A Related Proposition

Proposition 3 (Amoroso distribution). The Amoroso distribution is a four parameter, continuous,
univariate, unimodal probability density, with semi-infinite range [30]. And its probability density
function is

Amoroso(X|a,0,a,) = ﬁ g (Xe_ a)aﬁ_lexp {—(X;G)B}, @)

forx,a,0,a,8 € Roao>0andrangex > aif > 0, z < aif 0 < 0. The mean and variance of
Amoroso distribution are

I'(a+ %)
Ex~Amoroso(X|a,0,a,5)X =a+0- Tla) 3
and
,[Tla+3) T(a+ )
VarXNAmoroso(X|a,9,a,ﬁ)X =0 F(Oé) - F(Oé)Q 9

Proposition 4 (Half-normal distribution). Let random variable X follow a normal distribution
N(0,02), then Y = |X]| follows a half-normal distribution [31|]. Moreover, Y also follows

Amoroso(z|0, /20, 3.2). By Eq. (@) and Egq. (@, the mean and variance of half-normal dis-
tribution are

EXNN(O,02)|X| =0 2/7’(, (10)

and

2
VarXNN(O’Gz)|X| = 0'2 (1 — ) . (11)
s

Proposition 5 (Scaled Chi distribution). Let X = (x1,9,...2%) and x;,i = 1,...,k are k in-
dependent, normally distributed random variables with mean 0 and standard deviation o. The
statistic lo(X) = Zle x? follows Scaled Chi distribution [30]. Moreover, {5(X) also follows

Amoroso(z|0, /20, g, 2). By Eq. (8) and Eq. @) the mean and variance of Scaled Chi distribution
are

) ) ) p(m)
Ex~n(0,0210) [l2( X)) = 2/24i . 2, (12)
’ I'(3)
and
MG+ TERY
Varx . n(0,02.1,)f2(X) = 207 = 2 (13)
(b rg) iy

Proposition 6 (Stirling’s formula). E]For big enough x and x € R™, we have an approximation of
Gamma function:

T(z+ 1) ~ Vs (g) (14)

Proposition 7 (FKG inequality). If f and g are increasing functions on R™ [32|], we have
E(f)E(9) < E(f9)- (15)

Say that a function on R"™ is increasing if it is an increasing function in each of its arguments.(i.e., for
fixed values of the other arguments).

Sen.wikipedia.org/wiki/Stirling’ sapproximation
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Proposition 8. Ler f(X,Y) is a two dimensional differentiable function. According to Taylor
theorem [33l], we have

f(X,Y) = f(E(X),E(Y)) + Z(X —E(X))==f(E(X),E(Y)) + Remainderl,  (16)

FX,Y) = FE(X),E(Y) + > (X - ]E(X))anf(E(X),E(Y))Jr
3 (X —E(X))T e FE(X),E(Y))(X — E(X)) + Remainder?2

Lemma 1. Let X and Y are random variables. Then we have such an estimation

v (3)~ (50) o+ ooy Sy ). oo

Proof. Let f(X,Y) = X/Y, according to the definition of variance, we have
Varf(X,Y) = E[f(X,Y) - E(f(X,Y))]*

~E[f(X,Y)-E {f(E(X),IE(Y)) +) (X - E(X))ain(E(X% ]E(Y))}]2
Cyc from Eq. (I6)

=E[f(X,Y) - f(E(X),E(Y)) - D E(X - ]E(X))(%J“(E(X)»E(Y))]2

cyc

= E[f(X,Y) — f(E(X),E(Y))]?

~ E[Y (X — E(X)) o F(B(X) E(V)P from Eg. (T6)

cyc

= 2C0v(X, ¥) o J(E(X), B(Y)) s f(E(X), E(Y)) + 3 [ F(B(X), E(V)J? - VarX

1 E(X)
=2Cov(LY) gy (‘ (E(Y))2) G

- (50) (St o -2 2.

From Eq.(17) and Lemma 1, we also can obtain an estimation of E(A /B), where A and B are two
random variables. i.e.,

A EA EA
— | ® =— + Var(B) - . 1
E (B) B T ar(B) EB)? (19)
Lemma 2. For big enough x and x € R™, we have
INE==S R R
| 2 === 20
-3+00 [ (%) ] z 2 @0

And
= - 21
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Proof.

z— z—1\2=1
e’ , 2r(45h) - () 2 g
111}_1 ) o~ Erf - - from Proposition. [6]
r—400 = T e} T— T—2\ &=
2 2r(232) - (552) =
-1\ (542 (z—-1\ 1
— llm . P . PR
r—4oo \ 1 — 2 ("L2e )m72 2e X
r—2
1 -1 -1 1
T—+o00 r—2 T —2 2¢e
1
2

on the other hand, we have

L(g+1) [T G L\ ezl 2ol
li 2 - = lim =—(1 : :
i T(2) { ] T ( + ) r—2 2

O

Proposition 9. KL divergence between two distributions P and Q) of a continuous random variable

is given by Dk, (p|lq) = f p(z) log g gzg And probabilty density function of multivariate Normal

distribution is given by p(x) = W exp (—3(x — p) TS (x — p)). Let our two Normal
distributions be N (f1,,, X)) and N (p,, £q), both k dimensional. we have

I
A |zp|

Drr(plle) = ket (pp— pg) = (1 — 1) F 0 {ZI . 22)

1
2

Proposition 10 (Jacobi’s formula). If A is a differentiable map from the real numbers to n X n
matrices,

d

- det A(t) = tr <adj(A(t))d‘2§t)> . (23)

Proposition 11. For random variable X with ;i and o as mean and variance, then we can use
Taylor expansion to obtain:

{E(logX) ~ lo u—% o1

Var(log X) ~ %

Proposition 12. Given n normal distributions N(0,02),1 < i < n and (X;1, X;2, ..., Xim) are
sample from N(0,02),1 < j < m. then

T, 1I) >

1
Varicicni<jem(Xij) = ~ Y _of. (25)
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Proof.

1 n m
Varicicn,i<jzm(Xij) = — . Z[Xij —E(X;)) (26)
i=1 j=1
1 1 m ) 1 m )
=1 1[Xz‘j —E(Xy)" e+ — Z;[an — E(X0)I"}
j= j=
Since E(X;5) =0,1<i<n,1<j<m
1
A 27
O
Lemma 3. For a matrix B € R™*"™ and a small constant €, we have:
det(I, 4+ €B) = 1 + etr(B) + O(€?). (28)
Proof. First, we regard det(I,, + €B) as a function w.r.t e. Since Proposition[I0] we have:
d .
d—det(In + €B)|c=g = tr{adj(I, + eB)B}|.—o (29)
€
= tr{det(I, + eB) - (I, + eB) 'B}|.—o (30)
= det(I, + eB) - tr{(I,, + eB) 'B}|.—o (31)
= tr(B) (32)

Using Taylor expansion for det(I,, +¢B), we have 2 det (I, +€B) = det(1,,)+ L det(I,+€B)|c—o-
€ + O(€?). In other words, det(L,, + €B) = 1 + e tr(B) + O(e?).

