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A Derivations

For the derivations we will use the notation
p(x) == @P(X  x)

for the density function of a random variabfe For the conditional density of a random variaifle
and a realizatiory of a random variably' , we write

p(xjy):= QP(X XxjY =y)

For time-dependent densities with continuous random variab{Esand discrete random variables
Z (1), we use the time-point marginal density

ply;z;t) := @P(Y ()  y;Z(t) = 2);
time-point joint density
Ply;z;tyS2%5t) = @@P(Y(t) viZ(t) =z Y(t) y%Z(t) = 29
and time-point conditional density
ply;zitjy% 2%t = @P(Y(t) v;Z()=zjY(tH=y%Z(tH=2:
The latter also applies to conditional densities with multiple time points in the conditioning set,
p(y:Zit] y% 2 1% y% 2%0t%
=@P(Y() v;iz)=zjY(t)=y5Z(t)= 2%y (%= y*¥z(t% = 2%:
If it is clear from the context, we will mostly use the favorable uncluttered notation.

A.1 Derivation of the Hybrid Master Equation

To derive theHME conditioned on an arbitrary sit, e.g., the set of initial conditions = fZ(0) =
Zo; Y (0) = yo0, we assume for simplicity tha(t) 2Z NandY(t) 2Y R. The multivariate
caseY R" is be derived analogously.

Following [34], we use the rule of total probability on the dengify; z;t + h j X ) for someh > 0:

X
Plyizit+ hX)= py:Zit+ hjy% 2%t X)p(y% 2%t ) X ) dy?
o Y

X
- py;t+ hjzit+ hy%s 2% X)pzit+ hjy%z%t X)

20 Y

p(y% 2%t j X)dy®
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We expand, withimp, o 2p(z;t+ hjy%z%t X) = (t) andlimp, o 0(h) =0,

zoz
p(z;t+ hjy®z%t; X)= Lo, + (t)h + o(h)

with the Kronecker delta,o, = 1 if z°= z and 0 otherwise. Since we aim to take the limit 0 at
the end, we omit terms af(h). Inserting the expansion into the above expression, we obtain

p(y;z;t+ hjX)
X
= Yp(y;t+ hjz;t+ hy®%z%tX) o + é’gz(t)h p(y% z%t j X)dy°

20

z°z

= py;t+ hjzit+ hy%zt; X)py®z;tjX)dy°
Y
X . (21)
+ ply;t+ hjzit+ hiy% 2%t X) Yo, (hp(y% 2%t X)dy°
20 Y
The density functiop(y;t + hj z;t+ h;y%z%t; X) can be written in terms of its characteristic
function (;t + hjy%t;X)= E[@ (YN Y®) jz@t+ h)= z;Y(t)= y%Z(t) = z%X],
ply;t+ hjzit+hy% 2%t X)
= e Y (it+hjyltX)d
R

el (v Y9

“x oy y (22)
E[(Y(t+h) Y®)"jz@E+hy=zY(®)=y%Z(t)= z2%X]d;
n=0

where we expressed the characteristic function via its Taylor series aroarlil We insert this
representation into Ed. (R1) and make use of the identity (which only holds under the integral)

@ (v Y= 5 (i) et g,

R

with @ (y y9:= (v 9, yielding
p(y;z;t+ hjX)

ply;t+ hjzt+ hy®zt; X)p(y%z;tj X)dy°
Y

X
+h p(yt+ hjz:t+ hy%z%t X) ZOZ(t)p(yo;zo;th)dyO

z0

% n
i %@n) (v YOELY(t+h) Y(@®)"jzZ(t+h)=z

Y(t) = y5Z(t) = z;XIp(y% ;1) X) dy°

X b3 n
en T L@ v MEVEE ) YO iz = 7
z0 n=0 ’
Y() = ¥ Z() = 2%X] %o, (0RO 2% X) dy?

COgmervs ) YO iZ(t+ = 2Y(0) = ¥iZ() = 2iXIply: 23t X)
n=0

X R
*+h ( 1) @“)E [(Y(t+h) Y@)"jzZ({t+h)y=zY(t)=y;Z(t)= 2%X]

z0 n=0

Yo, (O)p(y; 2%t X):
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We again apply a Taylor expansion and omit part of the conditioning set for brevity,

X pm
E[(Y(t+h) Y®)"jY(t)=y]= %@m’ E[(Y(t+ ) Y)Y =Y] =0

m=0

=1+ o(1): (23)
Inserting this and omitting ternts(h), we obtain
p(y;z;t+ hjX)
X (ni];)n@”)E[(Y(t+ h)  Y(®)"Z(t+h)= z;Y(t) = y;Z(t) = z;X]p(y; z;t] X)
=0y
+h Yo, (OP(Y; 2%t X)

z0

p(y;z;tj X )+

@ ervasm yoriza+m=zvm=yiz0= zXpyiztix)
n=1 :

+h Yo, ()p(y; 2%t X)

70
Substracting(y; z; t j X ) from both sides, dividing b and taking the limith ! 0yields

ply;z;t+ hjX) p(y,z;tjX)
h

@p(y;z;tjX) = lim_

X 1)n X
_ %@”)f w2 PYZtiX)g+ Y0P Z5tiX)  (24)

n=1 20
with
nyz = lim 1E[(Y(t+ h)y Y)"jZz(t+h)=z;Y(t)=vy;Z(t)= z;X]
ht oh 25)
AsY (t) follows the SSDE
dY (t) = f(Y(1);Z(t);t)dt+ Q(Y (t); Z(t);t) dW (t);

we can compute the conditional momentg, in closed form. Conditioned on the discrete process
remaining constant in a small time intervdl . ,; = z, the aboveSSDEcan be treated as a
conventionalZ -independent It&DE. For smallh, we can hence utilize the usual Euler-Maruyama
approximation [33],

Y({t+h)jZ(t+h)=2z,Z(t)=z;Y(t)=y N (y+ f(y;z;t)h;D(y;z;t)h):
Consequently,
E[(Y(t+h) Y(@)"Z(t+h)=z;Y(t) = y;Z(t) = z;X]

= (Y° y)"N (y+ f(y;z;t)h;D(y;z;t)h)dy°

and the rst two conditional moments are the usual Gaussian moments
_ fyizit) ifn=1
T IQUYZi)Q (yizit) = 3D(yiz;t) ifn=2:
As shown in [34], if , = 0 for some evem, ., =08n 0. Itis straightforward to show,
e.g., that ny, =0 forn =4, so all other conditional moments vanish. Hence, we can (for arbitrary

