A Directed EquiTopo Graphs

A.1 Construction of a D-EquiStatic graph

A practical method to construct a D-EquiStatic weight matrix W is provided in Alg.[3] We should
mention that the “while" loop in the algorithm is adopted to guarantee [|[IIW ||, < p.

Algorithm 3: A practical method for D-EquiStatic weight matrix generation

Input: Network size n; desired consensus rate p € (0, 1); probability p
Set M = [% ln(2n/p)—‘ and initialize W = I;

while |[IIW |, > p do
Sample M i.i.d random variables w1, us, . . ., ups uniformly from [n — 1];
Generate basis weight matrices { A(“)}}  according to (@));

Construct W by (3);
end

Output: The D-EquiStatic weight matrix W and its associated basis indices {u;}};

A.2 Proof of Theorem[]]

Before showing properties of W defined by (3), we provide two lemmas as follows.

Referring to Theorem 1.6 of [32], we have the following result for a sequence of random matrices.

Lemma 1 (Matrix Bernstein) Consider a sequence of K independent random n X n matrices
{M;}K . Assume that each random matrix satisfies

E[M;]=0, and |M;|2 <R almost surely.

Define
K K
ot = max (|| S0 B 0 BT b ).
It holds that . .
(|25, 20, 29) < e (- ). oz

Lemma 2 For any matrix B = [b;;] € R"*", it holds that
1By < max{| B, , [ Bll.}-

Proof. By definition,

IBl, = sup z'By.
lel<Liyl<1

Moverover, for all [|z| < 1, |ly| < 1, we have

(2" By)* < (D Ibisle?) (D bisly?) < IBIl |1 Bl -
i,j

%,
Thus, Lemma 2] holds. O

Theorem (Formal restatement of Theorem Let A™) be defined by @ for any u € [n — 1] and

the D-EquiStatic weight matrix W be constructed by (3) with {u;}}, following an independent and

identical uniform distribution from [n — 1]. For any size-independent consensus rate p € (0,1) and
2

probability p € (0,1), if M > % In =% it holds with probability at least 1 — p that

ITWa| < p|a], Vo € R". (10)
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Proof. Notice that
E[A“)) =J, Vie{1,2,...,M}.

Since each A is doubly stochastic, it follows from Lemmathat

=] = ] <]
2 2 2
Consequently,
M M 9
(ui) _ (uwi) _ 7\T < H (us) < M.
38fJa) - gy | S mac |} <

Analogously, "M E[ H(A(“q‘) —N)T(AM) - J)Hz] < M. By Lemma ,

P(|W —J|, > p) :IP’( Hzfl(mi) _J) 2 Mp)
M2 22 M2 22
<2nexp ( — m) < 2nexp ( — m) <p,

ie.,
P(IIW |, <p) >1—p.
Note that ITW = IIWIL If [IIW||, < p, then
2 2 2 2 2
MIWe|” = [IWz|” < [IW|; |TLz|” < p* |Mz|”.
Therefore, the conclusion holds. O
The relation M > % In(2n/p) is required for theoretical analysis, and it is very conservative. In

practice, we can set M to be far less than % In(2n/p) and repeat the process described in the formal

version of Theoremﬂ]until we find a desirable W (see Alg. EI) In addition, the verification condition
|[TIW ||, < pin Alg.[3|can also be dropped in implementations so that we only conduct the “while”
loop once. We find that these relaxations can still achieve W with an empirically fast consensus rate
(see the illustration in the experiments).

Remark 7 We have much flexibility in the choice of p, such asp = 1/2 0orp = 1/n. Ifp €
(1/poly (n), 1), the corresponding value of M will only differ in constants.

A.3 Proof of Theorem[2]
Due to TLA™) = A®ITT = TLA“)TL, it follows from Alg. [1] that
2 2
B[ |mw e | <[ (0 -n1+nat)e]

2 2 T (ve) 2 (vt) 2 2
< (1= n)? [Ta | + 29(1 - ) (Ha) E[MA Iz + ?E| |4« ] 1|

Notice thatE[A(”t)] = W and |[IIWy| < p|Iy], Yy € R™. Therefore,
2
E[|[mw®a| ] < ((1=m?+ 20000 — ) + ) | T
— (1= 29(1 = y)(1 - p)) |TTz|>.
The proof is completed. U

B One-Peer Undirected EquiTopo Graphs (OU-EquiDyn)

B.1 Illustration for basis graphs of OU-EquiDyn

The associated graph of Zl(u)

exist non-one-peer graphs.

Consider n = 6. The OU-EquiDyn graphs generated by Alg. 2|(when s = 3) are presented in Fig.

= 1(A™ + [A™]T) with n = 6 are given in Fig. [7| Clearly, there
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Figure 7: Undirected graphs generated by A
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Figure 8: One-peer undirected graphs generated in Alg. with s=3andu=1,...,5.

B.2 Node version of Alg. ]

From the node’s perspective, an equivalent version of Alg.2]is presented in Alg.[4] In the remainder
of Appendix B} we denote |z as the largest integer no greater than . We also denote the traditional
mod operator as

mod(a,b) =a—b- L%J .