O
A.1 The proof of Proposition|[l]

(Proposition [I)) If the convolutional filters F'4 in layer A meet CWDA, then we have following
estimations:

Criterion Mean Variance
41(FA) \/Q/TI'O'AdA (17 %)O'QAdA
£2(Fa) ﬂUAF(%)/F(ZTA) o%/2
Fermat(F4) ﬁUAF(rI“‘Zi)/F(TA) % /2

where d 4 and 0% denote the dimension of 4 and the variance of the weights in layer A, respectively.

Proof. According to Appendix [B] Eq. (2I), Proposition 4] and Proposition[5] we can obtain the mean
and variance of ¢1(F4) and ¢5(F4). Moreover, From the Theorem [3|, we know that the Fermat
point F of F4 and the origin 0 approximately coincide. According to Table [I} ||F — Fal|2 =~
[|0 — Fall2 = ||Fal|2. Therefore, the mean and variance of Fermat(F4) are the same as ¢o(F4)’s
in Proposition [T}

O

A.2 The proof of Proposition

(Proposition [2)) If the convolutional filters F4 in layer A meet CWDA, then E[¢1(F4)/f2(F4)] and
E[¢2(F4)/¢1(F4)] only depend on their dimension d 4.

18



Proof. From Eq. (19), we have:

01(Fa)

E[EQ(FA)

| ~

E[(1(Fy)] E[(1(Fa)]
ElaFy) T el EDl g

_ V2/moada +o%/2 V2/m0ada
faAr<dA+l>/r<7A> A V2ol (2ah) T ()]

~ O(y/da) + O( ) from Eq. (20)

from Proposition. [I]

\/77

Similarly, we can prove that E[¢s(F4)/¢1(F4)] also only depend on their dimension d 4.

6(Fa),  E[la(Fa)l - Ell2(Fa)]

0(Fa)' "~ E[e(Fa)] E[6y(Fa)P?
- \[UAF( )/F(TA) 2, 5
T e TR

E|[ + Var[ly(F4

V20 4T (445 /T (%)
\/2/7TO'ACZA

from Proposition.

1 1
~ O(—TA)+O(d1—A_5) from Egq.
O

B The relaxation for CWDA

(Convolution Weight Distribution Assumption) Let F;; € RV:***¥ be the j*® well-trained filter
of the i*" convolutional layer. In genera in i*" layer, F;; (j = 1,2, ..., N;41) are i.i.d and follow
such a distribution: ‘ ‘

Fij ~ N(Ov Eéiag +e- Eélock)v (33)
where X, . = diag(K1, Ko, ..., Ky,) is a block diagonal matrix and the diagonal elements of
! ok are 0. € is a small constant. The values of the off-block-diagonal elements are 0 and K; €
RF*xk? JA=1,2,..., N, Efﬁag = diag(a1, as, ..., an, xkxk) is a diagonal matrix and the elements of
3, are close enough.

In Section 2} we propose CWDA. In order to use this assumption conveniently, we give the following
relaxation of CWDA:

(Convolution Weight Distribution Assumption-Relaxation) Let F;; € RY:*k*F be the j*" well-
trained filter of the i*" convolutional layer. In general, in i'! layer, F; (j = 1,2, ..., N;11) are i.i.d
and follow such a distribution:

Fij ~ N(0, 0y - I, o) (34)

th

where afayer is the variance of the weights in ** convolutional layer.

Next, we analyze the gap between CWDA and CWDA-Relaxation, i.e., the difference between
N(O 2dlag +e- Eélock) and N(07 UIQayer : IN,-><k><Ic)~

Lemma 4. Given two n-dimension Gaussian distributions N(0, X giae + € - Bpiocr) and N(0, Xgiae),
we can estimate the KL divergence of them:

1

1
KLIN(0, Zaig + - Do) IN(0, Baig)) ~ 5 lorl 5]

(35)

In Section@ we make further discussion and analysis on the conditions for CWDA to be satisfied.
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where Xy = diag(Kq, Ko, ..., Kn,) is a block diagonal matrix and the diagonal elements of
Spiock are 0. € is a small constant. The values of the off-block-diagonal elements are 0 and K; €

2 2 . . . .
RFXK" 1 =1,2,...,N;. Siiag = diag(ai, az, ..., an, xkxk) is a diagonal matrix and the elements
of Xgiag are close enough. n = N; X k X k.

Proof. Since Proposition 9] we have:

det[Ediag] .
% det[Xgiag + € - lock] 40+ tr{ dlag( diag 1 € - Bblock) } (36)
det[Edia ] B
=1 g _ ! sy 37
o8 det[zdiag +€- Eblock] n+ I'{ kte€ diag block} ( )
det[ X4
=lo ) [ dlag] Since the diagonal elements of 3, are O

& det[Xgiag + € - Lilock]
(33)

Let Ediag = diag(Sl, SQ, ceny SNi), where Sj = diag(a(j,l)kzﬂ, A(—1)k2+2> ...,a(j,l)szrkz),j =
1,2,...N;.

det [Ediag]