Y R")de nethe PDE _ _
@p(y;z;tjX) = Ap(y;z;tjX)
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using the operatoh ()= F()+ T() as

X
Fply;z;tjX)= @ ffi(y;z;t)p(y;z;tj X)g
i=1
11X X :
*5 @, @, fDj (y;z:)p(y; z;t X)g;
X i=1 j=1
Tp(y;z;tjX) = (2%z;)py; 2%tiX)  (z;Op(y;z;tjX):

z92Zn z

In the same vein as the above derivation, using the Kolmogorov backward equation
X
p(Xjy;zit hy= p(y% 2% tjyiz;it  h)p(X jy%z%t)dy®
2027

we can nd anothePDEfor the densityp(X j y; z;t). This yields the backward equati@p(X |
y;z;t) = A Yp(X jy;z;t), with the adjoint operatoAY( )= FY()+ TY():

. X . 11X X .
F'pXjy:z;t)=  fi(y;z)@ p(X jy;z;t) + > Dij (y:2;1)@, @, p(X j y;Z;1);
i=1 i=1 j=1
TIp(X jy;z;t) = (z;2%0pXjy;zit)  (z:)p(X jy;z;t):
z027Zn z

phe operatorAY is adjoin_t to the operatoA, with respect to the inner produtp; i :=
, bly;z;t) (y;z;t)dy,i.e.
hAp; i = hp;AY i
for an arbitrary test function.

A.1.1 Exact Marginal Z-Process

We here show that integrating out the continuous varigiftem the HME yields the traditional
master equation. The full HME reads

@p(y; z;t) = Ap(y; z;t)
X 10X
= @ ffilyizi)py; )9+ 5 @, @, fDjj (y;z;Y)p(ly; z;t)g
i=1 i=1 j=1

+ (Z5z:0p(y: 250 (z:Dp(y:z:1):

z92Zn z

Using Leibniz' theorem, we have

, @p(y;z;t)dy = @ . p(y; z; t)dy

= @n(z:1):
Accordingly, we have
0 1
X 10X
@(z= @ @ ffiyizOplyizig+ 5 @ @ fDj (y;z;)ply; z; )gA dy
Y i=1 i=1 j=1
I {z }
X N
+ ( Z%z:0p(y; 251 ( ZiDp(y;z;t)dy
Y 2027n 2
| ; fz }
= Louzn o ( Z%Zt)p(z0%t)  ( zit)p(zit)
(26)
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and the rst integral has to vanish because of the Gauss divergence theorety and) ' %0
Hence,

X
@p(z;t) = (2%z:)p(z%t)  (z:tp(z:t):

z92Zn z

A.2 Exact Posterior Inference

Here, we show how to calculate the quantities related to the smoothing defysigt j Xj1.n1) =
@ @,PY(t) y;Z(t)=zjXy=Xqg;::5, XN = Xn). Usingk = max(k®2 Njteo 1)
we can be express the smoothing density as

. P(Y;Z; 6 X300 Xk Xk 5150 XN)
;Z;t Xr1- =
Py Zit] Xain ) (X151 XK Xkt 51515 XN )

_ POk 05X G Xas 10 Xk Y5 Z5t) POYS 23t X a1 XK)
P(Xk+1 5000 XN X253 0005 Xk) P(X1;::;Xk)
P(Xk+1 501 XN J Y5 Z5t) .

= . PZit) XapiinX

D(Xk+1;"1;XNJX1;"';Xk)p(y ] X1 k)
=C 1) (v;z;0) (y;z:);

with the ltering density (y;z;t) = p(y;z;t j X1;:::;Xk), thepgbackward density(y; z;t) =

A.2.1 Calculation of the Filtering Distribution

The ltering distribution is de ned as

andk = max(k°2 Njtgo t).

The Filtering Distribution Between Observations. Consider the case where there is no observa-
tion in the intervalt;t + h],h > 0.

We compute
(y;z;t+ h)= p(y;z;t+ hjxa;iiiix)

X

- ply;Zit+ hiy% 2%t xa; i) dy®
2027
X

= p(y;zit+ hjy% 2% txa; o x)p(y% 2%t xa; oo xi) dy®
2027

As there are no observations in the interfgatl + h], we have

This is true since the conditional procds6(t + h); Z(t + h)g givenfY (t); Z(t)gis independent of
fX1;::7;Xk0. Hence, we have

X
(y;z;t+ h) = ply;z;t+ hjy%z%t) (y%z%t)dy®
2027

This is the (forward) Chapman-Kolmogorov equation [34] for the ltering prodesé); Z (t) j
X1;:::; Xk, with transition distributiomp(y; z; t + h j y% z%t), which is the transition distribution
of the prior dynamics. Hence, between observatiofys z; t) follows the HME

@ (y;iz;)= A (y;z;1);
as derived in Appendix A]1.
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The Filtering Distribution at Observation Time Points. Here, we calculate the Itering distribu-
tion at the observation time pointt$; gi21...n -

P(X1;:115Xi)
_ PO yszitiixa i X a)p(ys ZtiXa; X 1)
HCSHERY
POXi Y3 ZitiiXas i Xi 1)P(Y;Zoti J Xa; 0o Xi ) P(Xa;iiiiXi 1)
p(X1; 105X

pxi jy) (v;z:t)
G

— p(Xgpnx — P i b
andCi = Gty = sz PXTY) (vizit )dy.

A.2.2 Calculation of the Backward Distribution

The backward distribution is de ned as

(Yiz;t) i= p(Xke1 ;000 XN J Y5 25t);
with densityp(Xk+1;:: XN Vi Z;t) = @,y @, P(Xn+1  Xns15 5 XN XN JZ(E) =
y;Z(t) = z) andk = max(k®2 Njteo t)

The Backward Distribution Between Observations. Consider again rst the case where there is
no observation in the interv@il  h;t], h > 0.

