Section[3] Then, in Section[d] TS is considered for
learning to minimize a quadratic cost function, and the rates of estimation and regret are established.
Next, theoretical analysis are provided in Section [5] followed by real-world numerical results of
Section[6] Detailed proofs and auxiliary lemmas are delegated to the appendices.

Notation. The smallest (the largest) eigenvalue of matrix M, in magnitude, is denoted by A (M)
(A (M)). For a vector a, |a is the ¢3 norm, and for a matrix M, | M| is the operator norm that is
the supremum of | M a| for a on the unit sphere. N (1, ) is Gaussian distribution with mean p and
covariance Y. If y is a matrix (instead of vector), then IN (u, X3) denotes a distribution on matrices of
the same dimension as f, such that all columns are independent and share the covariance matrix 3. In
this paper, transition matrices A € RP*? together with input matrices B € RP*4 are jointly denoted
by the (p + ¢) X p parameter matrix 0 = [A, B]T. We employ V (A) for maximum (minimum).
Finally, a < b expresses that a < «agb, for some fixed constant .

2 Problem Statement

We study the problem of designing provably efficient reinforcement learning policies for minimizing
a quadratic cost function in an uncertain linear diffusion process. To proceed, fix the complete
probability space (€2, {F;},~,,P), where € is the sample space, {F;},- is a continuous-time
filtration (i.e., increasing sigma-fields), and P is the probability measure defined on F.

The state comprises the diffusion process x; in (I), where 8¢ = [Ao, Bo]T € R(Pt9*P ig the un-
known drift parameter. The diffusion term in (1) follows infinitesimal variations of the p dimensional
Wiener process {W,},~,. That is, {W;},., is a multivariate Gaussian process with independent
increments and with the stationary covariance matrix Yy, such that for all 0 < 51 < s9 < t; < to,

W,, — W,, 0,] [(t2—t1)S Op
s o o (] [0 Bm)) @

Existence, construction, continuity, and non-differentiability of Wiener processes are well-known [31]].
It is standard to assume that Xy is positive definite, which is a common condition in learning-based
control [28 129, 12, 130] to ensure accurate estimation over time.

The RL policy designs the action {u, },~, based on the observed system state by the time, as well as
the previously applied actions, to minimize the long-run average cost

T

h;n_,s;ipf/ [ u]Q {uz]dt, for Q= [ T Qu} . 3)
0

Above, the cost is determined by the positive definite matrix @), where @, € RP*P, Q, € R7¥9,

Qv € RP*4, 1In fact, ) determines the weights of different coordinates of @, u; in the cost function,

so that the policy aims to make the states small, by deploying small actions. The cost matrix () is

assumed known to the policy. Formally, the problem is to minimize (3] by the policy

U, =7 (Q, {ms}ogsgt ) {u‘“}OSS@) ' @

Without loss of generality, and for the ease of presentation, we follow the canonical formulation
that sets ), = 0; one can simply convert the case Q,,, 7 0 to the canonical form, by employing a
rotation to &, u, [32H35]]. It is well-known that if, hypothetically, the truth 8¢ was known, an optimal
policy Topt could be explicitly found by solving the continuous-time algebraic Riccati equation. That

is, for a generic drift matrix 8 = [A, B}T, finding the symmetric p X p matrix P (@) that satisfies
ATP(0)+P(@)A—-P(0)BQ,'B"P(0)+Q, =0. (5)

This means, for the true parameter 89 = [A,, BO]T, we can let P (0g) solve the above equation, and
define the policy

Topt © Ut = —Qy ' By P(00) zs, Vt>0. (6)
It is known that the linear time-invariant policy mop¢ minimizes the average cost in (3) [32435]].
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Definition 1 The process in (1)) is stabilizable, if all eigenvalues of A = Ag + BoK have negative
real-parts, for a matrix K. Such K, A are called a stabilizer and the stable closed-loop matrix.

We assume that the process (I)) with the drift parameter 0y is stabilizable. Therefore, P (6¢) exists,
is unique, and can be computed using continuous-time Riccati differential equations similar to (3)),
except that the zero matrix on the right-hand side will be replaced by the derivative of P () [32H33].

Furthermore, 1£ is knovln that real-parts of all eigenvalues of Z& = Ay — ByQy, 1BOT P (0g) are
negative, i.e., (exp (Aot)) | < 1, which means the matrix exp (Aot) decays exponentially fast as

t grows [32433]). In the sequel, we use (3] and refer to the solution P (@) for different stabilizable 6.
More details about the above optimal feedback policy can be found in the aforementioned references.

In absence of exact knowledge of 89, a policy 7 collects data and leverages it to approximate wopt
in @ Therefore, at all (finite) times, there is a gap between the cost of 7, compared to that of Topt-
The cumulative performance degradation due to this gap is the regrer of the policy 7, that we aim to
minimize. Technically, whenever the control action u, is designed by the policy 7 according to @),
concatenate the resulting state and input signals to get the observation z;(7) = [actT , Uy ] CIfitis
clear from the context, we drop 7. Similarly, Zt(ﬂ’opt) denotes the observation signal of 7op¢. Now,
the regret at time 7' is defined by:

e (T) = /T (Jo 2@ - @ 2sutmape] ) ar

A secondary objective is the learning accuracy of 8¢ from the single trajectory of the data generated

by 7. Letting ét be the parameter estimate at time ¢, we are interested in scaling of ‘ §t — 09 H with

respect to ¢, p, and q.

3 Stabilizing the Diffusion Process

This section focuses on establishing that Thompson sampling (TS) learns to stabilize the diffusion
process (I). First, let us intuitively discuss the problem of stabilizing unknown diffusion processes.
Given that the optimal policy in (6) stabilizes the process in (I)), a natural candidate to obtain
a stable process under uncertainty of the drift matrices Ag, By, is a linear feedback of the form
u; = Kzx,. So, letting A = Ay + ByK, the solution of (I is the Ornstein—Uhlenbeck process
t
x; = etxy + [eA=)dW, [31]. Thus, if real-part of an eigenvalue of A is non-negative, then
0
the magnitude of x; grows unbounded with ¢ [31]. Therefore, addressing instabilities of this form is
important, prior to minimizing the cost. Otherwise, the regret grows (super) linearly with time. In
particular, if Ay has some eigenvalue(s) with non-negative real-part(s), then it is necessary to employ
feedback to preclude instabilities.

In addition to minimizing the cost, the algebraic Riccati equation in (3) provides a reliable and
widely-used framework for stabilization, as discussed after (6). Accordingly, due to uncertainty
about 6g, one can solve (3)) and find P (5), only for an approximation 6 of 0p. Then, we expect to
stabilize the system in () by applying a linear feedback that is designed for the approximate drift
matrix 0. Technically, we need to ensure that all eigenvalues of Ay — BoQ,, 1BTp (5) lie in the

open left half-plane. To ensure that these requirements are met in a sustainable manner, the main
challenges are

(1) fast and accurate learning of ¢ so that after a short time period, a small error @ — 6 is guaranteed,
(ii) specifying the effect of the error 0 — 6o, on stability of Ay — BoQy, 1BTp (5) ,and

(iii) devising a remedy for the case that the stabilization procedure fails.
Note that the last challenge is unavoidable, since learning from finite data can never be perfectly accu-
rate, and so any finite-time stabilization procedure has a (possibly small) positive failure probability.

Algorithmﬂ] addresses the above challenges by applying additionally randomized control actions, and
using them to prov1de a posterior belief D about 8. Note that the posterior is not concentrated at

6o, and a sample 6 from D approximates 6, crudely. Still, the theoretical analysis of Theoreml
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indicates that the failure probability of Algorithm I]decays exponentially fast with the length of the
time interval it is executed. Importantly, this small failure probability can shrink further by repeating
the procedure of sampling from D. So, stabilization under uncertainty is guaranteed, after a limited
time of interacting with the environment.

To proceed, let {w,};_, be a sequence of independent Gaussian vectors with the distribution
Wy, ~ N (O, Ufufq) , for some fixed constant o,,. Suppose that we aim to devote the time length 7
to collect observations for learning to stabilize. Note that since stabilization is performed before
moving forward to the main objective of minimizing the cost functions, the stabilization time length
T is desired to be as short as possible. We divide this time interval of length 7 to x sub-intervals
of equal length, and randomize an initial linear feedback policy by adding {wn}::o- That is, for

n=0,1,---,k — 1, Algorithm[T|employs the control action
1
u = Ky + w,, for E§t<M, @)
K K

where K is an initial stabilizing feedback so that all eigenvalues of Ay + BgK lie in the open
left half-plane. In practice, such K is easily found using physical knowledge of the model, e.g.,
via conservative control sequence for an airplane [36, 37]. However, note that such actions are
sub-optimal involving large regrets. Therefore, they are only temporarily applied, for the sake of
data collection. Then, the data collected during the time interval 0 < ¢t < 7 will be utilized by the

algorithm to determine the posterior belief D, as follows. Recalling the notation 2, = [z, ,u, |,

let fig, EAIO be the mean and the precision matrix of a prior normal distribution on 8q (using the
notation defined in Section [I|for random matrices). Nonetheless, if there is no such prior, we simply

let zip = O(p4q)xp and io = I,14. Then, define

S, = f)g +/zsz;—ds, Ly = i;l Eo,uo +/z dwz— ) (8)
0 0

Using &, € Re+9)x(+a) together with the mean matrix i, , Algorithmforms the posterior belief

D, =N (ﬁT, 2;1) , )
about the drift parameter 8¢. So, as defined in the notation, the posterior distribution of every column
i=1,---,pof B, is an independent multivariate normal with the covariance matrix 32 L while the

mean is the column ¢ of fi-. The final step of Algorithmis to output a sample 6 from D-r.

Algorithm 1 : Stabilization under Uncertainty

Inputs: initial feedback K, stabilization time length T
forn=0,1,--- ,k —1do
while ntk ! <t < (n+1)7x" ' do
Apply control action u; in
end while
end for
Calculate ¥, fi according to (8)

Return sample 6 from the distribution D in (9)

Next, to establish performance guarantees for Algorithm ] let us quantify the ideal stability by

¢o = —log X (exp [Ao — BoQ, ' By P (80)]) - (10)
By definition, (g is positive. In fact, it is the smallest distance between the imaginary axis in the

complex-plane, and the eigenvalues of the transition matrix Ag = Ag — ByQ; * By P (6g), under
the optimal policy i in (6). Since 6y is unavailable, it is not realistic to expect that after applying

a policy based on 0 given by Algorithm |1 l real-parts of all eigenvalues of the resulting matrix
Ao — BoQy, 1BTp (0) are at most —(g. However, (o is crucial in studying stabilization, such

that stabilizing controllers for systems with larger (o can be learned faster. The exact effect of this
quantity, as well as those of other properties of the diffusion process, are formally established in the
following result. Informally, the failure probability of Algorithm |1|decays exponentially with 71/,



207

208

209

210
211
212
213
214
215
216

217

218
219
220
221
222
223

224

225
226
227
228
229
230

231
232
233
234
235
236

237

239
240
241

242

243

244

245
246

247

248
249
250
251

Theorem 1 (Stabilization Guarantee) For the sample 0 given by Algorithm let £+ be the failure
event that Ay — ByQ, 1BTp <§) has an eigenvalue in the closed right half-plane. Then, if k > T2,

we have (S ) »
N 1A
logP(g,) S — 2w Aoy 1A [T (11)
X(Sw)vor 1vKP VP

The above result indicates that more heterogeneity in coordinates of the Wiener noise renders
stabilization harder. Moreover, using @]), the term 1 A Co” reflects that less stable diffusion processes
with smaller (g, are significantly harder to stabilize under uncertainty. Also as one can expect, larger
dimensions make learning to stabilize harder. This is contributed by higher number of parameters
to learn, as well as higher sensitivity of eigenvalues for processes of larger dimensions. Finally, the
failure probability decays as 7'/, mainly because continuous-time martingales have sub-exponential
distributions, unlike sub-Gaussianity of discrete-time counterparts [38-40].