2KL =1lo 39)
& det[Xgiag + € - Lplock]
n N,;
= log H ay — log{H det[Sp + eKp]} (40)
j=1 h=1
n Ni
=log [ [ ar — log{ ] [ det[Sn]det[Ts> + €S, " Kn]} Since Sj, = 0
j=1 h=1
(4D
Note that S}, is a diagonal matrix and the diagonal elements of K, are all zero. Therefore
tr(S;, ' Kp) = 0. (42)
Next,
n N;
2KL = log H ay — log{H det[Sy)det[L;2 + €S, K]} 43)
j=1 h=1
n N;
= log H ai — log{H det[Sy] - (1 + etr(S;, ' Kp) + O(e?))} Since Lemmal[3]
j=1 h=1
n Nri
= log H ax — log{H det[Sp] - (1+ O(e*))} Since Eq. (#2)
j=1 h=1
= logHak flogHak(l +0(€%)) (44)
j=1 j=1
=log[———< 4
Og[1+0(62)] (45)
O

According to Statistical test (2) in Section [2.1, IN(0,Xg4,) can be approximate to
N(0, L tr(Zdiae)I5). In addition, from Propsition |12/and Lemma 4| while € is small enough, the
distribution N (0, Xgiag + € - Lpiock) can be approximate to N (0, Ofayer " IN:xkx k). The analysis in
this paper are based on Convolution Weight Distribution Assumption-Relaxation and we use it to
explain successfully many phenomena in the Similarity and Applicability problem of pruning criteria.
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C Proof of Theorem 1]

Theorem 1. Let n—dimension random variable X meet CWDA, and the pair of criteria (C, C5) is
one of (¢1,¢5), ({2, Fermat) or (Fermat, GM), we have

max { Vary €2(X) , Varx 91 (X) < B(n). (46)
G (X) Ca(X)
where al(X) denotes C1(X)/E(C1(X)) and 62(X) denotes Co(X)/E(C2(X)). B(n) denotes the
upper bound of left-hand side and when n is large enough, B(n) — 0.

For *" layer, we use v; to represent Fy;, 7 = 1,2,...N. And v; meets CWDA. Since Appendlxl
we use the following three points to prove Theoreml

(1) For ({2, ¢7). In fact, £5 = ¢; (their importance rankings are similar) is not trivial. Generally
speaking, for convolutional filters, dim(v;) is large enough Since v; satisfies CWDA, from Theorem

l we know that the variance of ratio between /1 and /5 have a bound O(dlm(v]) 1), which means
5 and (4 are appropriate monotonic. Specific numerical validation is shown in Fig. [0 of Appendix

D).

Theorem 2. Let X ~ N(0,c?-1,), we have

max {Varx <€2(X)> ,Varx (
£1(X)

where 01 (X) denotes (1 (X) JE({1(X)) and U5(X) denotes l2(X)/E(l2(X)). ¢ is a constant.

@(X) < l “mn
(X))~

Proof. (See Appendix D). O

(2) For ({2, Fermat). Since v; satisfies CWDA, from Theorem 3] we know that the Fermat point of
v; and the origin O approximately coincide. According to Table[2] ||Fermat — v;||2 = ||0 — v;|]2 =
||vi||2. Therefore, from Theorem the bound B(n) for the (¢;, Fermat) and (>, Fermat) are 1

and 0, respectively. Moreover, since CWDA, the centroid of v; is G = % Zi\il v; = 0. Hence,
G = 0 =~ Fermat. (48)

Theorem 3. Let random variable v; € R and they are i.i.d and follow normal distribution
N(0,0%1;). For F € R¥, we have argming {E,..n(0,021,) Yor_y ||[F — vi||2} = 0.

Proof. (See Appendix|[E). O

(3) For (GM, Fermat). First, we show the following two theorems:

Theorem 4. For n random variables a; € RF follow N(0,c? - 1;,).When k is large enough, we have
such an estimation:

Var, oS = o Ve O g @
where F1(a;) = 371 [laill2/E(325 [laill2) and Fa(ai) = 3707 [lail 3/E(2 [lail3)-
Proof. (See Appendix [F). O
Theorem 5. Let vy, vy, ..., vg be the k + 1 vectors in n dimensional Euclidean space E". For all P
in E™, . .
DOIP —will3 =) IG = will3 + (k+ DIIP - G5, (50)
i=0 i=0

where G is the centroid of v;, will hold if it satisfies one of the following conditions:
(1)if k > n and rank(v; — vg, va — Vg, ..., Vg — Vo) = N.
(2)if k < nand (v1 — vg, V2 — Vg, ..., Uk — Vo) are linearly independent.

(3)if vi ~ N(0,¢? - 1,,), Eq.(50) holds with probability 1.
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Proof. (See Appendix[G). O

Let P € {v1,va,...,ux}. Since v; ~ N(0,c? - I), we can obtain that a; = P — v; ~ N(0,2¢% - 1)
if P # v;. According to the analysis in Section[3.1]and Theorem[d] we have

leazllz —Z\lailli (51)
=1

Next, we can prove (k + 1)||P — F||2 (Fermat) and vazl [|P — vi||o (GM) are approximately
monotonic, where P € {v1,va,...,ux}.

(’Hl)HP—FHQ%(k+1)IIP—GH§ Since Eq. @8)
—an—vzuz ZHG—UZHQ Since Theorem 3]
i=1
N
gz _”1H2_Z||G—Uz||2 Since Eq. (31)
N
gZHP*UzHQ (52)

i=1
The reason for the last equation is that Zf\il ||G — v;]|3 is a constant for given v;.

D Proof of Theorem

TheoremLet X ~ N(0,c¢%-1,,), we have

max{VarX <€2(X)> Var x (%)} < l
Gh(x))’ LX) ~n

where 3 (X) denotes ¢1(X)/E(¢1(X)) and l2(X) denotes £5(X)/E(l2(X)).

Proof. For the ratio ZQ(X)/E (X), we have

05(X) (LX) 2(X)
Var(Zl(X)> (E(éz(X)> Var < X
(42(X)
E((>(X)

)
(E 0 (X §>2 ( )) (Varez | Varty(X) _2Cov(£2(X),£1(X)))
)

(X E(61(X))? fE(f2£X))E(151(X))
Var/y(X) Var€1 i
< (E(&( )) from Proposition. [7]

similarly, we also have

L) Varly(X) = Varly(X)
Var( 1 ) - (E(&)&))2 " E(zl&)y)- (53)

Therefore,
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ResNet56 on Cifar100 ResNet110 on Cifar10

0.040

‘l —o— var(ly/l)) 0.0104 f ° —o— var(ly/ly)
0.0357 1 o~ var(h/h) o- var(fy/l)
00304 | - (n-1)2n) 0,008 - (-12n)

0.0259 1
0.006
0.020 4

00151 0.0044 P

0.0104 ofe
0.002 0
0.0054 g ¢

0.000

0.000

T
0 10 20 30 40 50
layer layer

Figure 9: The approximation of Theorem 2} (Left) the example about ResNet56; (Right) the example
about ResNet110.