(y;z;t h)= p(Xk+1;::53Xn J Y25t D)
X
= P(Xke15: 1% YE 2%t j Yzt h)dy®

2927
X

p(y%2%tjy;zit h)p(xiersiinixn (Y% 256y Zit h)dy®
2927
As there are no observations in the interfgal h;1],

P(Xis1 05 Xn JYE 2S5ty Zit h) = p(xsssiinsxn jY%2%0) = (¥4 2%1)

as the procesxy+1 ;115 XN ] Y (t); Z(t)gis independentofY (t  h);Z(t h)g. Hence,
X
(y;zit h)= p(y%2%tjy;zit h) (y%2%t)dy®
2027

This is the (backward) Chapman-Kolmogorov equation [34] for the backward process
fXs1 10 Xn J Y (1); Z(t)g, with transition distributionp(y® z%t j y;z;t  h), which corre-
sponds to the backward prior dynamics. Hence, between observdiion; t) follows the backward
HME

@ (yizit)= A Y (y;z;t);
as derived in Appendix A]1.

The Backward Distribution at Observation Time Points. Here, we calculate the backward dis-
tribution (y;z;t; ) right before the observation time poirit§gi21;...n . We rst note that

(y;z;tp  h)y=p(xi;::;xn jv;z;ti h)
_ p(Xisiinxngy;ziti h)

p(y;z;ti  h)
_ P(Xi g Xien DiXNGYZit h)p(Xiea sttt XY Zit h)
p(y;:z;ti  h)
= p(Xi jXi+1 i XN Yzt h)p(Xisr i Xn j Y Ziti h):
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Calculatingh & 0, we nd
(yizitp )=1lm = (yiziti  h)=p(xijy) (yiz;ti):

A.2.3 Calculation of the Smoothing Distribution

We de ne the smoothing distribution agy; z; t) := p(y;z;tj xpng) = C X(t) (v;z:t) (y;z;t).

We nd the dynamics of the smoothing distribution by calculating its time derivative. For this, we
follow a proof analogous to [28]. By noting th&t 1(t) is constant almost surely [A1], we obtain by
differentiation

@o(y;z;tixuny) = @ (y;z;)= @ C (t) (v;z;t) (yiz:t)
=C () (,z0)@ (v;z;)+ C (t) (v;z0)@ (y;z;1): 27)

The dynamics of the Itering distribution are

X 10X
@ (y;zit) = @ fHi(y;zt) (y;zig+ 5 @ @ fDj (y;z;t) (y;z;t)g

i):(l i=1 j=1
+ (%) (i),
2027
where we de ne( z;z;t):= ( z;t). The dynamics of the backward distribution are given as

X 10X X
@ (yizz=  fiyizh@ iz 5 Di(viz@@ (vizt)
|)=(1 i=1 j=1
(2%t (v;:2%%):
2927

Inserting the dynamics in E7) and usi@g(t) (y;z;t)= gi;g we nd
v Zit
@ :zy

izit) @
(y;z;1)

1)(1 xo
fily;z;)@, (y;z:t) 5 Di (v;z;0)@, @, (y:z:t)
i=1 ! i=1 j=1

(z:2%) (v;251)
2027 0

'z @ RO I AL A @ Dy (yizit) L
oy i=1 9 (y|z K (y;z;t) ' 2., j=1 a9 230 (y;z;1)
0. 140 .
+2022 (220 (y;2%1)
(28)
Next we differentiate the intermediate terms using the product rule as
e YiZ3 1)
SN )
_@fily;zt) (i) + fi(yiz )@ (viz;t)) (vizit) fi(y;zt) (v;z) @ (viz;1)

(v:z;1)2
(vizit) *f@filyizit) (vizi+ fi(y;z0)@ (v;z:g
izt *fily;zt) (izi)@ (viziv);
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and
Dj (yizit) (viz:t)
99 (v;z;1)
=@ (v;ziY) (iz;t) '@ Dy (v;zt)+ Dy (v;zit) (vizs) '@ (viz;t)
D (v;zit) (v;zit) (vizit) 2@, (vizi)
= (z0@@ D (v;z)+ @Dy (v;z0@, (v;z:t) (v;z) *
v:zt) (iz) ’@ Dy (vizi)@ (izi)+ @Dy (v:iz:)@ (vizit) (vizp) *
+Dj (y;zi) (vizh) ‘@@ (v;izt)  (v;izt) 2@ (;ziN@ (v;z:h)
@D (y:z:t) ()@ (:z:t) (vizit) ?
D (vizit) @ (v:z:0)@, (vizit) (vizit) 2
+ zl@@ (izh) iz ? 2@ (viz)) (vizb) *@ (viziv)] :
Collecting terms in (y;z;t) %, (y;z;t) 2and (y;z;t) 3, we nd
Dj (y;z;t) (v:z:t)
96~ Gz
= (izit) ' @ @D (:izt) (vizi)+ @Dy (:zi)@, (v:z:t)
+@Dj (y;z)@ (;z)+ Dj (v;zi)Q @ (v:z1)
(v;zit) 2 @Dy (y;z:t) ()@ (v;izih)
+ @D y:zy) (yiz)@ (v:ziY)
+Dj (v:z)@ (v;z)@ (v:z1)
+Dj (viz)@ (viz9)@, (v;z1)
+Dj (v;z:t) (v;z0@, @, (v:z;1)

+ (vizit) 205 (yizi) (vizih@ (vizih@ (vizit) -
Using the terms in Eq[ (28) we have
@ (y:z;1)

x
= fiyizi) (izit) izt '@ (vizh)
i=1
1 XX 1
5 Dij (y;z:t) (v;zit) (v:zit) "@. @ (v:z:h)

i=1 j=1
(y;z;t) @ fi(y;z:t) (v;z;t)+ fi(y;2,0@ (y;z;0)] (v;z;1)
i=1
fi(y;z;t) (y;z:0)@, (v;z:t)g
1 XX
ts L @ @ Dj (y;z;t) (y;z;t)+ @, Dj (y;z:1)@, (y;z:t)
i=1 j=
@D (:z)@ (:z)+ Dy (viz)@ @ (v:z:1)
(y;z;t) 1 @ Dj (y;z;t) (y;z;0)@, (Y;z;1)
+ @D (v;z;t) (;zi)@ (y;z;t)
+ D (y;z;0)@ (v;Z:0@, (y;z;1)
+ D (y;z;0)@, (v;z;0)@, (y:z:t)
+Dj (y;zit) (v;z;0)@ @, (v;z;1)
+ (y;z;t) 2 2D (y;z;t) (v;z:0)@ (v;zi0)@ (v;z;t)
” (yiz:t) viZ%t)

+Zozz (2%z;1) 201 (v;2%)  (z2%) vizy Yz
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x
= @ fi(y;z;t) (y;zit)+ fi(y; ;0@ (v:z:1)
i=1