4 Thompson Sampling for Efficient Control: Algorithm and Theory

In this section, we proceed towards analysis of Thompson sampling (TS) for minimizing the quadratic
cost in (3)), and show that it efficiently learns the optimal control actions. That is, TS balances the
exploration versus exploitation, such that its regret grows with (nearly) the square-root rate, as time
grows. In the sequel, we introduce Algorithm 2]and discuss the conceptual and technical frameworks
it relies on. Then, we establish efficiency by showing regret bounds in terms of different problem
parameters and provide the rates of estimating the unknown drift matrices.

In Algorithm [2] first the learning-based stabilization Algorithm [I]is run during the time period

0 <t < 719. So, according to Theorem the optimal feedback of 8y stabilizes the system with a
high probability, as long as 7 is sufficiently large. Note that if growth of the state indicates that
Algorithm [T] failed to stabilize, one can repeat sampling from D,. So, we can assume that the
evolution of the controlled diffusion process remains stable when Algorithm 2]is being executed. On
the other hand, the other benefit of running Algorithm [T]at the beginning is that it performs an initial
exploration phase that will be utilized by Algorithm 2|to minimize the regret.

Then, in order to learn the optimal policy 7op¢ With minimal sub-optimality, RL algorithms need
to cope with a fundamental challenge, commonly known as the exploration-exploitation dilemma.
To see that, first note that an acceptable policy that aims to have sub-linear regret, needs to take
near-optimal control actions in a long run; u; ~ —Q; ' BJ P (6g) x;. Although such policies exploit
well and their control actions are close to that of 7qp¢, their regret grows large since they fail to
explore. Technically, the trajectory of observations {2z}, is not rich enough to provide accurate
estimations, since in 2z = [:c;r uy ] , the signal wu; is (almost) a linear function of the state signal
x, and so does not contribute towards gathering information about the unknown parameter 6.
Conversely, for sufficient explorations, RL policies need to take actions that deviate from those of
Topt, Which imposes large regret (as quantified in Lemma . Accordingly, the above trade-off needs
to be delicately balanced; what we show that TS does.

Algorithm is episodic; the parameter estimates é\n are updated only at the end of the episodes at

~ - 9T
times {Tn}ZO:O, while during every episode, actions are taken as if 8,, = [An, Bn} is the unknown
truth @g. That is, for 7,_; < t < T,, using P (én) in @), we let u; = —Q;U@IP (én) x;.

Then, foreachn = 1,2, - - -, at time 7,,, we use all the observations collected so far, to find ¥, , fi-,
according to (8). Next, we use them to sample 6,, from the posterior D, in (9).

The episodes in Algorithm 2]are chosen such that their end points satisfy

. Tn+1 — T T 1— 7T
O<g§1nfuﬁsupu

<a< oo, (12)
n>0 Tn n>0 Tn

for some fixed constants o, &. Broadly speaking, lets the episode lengths of Algorithm [2]scale
properly to avoid unnecessary updates of parameter estimates, while at the same time performing

sufficient exploration. To see that, first note that since .- grows with 7, the estimation error 8,, — 6¢
decays (at best polynomially fast) with 7,,. So, until ensuring that updating the posterior yields to
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significantly better approximations, it will not be beneficial to update it, sample from it, and solve
(E]). So, the period 7,41 — T, that the data up to time 7, is utilized, is set to be as long as a1,,.
On the other hand, the above period cannot be too long, since we aim to improve the parameter
estimates after collecting enough new observations; 7,11 < (1 + @) 7,,. A simple setting is to let
« = @, which yields to exponential episodes 7, = 7o (1 + E)". Note that for TS in continuous time,
posterior updates should be limited to sufficiently-apart time points. Otherwise, repetitive updates are
computationally impractical, and also can degrade the performance by preventing control actions
from having enough time to effectively influence.

Algorithm 2 : Thompson Sampling for Efficient Control of Diffusion Processes
Inputs: stab111zat10n time T

Calculate sample 00 by running Algorlthml 1| for time 7
forn=1,2,--- do
while 7,1 <t < T, do

Apply control action u; = —Q; B _, (@n_l) wt

end while
Letting S, , /iy, be as (8)), sample 6,, from D, given in ()]
end for

We show next that Algorithm 2]addresses the exploration-exploitation trade-off efficiently. To see
the intuition, consider the sequence of posteriors D, . The explorations Algorithm [2] performs by

sampling §n from D, , depends on i.,.n. Now, if hypothetically A (i.,.n) is not large enough, then

D.-, does not sufficiently concentrate around i, and so §n will probably deviate from the previous
~yn—1

samples {01} . So, the algorithm explores more and obtains richer data z; by diversifying the
i=1

control signal u,. This renders the next mean /i, , a more accurate approximation of 6, and also
makes A (f]” +1> grow faster than before. Thus, the next posterior D, provides a better sample

with smaller estimation error §n+1 — 0. Similarly, if a posterior is excessively concentrated, in a few
episodes the posteriors adjust accordingly to the proper level of exploration. Hence, TS eventually
balances the exploration versus the exploitation. This is formalized below.

Theorem 2 (Regret and Estimation Rates) Parameter estimates and regret of Algorithm[2} satisfy

A (Zw)
A(Zw)

Reg (T) < (A(Zw)+os) 7o+

~ 2
[~ o]

A

log(1+a) (p+q)p 7,7 logT,,

X(Ew)® _ alP(8)]°
A

In the above regret and estimation rates, and similar to Theorem [} A (Xw) /A (Svw) reflects the
impact of heterogeneity in coordinates of W; on the quality of learning. Also, larger log(1 + @)
corresponds to longer episodes which compromises the estimation. Further, p(p+ ¢) shows that larger
number of parameters linearly worsens the learning accuracy. In the regret bound, | P (6o)| /A (Q)
indicates effect of the true problem parameters g, (). Finally, (X Ew) + 03}) T captures the initial
phase that Algorithm [I]is run for stabilization, which takes sub-optimal control actions as in (7).

S Intuition and Summary of the Analysis

The goal of this section is to provide a high-level roadmap of the proofs of Theorems|[I]and 2} and
convey the main intuition behind the analysis. Complete proofs and the technical lemmas are provided
in Appendices[A]and [B] respectively.

Summary of the Proof of Theorem[I, The main steps involve analyzing the estimation (Lemmaf]),
studying its effect on the solutions of (3) (Lemma[I2), and characterizing impact of errors in entries
of parameter matrices on their eigenvalues (Lemma5)). Next, we elaborate on these steps.
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We show that the error satisfies Hé — 69 H <plp+q) /212 (Lemma. More precisely, the error
depends mainly on total strength of the observation signals z;, which are captured in the precision
matrix >, as well as total interactions between the signal z; and the noise W, in the form of the

T — A~
stochastic integral matrix [ z;dW . However, we establish an upper bound X (Z; 1) < 771, that
0

indicates the concentration rate of the posterior D (Lemma. Similarly, thanks to the randomization
signal wy,, the signals z; are diverse enough to effectively explore the set of matrices 8 = [A, B]T,
leading to accurate approximation of 8¢ by the posterior mean matrix fi-. Then, to bound the error
terms caused by the Wiener noise W;, we establish the rate p(p + q)l/ 271/2 (Lemma . Indeed,
we show that the entries of this error matrix are continuous-time martingales, and use exponential
inequalities for quadratic forms and double stochastic integrals [39, 38]] to establish that they have a
sub-exponential distribution.

Moreover, the error rate of the feedback satisfies a similar property; BTp (5) — By P (6o) H <

p(p + ¢)'/?>171/? (Lemma . So, letting A = Ay — BoQ;'BTP (5) and Ap = Ay —

BoQ; ' B P (), it holds that ||Z *ZOH < p(p + q)'/?771/2. Next, to consider the effect
of the errors on the eigenvalues of A, we compare them to the eigenvalues of Ay, which are bounded

by —(o in (I0). To that end, we establish a novel and tight perturbation analysis for eigenvalues of
matrices, with respect to their entries and spectral properties (Lemma[3). Using that, we show that

the difference between the eigenvalues of A and Ay scales as (1 V r!/? HZ — A, H) 1/ " where 7 is

the size of the largest block in the Jordan block-diagonalization of Ay. Therefore, for stability of
A, we need ||Z — ZOH < p 2 (1 A o), since 7 < p. Note that if A is diagonalizable, » = 1
implies that we can replace the above upper bound by 1 A o. Putting this stability result together
with the estimation error in the previous paragraph, we obtain (TT).

Summary of the Proof of Theorem [2} To establish the estimation rates, we develop multiple
intermediate lemmas quantifying the exact amount of exploration Algorithm 2] performs. First, we
utilize the fact that the bias of the posterior distribution D, depends on its covariance matrix ¥, ,
as well as a self-normalized continuous-time matrix-valued martingale. For the effect of the former,

ie, \ (fl;j / 2), we show an upper-bound of the order 7, 1/4 (LemmaEI). To that end, the local

geometry of the optimality manifolds that contain drift parameters 6 that has the same optimal
feedback as that of the unknown truth 6 in (6)) are fully specified (Lemmal[6), and spectral properties
of non-linear functions of random matrices are studied. Then, we establish a stochastic inequality for
the self-normalized martingale, indicating that its scaling is of the order p(p + ¢) log 7, (Lemma .