If vy = n/2, every node i is connected to node (i + n/2) mod n for Alg. [2| which is the same as
Alg.[]

If vv» < 5, then ¢ = v. In Alg nodes {s;,s; +1,---,s;+q—1} mod n
are connected to {st+¢q,st+q+1,---,8:+2¢—1} mod n, respectively. If j €
{st+q,8¢+q+1,--- 8t +2¢— 1} mod n, then new edges cannot be added because they
have been connected. Similar process starts from connecting node (s; + 2¢) mod n with node
(st + 3¢g) mod n, and as a result, for v; < 3, Alg. can be interpreted as follows: divide [n] into ¢
disjoint subsets:

Co={ienl:i=(ss+L+d-q)modn, deZ}, 0<{<q.
Equivalently,

-1/
C’g:{ie[n}:i:(st+€+d-q)modn,0§d§ VL(JJ}

For node i, we define k(i) = mod(i — sy, n), d(i) = [k(i)/q] and r(i) = mod(k(i),q). Then,
i € Cpyand i = (sy + (i) +d(i) - ¢) mod n.

In each Cy, s; + £ is connected with s; + £ + q, sy + £ 4+ 2q is connected with s; + £ + 3¢, .... Thus,
if |Cy| is even, every node in Cy has a neighbor. If |Cy| is odd (equivalently, V—THJ is odd), the
node ¢ 4 q - {"’THJ is idle and the others has neighbors.

Define

Cy, if {%—’v’J is odd
Cr = n—1-1/
{i €n):i=(sg+€+d-q) modn, 0<d< {qJ}’ otherwise.

Then, node 4 has a neighbor if and only if it is in the set C/. ()" In addition, for node i in C. (i) it is
connected to (i + ¢) mod n if d(7) is even; and connected to (i — ¢) mod n if d(¢) is odd.
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Algorithm 4: OU-EquiDyn weight matrix generation at iteration ¢ (from nodes’ perspective)

Input: 7 € (0,1); basis index {u;, —u; }*L, from a weight matrix W € R"*" of form (3);
Initialize A = [a;;] = I;
for node i = 1 to n (in parallel) do

Pick v; from {u;, —u;}}, and s; € [n] uniformly at random using the common random

seed;
if v; < n/2 then
q = Ut;

k(i) = mod(i — s, n);
end

else

g=n—uv;

k(i) = mod(i — st + q,n);

end
r(i) = mod(k(2), q);
d(i) = [k(i)/al;
if [((n—1—r(i))/q] isodd or d(i) < |[(n —1—1(3))/q] then
if d(7) is even then
j=(i+q) modn;
end
else

‘ j=(i—q) modn;

end
a;; = (n—1)/n;
a;; =1/n;

end

end

Output: W(t) =1-nI+nA

In Alg. (4 we compute (i) and d(i) firstly, and then check whether node @ is in C7 ). If i € C7 ;)

and d(i) is even (odd) , then it is connected to (i + ¢) mod n ((i — ¢) mod n). Otherwise, node i is
idle, i.e., a;; = 1. This yields the equivalence between Alg and Alg. for the case of v; < n/2.

If v; > n/2,let g = n —v; < n/2. Then the nodes in {s¢,s; +1,--+,5: +¢— 1} mod n are
connected to the nodes {s; + vy, s + 1+ vg, -+ , 8t +¢— 1+ v;} mod n respectively. Note that
(i+v:) mod n is equivalent to (i — ¢) mod n. Then, equivalently, nodes {s¢, st + 1, -+ , s8¢ + ¢ — 1}
mod n are connected with {s; — ¢,s; —q+1,--- ,8; — 1} mod n, respectively. Similar process
starts from connecting node (s; + 2¢) mod n with node (s; + ¢) mod n. Then, the undirected graph
generated with the starting point s, and the label difference v; > n/2 is equivalent to the undirected
graph generated with the starting point (s; — ¢) mod n and the label difference ¢q. So by setting
k(i) = mod(i — (st — q),n), the proof follows by similar arguments for the case v; < n/2.

B.3 Proof of Theorem{

We first provide the following three lemmas. In the remainder of Appendix [B] for any matrix
A = [a;5] € R™*™, we denote its edge set as

E(A) ={(i,j) € [n] x[n] - ai; >0, i #j}.

- @] € R™". Note that

Denote the matrix A generated at the ¢-th iteration of Alg. by Zl(” i

~ (@) . . o . .
A" is also stochastic even when v; is given since s; is randomly chosen from [n].
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Lemma 3 For any n > 2, it holds for ;1(%) defined by Alg. that it holds that

E[le@")] = 2.

Proof. Because |€ (Z(m))| is invariant with respect to s;, it suffices to prove |€ (21(””)| > 2n/3 for
St = 1.

For v; < n/2, we define m = [n/(2v;)| and r = mod(n, 2v;), then, m > 1. Notice that node i is
connected with ¢ +v; forany i € {£+2dv; : 1 <l <w, 0<d < m}.

If » < vy, then the last r nodes are idle. As m > 1, we have n = 2vy;m + r > 2v; + r > 3r. Thus,
(ve) 1 2

)| >n—r>n—-n=-n.

3 3
If r > vy, then node 7 in {2mv; +£: 1 < ¢ <7 — v} is connected to ¢ + v;. As a result, only
the nodes in {2muv; +£: r — v, +1 < € < v} are idle, i.e., 2v; — r nodes are idle. We have
n = 2muv; +r > 3v; fromm > 1 and r > v,. Consequently,

(A

~ (ve)

£(A

| Do

zn—(2v—r)2n—v 23

n.

We have shown \S(E(vt)ﬂ > 2n for v, < n/2.