U5(X) H(X) Varly(X)  Varl;(X)
max {Varx (ZﬂX)) , Vary <Z2(X)>} < (IE(KQ(X))Q + ]E(&(X))Q)

902 [F(%H) _ F(HTH)Q}

_ rg _tar | of(-3n
(V20 - Fé%))z (n-o/2/m)?
from Proposition. [5]and ]
1 1
~ <2n + (g - 1)n) from Lemma[2]
=1
2

O

Because the approximation is widely used in the proof of Theorem [I] it is necessary to verify
it numerically. As shown in Fig. [0 we use ResNet56 on Cifar100 and ResNet110 on Cifar10
respectively to verify Theorem[I] From Fig. E we find that the estimationn of Theorem [I]is reliable,

£6(X) LN\ )
Zl(x)> , Vary (Zz(x))} is appropriate.

i.e., the estimation O(2) for max {Var X (

E Proof of Theorem

Proposition 13. Let L,(,a) (x) denotes generalized Laguerre function, and it have following properties:

a’ﬂ
g ) = (CD"L (@), (54)
and for o > 0,

L(Oé)

1
2

(z) > 0. (55)

Theorem [3| Let random variable v; € R¥. They are i.i.d and follow normal distribution N (0, o%I}).
For F' in R”, we have

argming {E’L)iNN(O,UZIk) Z [|F — vi|2} =0.
i=1
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Proof. Letw; = F — v; and we have w; ~ N(F,0?1}), then

EyinN(0,0211) Z [|[F —vil|]o = ZEvin(O,Uzlk)||F — vil|2

i=1 i=1

n
= ZEwin(F,azlk)Hwi‘h

=1

o[ -y |IFIB
=noyg by (‘%2

The reason for the last equation is that ||w;||2 follows scaled noncentral chi distributiorﬁ when
B

w; ~ N(F,0%1). Let T(z) = L(f 2 <—"L’—2), we calculate the minimum of 7'(z). From Eq. l|
2

202
d T () x?

Since Eq. (55), we find that - 7'(z) > 0 when z > 0 and if z < 0, then -L7'(z) < 0. It means that
T(x) gets the minimizer at |FFH2 =0,ie, F=0.

O

F Proof of Theorem 4

Lemma 5. For two random variables X,Y € RF follow N(0,c? - 1) and they are i.i.d. When k is
large enough, we have:

(X1 = 11Y113)? , Ak +1
E N2+~ 57
< 2[[X ||z - [Y]2 CF e 57
" (X113 = 11Y113)? 4k 4 2
Xllz —IY 16c¢*k + ¢
Var 2 2 > <S8t + ———, (58)
( 2/ X|l2 - [[Yl2 )~ k2

Proof. According to Proposition 3 and Lemma 2, it is easy to know, when £k is large enough, that
E(21X|l2- [Y|l2) = 2¢°k,  Var (2[|X]]2 - [[Y]]2) = ¢* + 4ck, (59)
and
E ((IX]13 = IY]12)?) = 4c*k,  Var ((|IX]|3 — [[Y]13)?) = 16¢°(2k* + 3k).  (60)
Since Lemmal[T} we have an estimation

Var((lleg—lYII%)Q) < (E(IXII%—IIYIE)Q) (Var(lleé—llYllg)2 Var(2||X|2~||Y|2)2>>

2[[X [z - Y]]z E2[[X ]2 - [[Y]]2 E([|X]13 = 1Y) E2[[X][2 - [[Y]]2)?
(AR (@ actk | 16¢3(2K% + 3k)
~\ 2¢2k Ak 16¢8k2
Since Eq.(39) and Eq.(60)
16¢tk + 2
g

Therefore,
(||X||§—||Y||§)2> E(| X5 — IY]3)? E(| X3 — [[Y]]3)?
B ( ~ + Var(@||X|]s - [IV]]2)
21X |2 - [[Y]|2 E2[[X ]2 - [[Y]]2 (E2[|X]]2 - [[Y]]2)?
Since Eq.(T9)

N 4c*k 4tk

2 4 -
~ ap Tk ( + 4c*k) Since Eq.(39) and Eq.(60)
4k +1
=22 F ———.
¢+ ok2
O

8Survey of simple,continuous,uniariate probability distribution and Wikipredial
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0 (k=2):EL(IIXII3 ~ M3V |2l Y]12)] m ©  (k=10):Varl(JIX|[3 - IYI3*/21IX|2l Y]]2)]
81 (k=2): Estimation (k=10): Estimation

71 0 (k=5):EL(|IXI3 =~ [IYIR/2IIXILIYII2)] ©  (k=20):Var[(JIX|I3 - IYI3*/2IIX] |2l Y]]2)]
° —— (k=5):Estimation 30 — (k=20):Estimation

6 o (k=100): EL(|IXI12 - |IYIRHIIX|[l Y]] ©  (k=100): Var((|[X|3 = [IYI[52/2[IXI]21Y]I)]
54 —— (k=100):Estimation —— (k=100):Estimation

20
o

10

14131211 1 090807 06 0504030201 14131211 1 090807 06 0504030201
c c

Figure 10: (Left) The numerical verification of Eq.(57) and (Right) The numerical verification of
Eq.(58). X and Y follow N(0,¢? - I;,).

Note that, the approximation is widely used in the proof of Eq.(57) and Eq.(58). Hence, it is also
necessary to verify it numerically. As shown in Fig.[T0} the estimation is appropriate. According

to Lemma [5| the mathematical expectation and variance of the ratio of (|| X|[|2 — [|Y||3)? and
2||X||2 - ||Y||2 are both close to 0 when k is large enough and ¢ is small enough. that is,
211X 12 - [1Y']]2) > ([1X113 = Y 13)*. (61)

By the way, the convolutional filters easily meet the condition that k is large enough.
Theorem@ For n random variables a; € R¥ follow N (0, ¢ - I;,).When k is large enough, we have
such an estimation:
Fl(ai) - 1 Fg(ai) N 1
“ F2(ai) - 271](1’ o Fl((li) - 2’[’Lk
where Fi(a;) = 3304 [lasll2/B(C |laill2) and Fa(ai) = 370 [lail 3/E(CS [laslf3).