Therefore, utilizing the fact that §n — [+, has the same scaling as the bias matrix fi-, — 09, we
obtain the estimation rates of Theorem 2]

Next, to prove the presented regret bound, we establish a delicate and tight analysis for the dominant
effect of the control signal u; on the regret Algorithm 2] incurs. Technically, by carefully examining
the infinitesimal influences of the control actions at every time on the cost, we show that it suffices

2
to obtain Reg (T') (Lemma. We

proceed toward specifying the effect of the exploration Algorithm [2] performs on its exploitation
performance by proving the Lipschitz continuity of the solutions of the Riccati equation () with

respect to the drift parameters: HP (§n> — P (6o) H < Hé\n — 69 H (Lemma . This result is a very

important property of (3)) that lets the rates of deviations from the optimal action scale the same as the
estimation error, and is proven by careful analysis of integration along matrix-valued curves in the
space of drift matrices, as well as spectral analysis for approximate solutions of a Lyapunov equation
(Lemma @]) Thus, the regret bound is achieved, using the estimation error result in Theorem@}

to integrate the squared deviations Hut + Q5 1§I P (é\n) xt‘

6 Numerical Analysis

We empirically evaluate the theoretical results of Theorems [I|and 2Junder three control problems. The
first two are for the flight control of X-29A airplane at 2000 ft [36] and for Boeing 747 [37]. The third
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simulation is for blood glucose control [41]. We present the results for X-29A airplane in this section,
and defer the other two examples to the appendix. The true drift matrices of the X-29A airplane

—0.16  0.07  —1.00 0.04 —0.0006  0.0007
~1520 —2.60 1.11  0.00 1.3430  0.2345 _
are Ao =| ggs  _p10 -006 000|> Bo 00807 —0.0710|- Further, we let Xy = 0.5 I,
0.00 .00 0.07  0.00 0.0000  0.0000

Qg = I, and @, = 0.1 I, where I,, is the n by n identity matrix. To update the diffusion process x;
in (T)), time-steps of length 10~3 are employed. Then, in Algorithm welet o, = 5,k = |7%/2],
while T varies from 4 to 20 seconds. The initial feedback K is generated randomly. The results
for 1000 repetitions are depicted on the left plot of Figure[I] confirming Theorem ] that the failure
probability of stabilization, decreases exponentially in 7.

On the right hand side of Figure[T] Algorithm 2]is executed for 600 second, for 7, = 20 x 1.1". We
compare TS with the Randomized Estimate algorithm [2]] for 100 different repetitions. Average- and
worst-case values of the estimation error and the regret are reported, both normalized by their scaling
with time and dimension, as in Theorem[2} The graphs show that (especially the worst-case) regret of
TS substantially outperforms, suggesting that TS explores in a more robust fashion. Simulations for
Boeing 747 and for the blood glucose control, in the appendix, corroborate the above findings.

100 12
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Figure 1: For the X-29A flight control problem, percentage of stabilization for 1000 runs of Algo-
rithm [T]is plotted on the left. The graphs on the right depict the performance of Algorithm [2](blue)
compared to Randomized Estimate policy (red) [2]. The top graph plots the normalized squared

~

2
0,, — 0q H divided by p(p + ¢)Tn 1/2 log 7,,, versus time, while the lower one

estimation error, ’

showcases the regret Reg ('), normalized by p(p + q)T""/? log T'. Curves for the worst-case among
100 replications are provided for both quantities, as well as for the averages over all replicates.

7 Concluding Remarks and Future Work

We studied Thompson sampling (TS) RL policies to control a diffusion process with unknown drift
matrices. First, we proposed a stabilization algorithm for linear diffusion processes, and established
that its failure probability decays exponentially with time. Further, efficiency of TS in balancing
exploration versus exploitation for minimizing a quadratic cost function is shown. More precisely,
regret bounds growing as square-root of time and square of dimensions are established for Algorithm[2]
Empirical studies showcasing superiority of TS over state-of-the-art are provided as well.

As the first theoretical analysis of TS for control of a continuous-time model, this work implies
multiple important future directions. Establishing minimax regret lower-bounds for diffusion process
control problem is yet unanswered. Moreover, studying the performance of TS for robust control
of the diffusion processes aiming to simultaneously minimize the cost function for a family of drift
matrices, is also an interesting direction for further investigation. Another problem of interest is
efficiency of TS for learning to control under partial observation where the state is not observed and
instead a noisy linear function of the state is available as the output signal.
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Organization of Appendices

This paper has four appendices. First, we prove Theorem |l|in Appendix|A} together with multiple
lemmas that the proof of the theorem relies on, and their statements and proofs are provided in
Appendix |A|as well. Similarly, the proof for Theorem [2| together with intermediate steps, all are
presented in Appendix [B] Then, Appendix [C|consists of statements and proofs of other results that
are used for establishing both theorems. Finally, empirical simulations beyond those presented in
Section [6]are presented in Appendix

A Proof of Theorem 1

For analyzing the estimation error, we establish Lemma 4l which under the condition k > 72

provides that with probability at least 1 — 6,

/25 2
p(p+a)"* X(Sw) Va2 3 J
T1/2 A(Sw) A2 (L+ K1) 1Og< s ) -

Note that in the proof of Lemmal] results of Lemmas and[3|are used.

B

Therefore, Lemma [12]implies that for solutions of (3], with probability at least 1 — 4, it holds that
1/2
5 pp+a) " A(Ew) Vo 3, (P4K
P(8) - P00 = 1+ K1) og (%57
H o S 5 (o) Aob (LI Tog (55
Note that we get the same expression as the right-hand-side above, as an upper bound for
HETP (5) — By P (HO)H. So, letting

A=Ag-ByQ,'BTP(0),  Ag=Ag—BoQ; BJ P(8o),

- = 2g X (Sw) V o2
7~ ol 20 S o (14 L) o (25 (13)

with probability at least 1 — 4.

we obtain

Next, to consider the effect of the above errors on the eigenvalues of A, we compare them to that
of Ag. Note that real-parts of all eigenvalues of Ag are at most —(o, as defined in (T0). So, using
the result and the notation of Lemmal for all eigenvalues of A being on the open left half-plane it
suffices to have A A, (A AO) < (o. Also, in lights of Lemma suppose that 7 is the size of the

largest block in the Jordan block-diagonalization of Ag. So, (36) implies that if
|4 — Ao £ r 2 (1A G"),

then Algorithm[I]successfully stabilizes the diffusion process in (). Thus, (T3] shows that the failure
probability of Algorlthml 1} P(E-), satisfies

@X(EW)\/U%U 3 Dak \ 5 172 r
\/TMEW)M%U(HIKI) lox (e ) 2 A G").

Finally, 7 < p together with log (pgk) < 71/2, lead to the desired result.

In the remainder of this section, technical lemmas above are stated and their proofs will be provided.
A.1 Bounding cross products of state and randomization

Definition 2 For a set S, let 1{S} be the indicator function that is 1 on S, and vanishes outside of S.

Lemmal In Algorithm fort > 0, define the piecewise-constant signal v(t) below according to
the randomization sequence w.,:

k—1

n=0
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ss6 Then, with probability at least 1 — 6, we have
T T2 K‘,fl
T T
/msv(s) ds — @Bo z%wnwn
0 n=

T 2
2 Y At 1/2._1/2 pq T T 3/2 Kq
< (Uw—l—)\(Zw)) 1+/He Hdt (pq T logé—l-q{l—i—’{z}nl/zlog <)
0

537 Proof. First, after plugging the control signal u; in (I)) and solving the resulting stochastic differential
538 equation, we obtain

¢ ¢
x; = eAlay + /ez(t—s)dWS —I—/ez(t_s)Bov(s)ds. (15)

0 0

539 This implies that

/w(t)Tdt —®, 4+ By + D,
0

540 Wwhere
T o1 (n+l) TRt
b, = /eAtmov(t)Tdt:Z / etdt | zow,
0 n=0 _1
nTkKr

(n+1)Te™1 ¢
AdW (t) Tdt = / / A= gw dt | w],

n

0 - |
0
0 = [
0

s41  To analyze ®4, we use the fact that every entry of ®; is a normal random variable with mean zero
542 and variance at most

Y[ T . 2
5 S I R e e i s T
n=0 nTr—1 0

543 Therefore, with probability at least 1 — J, it holds that

dt | zoll /palog (5. (16)

.
o] S | [ [ :
0
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Furthermore, to study ®, Fubini Theorem [31] gives

(n+1)Te™ ¢

/ A=) W dt

nTr-1 0

where the matrix F =

(n+1D)Tr~1

J

S

Gs

So, letting €;,7 =1, - - -

(n+1)TKr™

nTK

0 nTr—1

-1/ (n+1)rr~?!

eZ(t—7L1'n71)dt eZ(7LTn71—s)dWS

(n+)7Tet [ (n+1)TRr!
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sz::le
(n+1)rr?

+ G.dW,
1

1
eZ(tfn‘rn_l)

J

nrr—1

6Z(mT}c 1) dW,

dt, does not depend on s or n, and the matrix

ez(t’s)dt, does not depend on n, since nTk 1 < s < (n+1)TKL

, D, be the standard basis of the Euclidean space, conditioned on the Wiener

process {WS}SZO’ forevery j = 1,--- , ¢, the coordinate j of e/ @5 is a mean zero normal random
variable. Thus, given {W;} ., with probability at least 1 — 4, it holds that

Now, to calculate the conditional variance, we can write

var (eiT<IJQeJ- ‘]—‘ (Wo.r ))

2
Ow

where

ﬂm,n

Qn

Kk—1 (
T
E €;
n=0

n+1)‘rn_1 t

nTr=-1 0

mTK

Tl -1
e;I"FeA(n m)TK

/ / A=) gW dt

—1

1
(eiTq)er)Q 5 var (e?‘bgej‘f(WO:r)) IOg S

2

k—1
Sl
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eZ(m‘rnfl _s)dWS,
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(n+1)Tr~?!

e / GdW,.

nrk—1

n

m=

2
2
/Bm,n> +O‘n )
1

To proceed, define the matrix H = [Hmm], where for 1 < m,n < k — 1, every block H,, ,,, € R1xp

1S

T An—m)Tr™
H, ,, =e; Fe ( )

for m < n, and is O for m > n. Then, denote

‘”j‘ eZ(‘rnfl—s)dWs
0
1
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2TK ™
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to get

)3 (Z & ) = |HT[* < X(HTH) |r)P.

n=0
Now, for the matrix H, we have 42, 43]:

K 2 T
XNHTH) < <Z | Hp, 1||> (Tn_l Z eA’LT”1> S / HeAt dt
n=1 0

Note that thanks to the independent increments of the Wiener process, the blocks of I" are statistically
independent. Further, by Ito Isometry [31], every block of I' is a mean-zero normally distributed
vector with the covariance matrix

!

/ GZ(TR_l78)2w62—r(7—n_175)d8.
0

So, according to the exponential inequalities for quadratic forms of normally distributed random
variables [39], it holds with probability at least 1 — 4, that

— 1
HF||2 SprA (Zw) (‘rn_l) log 5
Thus, with probability at least 1 — §, we have

1

- 1
5 (3 m) = /H Wit 35 7ion
n=0 \m=1
k—1
Similarly, the bound above can be shown for Y 2. Hence, we obtain the corresponding high
n=1

probability bound for a single entry e, ®ye; of @y, which together with a union bound, implies that

[ 2] < <7wpc]1/2 /Hem dt /\(Zw)l/2 7172 log (%) , a7
0

with probability at least 1 — 4.

Next, according to Fubini Theorem, ®3 can also be written as

S

Dy // A= Byo(t)u(s) T dtds = //e =8 Byw(t)v(s) " dsdt.
0 0 t

Thus, we have
203 = //ezlt*slBov(t As)u(sVt) " dtds.