For v; > n/2, recall that we have shown in Appendix that the undirected graph generated with
label difference v; and starting point s; equals the undirected graph generated with label difference
g =n — vy < n/2 and starting point (s; — ¢) mod n. Since the number of edges is invariant with
the starting point, the case v; > n/2 has been reduced to v; < n/2. This completes the proof. [

Lemma 4 For any symmetric matrix B = [b;;] € R"*", if B1,, = 0,,, then

1
T n
' Bz = -5 ;j bij(v; — x;)?, Yz € R™

Proof. The i-th entry of Bz is
[Bx]i = Zbijmj = bijz; + Z bijr; = Z bij(x; — ;).
J J:jF#i J

Hence,

.’I)TB:B = mel'z(dij - .Ti).
i,

Due to BT = B, we have

QJTB:B = wax](xz — lL’j).
,J

Averaging the above equations yields the result. |

Lemma 5 For any n > 2, it holds for Z(vt) that

~ (vr)

1 1
< Z - (ve) (ve 1T
E[A ]_3I+3<A +[40I)T)).

Proof. If v; = n/2, then ;1(%)

A®™) < T. Thus,

= AW = [AI]T By Lemma@ zT (I - A(”t)) x> 0,ie.,

~ (v1)

1 2
— Ave) < = z (ve) (veNT
A AV = 3I+ 3 (A + [AY"] )
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Consider v; # n/2. Notice that S(E(vt)) c £(AP) +[AMI]T) and |£(AV) 4 [API)T)| < 2n.
By Lemma [3]and the fact that s, is from the uniform distribution over [n], it holds for any (i, j) €
E(AM) +[APIT) that

PlGi,j) € €A™ > S ElIE@™)] > 5.

By the construction of Zi(”f) in Alg.[2]and A in (2), the non-diagonal and non-zero entries are
"T‘l. It follows from Lemma@that for any x € R", we have

"’('Ut) n—1

’ - R 2
zTEI-A "z = o E Z (@ — ;)
(i,5)€E(AD)
n—1 o ~ (w)

(4,5)CE(AMD) L [AWD]T)
n—1
= 6n Z (x; — xj)z
(i,§) EE(AD) L [A(vD)]T)

= émT (21 — AW [A(”f)]T)a:.

Rearranging the terms, we derive

E{Zl(m}j T4 o (A0 4 [A0O)T).

W
Wl

This completes the proof. ]

Proof of Theorem It follows from Lemmal[3] that
~ (v¢) 1 1 1 2 ~
E[A } <1 —]E[A("‘) A T} —I+-W.
-3 + 3 +1 ] 3 + 3

Consequently,

o o] ] = E[jrx(c1 -z +02")e] ]

~ (ve) ~(ve) |2
< (1= n)* [Ta | + 2n(1 - n) (Ma) B[4 ]I + o [|A"]| ] |TLa|*.

Combining the above two inequalities, we derive

B[] < (- + 20— )+ 2not — ) ) T

= (1— 00— m)(1 - p)) [ Ta*.

Thus, the proof is completed. ]

B.4 An alternative construction of OU-EquiDyn

Alg. [5] provides a different way to construct one-peer undirected graphs which achieve a similar
consensus rate as the graphs generated by Alg. [2but with a different structure.

We denote the matrix A generated at the ¢-th iteration of Alg. by A = [angt)] € R™ "™, Next,
we explain the motivation of Alg.[5] ‘

Denote ged(a, b) as the greastest common divisor of a and b. Let d = ged(ve, n) and 9, = vi/d,
7 = n/d. Then, ¥; and 71 are coprime.

Firstly, we divide [n] into d disjoint subsets:

Cy={ie[n]: mod(i —s;,d) =}, 0<{<d.
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Algorithm 5: Alternative OU-EquiDyn weight matrix generation at iteration ¢ (from nodes’
perspective)

Input: 7 € (0, 1); basis index {u;, —u;}}, from a weight matrix W € R of form
Initialize A = [a;;] = I;

for node i = 1 to n (in parallel) do

Pick v, from {u;, —u;} and s; € [n] uniformly at random using the common random
seed;

Compute d = ged(ve,n) and find 1 < b < n/d — 1 such that mod(b - v, n) = d by
Euclidean algorithm;

Set i = n/d, and m(i) = mod(| (i — s¢)/d] - b,7n);
if 7 is even or m(i) < i — 1 then
if m is even then
‘ j = (i +v) mod n;
end
else

‘ j = (i —v) mod n;

end
a;; = (n—1)/n;
ai; =1/n;

end

end

Output: W(t) =1-nI+nA

Cy|l=n/d=n,v0<{<d.
‘We claim that

Clearly,

Co={sy+L+mv,modn: 0<m<n}, 0</{<d. a1

To proof the claim, we denote the RHS of (TT)) by 5’@. Since v; can be divided evenly by d, for any
i € Cy, it satisfies mod (i, d) = mod((s; + £), d). Combining with the fact that C, C [n], we have
Cy C 6@.

Then, since 7 and ¢ are coprime, for any 0 < m; < may < 71, mod(my9;, 1) # mod(maody, ).
Then, mod(mvs, n) # mod(mavs,n). Thus, @‘ = i = |C|. Combining with C, C Oy, we
have C; = 6’@.

The above analysis also implies that for each i € O, there exists a unique 0 < m(i) < d such that
i = (st + £+ m(i)vy) mod n.

By (TT), a natural way to construct one-peer undirected graphs is: in each C', connect s; + ¢ with
st + £+, connect sy + £+ 2v; with s, + £+ 3vy, ... Equivalently, 4 is connected with (i +v;) mod n
if m(7) is even and connected with (i — v;) mod n if m(7) is odd.