Proof. Since Eq. (I12) and Eq. (I3), we have

) 2 2 n .
Var,, Fi(a:) = < ne’k ) - Var,, (W) . (62)
F(a;) nevk i llaill3

Var Var

and

2
Fy(a) _ (nev S ol
¥ Ffa) ( nek )V S Tall ©

According to Lagrange’s identity, we have

(ZII%I%) (Zl>=<2|ain2> 37 (lalB ~ llas B

1<i<j<n

n
=Y lladlz+ D Uailla- Hagll) +2 Y (laill3 — llas[3)?
i=1 1<i<j<n 1<i<j<n

n
Y laills3+2 > (laill2 - llajll2) Since Eq. (61)
i=1 1<i<j<n

" 2
=<Z|az‘||2>

i=1

so we have Z" el
= |ag n
VaraiNN( Lyi=l T2 ~ VaraiNN(chz.Ik) (64)

Z?:l lai|l2

0,c2.1y,
FTISTT a3
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1
n

By central limit theorem, we have v/n(+ 3", ||as||2 — p)

~ N(0,0?%). And let g(z) = 2, we can

use Delta methocﬂ to find the distribution of g(L > | [|a;||2):

>y llaill2

n

vn (g(

1
n

) - g(u))) ~ N(0,0% - [g/()]?)

N(0,02- %). (65)

where p and o2 denote the mean and variance of ||a;||2 respectively. From Eq. (64), we have

>y lladll2
n
iy llaill3

VaraiNN(O,C2-Ik)

~ Varlli NN(O

n

Z,I —
IS lasll2

1
2 .
=cg°. S Eq.
o v ince Eq. (63)
o [D(E+1) D) 1
“TTE T TR | D
(5) (5) (V2¢ - e )A-n
Since Eq. (I2) and Eq. (I3)
1
= a7z Since Lemma. 2]

Since Eq. (62)), we have

Fy

Varai F2 (az)

(ai)

Similar to Eq. (64),

VaraiNN(O,CQ ‘Ik) Zn

=1

2 llaill3

2 2
( nc’k > Var, <
nevk

iy laall3

aalla ~ Var,, .n(o,c2 1)

Zn—l ||ai”2 1
Za=1 19ill2 0 © 66
S llail3) = 20k (©0)
n
Zi:l ||al|\2 (67)

n

n
iz llaill2 Similar to Eq. (64)

Since central limit theorem

1
-— Since Eq. (I3)
n

Since Lemma.

Var,,~no,c1,) foil llas]|2 ~ Varg,.n(o,c-1,) n
1
— 0—2 . —
n
o2 L(§+1)  T(E)?
r(5 r(3)?
2

Since Eq. (63)), we have

V: 2( Ll)
aIai
F

(ai)
From Eq.(66) and Eq.(68), Theorem @ holds.

2
nevk V.
nc2k Ala;

iy llaill3

1

o (68)

)z

Z:‘L:l |lai|2

In Fig.[T1] we also show a numerical verification of Theorem [d]

https://en.wikipedia.org/wiki/Delta_method
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Figure 11: A numerical verification of TheoremEI, where Fy = Y0 [|aill2/E(X 1 ||ai||2) and
By =31 a|3/ECC [|as]|3). a; follow N(0,0.01% - Iy,).

G Proof of Theorem

Proposition 14. For a n x m random matrix (a;j)nxm, where a;; ~ N(0,02). And Eq. holds
with probability 1.

rank((a;j)nxm) = min(m,n). (69)

Lemma 6. Let vy, vy, ..., vx be the k + 1 vectors in n dimensional Euclidean space V and k < n. If
rank(vy — vg,va — Vg, ..., Uk — V) =n, thenVx € V, IN;(0 <1 < k), s.t

k
= Ai-vi, (70)

and Zf:o Ai = 1 Wecall x = (Mo, A1, ..., \i) the generalized barycentric coordinate with respect
to (vo, V1, ..., Ug). (In general, barycentric coordinate is a concept in Polytope)

Proof. Note that v, is the element of n dimensional linear space V' and rank (v, —vg, v2 —vy, ..., U —
vg) = n. It means (v, — vg, vy — Vg, ..., Uk — Vo) form a set of basis in the linear space V. Vx € V,
x — v can be expressed linearly by them, i.e. Ht‘(l <i<k)st

x—vo—f—Zt v; — Vp)
= (]. —Zti)vo—i—Ztivi.

Let Ao = (1 — 2% #;)and \; = ;(1 < i < k), Lemma @holds 0

Lemma 7. Let vy, vy, ..., v be the k+1 vectors in n dimensional Euclidean space V. ¥Ya,b € V, and
the generalized barycentric coordinate of a, b with respect to (v, V1, ..., Vi) are X = (Ao, A1y ooy Ak) T
and j1 = (o, j11, .., ix) T respectively. Then

lla =03 = (A= )" DX = ), (71
where D = (—5dij) (k4 1)x (k+1), and dij = ||v; — vj[3.

Proof. Since Lemma@ let R = [vo, V1, ..., Uk|nx (k+1)» and we have a = RA and b = Ry. Moreover,

lla—b|[5 = (a—b)"(a—b) (72)
= [ROA = ][R\ = )] (73)
= A= RTR\ — p). (74)
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Note that, for D = (—%dij)(kJrl)x(kJrl)v

1 1
—5dig = =5 (i —v;)" (vi = vy) (75)
1
= vl vj — 5 (v v+ vj ), (76)

So we have D = RTR — 3 ((v'vi + v} 0;) (k41)x (k+1))- It can be further simplified to D =
RTR— 1(VaT +aVT), where V = (vl v, ..., v vp)T and o = (1,...,1)T. So

la =03 = (A= )" RTR(A — ) (717)
=\ =w"(D+ %(VaT +aVT)(A = p) (78)
= (0= DO ) + 5w (Va +aVT)(A ), (79)

therefore, we only need to prove (A — 11)” (Va” + aVT)(\ — u) = 0. From Lemmal6} we have
al (N —p) = (A —p)Ta = 0and the Lemmaholds.