Recall that the signal v(¢) in (T4) is piecewise-constant, with values determined by the randomization
sequence wy,. So, the above double integral can be written as a double sum

o1 r—1 (n+1)7 " (m+) TR !
205 = > ) / / M=l dsdt | Bowmanw,,

n=0 m=0

nrk—1 mTkr—1
k—1r—1 TRoTR
Alm—n|rr ! Alt—s T
= E E el | / /el ldsdt Bowman Wy,
n=0 m=0 0 0
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Thus, we have

2 k—1
205 — By Y wuw,) = &y + s, (18)
K n=0
for
R B k—1
o, = / / eAlt=sldsdt — 72k 721, | By Z wpw,!
0 0 n=0
P k-1 r—1
a a1 -1
D = 2 / / eAlt=sldsdt Z Z (eA(m*")"“ Bownw;> )
0 0 n=0 m=n+1

To proceed, we use the following concentration inequality for random matrices with martingale
difference structures, titled as Matrix Azuma inequality [40]].

Theorem 3 Let {¥,, }izl be a di x do martingale difference sequence. That is, for some filtration
{fn}ﬁzo, the matrix ¥, is F,,-measurable, and E [\I/n fn_l} = 0. Suppose that |V, || < o, for

some fixed sequence {Jn}ﬁzl. Then, with probability at least 1 — §, we have
k 2 k
dy + do
| IS 21 .
o 5 ()
n=1 n=1
-

So, to study ®4, we apply Theoremto the random matrices ¥,, = wyw,,
filtration and the high probability upper-bounds for [¥,,|| < [w,|* + 02

[l < 0 = 0% (14 qlog ).

— 02 1,, using the trivial

as well as the fact

R

/ / (emt_s' — Iq)dsdt < 73R8,

0 0
to obtain the following bound, which holds with probability at least 1 — §:

K
194] S [Bollo? 8k 2 (1 4+ ——log®2 24 | (19)
K1/2 )

On the other hand, to establish an upper-bound for @5, consider the random matrices

k—1

U, = Z (€Z(m—n)‘rnleOwnwl) ,

m=n+1

subject to the natural filtration they generate, and apply Theorem 3] using the bounds
T
el <o s 7t | [ e ae | 1BoloZalos =
0

together with

e T

/ / eAlt=sldsdt < 72k
0o 0

Therefore, TheoremE]indicates that with probability at least 1 — ¢, it holds that

-
T 7 K

D5 < i /HeAtHdt |Bol|o2 qlog®/? Tq (20)

0

Finally, put (I6), (T7), (I8). (I9), and (20) together, to get the desired result.
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A.2 Bounding cross products of state and Wiener process

Lemma 2 In Algorithm[l} with probability at least 1 — 6, we have

t T

/ :cde: <

0 0

eAt

dt | (X(w) +02) p(p+9)" /2 7/ 10g (D).

Proof. First, according to (T3)), we can write

T

/wtdW: =&, + Py 4 D3,

0
where

.

o, — / Ao dW] 1)

Py = / / t=%) By (s)dsdW, (22)
0 0

by = //e =) W, dw, . (23)
0 0

Now, according to Ito Isometry [31], similar to @ we have

dt | lwoly/patog (%) 24)

1] < X (Sw) 2 /H gL :

with probability at least 1 — §. Moreover, in a procedure similar to the one that lead to (T7), one can
show that with probability at least 1 — 4, it holds that

02 /H M| dt | X2 oupgt/ 2t 10g (BL). (25)

Therefore, we need to find a similar upper-bound for ®3. To that end, Ito formula provides
d (e W,) = ~Ae VW, ds + AW,

Therefore, integration gives

t t
/ e A dW, = e~ AW, + A4 / e A W ds,
0 0

which after rearranging and letting ¥; = f A=) dW, leads to

¢ ¢
TW, = /ez(t_s)dws W, =wW,Ww/] +4 /ez(t_s)Wsds W,/
0 0
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Now, since d¥; = dW,, Ito Isometry [31]] implies that d¥,dW,] = Sydt. So, apply integration by
part and use the above equation to get

T T T T
@sz/@tdwj = / d(o,Ww,) — /Wtd\I/T f/d\I/tthT
0 0 0
= U, W - / W, dW — SwT
T T T
= W, Wl +4 /e%*s)wsds Wl — /WtthT — Sy

0

Therefore, every entry of @3 is a quadratic function of the normally distributed random vectors

W, f eZ(T_‘g)Wsds. Note that we used the fact that
0

T T
W, W = / d(W,W, ) = / W, dW, | + / W, dW, | + Swr.
0

Thus, exponential inequalities for quadratic forms of normal random vectors [39] imply that for all
i,7 =1,---,p,itholds that

(e] ®se;)” < pE [(e?‘bgej)ﬂ log” %, (26)

since E [e] ®3e;] = 0. So, it suffices to find the expectation in (26). For that purpose, we use Ito
Isometry [31] to obtain:

T 2 rr
E[(e] ®5)°] = E /ejwteyz\i{"d(zgvl/zwt) K / ej\ptz\i\y/erHth
0 LO
T T t 2
< o Sye,E /(ej\yt)zdt — o] Swe,E / I/ A= gw, | dt
0 0 0

To proceed with the above expression, apply Fubini Theorem [31] to interchange the expected value
with the integral, and then use Ito Isometry again:

T t 2 2

E / e] / A=) aw, | dt

0 0

t
E||e / AIna(zy Pw,) | | de
0

= /GZT / (t—s) WGZT(tis)dS eidt
0

-
— =T
T As A s
€; /e Ywe” *ds | e;T.
0

Il
S~

IN
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607 Therefore, (20) yields to

T

P P
— —T
|®;)° < Z (e;rfbg,ej)2 S Z e;ZWeje;r /eAsEWeA *ds | e; Tp10g2§
ij=1 ij=1 5
-
—= =T
= tr(Zw)tr /eAsEWeA *ds p‘rlogQ%j
0
, 2
< 2 As 2P
< tr(Zw) e**llds | prlog” =. 27)
0

s08 Finally, putting (24), (23)), and together, we obtain the desired result.
609 u

610 A.3 Concentration of normal posterior distribution in Algorithm 1]

611 Lemma3 In Algorithm letting A = Ay + BoK, suppose that

r 2 | [lew@sas | (R +a2ml) o+ aoss, @9
0

K 0'2 Kq

B> %0 Byl vK])qlog ™. >

T 7 AW [ Bol (1 V[ K1) qlog (29)

612 Then, for the matrix f].,. in @D, with probability at least 1 — 6 we have
~ -1
AE) zraEmA) (1+IEP)

613 Proof. First, we can write the control action in (7) as u; = Ka; + v(t), for the piecewise-constant
14 signal v(t) in (T4). Then, the dynamics in (I)) provides

dx; = (Zwt + Bov(t)) dt 4+ dW,.
615 Therefore, similar to @, one can solve the above stochastic differential equation to get
t t
T = eZt:BO + /ez(t_s)dV\VS —|—/ez(t_s)Bov(s)ds.
0 0

616 S0, using the exponential inequalities for quadratic forms [39]], with probability at least 1 — 4, it holds
617 that

-

- 2 _ - - Kk—1 1
‘mf _eATmOH <3 /eASEWeATSds-FO'?U > JnBoBg J, <p+p1/2 log 5), (30)
n=0
618 Where
(n+1)Tr~1t
Jn = / eAsds.
nrr—1

619 Furthermore, an application of Ito calculus [31]] leads to da:td:ctT = ththT = Ywdt. Now, by
620 defining the matrix valued processes

t t t

o, = /msm;rds, M, = /a:SdVVST —l—/wsv(s)TBons,
0 0 0

21



621

622

624

625
626

627
628
629

630

631

632

633

634

635

636

we obtain

d (zz)) xidx, + dr,x; + dxidz,

= @ (Az, + Boo(t)) dt + dW,) '

+ ((Am + Bov(t)) dt + dW,) @, + Swdt
= d®A +Add, + dM, + dM, + Sydt.

Thus, after integrating both sides of the above equality, we obtain
T —
QA+ AD, + My + M, +tSw + zomy — ] = 0.

Because all eigenvalues of A are in the open left half-plane, we can solve the above equation for ®,,
to get

oxp (As) [My + M + 1Sy + wox] — i@, | exp (ETS) ds. G1)

Next, putting Lemma|I] Lemma 2] and (30) together, as long as (28) holds, with probability at least
1 — 6 we have

)\(M +MT+TEW+ac0mO — T T, ) TA(Zw).

Thus, (GI) implies that A (®-) 2 7 (Xw). To proceed, consider the matrix Y. in (), which
comprises two signals @4, v(t). The empirical covariance matrix of the state signal is studied above,
while for the piecewise-constant randomization signal v(t) in (T4), we have

1

t o1 (n+1)T™ o1
/ s)'ds = Z / wyw, ds = T anwl
0 n=0 nrr—1 n=0
Thus, according to Theorem 3] similar to (T9) we have
k—1
Z wpw, — ka2l | < K12 2qlog /2 ’qu
n=0

with probability at least 1 — §, which for
rro,170,1" Opsp O
— P P _ 2 PXp DX q
fir = / [v(s)] [U(S)] ds = 7o, ioqxp Iy i ’
0

K
[H: | S o%qlog™” . (32)

leads to

2
because k = 7.

. T s .
Next, using z, = [z) , @] K" 4+ v(s)"] , the matrix X, can be written as

.
S, = Hg} o, Hgi + 702 {8?*? Of}ﬂ + Fr + H,, (33)

axp q

- / (iifi o] + )= ii(iT)d

However, Lemma and k > 72 give a high probability upper-bound for the above matrix:

where

1P S LV IKD (X(S0) +02) (pa /272108 B + g10g?/? 51 ). (34)
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In the sequel, we show that with probability at least 1 — 4, it holds that

A ([ﬁ?} @, [ﬁg} D s [opxp o,}qu 2 (AW Aod) (1+ ||K||2)‘1 7

OQXP q

which, according to (32), (33), and (34), implies the desired result. To show the above least eigenvalue
inequality, we use A (®) 2 7 (Zw) to obtain

.
I I 2 [0pxp  Opx 2 I KT
A(H o, H ol [qu’xi z}quzr(A(zwmaw)A([[g KKTHqD_

However, block matrix inversion gives
i\ -1 -
NI ([ KT N < ([KTK+I, KT\
“\|K KK'"+1,]) K KK'+1, - -K I, ’

-1
that is clearly at least (1 + | K H2> , apart from a constant factor. Therefore, we get the desired
result. n

A.4 Approximation of true drift parameter by Algorithm

Lemma 4 Suppose that 0 is given by Algorithm Then, with probability at least 1 — 6§, we have

p+9)'* X (Ew) vl
T2 A (Zw) Ao

Hé_e"H S 2 (1+[K])° log (@). (35)

4]

Proof.  First, consider the mean matrix of the Gaussian posterior distribution. Using the data
generation mechanism dx; = Bgthdt + dW,, we have

fir = i;l/zsdmj =51 /zszjdsao +/zsdwj =0y — 37" [ 6 - /zsdwj :
0 0 0 0

where we used the definition of iT in (8). Now, the sample 0 from D, can be written as é\.,. =

fir +57'2®, where ® ~ N (0(44)xp> Iptq) is a standard normal random matrix, as defined in
the notation. So, for the error matrix, it holds that
—~ ~ 7 - - 1/2
6~ 60| <[] (160l + | [ zawT| | + 1] 1o,
0
To proceed towards bounding the above error matrix, use
T_ 1, 0 T
/zdeS = / ([K T+ v(s) dw,
0 0
to obtain
/zdesT <(1V|K]) /deT + /u(s)dwj ,
0 0 0