1 XX
t3 @ @Dj(y;z;t) (y;z)+ @Dy (y;z)@, (y;z:1)

i=1 j=1
+ @D (;z)@ (v;zi)+ D (v;z)@ @ (v:z:1)

5 @ Dj (y;:z;t) (y;z:0)@, (y;z;t)

i=1j=1
+ @D (y:z;) (v;z0)@ (viz:1)
+2Dj (y;z;t) (;z)@ @ (v:z:1)
+ D (viz)@ (i@ (v:z1)
D (v;z)@ (:z:9)@ (v:z:Y)

x
+ iz 2 Di (y;z:1) (i@, (;ziH@, (v:z:t)
i=1 j=1

X - .
+ (2%z;1) (y:2:1) (v;2%t)  (z;2%1) (y:231)

(y;z5%1) (y:2:0) (y;z;1)

292Zn z

X0
= f@fi(y;z;t) (viz;)+ fi(y; 0@, (y;z:t)
i=1
A 1 X0
+ W27 @by izt vizin@ iz
j=1
+ @D (y;zt) (v;z:0@ (v:z:1)
+2Dj (v;z:1) (v;z:)@ @, (v:z:1)
+ Dy (v;z,0)@ (v;z,0)@ (v:z:1)
+Di (viz0)@ (:iz)@, (y;z:1)
X] =
(izit) 2 Dy (yizit) (v;z0@, (;z;)@, (v;z;t),
i=1 ’

1 XX
t3 @ @ Dj(y;z;t) (y;z:t)+ Dy (v;Z:0)@, (y:z;t)

i=1 j=1
vzt .0
iy Y

X
+ (2%z;1)
2027
x
- f@ ffi(y;z;t) (y;zit)g
i=1
X
+ izt @Dy izt (@ (vizt)
j=1
+ Dy (v;zit) (;Z0@ @, (v;z;t)
+ D (y;z0)@ (y;z)@ (yiz:h)

©

X =

iz 2 Dj(vizi) (v;iz0@ (;:z0@ (viziv),

=1 ’
10X e o X o iz o
*3 @@ 1Dy iz (izivg+  (Zzi)— o (i2%;

2027

i=1 j=1
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Next, collecting terms by making use of the product rule, we have

@ (y:z;1) 8 9
p J

xn =
@ . filyizit) (yizi)+ Dy (vizt)@ (vizit) (vizi) * (y:z:1).

i=1 i=1
> @ @ fDj (y;z;t) (y;z;)g+ ( z°;z;t)% (y; 2%1)
e 2027 1y, g °

< X
@ . @i(y;z;t)+  Dj(y;z:1)@, log (y;z;t)A (v;z:1).

i=1 ’ j=1
5 @ fDj (y;z;1) (y;Z;t)g+ 2%z 2 (y; 2% t):
2i:l o1 @I @J ](y ) (y )g - ( ) (y, Zo;t) (y )

+

X

+

Finally, we can write
@p(y: z;tj Xpng) = AP(Y; 23t Xpng)
X0 n . 0
= @ fiy;z;)ply; z;tj XN g)

i=1
1)(‘ xo n _ 0

+ 5 @ @ Dj(y;z:)p(y;Z:t Xang)

i=1 j=1

+ T 2%Z;0)p(y; 25t Xpn);

2027

with the posterior drift

X
fily;z;t)= fi(y;iz;0+  Dj (y;z; )@, log (y;z;t);
j=1

the posterior dispersion
Oj (y;z;t) = Djj (y;z:1);
and the posterior rate

(y;z:t)

T2%z;0)= ( 2%z;1) DR

A.3 Approximate Inference

A.3.1 The Path-Wise Kullback-Leibler Divergence Between Hybrid Processes

To derive theKL divergenceKL ( Qy.z jj Py:z ) between two hybrid processe¥ ?(t); Z°(t)g o,
fYP(t);ZP (t)g o with the respective path measu@s; ; Py.z , we consider discretized versions
of the continuous processes on a regular time gridf O; h; 2h; ::;; K h = Tgfor some smalh,
and aim to take the limit ! O of the resulting expressions.

.....

¥
aly;2) = a(Yo;20)  a(YkiZk j Yk 152k 1);
k=1

% -
p(Y;2) = p(Yo;zo)  P(Yk:Zk j Yk 152Z 1):

k=1
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Inserting both into the KL divergence yields

X ¥
KL(Qy;z ji Py;z) = a(Yo;zo)  a(Yk;Zk Yk 152k 1)

0 oK k=1 1
@n a(Yo; Zo) + X In aYi;Zk i Yk 172k 1) p dyo  dyx
P(zoryo) .,  POYkiZk Yk 1iZc 1)
0 X X Y .
=KL(Qvz i Pyz)+ aYo;zo)  o(Yk;Zk j Yk 1,2k 1)
i=1 zoyiz k i=1

IOk Z) Ve 152 1)
P(YiiZk J Yk 12k 1)
where we introduce{L ( QY., jj P}., ) for the initial distributions: as detailed in the main paper,
we assume|(y; z;0) = d(z;0)q(y; 0] z) andp(y; z;0) = p(z;0)p(y; 0] z), which yields
4(z;0)a(y:0j2)
P(z; 0)p(y; 0] 2)

dyo dyk; (29)

X
KL(QYz ii PY.z) = 9(z;0)q(y;0j 2)In

z

X N X .
q(y;0j 2) q(z;0)
= z;0 :0;2)In =———dy+ z;0)In
. A 0y; 0N Ty A0 o
= dZ0)KL(QYZiiPY;z) +KL( QjiPY): (30)
z
Any of theK summands from the second term of (29) can be simpli ed as
|
X ¥ ' e .
- a(Yk: 2k J Yk 1:Zc 1)
,Z ' Z 1 Z In - d d
. a(Yo o)i:1 a(Yk:Zk j Yk 152k 1) o0 Ze T Y 120 1) Yo  dyk
X ) TZk ] Z
= aYik;Zk J Yk 172k 1)A(Yk 152k 1)In Aii 2 ) Yo 1i2c l)dYK 10y

P(Yk:Zk j Yk 152k 1)
X alyk i Yk 1:2c 1) oz« j Zc 1)

= 2k | ' Z i Z In _ . d d
- alyk;zk j Y 13z DYk 132Zc 1) o T e 120 1) Pz ]z )Y 1k
X ; e
; a(Yk J Yk 152Zk;Zk 1)
= Z ,Z 1 Z In , d d
. ez Ve vz )ae szcain g = gy W 1
x .
oz« j zx 1)
+ Azc;zx 1)In ————" (31)
Zk 1,2k p(Zk]Zk 1)
Inspecting
aYkizk ] Yk 132 1) = d(Yk ] Zki Yk 1526 1)d(Zc ] Z 1);
and expanding)(zx j zx 1), we nd
aYk J Zx 15¥k 1) if z¢ = z¢ 1

TZk | 1z = . .
Wz zcd Ve 12 )= 0 22 e 1) 5 am D+ 0(h); otherwise.