O

Definition 1 (Ultra dimension). For a set U composed of vectors in a n dimensional linear space V,
we define dim(U) as the Ultra dimension of U. The definition is that if U has k linearly independent
vectors and there are no more, then dim(U) = k.

In fact, if U is a linear subspace in V, then the Ultra dimension and the dimensions of the linear
subspace are equivalent. If U is a linear manifold, U = {z + vglx € W}, where vy and W are
non-zero vectors and linear subspaces in V, respectively. And dim(W) = r. Then

T {r, vo €W

In other words, (ﬂI\n(U ) > (ﬂr\n(W) always holds.

Lemma 8. Forarbitrary k (1 <k <n—1), let ay,as, ..., ax, be k linearly independent vectors inn
dimensional linear space V. Consider one n — 1 dimensional linear subspace W in V' and a non-zero
vector vg in V. They form a linear manifold P = {vo + «|a € W}. If a1, ag, ..., ai do not all belong
to P, then there must exist n — k vectors p1,pa, ..., Pn—k from P, s.t (a1, a2, ..., Qk, P1, P2, -y Pn—k)
are a set of basis for the linear space V.

Proof. we use mathematical induction. First, show that the Lemmaholds forn — k = 1. it means
we need to find a vector p; € P s.t. a1, aq, ..., ay, p1 linearly independent. If p; does not exist, then
Vp € P would be linearly represented by a1, as, ..., ar. In other word,

P C L =span(ay,as,...,a), (81)
(@ For the linear manifold P, if vy € W. This means that P is equal to the linear subspace W. Since
Eq. , we have W C L and dim(W) = dim(L). Hence, P = W = L. However, a1, ag, ..., aj
do not all belong to P, a contradiction.

@ For the linear manifold P, if vy ¢ W, then d/n\n(P) = n. Because vy ¢ W, that is, vy cannot be

represented by a set of basis of . In other words, vo and a set of basis of IV are linearly independent.
However, the dimension of W is n — 1, hence dim(P) = n. From Eq. , we have P C L, so

n=dim(P) <dim(L) =k =n—1, (82)

a contradiction. Therefore, Lemma [§|holds for n — k = 1. Assume the induction hypothesis that
Lemmais true whenn — k = [, where 1 <. whenn —k =1+ 1,ie,k=n—(l+1), we
also can find a vector p; € P s.t. ay, as, ..., ag, p1 linearly independent. Otherwise, Vp € P would
be linearly represented by a1, as, ..., ax. Similarly, we have Eq. (81)). Note that, from Definition|[I]

d/lr\n(P) >n — 1, hence

n—1<dim(P) <dim(L) =k =n— (1 +1). (83)
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a contradiction. At this time, we have k +1 =n — (I + 1) + 1 = n — [ vectors ay, ag, ..., ag, P1
which are not all on P. Note that n — (n — [) = [, using the induction hypothesis, the Lemma also
holds for n — k = [. In summary, Lemmaholds.

O

Theorem 5} Let vy, v1, ..., vi, be the k + 1 vectors in n dimensional Euclidean space E™. For all P
in E™,
k k

DIP—wills =" 1IG = w5+ (k+ D|IP - Glf5.

i=0 i=0
where G is the centroid of v;, will hold if it satisfies one of the following conditions:
(Dif k > n and rank(vy — vy, v2 — Vg, ..., Vg — Vo) = N.

(2)if k < n and (v1 — vy, va — Vg, ..., Uk — Vo) are linearly independent.

(3)if v; ~ N(0,¢-1,), Eq.(50) holds with probability 1 where c is a constant.

Proof. For Theorem(l). From Lemma@ VP € E™ 3y = (v0, ..., k), s.t. P can be represented
by Zf:o ~;v;, where Zf:o ~; = 1. In fact, for each v;, it also can be respresented by E?:o BijVis

where Zfzo Bi; = 1. We just take (B0, 51, ..., Bik) as one of the standard orthogonal basis
e; = (0,0,...,1;,...0). According to lemma

1P = will3 = (v — &) D(y — &) (84)
= VTD’y — 2’yTDei + eiTDei (85)
=T D~y — 29T De;. (86)

The final equation is because the diagonal elements of the matrix are all 0. On the other hand, we
have

k k
1 1
1G—vil3=(——=> e—€&) "D &—€) (87)
k+1 pae k+1 pard
1 T 2 7 T
= ma Do — ma De; + €; De; (88)
1 2
= WQTDOZ — mOZTDGi, (89)

where « = Zf:o €, i.e;,a = (1,1,...,1). Next, we consider ||P — G||3.

1 1
P— 2 _ o TD _ 0
IP= Gl = (v = =)Dy - ) (90)
1 2
T T T
=~"D ———a" Do — ——~" Da.. 91
v 7+(k+1)2a @ k+1’y @ Ob
In summary, we have
k
ZHP—UZ-HS — |G = vi||3 = (k+ 1)y Dy — 29" Da + k+1aTDa (92)
i=0
= (k+1)||P - G5 (93)

Therefore, Theorem [5](1) holds.

For Theorem [5](2). Next, we prove the case of k& < n. Obviously, Lemma [6does not hold. We
consider about such a linear space W7 = span(P — G), i.e., a linear space expanded by P — G, and
its orthogonal complement Wit (in E™). Since dimension formula from linear space, it is easy to
konw that dim(Wi-) =n — 1.
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Two linear manifolds 73 and 75 are constructed as follows,
T ={z+Glz e Wit} (94)
Ty = {z 4 G — volz € Wit} (95)

Vu; € Ty, we have (v; — G)T (P — G) = 0, Furthermore,
IP —vill3 = llvi — GlI3 + ||P — G5 (96)

It is easy to know that G — vg is not 0. If v1 — vy, ..., v — vg are all belong to T, it means vy, .., vy
are all in T7. Hence, we have Eq. (96). By summing both sides of Eq. (96)) for 4, it is obvious find
that TheoremE](Z) holds. If v; — vg, ..., v — vo are not all belong to 75, since Lemma@, there are
n — k vectors p; — vg, P2 — Vg, -, Pn—k — Vo from T s.t. they and vy — vy, ..., v — Vg are linearly
independent, where p; obviously belongs to manifold 73 .