To proceed, note that with probability at least 1 — §, we have

_|_
|2 < plp+ ) 1og T,

Now, by putting this together with the results of Lemma[2] Lemma[3] and (23], we get the desired
result.
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A.5 Eigenvalue ratio bound for sum of two matrices

Lemma 5 Suppose that M, E are p x p matrices, and let M = T =Y AT be the Jordan diagonalization
of M. So, for some positive integer k, we have A € CP*P = diag (Aq,--- , Ag), where the blocks
Aq, -+, Ay are Jordan matrices of the form

AN 10 -+ 0 O
0o XN 1 o --- 0
A= : : : : | e CTiXTi,
o o -~ 0 XN 1
o 0 0 - 0 N

Then, let r = max 7 < p, and define Ay (E) as the difference between the largest real-part of the
eigenvalues of M + E and that of M. Then, it holds that

An(E) < (1 vV r1/2|| E|cond (r))w : (36)

where cond (T) is the condition number of T': cond (I') = X (I''T') 1/2 A(TTT) —12

Proof. Since the expression on the right-hand-side of (36) is positive, it is enough to consider an
eigenvalue \ of M + E which is not an eigenvalue of M, and show that 1 (A) — log A (exp (M))
is less than the expression on the RHS of (36). So, for such A, the matrix M — AI,, is non-singular,
while M + E — A, is singular. Let the vector v # 0 be such that (M + E — AI,) v = 0, which by
Jordan diagonalization above implies that

v=-T""(A=X)'TEwv. (37)

Then, A = diag (Aq,--- ,Ag) indicates that A — AT and (A — AI) are block diagonal, the latter
consisting of the blocks diag ((Al ML) (A — )\Irk)ﬂ).

Now, multiplications show that

()\—)\1)71 ()\—)\1)72 ()\_)‘1)77‘1
-1 N—ritl
YRSV o (A~ }J | (A — AZ:)
0 0 ()t

Therefore, according to the definition of matrix operator norms in Section |1} we obtain
12 \2
H(Ai—)\l,,i) H §r<1\/|/\—)\i| ) .

Putting these bounds for the blocks of (A — AI) ™" together, (37) leads to

1< [a=anT i)
1/2 LA
< r/“cond (T) | E| nax (IAIX=X]T)
< v cond () |B] (1A (RO ~log X (exp (M)))7)

To see the last inequality above, note that if R(\) — log A (exp (M)) is positive, then it is larger than
all the terms |\ — \;|, fori = 1,--- , k. Thus, for

R(A) =log\(exp(M + E)),
we obtain (36). [ |

24



676

677

678

679

680

681

682

683

684

685

686

687

688
689
690

692

693

695
696

B Proof of Theorem 2

To establish the rates of exploration Algorithm 2] performs, we utilize Lemma (8] which indicates that

Tn

Iir, — 60l S |52 |52 [ weawy <2(5.) " (o + 9X @ 10eX (55,))
0

1/2

Now, (51) gives log A (EA].,.) < log 7, while Lemma@prowdes A ( ) > 2\ (3w). More-

over, since ii{f <0n — ﬁ.,.n) is a standard normal (p + ¢) X p matrix, we have

ST YN (Sw) 2 ((p + g) log(pg)) 2 .

Hen - ///\47',L
Thus, we obtain the desired result for the estimation error.
To proceed toward establishing the regret bound, Lemma [7] shows that we need to integrate

2
Hut +Q, 1BTP (0 ) x.|| over the stabilized period of Algorithma T <t<T:

Reg (T) < (X (Sw) +03) 70+ / s + Qs ' BY P (60) .| dt.
To

Further, according to (51, for 7,,—; < T < 7, we have

— ~ 2
/HutJrQ 1By P (60) @[ dt S X (Zw) Z Tisn - 70) K (8:) - K (60) | -
=0

To

On the other hand, Lemma([I2]implies that

R 3
[re (B) 5 00 = L%

5"_00“'

Thus, we have

X(Zw)® [P (80)]° ) los T
+ T i .

ACw) A @) a (@t ; HoT A

%

Reg (T) £ (A (Sw) +03) 70 +

Thus, according to (IZ), we obtain the desired regret bound result in Theorem [2]

B.1 Geometry of drift parameters and optimal policies

Lemma 6 For the drift parameter 041, and for X € RP*P Y € RP*4, define
Ao, (X,Y) = P(6)Y + /ezft {M (X,Y)T P(81) + P (6:) M (X, Y)] MR dt,
0

where Ay = Ay — B1Q;'B] P (01) and M (X,Y) = X —YQ;'B] P (0y). Then, Ag,(X,Y) is
the directional derivative of B' P (0) at 0y in the direction [ X, Y. Importantly, the tangent space
of the manifold of matrices @ € RP*(P+9) that satisfy BT P (0) = By P (0:) at 0, contains all
matrices X,Y that Ao, (X,Y) = 0.

Proof. First, note that according to the Lipschitz continuity of P (8) in Lemma[12] the directional
derivative exists and is well-defined, as long as || P (61)|| < co. However, Lemmal|l I| provides that
P (6,) is finite in a neighborhood of 89, and so the required condition holds. Below, we start by
establishing the second result to identify the tangent space, and then prove the general result on the
directional derivative.
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To proceed, let @ = 61 + ¢[X, Y] be such that BT P (8) = B P (8y), and denote K (61) =
—Q; B P (04). So, the directional derivative of P (6 ) along the matrix [X, Y]T can be found as
follows. First, denoting the closed-loop transition matrix by A = A — BQ; ! BT P (), since

A'PO)+PO)A+Q.+K(6) QK (6)=0,
we have
(A + X + YK (81)) P () + P (0) (A + X + VK (61))
—T —
= —Q.—K(61) QuK (1) =4, P(01)+ P (6,)A;.
For the matrix £ = lim e~ 1 (P(0) — P(01)), the latter result implies that
e—

A E+EA + (X +YK (1) P(61)+ P(81) (X + YK (81)) = 0.

Then, since all eigenvalues of A; are in the open left half-plane, the above Lyapunov equation for E
leads to the integral form

E= /ezft ((X +YK(61) P(61)+P(61)(X +YK (91)>) it gy
0

On the other hand, K (8) = —Q; BT P (0) gives

e LT T g1 T T T
0=lim = (BTP(8) ~ B P(61) =l [(BT ~ BI) P(6) - B (P(6:) - P(6))].,
which, according to the definitions of E, M (X,Y"), implies the desired result about the tangent space
of the manifold under consideration.

Next, to establish the more general result on the directional derivative, we use the directional derivative

of P (0) in (63):

/elet (P (01)[X + YK (6,)] +[X + YK (6,)] P (91)) Aitgy.
0

Finally, since the directional derivative for B is Y, for BT P (@), by the product rule itis Ag, (X,Y),
which finishes the proof. ]

B.2 Regret bounds in terms of deviations in control actions

Lemma 7 Let u, be the action that Algorithm2)takes at time t. Then, for the regret of Algorithm[2]
it holds that

Reg (T) S (M(Sw) +02) 70| K + Q' By P (60)

T
+ /||ut+Q;lBJP(oo)thth+z*TTP(00)x*T,
To

where x%, is the terminal state under the optimal trajectory Topy in (6).

Proof.  First, denote the optimal linear feedback of mqp¢ in (6 by uy = K (6p) x;, where
K (60) = —Q; ' BoP (89). According to the episodic structure of Algorithm form, <t < Tpy1,
denote

K, =-Q:'BTP (§n) :
We first consider the regret of Algorithm [2) after finishing stabilization by running Algorithm [T} i.e.,

for 7o <t < T. Fix some small € > 0, that we will let decay later. We proceed by finding an
approximation of the regret through sampling at times 7 + ke, for non-negative integers k. To do

that, denote N = [(T — 7¢) /€], and define the sequence of policies {?ri}f.vzo according to

~ _ ’Ll,t:KtCCt t<T0+7:6
 \uwe =K (00)x; t>To+ie’
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That is, the policy 7; switches to the optimal feedback at time 7¢ + éc. So, the zeroth policy 2100
corresponds to applymg the optimal policy 7opy after stabilization at time 7, while the last one 7 n
is nothing but the one in Algorithm 2] that we denote by 7, for the sake of brevity. As such, we have
Regz, (T') = 0, and the telescopic summation below holds true:

N-1

Regz (1) = Y (Regz,,, () — Regz, (1)) (38)

=0

Now, to consider the difference Reg;r in (T) — Reggz, (T'), for a fixed 7 in the range 0 < i < N,

denote t; = T + i€ and let a:t Xy Tt be the state trajectories under 7;, ;4 1, respectively. By

definition, we have :ct i =g, '™, forall t <t;. So, we drop the policy superscript and use x;, to
refer to the states of both of them at time ¢;. Therefore, as long as t; < ¢ < t; + ¢, similar to (19),
the solutions of the stochastic differential equation are

t

xF = Moty —&—/eZO(t_S)dWS,
t1
t

mz?qz“ _ 62(1&41)%‘/1_|_/62(tfs)dvvs7
ty

where Ag = Ay + BoK (0p) and A = Ay + By K, are the closed-loop transition matrices under 7;
and 7, 1, respectively. To work with the above two state trajectories, we define some notations for
convenience:

My = Qu+K(80)" QuK (o),
M, = Qw + K, QuiKyy,

wo= ol -,

E, = eA(t—tl) _ ezo(t—tl).

Thus, letting

t
/ A(t s) —BZO(tis):IdWs,

it holds that y; = Eyxy, + Z; + O (€2> Further, for the observation signal z; and the cost matrix @
defined in Section 2] we have

fufe R 2 2

[ (Jos @] = oz o

ty

t1+e

7. T 7 7.1 7

= / [(f’c? +yt> My (fﬁt ‘ —i—yt) —x;" Mow, I]dt

ty

t1+e

F 7

= / [wt ¢Szt + 2ytTlet Tty Mlyt}d (39)

t1

where S = My — My = K, QuK;, — K (80)" QuK (60).

On the other hand, for ¢t > ¢; + ¢, the evolutions of the state vectors are the same for the two policies

and we have
t

xy = etoltmhimOg i 4 / eot=s) gy, .

t1+e€
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746

747
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750
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Therefore, the difference signal becomes
Ag(t—t T 7 A (t—t A (t—t
yo = ol {mtlié - mg-&-e} = MUty o= MUV R, L@y + Ziyyd,

and we obtain

<HQ1/2zt (7?¢+1)H2 - HQl/ta (%Z)HQ) dt

/T
+e
T
~ T ~~ ~ T =
— / [(mf + yt) My (aczr + yt) —xy Momfl]dt
+€
/T

(297 MowT -+ y] Moy dt. (40)
t1+e€

Now, after doing some algebra, the expressions in (39) and (@0) lead ro the following for small e:

Regﬁfz+1 (T) - Regﬁi (T) = (SctTl Ft1wt1 + legh) e+ 0 (62) )

where
T
F, = S +/(2H:1@A(T(S*t1) (Qm +K(00)TQUK(00)) er<S*t1>)ds+0(e),
ty
T s
o _
gy, = / HtTler (s—t1) (Q@ +K(00)T QuK (00)) /er(sfu)qu ds+ 0 (e),
t1 ty
S = K\QuE;, — K (60) QuK (o),
H,, = Bo(K: —K(60p)).