Recalling Eqs[(42) andl (23), we furthermore have

aYk J Zx;zk 1Yk 1) = (Yk Yk 1)+ 0o(1);

which can intuitively be understood as the process being continuous, thinkirfgcof yx 1) as
point-masses located gt = yx 1, and hence, keeping only terms lineahin

alYk j Zk 1,¥k 1) if ze = z¢ 1

TZk 1z = .
A0z Ze Ve 1z )= 0 Ty T T i+ o(h); otherwise.
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This yields
|

X '’ ' . .
- a(yw;Zx J Yk 1:2Zc 1)
;Z ' Z VZ In = d d
i a(Yo o)i:1 a(Yk;2Zk j Yk 152k 1) Y2 Ve 1 2e 1) Yo  dyk
= X alYk J Zx 15k 0)A(Yk 1:Zx 1)In A0ieJ Yk 1:2c 1)dyk 10y
2 1 ’ ’ P(Yk | Yk 152k 1)
X
+ (yk Yk 1) Zk 1;Zkh+ O(h) q(yk 15 Zk l)
Zx 1,Zk
zx 162z
j 172Kk Z
nQ(Ykak 15 Zk; Zk l)dYk dyi

P(Yk J Yk 13ZkiZc 1)
Because of (yx Yk 1), the integrand will only contribute forx = yx 1; however, we also have

alYk j Yk 1:Zk;Zk 1) _ (Y Yk 1)+ 0(1) pio,
In - =In 0
P(Yk J Yk 1322k 1) (Y Yk 1)+ 0(1)

Inspecting the other log-fraction, we nd

a(Yk J Yk 1;Zk 1) _ expf %kyk Ve 1 9Vk 1.z« 1;(k 1)) hkzD g
POKIYe 1z 1) expl kv Yo 1 f( vz i(k Dh) hikd g

h
=exp 5 ka(yk 13z 1;(k 1h)  fyk 1z 1;(k 1h)k .

and hence the ratio does not depend on the timekstept onlyk 1. We hence can integrate out

Zx; Yk - Note that the normalizing prefact( )k?ij z is the same for both distributions and hence
cancels out; if the process@sandP had different dispersior3 g andDp, this cancellation would
not occur and the KL would diverge [67].

Taking the limitk '1 ,h! Owith K h = T yields an integral expression:

q(y;z;t)ékg(y;z;t) f(y;z;t)ky . dydt
z
1 T
=5  E kly;z) f(y;z;t)k3 . dt
0

The second term of Eq. (B1) does not depend orythocess and hence is simply ke divergence
between two MJPs. Its derivation is completely analogous to the one presented above, which is why
we omit the details and refer the interested reader to, e.g., [29]. The KL divergence is found to be

T X 2 X n 0 X
a(z:1)4 1z;2%) Intz;2%) In(z;2%1) (tz;t) (z1)°dt
0 z 2 z92Zn z 3
T X n 0
= E4 T2;2%) Intz;2%) In(z;2%) (tzit)y (z1)d (32
0 z92Zn z

with the variational rate§ and the prior rates as de ned in the main text. The fulL divergence
nally reads

;
E k(g(y;zit) f(y;z0kd »

[ERN

KL (Qrz ji Pviz) =KL(Q7z i PYz)+ 5

X n o}
+ Tz;2%1) Intz;2%t) In(z,2%1) (Tz;t) (z;1)ddt (33

z92Zn z

3
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A.3.2 Derivation of the Constrained Variational Dynamics

The separate dynamic constraints on the variational fagtdiz t); ay (y;t j z) do not in general
ensure thé¢dME to be ful lled. For meta-stable systems, however, this is a reasonable approximation;
to see this, consider the HME

X
@a(y; ;1) = @, fai(y;z;)ay; z;t)g
i=1
1 XX X
Y32 @ @D ay;z;)g+ T Zhzit)aly; 250);

i=1 j=1 2927
and insert the structured mean- eld approximatigy; z;t) = oz (z;t)ay (y;t ] 2):

@i(y;z;t) = @ az (z;)ay (y;t] 2)g

= qY(y;tJOZ)@Qz(Z;t)+ oz (z;)@ay (y;t] 2) 1

X XX
=@@n@ "~ @fayizuyitingt 5 @@ Dy a(yitj oA

i=1 i=1j=1
X
+ 12520k (o (vitiz) T zta(ztay (y;t]2): (34)
z92Zn z
Collecting terms, we nd
0 1
. X . 1 XX .
% (z:) @@y (yitj2)+ @ fa(y;ziay (vitj 2)g > @ @ fDj oy (y;tj 2)gA
i=1 i=1 j=1

X
= v (y;tj )@ (z:t) + T2%200 (0 (yitiz) T ziha(z;Hay (y:tj2):
z02Zn z

(39)

If we are almost certain to be in statat timet, q(z;t) 1, and the exit ratg z;t) from this state
is small, i.e., the remain time is large and the state is meta-stable, we have

X
av (y;t1]2)@az (z;1) + T 2%z (%o (it 2% T zihaz (zitay (y;tj 2)

z292Zn z
av (y;t] 2)@az (z;1) + T z; )z (z;)av (it 2)
= av(y;t] Z)| @z (z;1) +{1‘ z;t)Qz(Z;t)}: (36)
z
0

since we know that the master equation holds (see above). Accordingly, both sides[of Eq. (35) have
to vanish, that isg (z;t) andgy (y;t j z) have to individually follow the master equation and the
FPE The higher the uncertainty in the mode assignngéntt), the larger the approximation error;

we expect the approximation to be of high quality in regions whetees not change rapidly. This

is acceptable, since we are genuinely interested in meta-stable systems, which by de nition only
sparingly transition between distinct, qualitatively different modes.