In this way, if n is even, every IlOdE in Cy has a neighbor, V0 < ¢ < d, i.e., every node in [n] has a
neighbor. Equivalently, a node ¢ € C'y has a neighbor if it is in the set
— { Cy, if 7 is even

Ce= {(st +€+mvy)modn: 0<m<n—1}, if nis odd (12)

To give a practical way of the process described above from each node’s perspective, for each
node i € Cy, we provide a more efficient way to ‘compute the unique 0 < m(i) < 7 such that
i = (st + £+ m(i)v) mod n. Firstly, for each ¢ € C', since £ = mod (i — s;, d), we have

i= (st +0+|(i—s)/d]-d) modn.
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Then, by Bézout’s theorem, since 72 and ¥, are coprime, there exist integers 1 < b < 7 — 1 and ¥’
such thatb- vy + b' - n = d. The pair (b, b") can be computed by the Euclidean algorithm in O(In(n))
time. Then,

(i —st)/d] -d=|(i—s)/d] - (bvg +b'n).
Deﬁne_m(i) = mod([(i_f s¢)/d] - b,n), then, we have (| (¢ — s¢)/d] - d) mod n = m(i)v; mod n,
Thus, i = (s; + £ + m(i)v;) mod n.

In Alg. [5} each node ¢ computes 72 and its m(2) firstly. If 72 is even, every node has a neighbor. If 7 is

oddbut m(i) <7 — 1, theni € C; where { = mod (i — s¢,d), i.e., ¢ also has a neighbor. In this
way, each node can determine whether it has a neighbor in this iteration. If node ¢ has a neighbor, as
we have described above, it is connected with (i + v¢) mod n if m(4) is even and (i — v;) mod n
otherwise.

The following lemma is used to prove Lemma[7]

Lemma 6 Let d = ged(ve,n), then

—(ve) n 2n
E[EA"™)] = (2d)- | 55) = 5

Proof. Define C and C as in (TT) and (T2). If n can be divided by 2d evenly, i.c., |C | =7 is even
—(ve)

(@) =n=d)-[2].

If n cannot be divided by 2d evenly, by (I2)), in each C/, there is one node idle in this iteration. Then,

we also have ’5 w))’ =n—d=(2d)-|%]|. Asd = gcd(v;,n), we have n = (2k + 1)d, with
k € Z. Since v; can be divided by d evenly and v; < n — 1, we have d < n. Thus, & > 1, i.e.,

for any 0 < ¢ < d. Then, every node has a neighbor, i.e.,

n > 3d. Then, (Z(Ut))‘ =n—-d>n-1%= %n
Since the above analysis holds for arbitrary s; € [n], the lemma is proved. |

The following lemma follows by similar arguments with Lemma 5]
. *(Ut) . .
Lemma 7 For any n > 2, the output matrix A" of Algorithm|2|satisfies
EA"] < I + (A(’“ [AUI]T)).
The following consensus rate for Alg. [5]is proved similarly to Theorem [4}

— —~(t
Theorem 7 Let W be a U-EquiStatic matrix with consensus rate p, and W( ) be an OU-EquiDyn
matrix generated by Alg.[3] it holds that

{Hnw z } (1— 777(1 —n)(1—p)) ||, V& eR"

C Applying EquiTopo Matrices to Decentralized Learning

C.1 Convergence of DSGD for strongly convex cost functions

We assume that f;(x) is p-strongly convex for any i, i.e., there exists a constant ;1 > 0 such that
I
fily) = filz) + (Vfi(z),y — =) + 5 ly —=|*, Vo,y € R™.

As we have tested the performance of DSGD with EquiTopo matrices for strongly convex cost
functions, we attach the following convergence result of the algorithm (8)). The proof follows by [12}
Theorem 2] (or Appendix A.4 therein) and is omitted here.
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Theorem 8 Consider the DSGD algorithm (8) utilizing the EquiTopo matrices, and f; being p-
strongly convex for all i. Under Assumptions A.1-A.3, it holds that

‘ o] A o? kB> K[3b? 1 (1-p)T
Zh E|7®) f(w)}_O(ﬁ+(1—B)T2+(1—B)2T2+1—56Xp(_ )

_ A . . . I . t) t
where k = L/, ( ) hides constants and polylogarithmic factors, positive weights h®*) = (1-8),
and Hr = Zf o h®). Furthermore,

* 8 = p with D-EquiStatic W or U-EquiStatic W
e B =+v{1+p)/ for OD-EquiDyn w® (Alg. Iwnh n=1/2), and 8 = /(24 p)/3 for
OU-EquiDyn W ) (Alg. |2 Iwzth n=1/2).
C.2 Transient iteration

The computation of transient iteration.

For nonconvex cost functions, the convergence rate of () is given by

[HW N =0l Téffi;); i Tﬁ(ﬂlsisﬂ)g T 5)

To reach the linear speedup stage the iteration T has to be sufficiently large so that the \/ nT-term

o ,8303 o [331)3 o
VT = Ti(-pF VAT 2 Tha_p3 and moreover, T = 7 iz Then

2
T > = 5)2 =, T > (15 %)Z s, and T > (lfﬁw Substituting 3 into the inequalities, transient

iterations under different networks can be computed. Similar methods can be adopted for the transient
iterations of the distributed gradient tracking algorithm.

dominates, i.e.,

Under different network topologies, for non-convex and strongly convex cost functions, convergence
results and transient iterations are shown in Table[3]and[d] The results indicate that the proposed
networks are at faster rates.