Thus, as € tends to zero, by (38), we have

T
Reg;‘. (T) — Reg;, (To) = / (actTFtast + ngrgt)dt, (41)
To
where F}, g; are the above expressions, without the O () terms.
Next, by (61)), the quadratic expression in terms of the matrix F} can be equivalently written with
F, = S;+ H, P(60) + P (60) H; — H, E; — E,H;,

where
oo

B = /ezg(s—t)MerO(s—t)dS _ eZUT(T—t)P(BO) Ao(T—1).

T

Note that in the last equality above, we again used (61). Now, after doing some algebra similar to the
expression in (39), we have

Si+ H P (80) + P (00) H; = (K, — K (60)) " Qu (K - K (60)),

which in turn implies that

T T T
2
/astTFtsctdt - / HQ}/Q (K, — K(Go))th dt—Q/a:tTEthactdt. 42)
To To To

To study the latter integral, suppose that x} is the state trajectory under the optimal policy mgpt
in (@), and define § = x; — z;.Note that (1) gives dz; = (Ao + H;) @, dt + dW,, as well as
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752 da) = Zom; dt + dW,. Thus, we get d&; = Hyxdt + A&, dt, using which, we have the following
753 for p, = e~ Aotg,:

do, = d (e—zotgt) — e Aotde, — Age~Mte,dt — e~ A Hya,d.
754 Above, we used the fact that the matrices e‘z"t, Ay commute. So, it holds that
- _
.’B;rEth.’Etdt = :ctTeAO (Tit)P(Oo) 6A0Td(pt

—T — —T —

= ai e TP (B0) e dipy + g ™0 TP (80) e dipy
— — 1 — —

= xITeAOT(Tft)P (6o) e Tdp, + §d [gp;reAOTTP (6o) erTgpt] .

755 In the above expression, writing the solution of the stochastic differential equation as in (T3)), we have
T
eAU(T*t)xf =ap — /eAO(T*S)dWS,
t

756 which gives

thTEthwtdt = 2x2‘TeZOT(T_t)P (6o) eZUTdapt +d {(ptTeZOTTP (6o) eZ‘JT@t}

T T

= -2 / A T=)gW, | P (o) e dyp,

t

23T P(80) M dipy 4+ [ TP (B0) T

T T

- -2 / M T=aw, | P (o) e dy,

t
+ d {(Jci} + eZUTgot)T P (6o) (m} + eA"Tgot)] ,

757 where the latest equality holds since the differential of the constant term x7. P (6g) 7. is zero. Next,
758 integration by part yields to

T /T T T T
/ / eMT=gw, | P () e Tdp, = / eT=gw, | P (6y) e o,
To t 0
T
+ / o] e TP (8,) e T gy,
To

759 Now, note the following simplifying expressions: First, by definition, we have =7 + eAoT

760 X7 + & = T and

pr =

T
i+ et Tor, = ap + T D (@, — ot ) =T Dy, 4+ / A=) g,
To

761 s the terminal state vector under the policy 7 that switches to the optimal policy mopt after the time

T _
762 T, because [ eAo(T=s)dW, = rh — eAO(T""“)xi’,‘_O. Finally, according to Lemma|8} we have
To

T 1/2

T
/QD:@Z(TTP (00) eZO(Tft)th S / HeZO(T,t)gt Hth
"0

0

T
— 2
log/HeAO(T*t)ftH dt.
To
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Putting the above bounds together, we obtain

z T
_2/$:Eth$tdt_x;TP (00) J); S/H Ao (T— t) H dt.
o kS

T T s

T
To

To t
T u T

ToTo U

Now, denote the inner double integral by y,! :

u T u
// xTHT Aq (s— t)MerO(S*“Udsdt = / (me (K —K(Oo))
To U 0

where

t,u

T
P, = BOT/eZUT(s_t)MerO(S_“)dS.

T
Now, let 7 = [ |yu |*du, and employ Lemmato get

To

T T
/a;jgtdt: /yIqu —0 (6:1/210g1/2ﬂ )
To To

/ / / THT Ao (s_t)MeZU(s_“))qudsdt
/ / / TH Ao (o= ”Mez“(s’“))dsdtdwu.

(43)

To proceed toward working with the integration of ;| g;, employ Fubini Theorem [31] to obtain

PT

7

(44)

Thus, we can work with Bz to bound the portion of the regret the integral of x, g; captures. For that

purpose, the triangle inequality and Fubini Theorem [31]] lead to

T u
Br < / / [Prou (K: — K (80)) 24| *dtdu
0 0
T T
= / x] (K; — K (6g))" /PtTqudu (Ki — K (6g))
0 t
T T
< X [ PLPudu | [ 15 - K G0)) afdt.
t 0

30
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T
We can show that A < Ik PtTuPt,udU> <1
t

T T

A /PtTquudu < / uH du

t
2

T T
< / /ezJ(S*t)Moezo(sfu)ds du

t u

T 2

< / (u— t)” / A (s—u Mer(s u)ds du

t

2 A (u—t)||?
< 1P@)I [ |8 0| au st
t

Above, in the last inequality we use (6T). Note that the last expression is a bounded constant, since
all eigenvalues of Ag are in the open left half-plane.

Thus, according to (44), it is enough to consider

Ms/w&—xwwmﬁw, 45)

in order to bound the portion of the regret that the integration of x, g; contributes.

While the above discussions apply to the regret during the time interval 7o < ¢ < T, we can similarly
bound the regret during the stabilization period 0 < ¢ < 7. The difference is in the randomization
sequence wy,,n = 0,1, ---, which is reflected through the piece-wise constant signal v(¢) in (I4).
Therefore, it suffices to add the effect of v(t) to the one of the Wiener process W, and so Xy will be
replaced with (Sw + 02):

Regz (T0) < (Bw + 07) 7ol K — K (80)]*. (46)
Finally, @1), @2), @3), @4), @3), and [@6) together, we get the desired result. ]

B.3 Stochastic inequality for continuous-time self-normalized martingales

Lemma 8 Let z; = [mtT,ut ] be the observation signal and S, be as in @). Then, for the

stochastic integral ®; = f zSdW;—, we have
0
h (@j §{1<I>t) < A (Sw) {log det S, — log det io}. @7)

Proof. We approximate the integrals over the interval [0, ¢] through n equally distanced points in the
interval, and then let n — oo. So, lete = [t/n], and for k = 0,1, -+ ,n — 1, consider the matrix

1 ~
M, ZO + Z zlezl6
=0

Using the above matrices, for k = 1,--- , n, define oy, = z;—ﬁMk__llzke. Thus, we have
det M, = det [Mk—l (I + Mk__llzkez;)] = det (My—_1) det (I + Mk__llzksz;) .

Now, M, ', 242/ is a rank-one matrix, and so p + ¢ — 1 eigenvalues of I + M, ', 242/ except
one are 1, and one eigenvalue is 1 + 4. So, it holds that
det Mk
——— =1+ .
det Mk—l F
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Next, it is straightforward to show that

-1 T -1
M, =y zgez, M~y
T .
1+zk5M 1 Zke

_ —1 _
Mk I — (Mkfl + Z]“Z];re) = Mk_ll —

Therefore, we have

ai _ det My, — det My,
14+ap det M,

_ -1
2 M zhe = 2l (M1 + 2rez)e) Zke = o —
However, since for all @« € R we have 1 + a < e¢®, we obtain
zp M, ' 2y < logdet My, — log det My, ;. (48)
To proceed, let F, be the sigma-field generated by the Wiener process up to time ke:
Fr =F (W,,0< s <ke).

k
Further, define Ly = Y zie (W(i51)e — V\\/ie)T
i=0

So, we have
E[L] MLy =E [E [L{M,;lLk‘ka —E [IE [\IJZM;%’&H ,
where Uy, = Li_1 + 2k (W(k+1)€ — WkE)T. Since L1 is Fx—measurable, we get
E (L My L]
- E [L[_lM,glLk_l +E [(W<k+1)6 — Wie) 2) My 2 (Wisnye — Wie) | ‘]—"kH
= E[L]_{ M 'Li_1 + (20 M} " 21e) €Sw]

where in the last line above we used JFjp—measurability of z., M}, as well as the independent
increments property and the covariance matrix of the Wiener process. So, @8) implies that

XN(E[Lf M Li]) = N (E [Li_yM; Y Li—1]) < eX(Zw) (log det (eMy) — log det (eMy,_1)) .
Thus, summing over k = 1,--- ,n, we get

Y (E [L; (eM,) ™" LD <X (Sw) (log det (¢M,) — log det (eMp)) -

Now, consider A (LI (eM,) Ln). Since L (eM,)”" L, is positive semidefinite, its largest
eigenvalue can be upper-bounded by its trace, which implies that

E[X(LI (eMn)*an)] < E{tr (LT (M)~ 1Ln)]
RS
< pX( [LT (M)~ 1LnD
< pA(Zw) (logdet (eM,,) — logdet (eMy)),

where we used the fact that the linear operators of trace and expected value interchange.

Thus, Martingale Convergence Theorem [31]] implies that
A (L;Lr (eM,) ™" Ln) < p (Zw) (log det (eM,,) — log det (eMy))

Finally, as n tends to infinity, € shrinks and we obtain the desired result. |
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B.4 Anti-concentration of the posterior precision matrix in Algorithm 2]

Lemma9 In Algorithm we have the following for the matrix EA].,. that is defined in (B)):
liminf 7 1/2\ (ET) >\ (Sw).

n—oo
Proof.  First, we define some notation. Recall that during the time interval 7; < ¢ < T;41
corresponding to episode ¢, Algonthmluses a single parameter estimate 9 So, fori =0,1,---,

we use ®;, K;, A; to denote the sample covariance matrix of the state vectors of episode 7, and the
feedback and closed-loop matrices during episode 4:

Tit+1

o, = xix, dt,

K = -Q;'B/P(8;).

Zi = A+ ByK;.