A.3.3 Computing the Optimal Variational Distribution

We restate the ELBQ Eqg. (10) as well as the full LagrangidnEg. (16) utilizing the shorthand
notationg f = g(y;z;t) f(y;z;t):

L= “o(t)dt; (37)
0
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with

2 ( ) 3
. 1 X 25t
o) = E4Zk(@ kg :+ T z;2%t)In % (Tz) (z)d
z92Zn z e
aly; z;0) X iy )
"pyizo) ¢ OF  Fow Inptiiwl @ )
(38)
and
T
L = () dt; (39)
0
where X
()= "o+ T@Z)((z) (AzY) (z)+ Nz:1) (40)
z2Z
n o
+1r (z;t) Lzt) AN (z;H)+ ( Z;)AT(z;)+ D
I#
X
+ () @z 20 (1) (251)
2027
Stationarity with respect to the Variational MJP  The EL equation for, reads
d@_ g
@ g
With Eq. (40), we therefore nd the components
d @ _d .
dtapzn  a &Y
and
@ _ @q 04y (0. .
@d(z;t)  @a(z:t) zozz“r iz (B0 Tz (i)
Hence, the EL equation yields
d . _ @q 04y (0 : e
o (z;t) = @20 Zozznzr z;z5t) (Z50)+ T z;t) (z;0): (42)

Using the law of total expectation

X
E[ (Y(t);Z(t);0)] = G (ZODEL (Y();Z(t);t)jZ() = z];

z

we calculate the gradient of E@BS) with respeatit@z; t) as

@, (zt) = E kg, fk§ 1jz | #
X ~_ ot .

~,0(t) |nL() 1+ (2%t)  (z:t) + 40

ZD

292Zn z z

X\I . -
+  Eflnp(xijyi)iz] (t ti):
i
For linear prior drift functions (y; z;t) = Ap(z;t)y + (z;t), we can calculat&[kg fk% 1jZ]
explicitly. We useA(z;t) .= A(z;t) Ap(z;t) andb(z;t) := b(z;t) by(z;t) and obtain

E kg fk3 .jz =tr fA(z;1)"D A(z;1) ( z;t)g
+(A(z;t) (z;t)+ b(z;1)” D YA(z;t) (z;1)+ b(z:1):
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Therefore, the gradier@®, ;1) o reads
@ 2y = tfA(z:t)’D *A(z;t)( z;t)g
(A(z;1) (z:t)+ b(z;1)”D *(A(z;t) (z;t)+ b(z; 1)
y N !
~,20(t) |nL(t)
zz0

#
1+ (Zoit) (z;t) + 20

z292Zn z

X
+  Eflnp(xijy)iz] (t t):

i=1

Due to the delta-contributiongt t;), the evolution equation for the Lagrange multipli€e; t)

Eqg. (17) is an impulsive differential equation [50] which can be solved piece-wise by integrating
the ODE between the discontinuities (starting d¢; T) = 0) and applying reset conditions at the
integration boundaries, similar to exact posterior inference (c.f. Appéndix|A.2.3):

(z;t) = Ellnp(xi jy)jz]l+ (z:t ); (42)
with (z;t; ) =limphe o (z;t h).
For Gaussian observation noise, we have

Enp0x )izl = ST )41 o
HXi (Z)” i (@)t oL (zit)g o (43)

obs

Stationarity with respect to the Variational GPs In the same manner as for the variatiohklP,
we straightforwardly arrive at

& @=0uo A @Y @Y
d (44)
a( Z)= @ty 0 AT(ZN)( zit)  (Z;H)A(z:t):

We nd the gradients as

X
@iy o= @ui)E kg fk3 . + @zt Ellnp(xi jyi)] (t t);

i=1

@ .y0= @ .)E kg fK§ . + @ 2y E[Inp(xi jyi)l (t t):

i=1
We computeE kg fk% , forlinear prior models as

E (Ayy+ bz;1)” D *(A(z;t)y + bz;1))
a(z;t) trfA(z;)>D *A(z;1) ( z;t)g

E kg fk3 .

z

+(A(Z;t) (z;)+ bz )" D YAZit) (1) + bz;t)
Using the Gaussian observation likelihoods we arrive at

@z o= G (zit) Az:it)’D *A(z;t) (z;t)+ A(zit)’D *h(z;t)

)(\I 1
+ G (Zh) gpsxi (Zt) (U ti);

i=1

T N TR

Q z1) Q= QQZ(Z,t)A (z;t)D *A(z;1) q(z,ti)E L)
i=1
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The solutions to these impulsive differential equations are found as for the Lagrange mul{ip}ier,
with reset conditions

(Zit) = @ (Zit) (i () + (Zt)
1
(Zt)= @@t); wst (24
with (z;t; ) :=limnhe o (z;ti h)and ( z;t; ) :=limpe o ( z;t; h).
Note that the Lagrange multiplier equati0(44) scal®as?jZj (as there have to be carried out

jZj matrix-vector multiplications of size) andO %ij (as due to the symmetry of, only

the upper diagonal has to be propagated). The same holds for the forward equations Eq. (15), while
the master equation Eq. (4) scales quadraticalj¥ jn

A.3.4 The Optimal Variational Parameters

To optimize the variational parameters, we employ a heuristic back-tracking line search algorithm, as
is standard in the eld [55]: we choose as step size ', where the exponential decay factor is
chosen as = 0:5. We therefore update the current parameatgy 2 f A;b; g as

Unew(t): U(t)+ i @(t)‘:

If Llunew(t)] L [u(t)], we accept the update. Otherwise, we iterate and re-compute using the new
step size j4+1 .

Gradients for A(z;t);b(z;t); = We provide here the explicit gradients with respect to the varia-
tional parameters. We have

@enl= 3@enE kg K.  “@Y @Y 2(z9(2Y
% (z;)D * AZY( (1) T (z)+ ( )+ bzit) 7 (zY)

(45)
() () 2(z0)( z):
Similarly, we nd
@l = @eu,E ks (K. (@)
= g@HD ' Azt () + bzt (zt): (46)
Finally,
X ( -(- Z.ZO. t)) 3
@ b= @ T2z;2%t)In m (Tzn) (z)°
2027Zn z e
+ (e (zt) (2%Ha(zt) !
sq@y n2Us @y @y (47)

Variational Initial Conditions  The gradients with respect to the initial conditions result from
Pontryagin's maximum principle [49, 55] as

@(Z;O)L = @(z;O) KL(Q(\)(;Z Ji I:)?(;z )+ (z;0)=0;
@ 2ol = @ 2,0 KL(QV2jiPY2) + ( 2:0)=0; (48)
@, 2oL = @, (220 KL(QY,jiP}.)+ (z;0)=0:

While in principle, one could use these expressions to nd closed-form solutions for the initial
parameters, this is not possible in practice for;0) andg; (z;0). Also, resetting the parameters
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may cause numerical instabilities in the forward-backward sweeping algorithm for the constraints
and the Lagrange multipliers, cf. Section 3. We hence utilize the same gradient ascent update scheme
as above.