Table 3: For non-convex cost functions, per-iteration communication and convergence rate comparison between
DSGD over different topologies. The smaller the transient iteration complexity is, the faster the algorithm
converges.

Topology Per-iter Comm. Convergence Rate Trans. Iters.
Ring o(1) Oy +nigt + nled 4 o) O(n'1)
Torus o(1) (\/ﬁ i‘g% + ”fé% + 7 O(n")
Static Exp. o) O+ %T%)“% 4t T(g)”% +50) O (n)
0.-P. Exp. 1 0( =+ “%;"%)"% + T<”>b + ‘“;")) O(n3In*(n))
D(U)-EquiStatic O(In(n)) O( =+ ; + ; + %) O(n?)
OD (OU)-EquiDyn 1 O( s = %) O(n?)

C.3 Decentralized stochastic gradient tracking algorithm

We write local variables compactly into matrix form, for instance

X0 = of0s o o8] s, TR(0) = [0 (o) o 5 (a0)] e m
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Table 4: For strongly convex cost functions, per-iteration communication and convergence rate comparison
between DSGD over different topologies. The smaller the transient iteration complexity is, the faster the
algorithm converges.

Topology Per-iter Comm. Convergence Rate Trans. Iters.
Ring o(1) @(% + ””T?Z + “glzbz) O(knd)
Torus o(1) @(% + ";‘2’2 + "’%221’2) O(kn?)
. A o kIn(n)o? & 1In%(n)b? A 2
Static Exp. O(In(n)) O\ +—7— +—7= O(knln®(n))
A o3 kIn(n)o? 1n?(n)b? A 2
O.-P. Exp. 1 O 2 + —p— + —= O(knln®(n))
D(U)-EquiStatic O(n(m)  O(Z+ 5% +5%) O(kn)
OD (OU)-EquiDyn 1 O(gz + 5 +455) O(kn)

The matrices Y ¥, G® € R"*? are defined analogously. We also denote V F' (X(_l)) =GV =
0 for notational simplicity.

Clearly, the DSGT algorithm can be simplified as
x (t+1) w® —'yW(t) x® 0
(Y(t+1)> = ( 0 w® ) (Y(t)> + <G(t+1) _ G(t)) : (13)
For simplicity, we define
wik) — wk ... W(j), Vk > j >0,

and moreover, W %) = T for ji>k.

Notice that

w (k) —’YW(k) w ) —VW(j)
0 w () 0 w @)

w k) v (k—j+1) w k)
0 w k) :
Consequently, it holds for all ¢ > 1 that

t—1
X0 = w0 xO _ 53 ¢ j) W=D (Gm _ G(j—l)) . (14)
j=0

Moreover, we have two inequalities as follows.

Lemma 8 Foranyt > 1and B € (0,1), we have

252(t-1) €1 a1 2gt—1 C2 1+ﬁ)t1
t°p §(1—6)2ﬂ , B §(15)2(2 )

where ¢c; = 4, co = 16.
Proof. Define r(z) = 223%~1, where 2 > 1. Then, for the first inequality, it suffices to show that
r(z) < c1/(1—pB)? forz > 1. Due to /(z) = 2B~ (2 + xIn B), r(z) attains its maximum at

Ty = max{l,—ﬁ

If —ﬁ > 1, by combining with the fact that In 5 < § — 1 < 0 for 5 € (0, 1), we have

2 nxr—1 _l :i_%_l 4 4
=8 <r<lnﬁ> wa? " S S opr
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If—ﬁ < 1, then

20x—1 __ _ 4
z°p —r(l)—lgi(l_ﬁ)z.

The second inequality follows by similar arguments and the fact that /5 < # The proof is
completed. (Il
The following lemma is a generalization of Cauchy-Schwartz inequality. Its proof follows by using

|4+ BIE < LI A2+ 25 [ BIE (@ € (0,1)) repeatedly.

Lemma 9 Consider a sequence of matrices {B;},~ . If a1, a2, ++ ;o > 0and Y 1w a; < 1,
then

m 2 m 1
2
| E B;|| < E EHBi“F'
i=1 P i=1 "

We define a potential function as

o0 -4 g [HHX H | 4 L6en?
(1-5)° Flo(1-p) )
t—1 t—j—1
1 ) ) 2
462’}’ 42( +5> E{HVF(X(J))_VF(X(J—l))H }7 vt > 1,
j=0 ¥
and moreover,
2
0 = % H <o>H2 LGerny” o 16)
(1-5) Fo(1-p)

The following Lemma [T0] and Lemma [IT] are used to prove Lemma [I2] Theorem [§] follows by
combining Lemma [I2] with the descent lemma (Lemma|[T4).

Lemma 10 Consider the DSGT ). Let Assumptions A.1 and A.2 hold. If { W(t)} - have
t>
2
convergence rate 3, i.e., E [HHW(t)yH ] < p? ||Hy||2f0r any y € R", then

{an H ] 5<1><t>, vt > 0.