So, it holds that
n—1
=Sr+ > Li®;L], (49)

i=0

_ |1
where L; = |:Ki:| .
Now, consider the matrix ®;. Note that according to the bounded grows rates of the episode (from
both above and below) in @, both 7,41 — 7; and 7, tend to infinity as ¢ grows. Thus, in the sequel,
we suppose that the indices n, 4, j, k that are used for denoting the episodes, are large enough. Similar
to (31), we have

Ti+1

o0
A; T T T Al
= /e 5 |:(Ti+1 —T)2%w + M; + M; +xr T, —xr T, | €7 ds,
0

where
Tit+1
So, using the fact that the real-parts of all eigenvalues of A; are negative and so ., ;41 can be bounded

with exp (A (Tig1 — Tl)) ., similar to @ as well as Lernrnal we obtain the following bounds
for the largest and smallest eigenvalues of @;

oo

. . . Zis ZTS
A@) 2 (i —TOA(Sw) A / Al gy | | 50)

(Tist — TN (Sw) 7“&
0

On the other hand, for the parameter estimates at the end of episodes, similar to @ we have

>
iy
N

(51

2‘1’_{2 (é\l — 00) = i},/? (é\fL — ﬁ-,-,i) + i.,__il/Q —0o + /zdeST
0

Note that by the construction of the posterior D, in (9], for the first term we have f].lr/ 2 (é\l - ﬁT) ~
N (0, Ip44). Further, for the second term, Lemma together with lead to

T

i;ﬁl/Q —00+/zdeST < (p+q)log'?r
0
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Therefore, we have
HE%? (01' —~ 00) H < (p+q)log'? 7.

However, using the relationship between ¥, and @, - - - , ®;_; in (#9), we can write

(p+q) logT; 2 (0 — 00) i (é\, — 00) > (é\l — 90) ZL D L—r (é\z — 00) ,

which according to the bound in (50) implies that

i—1

AEw) Y (Tjp1 -7 HL (9 —00)H (p+q)*log .
j=0

Clearly, the above result indicates that for j < ¢, it holds that

2 < (p + q)2 logT’i
~AEw) (T4 —T5)

H(@ - GO)TLJ» (52)

Next, we employ Lemmal6|to study hoe Algorithm 2] utilizes Thompson sampling to diversify the
matrices Ly, Lo, --. To do so, we consider the randomization the posterior D, applies to the

sub-matrix of the parameter estimate corresponding to the input matrix B;. That is, we aim to find
~ T ~ ~

the distribution of the random p X ¢ matrix (Gi - ﬁ.,.) [0’}: q] . Since 0; — fi, ~ N (0, E;}) ,

we have

o [oqu]T(@_ﬁ _)NN<0 [Org [OD N0 [5]), o
’ I, ‘ T g Ti | g U )

where {i;}} . is the ¢ x ¢ lower-left block in 33

Note that E.,.O is a positive semi-definite matrix. Therefore, it suffices to show the desired result for
E.rn — E.,.O, and so in the sequel we remove the effect of E.,.O by treating T as 0. So, to calculate
the inverse E.,_il, we apply block matrix inversion to

i—1 i—1
~ [i,} [ir] PIK TR IR 27 ¢l
Y. = ‘i iz — | J=0 J=0
T [i ‘ [i ‘ i—1 i—1 T ’
Tilon T 92 > K;i®; > K;®;K;
Jj=0 7=0
to obtain
~ P |  1—1 —~ . 1-1
R e R D S M D R D
t111 11 11 12 11
~ ~ -1 =
5, - -[]y [ ]e
t112 111 12
), = o
Ti oo v
~ ~ ~ =1 r.
o = [S] -[5] [5] [5]
22 21 11 12

The smallest eigenvalue of i.,. is related to that of £2;. On one hand, since Q;l is a sub-matrix
of E 1 sie, A (Q ) <A (E ) which implies that A (€;) > A (§T> Now, we show that the

34



839
840
841

842

843

844

845

846
847

848

849

850

inequality holds in the opposite direction as well, modulo a constant factor. Suppose that v € RPT4
is a unit vector, v = [VlT , VQT }T, 1 € RP and 15 € RY. So, after doing some algebra as follows, we
have

VTZ.,..I/ = V;r f).,. 1/1 + 21/1 {Zﬂ] vy + V2 {f).,.] " Vo

i

Il

N

S
ol

- _1 ~
T V1+2V1 E‘”} { }11 [Z“}mw

~ ~ -1 r~ ~ =1 r~
[ 5 e, e
21 11 11 11 12

~

- ~ ~ 71 ~
o .2”. 2227 v {E”} 2 [ZT'} {Z”} 1272

1 ‘111
o o1=1 e T
- <V1+ [E”]n {2”]12 VQ)

~ ~ =1~
5] (e 5, 5,
11 11 12
4+ vQus.

~ i-1
For the matrix {Zn} = > ®;, the smallest eigenvalue lower bounds in (30) lead to
11 =0

A ( [f).,.} ) 2 TiA (Xw). Thus, in order to show the desired smallest eigenvalue result for f).,.n, it
11

suffices to consider unit vectors v for which <T 1/ * holds. For such

~ -1~
v + |:E.,—1:| |:E.,-1:| 17}
11 12
. i—1 ~ i—1
unit vectors v, the expressions [En} =Y ®;and {Zn} =Y ®,K/, as wellas Lemma
11 =0 12 =0

that indicates that the matrices K; are bounded, |2 | needs to be bounded away from zero since
lr|? + [v2)® = |v|* = 1. Thus, we have

A9) = A (S) 2 A@0). (54)

Otherwise, the desired result about the eigenvalue of f),.n holds true.

By simplifying the following expression, we get

S (5 [0 7)o (1 - [5]) [B.)

§=0
= :Z;KJ(I)JKJT;Z;Kj(I)j [i,- }1_11 {27’}12
il T T“lA—lA T ~ 1-17~
- j_0<[27-1}11 {ZTI}m) (I)jKJ J'_J_O({ZTJ [ETi]12) ®; [Eﬂ} {27-1}12
- ~ =1 a =1 a T
- Bl L B B (B L) B
22 21 11 12 11 12 21
=1 T 11 a
o (B0 L) B LB
11 12 11 11 12
= Q.
However, we have
KJT - [ATL}:I F\JT‘LQ o [ZT‘L: (FET }11 K} —S@;J(,j) - [ET‘}71 S(I)k (K — Kx)
k=0 k=0
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We use the above expression to relate the matrices €2, €21, - - - to each others. First, let g, Uy, - - -
be a sequence of independent random ¢ X p matrices with standard normal distribution

Ui ~ N (Ogup, 1) - (56)

Then, since {i;l} = ;! and (53), we can let E; = 9;1/2\111-. Further, for j,k = 0,1,---,
“ 122
denote the B-part of the differences fiy, — [i; by
Hyj = [Ogxps Lo] (i — 115) -
Note that the above result together with (53)) give

O Ia) (O = 83) = Hig + 02w = 02w
We will show in the sequel that the above normally distributed random matrices are the effective
randomizations that Thompson sampling Algorithm [2]applies for exploration. For that purpose, using
the directional derivatives and the optimality manifolds in Lemma@ we calculate K, — K; according

to Hy; + Q,le/zllfk — Q;/Q\I/j. Plugging (52) in the expression for Ag, (X,Y) in Lemma@for

X Y] =6 0,
we have
/OO ’ [LT (0 _a')P@)JFP(é) (0 0 ) L'] etitdt 2 < (p+q)?logTs
0 k J k J J ~MACw) (i1 —T5)
and

P <§j) Y =P (@-) (ék - éj)T [Oz}Xq] -p (éj) (ij L0 Py, - Qj—l/wj)T

q

Putting the above two portions of Ag, (X,Y) together, since Uy, ¥, are independent and standard
normal random matrices, (54)) implies that the latter portion of Ag, (X,Y") is the dominant one. Thus,
according to Lemma [6] and the expression for the optimal feedbacks in (§), we can approximate
Ky — K in (53) by
~Q" (M + 9 2w - 0w, ) P (85).
—1i—1

We use the above approximation for the matrix {AT } Z P, (K; — K %) " in (33), letting the

episode number ¢ grow. So, the following expression captures the limit behavior of the least eigenvalue
of S, in Algorithm

n—1 [n—1 —1/2 —-1/2
0.0, o\ ((Hi+ QP — QP
lim 7?/2 Qu_ _ iy 3 § @kP(a) A
n—00 T A(ZW) n—o00 s Th

- 1/2 ~1/2 T
Tj+1 — Tj Z ( > Hk; + Q Uy — Qj \Ijj (57)
A (Zw) Tj+1 -7 \iz o4 ’

n

T

where
-1

n—1
O = lz @] Dy,
1=0

The equation in provides the limit behavior of the randomized exploration Algorithm 2| performs
for learning to control the diffusion process. More precisely, it shows the roles of the random samples

from the posteriors through the random matrices Q;l/ 2y g, for k=0,--- ,n — 1, which render the
limit matrix in (57) a positive definite one, as describe below.
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n—1__
Note that since Y, ®; = I, the expression
i=0

-
n—-1 _ R ij + Q;l/Z\I/k o Q;l/Z\PJ
Zcka (ej) ~1/4

k=0 Tn

. . . 1/4 —1/2 “1/20 \ "
is a weighted average of the random matrices 7 (H ki + QT - Q y \Ilj) . Moreover,

according to the discussions leading to (50) and (5I), the matrix (7,11 — 7;)~'®; converge as
j grows to a positive definite matrix, for which all eigenvalues are larger than A (Xw), modulo
a constant factor. On the other hand, because the lengths of the episodes satisfies the bounded
growth rates in (I2), the ratios 7,,' (7,41 — 7;) are bounded from above and below by o™~/ and
a(a +1)"77~1, and their sum over j = 0,--- ,n — 1is 1. A similar property of boundedness from
above and below applies to 7';1/ . /4, So, the expression on the right-hand-side of (37) is in fact a
weighted average of

n

-
n—1 N N ij + Q;I/ka _ Q;1/2\11j
Z P (05) —1/4 ’
k=0 k

forj=0,---,n—1.

Note that by the distribution of the random matrices in (36), all rows of

T
T}/ 4 (ij —|—Q,;1/ 2\1/k — Q;l/ 2\Ilj> are independent normal random vectors, implying

that these random matrices are almost surely full-rank. Therefore, 7, 1/ ’Q, converges to a positive
definite random matrix, which according to (54) implies the desired result.
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C Auxiliary Lemmas
C.1 Behaviors of diffusion processes under non-optimal feedback

Lemma 10 Let A B be an arbztrary pair of stabilizable system matrices. Suppose that for the
closed-loop matrix A = A + BK, we have X (exp (A)) < 1, and P satisfies

A P+ PA+Q,+K'QuK = 0.
Then, it holds that

por(@)+ [ (k20757 (9)) (Quk+ 5T (3)) Mar
0

Proof. Denote K (OA) =-Q, 1BTP (6 ( ) and A A+ BK (0) So, after doing some algebra, it
is easy to show that the algebraic Riccati equation in (3)) gives

T -~ ~N N\ T ~
A P(e) +P(0)A+QI+K(6) QukK (0).
~N T N N
Now, let® = KTQ, K — K (0) Q.K (0) , and subtract the above equation that P (0) solves,
from the similar one in the statement of the lemma that P satisfies, to get

(Z—il)TP(e)JrP( )(A A1)+ZT(P—P(§)) (P P( ))A+<I>—o (58)

Because A (exp (A)) < 1, by solving (58) for P — P <§>, we have

_ 7A (54 [ 5 (8)] 57 (8) + P (3) B[ (3)])

where the fact A — A = B [K - K (é\)} is used above. Then, using BTP( ) =—Q.K ( ), it
is straightforward to see

(5-5(0)) @ (k- (3))
- <I>+[K—K(é)}TETP(g)+P<§)]§{K—K(§)}, (59)
which leads to the desired result. ]
C.2 Behaviors of diffusion processes in a neighborhood of the truth

Lemma 11 Lesting (o be as defined in (10), assume that

AQY (oA AQ)
H§|Bo||||P(90)||< 72 A||P<90>||>‘ (60

oo
Then, for the Riccati equation in (3) which is denoted by P (0), we have HP (é) H < |P(6o)|. Fur-

thermore, for any eigenvalue X of A — BQ; BT P (é\), it holds that R (\) < =X (Q.) | P (80)] .