We assume a Gaussian prior initial distribution, ipéy;0j z) = N(yj 5(2); 5(2)), and for
the presented variational ansatz we have an initial variational distribgtig® j z) = N (y j
(z;0); ( z;0)), which is also Gaussian. This yields
KL(QY;z ii PYjz) =KL( N(yj (z:0); ( ZODIN (v] p(2); 9(2)
0o
1 p(2)] N

2 j(z0)
+ %2 (=0 ' %2 (z;0) ~ +n

02 *(z0)

We readily compute

@0 KL(QVzkPYz) = @z (2;0) J(2) *( (z,0)  3(2));

(49)
@, (2:0) KL(QVzkPYz) = @, (o) KL(QZKPZ) +KL( Qy;zkPY):

For the covariance matriX z;0) and the initial distributiorg; (z;0), we require additional con-

straints. The covariancé¢ z;0) needs to be positive semi-de nite, which can be enforced by a

reparameterization a6 z;0) = CC”> . We calculate the gradient with respect to the objective
Lawg(C) = q(z;0) KL(N(yj (z;05;CC*)iiN (yj 9(2); p(2) +tr ( z;0°CC”

and the PyTorch package for automatic differentiation and optimization [A2].

P
The initial distributiongz (z;t) needs to ful |, @z (z;0) = 1, so we optimize an augmented cost
function

X
Laug(QY; ) =KL( Q2jiP9)+  az(z;0)KL(QY kP )

z

X X
+ (z;0)z(z;0)+ (1 oz (z;0));

z z

where (z) are Lagrange multipliers. We can again eliminate the constraints by enforgng areparame-

terization [A3] asyz (z;0) = g, forz2f 1;:::;k  1g, withk = jZj andgz (k;0) = 7=1 qz,
which yields the unconstrained problem
K 1 @ K1 Py
..... — z=1
Laug(ql """ q( 1) . qZI p(zyo) ( - qz)ln (k,o)
K1 K1
+ qZKL(QYJZ zijY]Z z)+(1 qZ)KL(QYJZ kJJPYJZ k)
z=1 z=1
1 1
+ (z;0)q. + (k;0)(1 0)
z=1 z=1
We nd
Py
qZ 1 z=1 ck
GQlao =Nz ™t " oo !
+KL( QY j7-,iiPYjz=,)  KL(QVj - (iiPYjz=)+ (z:0) (K 0) 50)
—in % P(k; 0)

o
@ = la)p(z;0)
+KL( QY2 ,0iPYz-2)  KL(QYz-4iiPYjz- )+ (z0)  (k;O):
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Ap prior slope

By prior intercept

270 prior transitions rates
obs observation covariance
D Dispersion matrix

n(Z;0); p(z;0);p(z;0) | Priorinitial conditions
Table 1: Model parameters learned via VEM

A.3.5 Optimizing the Prior Parameters

The parameters of the original procgssee Tablg]1, can be learned straightforwardly by optimizing
the full Lagrangian Eq. (16) with respect to them.

Prior MJP transition rates ~ With the usual shorthand,,o(t) = ( z;z%t), we compute the prior
transition rates (which we in all cases aSSL(me to be time-horpogenezgh(s) = o)

@L @ TX X ~zz°(t)
=== _= 't ~,z0(t) In it dt 51
@ " @, , , ®@)  TwORER Tz (26 6D
2 3
@ X X n o]
= o (z:1) 4 Tzzo(t)In 270 2700 O dt (52)
@ij z 292Zn z
1 T T
= — . oz (i;t) 7 (t)dt . oz (i; t)dt: (53)
ij

Setting this to zero yields
T S~
o & (1) T (Hdt

i = : (54)
' o (ist)dt
Observation covariance, To determine %pe observation covariance, we compute
@L @ X :
= E Inp(xi j i) (55)
@ obls @ obls i | |
N XX N
= S oowst 5 @) i @ @Z)T+ (zn) 5 (56)
i=1 227
yielding
1 XX N
obs = TF &(z;:t) i ()X ()" + () (57)
i=1 z2Z

Dispersion We update the dispersion in the same way as the variational parameters (c.f. Ap-
pendix’A.3.4) and provide the gradient with respect to the dispeBiamte that the more general
mode-dependent dispersibr(z) are found in the same way by omitting the summation aver
T X T
@L:@% ; E kg fk3 . dt+ @ . trf 7 (z;t)Dgdt

z

1 T T X
=5 @E kg fk3 . dt+ ( z;t)dt

0 0 22z |

T X ’
=5 D7 w@UE(A@UY+BAEDY+ B’ D7 (59
" x z2Z
+ ( z;t)dt:
0 227
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Note that the prior initial conditionsg(z); 8(2); p(z; 0) trivially minimize their KL divergence to
the variational initial conditions by equality.

Prior drift parameters  Also the prior parameterd,; b, are learned utilizindVEM, see Ap-
pendiA.3.4. The gradients are found as

T

1
@, L = @P(Z’E ) E kg fk3 . dt (59)
1 T
=3, AZD@, ) trfAZ ) D *A(z;t) ( z;t)g
.
= a(z;t) D A(z;t) (z;t)+ (z:;t) “(z;t) + D bz;t) ~(z;t) dt
0
1 T
@owl=@r; Ek fk3 . dt (60)
0
.

& (z;)D Y(A(z;1) (z;t)+ b(z;t))

B Experiments

B.1 Model Validation on Ground-Truth Data

A comprehensive overview over the ground-truth and learned parameters is given if]Table 2. We
model the dispersion as constadt,z;t) = D and the underlying priokMlJP as time-homogeneous,
(z;2%t) = ( z;29. The prior drift function read$ (y;z;t) = ,( ; Yy). We will use this
parameterization in the following; to convert between this and the hithertofused; t) = Ap(z)y +

by(z), use

Ap(z) =
p( ) z . (61)
kb(Z) = z z-
We draw the observation times from a Poisson point process with intehsit@ :35, meaning that
the average inter-observation interva0i85.