Proof. The case t = 0 follows by definition directly.
For t > 1, we define

Q) — WwO:(t-1) x (O _ vti (t — ) WD) (VF(Xm) _ VF(X<J>1>)) ’
=0
and J
QY — —WZ t— §) W= (Gm _VF(XW) - gUu Y 4 VF(X(j‘l))) ,
Recalling (T4) gives
X® = Q1) 4 Qt2),
Then

2 2 2
e[ ] < 2e o ] 2 Jmee .
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Rearranging Q" yields

QY — _ 4 wt=D (G<t—1> _ VF(X“—U))

. (=) WU — ¢ —j 1) WD) (60 - vF(X D)),

By Assumption A.2 and the assumption on consensus rate, we have

s [mee)]
F

=K {HH WD (U - vF (X)) Hi]

t—2 ) ) ) ) 2
b2 ZE [H (- HTIWEED) = j - ymw G0 (g0 —vF(x D)) HF]
2
<~23°E H (=) _ R (x¢D) H 2374t 2t—j-D H O _vF(x9 H
<y*B°E [ GV —VF( +v Z )23 GY -v ).
<dn? 2]262(]‘—1)0_2.
j=1

By Lemma 8] we have

2 2 32(5-1) 52 neiy? J=1 452 nay?
ny j“pB < I3 < o°.
jzl (1-87 = Z a-p°

As a result,

“’HQ“ 2)H } Lin_CI;;?)JQ'

Moreover,

2]

1 2
< & |[mw e x| ]
(1-p8)p [ F

-1 o (t— j)? 4 4 ' )
+ Z (177 5 53—3‘—1E [Hnw(J=(t—1)) (VF(X(J)) _ VF(X(J—l))) HF:|
j=0

t 2
S(lﬁmE MHX(O)HH =5

> (t—4)* B MVF(XW) —VF(XUV) Hﬂ
0

J

~+

2

<l S () e e -oraen)]

1-8)° 5\ 2

where the first inequality follows by Lemma|§| and the fact that (1 — ) 3" =0 (7 < 1, the second
inequality is by the assumption on consensus rate, and the third inequality is by Lemma ]

Therefore, the conclusion holds by the definition of o), O
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Lemma 11 Consider the DSGT (). Let Assumptions A.1 and A.2 hold. If v < L, it holds fort > 0
that

2
E {HVF(X““)) - VF(X(t))"F]
2 2 2
<6n72L°E [HW (:z:“))H } +9L°E [HHX“)HF} +3L°E [HHX(”UHF} 43421202,

Proof. Clearly,

E MVF(X““)) ~VF(X") Hj‘} <3E [HVF(X““)) ~vF(x") HH
+ 3E {HVF(X““)) —vF(x") Hﬂ +3E [HVF(X@) ~vr(x") HH .

It follows from Assumption A.1 that

E [HVF(X““)) - VF(X“))HH

a7
e
Notice that by induction, 31, y® =37 g, Recalling @) gives
2D _ 20 _ % Yy = % R
i=1 i=1
R o P (D) Tt (50 O o (0
n;ﬂﬁﬁ@:)+(vﬁ@i) V(@) + (1" = vsi(al")) | (18)
n
_ ) 4 (z® ® (®)
191(a) + 13 [(VAel”) - V@) + (o - Vilal?))
By Assumptions A.1 and A.2, we derive
2
E {Hm(m) 0 ]
2 z) (1) |y
=1?E Z;(Vﬁ ~Va@ED))| |+ (19)
2 5 2.2
<29°E [va(a:“))H ] Nl {HHX“) ] +17
n P n
Due to vy < 1, we have
2 2
E[HEWH>_@aw1 gng[vaﬁﬁwuj_%2E[W1qu2]+7%f, 20)
n F n
Then the conclusion follows (I7), 20) and HX(tH) - x" L= |z — 2 ||2 O

Lemma 12 Consider the DSGT (). Let Assumptions A.1 and A.2 hold. Suppose that { W(t)} -
t>0

have consensus rate 3 and y € R™. If 480’ L? 1 ppopn

a-p S
T
S E {HHX“)
t=0

472
2} <200 4 4802”7 L ZE[HVf (t—1) HT MHVF X(O))H
F (1_ F
24 L2 1

c2Y (T +1) o2 4 6cln’y

T 1-8)°

(T +1)0°.
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Proof. By the definition of ®®) in (T3], we have that for ¢ > 0,

P+ < <1+5> a4 e’ E{HVF (x©) — vF (x| } L Sam® g
(1-58) (1-5)
Then, for ¢t > 0, by Lemma[I0]and 1)), we have

E Hﬂx(t) 2 <ﬂ¢)(t)
F| — 2
<o _ gt+n . A E[HVF (X®) - vF(x® H] 8617””3 2
(1-p8)* (1-0)

For t > 1, by Lemma|TT] we derive

472
E {HHX(t)Hi] < ®M _ lt+1) | 24(15271;)1/ E [va(m(tl)) HQ}
272 272 2
+ e et + e e @

12¢079*L? ,  8ciny?
70+ 30
(1-5) (1-5)

It follows by the definition of ®(*) that

2
oM < ( +5) o 4 740” HVF X(O))H 4 Bant
B Py
By Lemma|[I0] we obtain
B

HHX(O)H2 <1050 < g0 _ g Acr ‘
P2 a (1-p)*

8017172 9
— 0. 2
Paopp

Taking sum on both sides of (22)) and noting that 4?1”7 )L <1, T+ > 0, the lemma is proved. OJ

Lemma|[T3]is standard in the analysis of gradient tracking methods. We attach its proof for complete-
ness.

Lemma 13 Consider the DSGT (). Let Assumptions A.1 and A.2 hold. If v < 4L, then
’L
elsaen)] <u[se)] - e [[ore)]] + e Jmeo) ] e
n

Proof. By Assumption A.1, we have

E [f(i(m))} <E [f(:‘c(t))} ~E [<Vf(:f:(t))aa‘:(t+1> - :i:“)ﬂ + %]E [Hi(f*” - ;E“)m .