At the same time, we have 2G — p; € T, we can also construct n — k new vectors 2G — p; —vg € To
and calculate the rank that

rank(vy — v, ..., Uk — V0, P1 — V05 --, Pn—k — V0, 2G — p1 — V0, ..., 2G — pp—k — Vo)

= rank(vy — Vg, ..., Uk — V0, P1 — V0, o, Pn—k — V0, 2(G — v0), ..., 2(G — o))  (97)
= rank(v; — vg, ..., Vg — V0, D1 — V0y -y Pk — V0,0, ..., 0) (98)
—n (99)

The reason of the final equation is that Zle(vi — o) = (k+ 1)(G — vg). Note that there are a
total of k + (n — k) + (n — k) = n + (n — k) > n vectors, meets the lemmal6|condition. For the
convenience of description, we define

LY =, (0<i<k), (100)
L =p,1<i<n—k), (101)
L¥ =2G —p,(1<i<n—k). (102)
And their centroid is
1 L e, e
R — i L + LY 1
G 2n—k+1<§“+;(1 + L )> (103)
1
= 1 —
on—p 1 (kDG +200 = k)G) (104)
e (105)

That is, the newly added vector does not change the centroid of v;. On the other hand, since both

LEZ) and LZ(-?’) are in the linear manifold 77, and it meets the conditions of the Eq.. Similar to the
derivation in the Theorem[5] (1), we have

@n—k+D[P-Gll3= > (IP-t}-G-tl3) (106)
t=L0{V L3 1

k
=S (IP-wlls—lIG—vill3)+ >  (IP—t5—IG—tl3)
=0

i 712 13
v t=L;",L;

(107)

k
=>_ (1P = vill3 = IG = vil[3) + 2(n — k)||IP - GI|3 (108)
:=0

?

The final equation is because both ng) and ng) are in the linear manifold 77 and satisfy Eq. 1%’

To simplify Eq. (108), we obtain % (||P — ;|3 — |G — vi|[3) = (k + 1)||P — G|[3. Therefore,
Theorem 3] (2) holds.
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For Theorem|[5|(3). When k > n, from Proposition[14] we know that rank (vy — v, v2 — v, ..., Uy —
vg) = n holds with probability 1. Hence, if we use the similar deduction from Theorem (1), we can
find that T heoremE](?)) holds when k > n. On the other hand, when k£ < n, we can get the same
result also according to Proposition The reason is that (vy — vg, V2 — Vg, ..., U — Up) are linearly
independent with probability 1.

O
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H The result of Sp

||

704
ol Spearman: 0.99
50
£
% 30
>
20
104
0.‘25 0,:‘:0 0,‘75 1.‘00 1.I25 1,:‘;0 1,‘75
Value of £, norm
(a) Sp=0.99
175 Spearman: 0.99
1.509
&

Value of Fermat
IS = -
o ° N
& 53 &

L 1 L

0.50

0.25

T T T T T T T
025 050 0.75 1.00 125 150 175
Value of £; norm

(c) Sp=0.99

Y N

550 4

Spearman: 0.98

500

IS

I

o
1

Value of GM
B
S
s
L

350

300+

T T T T
0.0 0.5 1.0 1.5 2.0

Value of £, norm
(e) Sp=0.98

Value of GM

Value of £; norm

Value of Fermat

0.5

0.0

1200 4

1000

40

-
o
|

g
=}
1

|| .

1300 Spearman: 0.99
1100 Py
LT
900 4
800 4 °
7004

T T T T T T T
025 050 075 1.00 1.25 150 175
Value of £, norm

(b) Sp=0.99

||| N

Spearman: 0.98

T T T T
0.0 0.5 1.0 1.5 2.0
Value of £, norm

(d) Sp=0.98

| | S

Spearman: 1.00
0.0 05 10 15 20
Value of £, norm
(f) Sp = 1.00

Figure 12: The Spearman’s rank correlation coefficient (Sp) for different criteria. (a-c) are Sp between
¢, and /5, GM and /5, Fermat and /5 from ResNet18 (12" Conv), respectively. The results of
VGG16 (3" Conv) are shown in (d-f). If the Sp of two pruning criteria is close to 1, then the sequence

of their pruned filters may have strong similarity.



I Other result
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Figure 13: The distribution about other learnable parameters. (Left): The disrtibution about the
learnable parameters of batch normalization. (Rihgt): The parameters distribution of the fully-
connected layers (FC). For FC, the Sp between the criteria in TableZ]are greater than 0.9.

In Fig@ we show the other learnable parameters (i.e. Batch normalization (BN) and fully connected
neural network (FC)) in VGG16-BN. For BN, the distribution of its parameters does not satisfy
CWDA, and similar results are shown in [34] [35]. Moreover, the learnable parameters of fully-
connected layers also do not follow a Gaussian-alike distribution, which is consistent with the
conclusion in previous work [36), [37] [38].
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Figure 14: The distribution of the convolutional filter (141*" Conv) with kaiming-uniform initializa-
tion for each epoch.
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J An interesting case for Importance Score measured by different criteria

The following results are the index of pruned filters obtained by the filters’ Importance Score from
different types of pruning criteria. We take VGG16 (2"?) as an example. The 5" filter in this layer is
regarded as a redundant convolutional filter for APoZ criterion, but other criteria consider it to be
almost the most important.

Taylor ¢1: [27, 36, 25, 11, 6, 23, 24, 16, 0, 57, 48, 53, 1, 61, 18, 55, 34, 15, 51, 58, 31, 3, 12, 21, 59,
30,7, 38,41, 50, 10, 33, 17, 46, 62, 13, 49, 43, 42, 47, 2, 32, 44, 20, 39, 52, 56, 40, 9, 26, 37, 22, 29,
54, 60, 8, 14, 45, 4, 63, 19, 35, 28, 5]

Taylor ¢s: [23, 32, 36, 11, 62, 16, 30, 59, 10, 13, 2, 50, 38, 0, 46, 43, 21, 26, 15, 22, 7, 51, 39, 33, 14,
58,9,40,57, 6, 61, 44, 20, 48, 3, 53, 41, 56, 17, 12, 18, 31, 4, 1, 25, 19, 63, 24, 54, 45, 52, 37, 55, 47,
34,35, 8, 29,42, 27,49, 28, 60, 5]