We initialize our model empirically by running a k-means algorithm with 2 [10] on the observed

data. Note that we utilize this procedure for all experiments. The initial prior means and covariances,
p(z;0) and ,(z;0), are then set as the cluster means and intra-cluster covariances. The prior

intercept, (z) is set in the same way. The initial observation covariangg as well as the dispersion

D are both set as the average of the intra-cluster covariances. We can not easily initialize the prior

rates and the prior slopé,(z) empirically. We set

1 1
1 1

andAp(z) = f 1; 1g. The initial prior p(z;0) is initialized uniformly. The corresponding
variational quantities such #gz; t), are initialized as constant functions on the initial value, e.g.,

A(z;t) = Ap(z) 8t:

We generate samples from the variational posterior to demonstrate the quality of the latent trajectory
reconstruction, see F@ 6. To sample from the posta/igiP with time-inhomogeneous ratés we
utilize the thinning algorithm [A4].

We show the trajectory of the ELBO ov¥l iteration in Fig[}. Furthermore, we demonstrate in
Fig.[] how the framework performs if the requirement of a separation of time-scales is not met. Here,
the relaxation of the continuous process is slow compared to the switching process; in other words,
a switch in the discrete process is not directly re ected in the continuous state. In this setting, an
accurate reconstruction of the latent process is not possible utilizing the variational approximation.
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Parameterl Ground truth value  Learned value
z [1:5; 1:5] [1:04; 0:97]
z [ 1;+1] [ 0:52,0:70]
02 02 0:68 (68
0:2 0:2 0:60 0:60
obs 0.1 0.21
D 0.25 0.15
n(z;0) [ 1;+1] [ 0:521.:23]
p(z;0) [0:2;0:2] [0:26; 0:03]
p(z;0) [0;1] [0;1]

Table 2: Ground truth and learned parameters of the 1D, two-mode hybrid process.

Figure 6: 1D, two-mode hybrid process. Left: posterior samples from the variational distribution
(gray) and the latent ground-truth trajectory (blue). Right: Same plot as Fig. 2 A in the main paper,
but with both individual modes (red and green) resolved over the complete time span.

Figure 7: 1D, two-mode hybrid process. Left: value of the ELBO over iterations for the experiment

shown in the main paper. Right: Failure of the method when no separation of time scales between the
discrete and the continuous process is present.
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Parameter| Learned value
2 [1:11;0:94; 0:99; 0:99]
z o (079 0:27,0:25 0:69]
0:69 014 048 007
0:07 1:39 045 087
1:11 087 2:33 035
0:04 144 050 1:98
D [0:015 0:001; 0:003 0:01]
n(z;0) [0:99; 0:24;0:25, 0:69]
p(z;0) [0:002 0:009, 0:014; 0:025]
p(z;0) [0:92;0;0:007,0:073]

Table 3: Learned parameters of the 1D diffusion in a 4-well potential.

Learned value
1:.07 004 1:.01
0:09 (099 ' 0.02
0:78 0:02
0:17 ' 1:1Q
029 046 -
0:26 0:75 049
0:80 Q77 1.57
0:088 0:035
0:035 Q092 -
0:41 0:54
0:01 * 003
. 0:263 Q058 0:029 Q002 0:090 Q002
p(z:0) 0:058 0269 ' 0:002 Q030 ' 0:002 Q090
p(z;0) [0:021; 0:173 0:81]
Table 4: Learned parameters of the 2D diffusion in a 3-well potential.

Parameter|

0:04
105

0:91
z 0:05

0:03

102
1:08

z 0:28

0:75

0:077 0:004
0:004 Q040

0:048
0:003

0:003

Qo077
1:18
0:11 °

D

n(2;0)

B.2 Diffusions in Multi-Well Potentials

The one-dimensional 4-well potential is given as

V(y)=4 y®+3e 8%’ +2:5¢ 80y 0:5%) 4 5-5g 80(y+0:5)°) (62)
the two-dimensional 3-well potential reads
V(yiyz)=3e Yl 02 97 3evi 02 9" 5e i D* ¥
5e D7 Y402yl 102 y, = E (63)

3

In the 1D example, we x the observation covariance ggs = 0:0225 We provide the list of all
02 0 .
0O 02
4. The initialization is done as in Appéndix B.1.

learned parameters in Table 3. In the 2D example, we g¥s = the exhaustive list of

parameters is given in Ta

B.3 Switching lon Channel Data

The experimental data have been obtained using a voltage (théhg a sampling frequency of

5kHz over a measurement period of.1We x the observation noiseto gps = ops = 0:25fA.

The full list of parameters is given in Takjlg 5. Initialization is done as in Appendik B.1, but with
220 =100 forz 6 z°
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Parameter Learned value
z [1,1,1]
2 [6:2 10 '?;4:4 10 4,38 1Q 1%
13.01 286 1015°
11:58 30:16 1858
44:33 2335 67.68
D [0:015, 0:001; 0:003 0:01]
D p(z;0) | [6:2 10 ?;4:4 10 4;3:8 10 7]
p(z;0) | [29 10 3;37 10 B;6:1 10 9]
p(z;0) [1,0,0]

Table 5: Learned parameters for ion channel data.

Parameter] Ground truth value Learned value
0:6 1:4 01 14 0:41 0:83 0:45 149
z 26 06 ' 26 06 1:04 001 1:95 (38
5 5 6:00 5:85
z (O 1:79 2:20
0:3 03 0:17 017
0:3; 03 0:23; 0:23
D 0:49 0 0:87 006
0 0:49 0:06 146
. 5 5 5:38 5:67
p(z:0) 00 0:42 ' 1:40
. 0:49 0 0:49 0 6:63 124 0:001 Q0003
p(z:0) 0O 049 ° 0O 049 | 124 1800 ' 0:0003 0001
p(z;0) [0;1] [0;1]

Table 6: Ground-truth and learned parameters of the complex structured 2D switching diffusion.

B.4 Learning Complex Latent Continuous Dynamics

Here, observations are drawn from a Poisson point process as in Appendix B.1 with intensi#.
The ground-truth and learned parameters are summarized in[Table 6. Initialization is done as in

AppendiqB.].
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