It follows from (9) that

E [<Vf (j(t)> LBt+D j(t)>]
(57(6) wrta0) + 15 (0106 1000 )

i=1

20z [osa)|] - 32 U!w<w<“>\ﬂ -3 Y e ([9se) -9

2
|
F

where the first equality is by Assumption A.2 and (T8); the second inequality is by Assumption A.1.

S (ZCRIIRE L
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Recalling (T9) yields

E [f(i(tJrl))}
<E[/(2®)] - 3 (1 -2yL)E “(Vf(:f:(t))m + % (1+2vL)E [HHX(” ﬂ + %
<e{se)] - 3 fese]] + 5 [ ] - 50
The lemma is proved. ]

Referring to Lemma 26 of [11]], we have the following result.

Lemma 14 Let A, B, C, T and « be positive constants. Define

A 2
9(7)—W+BV+CV :

AB\? L /ANG A
£ 2 (22 203 2
a9 < (T> e (T) T

Then

2
Proof of Theorem |6| Define f* = inf, f(z), [y = f (2(©) — f*, Co = HHX(O)HF and Dy =

- HVfi (m§0)> H . It suffices to show that

ool [ LACDIN

FoLo? 1 [(FyLo\? F, L2C, D
<0 oLo? | (00) N - b Do)
o 1= \T ) T pPr (- pPar ol

(24)

Lety < (15707?2 to satisfy the conditions in Lemmasand Then, we have

T
e o]

5 T
<7@1U(ﬂﬂ%-fﬂ+néi4nwEMHX®m}+%f*
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By (16) and ¢; = 4, co = 16 defined in Lemma Lif y < ( ) and T > we have

i ;3’
T+1ZE[!\Vf )]

g% (f(i:(o)) - f*) +

1 412 2 10244212 2
ol R e Sl ]
T\(1-p)n Fo(1-8)'n
204872L% ,  3072y1Lt ,  5124%L7
7.9 70+ 30
(1-8)"T (I-5)"n (1-5)
8 5yL 256072 L>
<— (f(:i(o)) —~ f*) e 2 =

4yL
e 2
n

+

(26)

+

7T n (1-5)
1 A2 2
(25 s forxn]).
nT (1 F
To meet the conditions of Lemma Lemma (3), (20, it suffices to let y < (150/2) Then, QE)
follows by setting g (7) to be the RHS of 26), A =8 (f (2(¥) — f*), B = 2L¢2, C = 2"6%3 o
and o = (15_0@)2 in Lemma O

D Numerical Experiments

D.1 Network-size independent consensus rate

In this experiment, we set M/ = 51n(n) for D-EquiStatic and M = 21In(n) for U-EquiStatic, which
is consistent with Theoremsl andl 3] For OD- EqulDyn and OU-EquiDyn, we set M = 51n(n) and
n = 0.5. Fig.[9]shows that the consensus rate is independent of the network size for all EquiTopo
graphs. The results are obtained by averaging over 3 independent random experiments.

D-Equistatic U-Equistatic 0D-Equibyn OU-EquiDyn

— n=1000 102 — n=1000
100 n = 2000 100 n = 2000
— n=3000 02 — n=3000 107

— n=1000

n = 2000
—— n = 3000 10!
— n=4000 | =
— n=5000

—— n=1000

n = 2000
—— n=3000
—— n=4000
—— n=5000

= 10° — n=4000 | = — n=4000 | =
—— n=5000 | x 107 — n=50001 X
;x 10°¢

107%

10-10
10-12

W e e s s s s

0 25 50 75 mo 125 150 175 200 0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200 0 25 50 75 luo 125 150 175 200
Iteration Iteration

Figure 9: The EquiTopo graphs can achieve network-size independent consensus rates.

D.2 Comparison with other topologies

We compare the consensus rate between topologies with one-peer or O (In(n)) neighbors on network-
size n = 300 and n = 4900. In the one-peer case, each topology has exactly one neighbor. For
OD-EquiDyn and OU-EquiDyn, we set M = n — 1 and 7 = 0.5. In the ©(In(n)) neighbors case, we
set M = 9and M = 13 for n = 300 and n = 4900, respectively, so that the number of neighbors is
identical to the static exponential graph for a fair comparison. The results are obtained by averaging
over 10 and 3 independent random experiments for n = 300 and n = 4900, respectively.

D.3 DSGD with EquiTopo

Least-square The distributed least square problems are defined with f;(x) =
which £ € R? and A; € RE*4, In the simulation, we let d = 10 and K = 50. At node i, we
generate each element in A; following standard normal distribution. Measurement b; is generated
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Figure 10: Consensus rate comparison among different network topologies in average consensus problem. Left:
all graphs are with ©(In(n)) degree. Right: all graphs are with ©(1) degree.

by b; = A;x* + s; with a given arbitrary z* € R? where s; ~ N(0,021) is some white noise. At
each iteration ¢, each node will generate a stochastic gradient via V f,(x) = V f,(x) + n; where
n; ~ N(0,021I) is a white gradient noise. By adjusting constant o,,, we can control the noise
variance. In this experiment, we set o5, = 0.1 and 0,, = 1. The network size n is 300, and we set
M = 9 so that D/U-EquiStatic has the same degree as the static exponential graph. After fixing
M, we sample the basis until the second-largest eigenvalue of the gossip matrix is small enough.
The initial learning rate is 0.037 and decays by 1.4 every 40 iterations. The results are obtained by
averaging over 10 independent random experiments.