BN_g: [52, 46, 32,21, 14,29, 17,0, 19, 36, 1, 51, 44, 40, 41, 60, 57, 27, 22, 53, 63, 8, 30, 26, 23, 58,
39,18,9,47,31, 35, 11, 37, 55, 45, 3, 61, 6, 4, 33, 25, 15, 48, 43, 28, 56, 2, 13, 16, 34, 20, 59, 10, 7,
24,50, 62, 12,49, 38, 42, 5, 54]

APoZ: [5, 10, 38, 42, 62, 24, 13, 12, 7, 28, 59, 15, 23, 11, 16, 56, 34, 35, 57, 19, 2, 49, 43, 25, 6, 63,
61, 36,9, 27, 33, 20, 48, 58, 55, 18, 51, 31, 1, 0, 53, 37, 26, 29, 47, 60, 8, 44, 41, 46, 21, 17, 14, 32,
52,22, 39, 3, 40, 30, 4, 45, 50, 54]
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K The details of other pruning criteria

For notation, we denote i‘" convolutional filter in layer [ as F)' and the input feature maps in layer /

as It e RVXI D! XWL, where N, I', H', W, mean the train set size, number of channels, height and
width respectively, s = 1,2,--- ;A\, and [ = 1,2,--- | L. The formulation of the filters’ Importance
Score under each pruning criteria are illustrated as follows:

Norm-based criteria:
e ¢1-Norm [S]: ||F!|1;
s (y-Norm [7]: || F}|]a;

BN-based criteria [12]]:

* BN_~: |%l |, where fyf is the scaling factor in the Batch Normalization layer [;

» BN_p: |B!|, where /3! is the shifting factor in the Batch Normalization layer /.

Activation-based criteria:

L% F|)p,q>0
+ apoz g1 Zegl (oA o)

indicator function, * is convolution operator and I' * F' is the i-th output feature map;

* Entropy [9]: we first prepare G! = GAP(I' x F}), where G! € RV*! and GAP(-) is the
Global Average Pooling. Then, we estimate statistical distribution for G! by dividing all
elements in G into m bins. Let p; is the probability of bin j, and the the Importance Score
score is — Y7 pjlogp;.

, where we set 0 = 0.0001 same as [9]], and 1(-) is the

First order Taylor based criteria [[10, 11} 26]:
* Taylor ¢;-Norm: H% - F|y;
¢ Taylor ¢5-Norm: H%Lfif IS

The loss is the Cross Entropy Loss on the split training set from the original training set.
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L Additional experiments about image clasification

Table 5: The accuracy(%) of several networks and datasets using different pruning criteria.

Experiment (1) Experiment (2) Experiment (3)
Trained Pruned Fine-tuned | Trained Pruned Fine-tuned | Trained Pruned Fine-tuned
CIFARI10 0 93.61 61.21 93.51 93.21 54.31 93.22 93.26 57.74 93.32
VGG16 lo 93.61 63.41 93.32 93.21 54.61 93.42 93.26 57.42 93.29
GM 93.61 61.22 93.41 93.21 53.71 93.25 93.26 57.46 93.36
CIFAR100 J2 72.67 2591 71.50 72.99 20.43 71.36 72.56 24.01 71.07
VGG16 12 72.67 27.07 71.28 72.99 22.31 71.12 72.56 24.45 70.92
GM 72.67 26.37 71.27 72.99 21.67 71.26 72.56 24.26 70.78
ImageNet I3 71.58 30.33 71.02 71.33 40.33 70.12 72.01 28.07 70.93
VGG16 Ly 71.58 29.47 70.83 71.33 40.45 70.13 72.01 27.89 71.02
GM 71.58 30.76 70.95 71.33 39.86 70.33 72.01 28.01 70.74
CIFARI10 l1 92.98 77.73 93.08 92.97 76.02 92.82 93.01 79.93 92.81
ResNet56 ly 92.98 79.02 92.83 92.97 7791 92.72 93.01 82.43 92.81
GM 92.98 74.26 92.77 93.2 73.93 92.61 93.01 80.48 92.84
CIFAR100 4y 71.36 50.64 70.15 70.02 52.41 69.19 70.48 52.19 69.77
ResNet56 12 71.36 53.44 70.16 70.02 52.73 69.31 70.48 52.16 69.62
GM 71.36 45.12 70.22 70.02 52.62 69.54 70.48 50.74 69.69
ImageNet 0y 73.31 62.22 73.06 73.16 54.24 72.99 73.21 63.12 73.02
ResNet34 12 73.31 62.02 7291 73.16 53.64 72.78 73.21 62.98 72.86
GM 73.31 61.88 72.96 73.16 53.48 72.94 73.21 62.36 73.04

All the setting of these experiments are under can be found in https://github. com/bearpaw/
pytorch-classification. Specifically, for pruning ratio:

VGG16 on CIFAR10, CIFAR100 and ImageNet:

https://github.com/Eric-mingjie/rethinking-network-pruning/blob/master/
cifar/l1-norm-pruning/vggprune.py#L84

ResNet56 on CIFAR10 and CIFAR100:

https://github.com/Eric-mingjie/rethinking-network-pruning/blob/master/
cifar/l1-norm-pruning/resb6prune.py#L94

ResNet34 on ImageNet:

https://github.com/Eric-mingjie/rethinking-network-pruning/blob/master/
imagenet/l1-norm-pruning/prune.py#L138
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Figure 15: KS test while using different settings of weight decay.

We train the ResNet110 and WRN-28-10 on CIFAR100 with different weight decay (1e-3, 3e-4 and

0) and use KS test to verify whether the parameters of different layers follow a normal distribution.
In Fig.[I3] we can find

(1) When weight decay (wd) is non-zero, the normality is higher than that when weight decay is O.

(2) If weight decay is 0, the p-value can still be much greater than 0.05, which means that the
regularization of weight decay may not be the key reason for CWDA. The distribution of the
parameters in these two networks (weight decay is 0) are shown in Fig.[T7)and Fig. [T
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Figure 16: The distribution of parameters in different convolutional filters (WRN-28-10, wd = 0).

KS test p-value: 0.43 >0.05 KS test p-value: 0.69 >0.05 KS test p-value: 0.73 >0.05 KS test p-value: 0.75 >0.05
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Figure 17: The distribution of parameters in different convolutional filters (ResNet110, wd = 0).
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N More visualizations of correlation matrix

N.1 VGGI16
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