Proof. First, let us write Ag = Ay — BoQ;,, ' B, P (6o) and
Ay = A—BQ,'BJ P(80) = A + Ei,
where By = A — Ay — (E - BO) Q7 'BJ P (8g). Since r < p, (60) implies that F; satisfies

B S 72 o n )"
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So, letting M = Ao in @, Lemmaleads to the fact that all eigenvalues of exp (Zl) are inside

the unit-circle. Therefore, all eigenvalues of A; are on the open left half-plane of the complex plane.
Now, in Lemma let K = —Q;'By P(6p) and A = Ay, to obtain the matrix denoted by P in
the lemma. Since P satisfies

Q.+ K'Q.K = —A, P— PA, = ~A, P — PAy — B} P — PE;,
writing Lemmafor A = A, but replacing @, with Q, + ElT P + PE;, we have

o0
P = /eZOTt [Q: + KTQuK + E[ P+ PE,] ¢otdt.
0

However, according to (3], we have

[e )

P(6y) = /eZOTt [QJc + KTQHK] et 61)
0
Thus, it holds that

—|—/e o' [B) P+ PE] et
0

which leads to

dt.

n — 2
IPI < 1P 60)] + 211117 [ [
0

2 e
dt < 1. So, by Lernma we have HP <0> H <|P| S

/\

To proceed, denote the closed-loop matrix by A = A- §Q IBTp (5) and let the p dimensional

oo J—
We will shortly show that 2| E4 | [ Hert
0
1P (60)l.

unit vector v attain the maximum of Hexp(j)y , L.e., ||exp( j H = Hexp H Then, (6] for 0
(instead of O¢) implies that
PR PR ® =T PPN ~ PR =
HP (G)H > ,7p (0) y= /I/TeA ¢ [Qm P (0) BQ;'BTP (0)] Atudt.
0

N T~ ~ X
Therefore, \ <Qx + P (0) BQ;'BTP <0)) > A (Q.), together with the fact that the magni-

tudes of all eigenvalues are smaller than the operator norm, imply that for an arbitrary eigenvalue A

of A, we have

1P @0)l 2 [P (8)] 2 2(@u) [ 2*ran, (©)
0
which leads to the second desired result of the lemma. To complete the proof, we need to establish

that | By | [ HeZOt
0
in (60) implies the above bound. |

2 .
dt < 1/2. For that purpose, if we write (62)) for 8 instead of 8, the condition

C.3 Perturbation analysis for algebraic Riccati equation in (3]
Lemma 12 Assume that holds. Then, we have

[P (3) - peow)] < 21000

2 (1v [|Qz'BJ P (60)|) Héf OOH.

39



929

930

932

933
934

935

936
937

938

939

940

941

Proof. First, fix the dynamics matrix 6, and let C be a linear segment connecting 8¢ and 6:

C = {(1 — )by + aé}oéagl .

Let 0, € C be arbitrary. Then, the derivative of P (6) at 67 in the direction of C can be found by

using the difference matrices E4 = A Ay, Eg = B- By. Denote E = [E 4, EB]T. Then, we
find P (02), where 82 = 01 + €F, for an infinitesimal value of €. So, we have

P (01) B2Q, ' B, P (61)
= ¢P(61) EpQ,'By P (61)+ P (61) B1Q,' By P (61)
= O(€) +€P(61) EQ,'B) P(61) + €P (1) BiQ,'EL P (61) + P (61) B1Q, ' B, P (61).

Therefore, we can calculate P (62) BoQ;; ! By P (62). To that end, let P = P (62) — P (61), write
P (02) in terms of P, P (67), and use the above result to get

P (62) B2Q, ' B, P (6)
= P(62) B:Q,"'B; P+ P (62) B:Q, ' By P (61)
(”P” )+P (61) B2Q, "By P + PByQ, ' B, P (61) + P (61) B2Q, ' B, P (61)
= O(IPI?) + P (61) BQ; B] P+ PB.Q; B P (6)
O (€%) +€eP (61) EgQ, ' B P (61) + €P (61) BiQ,'EL P (61)
+ P(61) B1Q,'B{ P (6). (63)
Again, expanding As = Ay + E4 and P (02) = P (01) + P, it yields to
Ay P (62) + P (62) Ay
= A, P(01)+ Ay P+ P(0:) Ay + PA,
= A/ P(61)+€cEJP(6;)+ A; P
+ P(el)A1+6P(01)EA+PA2

To proceed, plug in the continuous-time algebraic Riccati equation in (3) for 61, 82 below in the
above expression:

AgP(82)+P(02) Ay = P(02)B:Q,'B) P(62)+ Q.,
A[P(61)+P(01) A1 = P(61)B1Q," B P(61) + Q..
So, we obtain
Ag P(62) + P (82) Ay — A P(61) — P (61) Ay
= €E P (01)+€P(01)Es+ PAy + A P
= P(62)B2Q,'B, P(85) — P(0,) B1Q, ' B P(6,)
= O(IPI?) + P (61) B2Q B] P+ PB2Q; " BY P (61)
+ O(€®) +€P(61) EgQ,'B] P(61) +€P (61) B1Q,'EL P (61),

where in the last equality above, we used (63). Now, rearrange the terms in the above statement to
get an equation that does not contain any expression in term of 85. So, it becomes

0 = [A] —P(61) BoQy'By| P+ P[As — BoQy' By P(61)] — O <||P||2) ~0 ()
+ €BAP(61) +cP(61) Ea — P (61) EpQ, ' B P (61) — P (61) B1Q,, ' EL P (61).
Next, to simplify the above equality, define the followings:
D = Ay—ByQ,'B; P(61),
K(61) = —Q,'B|P(6:1),
R = ¢P(61)|Ea+ Esk (91)] + E[K 0)" EJ, + EX]P (61) — O (&2).
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So, writing our equation in terms of D, K (01) , R, it gives
0=D"P+PD-0 (||P||2) +R. (64)
The discussion after (6] states that all eigenvalues of A; = A; — B1Q; ' By P (1) lie in the open left

half-plane. Therefore, if € is small enough, real-parts of all eigenvalues of D are negative, according
to Lemma(5] Therefore, (64) implies that

X(P) <X /eD”ReDtdt SIIRH/HGDtszt
0 0

So, as € decays, R vanishes, which bl the above inequality shows that P shrinks as € tends to zero.
Further, as e decays, D converges to A;. Thus, by @]), we have

o0

lim e ™1 P = /eﬂt (p (61) [Ea + EpK (61)] + [Ea + EK (61)]" P (el)) eAitde. (65)
0

Recall that the above expression is the derivative of P (0) at 84, along the linear segment C. Thus,
integrating along C, (63) and Cauchy-Schwarz Inequality imply that

Io(6) o] < [o-o

sup [P (62)|(LV K (6)]) [ [}
6,¢€C r

Finally, using Lemma|[T1] (61, and (62), we obtain the desired result. [ ]
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D Numerical Results

In this section, we provide further empirical results illustrating the performance of Algorithm[2)in the
settings of flight control, as well and blood glucose control. First, we provide box plots depicting
the distribution of the normalized squared estimation error and the normalized regret of Algorithm 2]
for X-29A airplane. Note that the corresponding worst- and average-case curves are presented in
Figure[I] Then, Figures [3|and ] provide the corresponding curves of estimation and regret versus
time as well as the box-plots, for Boeing 747. Finally, we present similar empirical result for learning
to control blood glucose level. As shown in the presented figures, Thompson sampling Algorithm 2]
clearly outperforms the competing reinforcement learning policy.
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Figure 2: The performance of Algorithm [2](blue) compared to Randomized Estimate policy (red) [2]
for flight control of X-29A airplane. The top box-plots are for the normalized squared estimation

~

2
’ 0, — BOH divided by p(p + q)7n/*log T, at times 100, 200, 300, 400, 500, and 600

for 100 replications. Similarly, the lower graph showcases the distribution of the regret Reg (T'),
normalized by p(p + ¢)T"/?log T

error,

Figure [2] depicts the box plot corresponding to Figure[I]that is for the flight control of X-29A airplane
at 2000 ft. In the following experiments, we keep the setting given in Section [] for the cost and noise
covariance matrices, and compare Algorithm [2]to Randomized Estimate policy [2].

Next, the empirical results of the flight control problem in Boeing 747 airplane at 20000 ft altitude
are provided [37]]. The true drift matrices of the Boeing 747 are

—-0.199 0.003 —0.980  0.038 —0.001  0.058
A — -3.868 —0.929 0471  —0.008 By — 0.296 0.153
7 | 1591  —0.015 —0.309  0.003 |’ 7 10012 —0.908
—0.198  0.958 0.021 0.000 0.015 0.008

Then, the blood glucose control problem is studied [41, 47]]. The true drift matrices are

191 -2.82 0091 —0.0992
Ap=|(1.00 —-1.00 0.00 |, Bp= | 0.0000 |.
0.00 1.00 —1.00 0.0000

Note that from a practical point of view, worst-case behavior are of crucial importance in this problem.
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Figure 3: The performance of Algorithm 2](blue) compared to Randomized Estimate policy (red) [2]
for the flight control of Boeing 747 airplane. The top graph plots the normalized squared estimation

~

2
0, — 6o H divided by p(p + ¢)Tn 1/2 log T, for 100 replications. Similarly, the lower graph

error,

showcases the regret Reg (T'), normalized by p(p + ¢)T"/?log T
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Figure 4: The performance of Algorithm|2| (blue) compared to Randomized Estimate policy (red) [2]]
for the flight control of Boeing 747 airplane. The top graph plots the normalized squared estimation

~

2
( 0, — BOH divided by p(p + ¢)7 "/ log 7, at times 100, 200, 300, 400, 500, and 600

for 100 replications. Similarly, the lower graph showcases the regret Reg (T'), normalized by
p(p+q)T?logT.

error,
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Figure 5: The performance of Algorithm|2| (blue) compared to Randomized Estimate policy (red) [2]]

for the the blood glucose control. The top graph plots the normalized squared estimation error,
—~ 2

HOn - OOH divided by p(p + ¢)7n 1/2 log 7, for 100 replications. Similarly, the lower graph

showcases the regret Reg (T'), normalized by p(p 4 ¢)T"/?log T.
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Figure 6: The performance of Algorithm 2](blue) compared to Randomized Estimate policy (red) [2]
for the the blood glucose control. The top graph plots the normalized squared estimation error,

R 2
HOn — GOH divided by p(p + q)’r;l/2 log 7, at times 100, 200, 300, 400, 500, and 600 for

100 replications. Similarly, the lower graph showcases the regret Reg ('), normalized by p(p +
Q)T ?1log T.
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