Deep learning

MNIST. We utilize EquiTopo graphs in DSGD to solve the image classification task with CNN over
MNIST dataset [[15]. Like the CIFAR-10 experiment, we utilize BlueFog [38]] to support decentralized
communication and topology settings in a cluster of 17 Tesla P100 GPUs. The network architecture is
defined by a two-layer convolutional neural network with kernel size 5 followed by two feed-forward
layers. Each convolutional layer contains a max pooling layer and a Rectified Linear Unit (ReLu).
We generate D/U-EquiStaic with M = 4 and sample OD/OU-EquiDyn with M/ = 16 and n = 0.53.
The local batch size is 64, momentum is 0.5, the learning rate is 0.01, and we train for 20 epochs.
Centralized SGD and Ring are included for comparison. See Fig. [TT]for the training loss and test
accuracy of D/U-EquiStaic and OD/OU-EquiDyn graphs. See Table [5|for the test accuracy calculated
by averaging over last 3 epochs. EquiTopo graphs achieve competitive train loss and test accuracy to
centralized SGD.

CIFAR-10. We use the ResNet-20 model implemented by [[10]. In this experiment, we train for
130 epochs with local batch size 8, momentum 0.9, weight decay 10~%, and the initial learning rate
0.01, which is divided by 10 at 50th, 100th, and 120th epochs. We follow the data augmentation
from [14], a 4 x 4 padding followed by a random horizontal flip and a 32 x 32 random crop. We
generate D/U-EquiStaic with M = 5 and sample OD/OU-EquiDyn with M = 16 and p = 0.53. See
Fig.[12]for the training loss and test accuracy of OD/OU-EquiDyn. See Table [5|for the test accuracy
calculated by averaging over last 5 epochs.

D.4 DSGT with EquiTopo

In addition to the DSGD experiments, we apply the OD/OU-EquiDyn graphs to the DSGT algorithm
when solving logistic regression with non-convex regularizations, i.e., fi(z) = 1 ZeL:1 In(1 +
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Figure 11: Train loss and test accuracy comparisons among different topologies for CNN on MNIST.
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Figure 12: Train loss and test accuracy comparisons among different topologies for ResNet-20 on CIFAR-10.

Table 5: Comparison of test accuracy(%) with different topologies over MNIST and CIFAR-10 datasets.

Topology MNIST Acce. CIFAR-10 Acc.
Centralized SGD 98.34 91.76
Ring 98.32 91.25
Static Exp. 98.31 91.48
O.-P. Exp. 98.17 90.86
D-EquiStatic 98.29 92.01
U-EquiStatic 98.26 91.74
OD-EquiDyn 98.39 91.44
OU-EquiDyn 98.12 91.56

exp(—yichi ) + Rzgzl af /(1 + af;)) where ;) is the j-th element of z, and {hi,¢, yie}/_;
is the data kept by node 7. Data heterogeneity exists when local data &; follows different distributions
D; in problem (7). To control data heterogeneity across the nodes, we first let each node i be
associated with a local solution &}, and such 7 is generated by x} = * + v; where * ~ N (0, I4)
is a randomly generated vector while v; ~ N (0,07 1) controls the similarity between each local
solution. Generally speaking, a large o7 results in local solutions {z}} that are vastly different
from each other. With = at hand, we can generate local data that follows distinct distributions. At
node 7, we generate each feature vector h; y ~ N(0, I4). To produce the corresponding label y; ¢,
we generate a random variable z; p ~ U(0,1). If z;, < 1+ exp(—yi,ehﬂx;), wesety;, = 1;
otherwise y; , = —1. Clearly, solution x controls the distribution of the labels. This way, we can

31



easily control data heterogeneity by adjusting 0. Furthermore, to easily control the influence of
gradient noise, we will achieve the stochastic gradient by imposing a Gaussian noise to the real
gradient, i.e., Vf;(z) = Vf,(z) + s; in which s; ~ N(0,021 ). We can control the magnitude of
the gradient noise by adjusting o2.

We let d = 10, L = 1000, n = 300, R = 0.001, and o5, = 0.2 in the simulation. For OD/OU-
EquiDyn, we set M = n — 1 and ) = 0.5. The learning rate for OD/OU-EquiDyn and O.-P. Exp. is 3
and 1.5, respectively so that all of them converge to the same level of accuracy. The left plot in Fig. 13|
depicts the performance of different one-peer graphs in DSGT. The right plot in Fig. [T3]illustrates
how O.-P. Exp. behaves if it has the same learning rate 3 as OU/OD-EquiDyn. The gradient norm is
used as a metric to gauge the convergence performance. The results are calculated by averaging over
10 independent random experiments. It is observed that OD/OU-EquiDyn converges faster than a
one-peer exponential graph.

10 —4— O.-P. Exp. 10 —4— O.-P. Exp.
—k— OU-EquiDyn —A— OU-EquiDyn
1072 —e— OD-EquiDyn 102 —e— OD-EquiDyn

Gradient Norm

r

S

Gradient Norm
5

0 50 100 150 200 250 300 0 50 100 150 200 250 300
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Figure 13: OD/OU-EquiDyn in DSGT. Left: The learning rates for O.-P. Exp. and OU/OD-EquiDyn are 1.6
and 3, respectively, so that all algorithms achieve the same accuracy. Right: The learning rates for all algorithms
are 3 so that they share the same convergence rate in the initial stage.
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