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Abstract

It has been hypothesized that quantum computers may lend themselves well to
applications in machine learning. In the present work, we analyze function classes
defined via quantum kernels. Quantum computers offer the possibility to efficiently
compute inner products of exponentially large density operators that are classically
hard to compute. However, having an exponentially large feature space renders
the problem of generalization hard. Furthermore, being able to evaluate inner
products in high dimensional spaces efficiently by itself does not guarantee a
quantum advantage, as already classically tractable kernels can correspond to high-
or infinite-dimensional reproducing kernel Hilbert spaces (RKHS).

We analyze the spectral properties of quantum kernels and find that we can expect
an advantage if their RKHS is low dimensional and contains functions that are
hard to compute classically. If the target function is known to lie in this class, this
implies a quantum advantage, as the quantum computer can encode this inductive
bias, whereas there is no classically efficient way to constrain the function class in
the same way. However, we show that finding suitable quantum kernels is not easy
because the kernel evaluation might require exponentially many measurements.

In conclusion, our message is a somewhat sobering one: we conjecture that quan-
tum machine learning models can offer speed-ups only if we manage to encode
knowledge about the problem at hand into quantum circuits, while encoding the
same bias into a classical model would be hard. These situations may plausibly
occur when learning on data generated by a quantum process, however, they appear
to be harder to come by for classical datasets.

1 Introduction

In recent years, much attention has been dedicated to studies of how small and noisy quantum devices
[1] could be used for near term applications to showcase the power of quantum computers. Besides
fundamental demonstrations [2], potential applications that have been discussed are in quantum
chemistry [3], discrete optimization [4] and machine learning (ML) [5-12].

Initiated by the seminal HHL algorithm [13], early work in quantum machine learning (QML) was
focused on speeding up linear algebra subroutines, commonly used in ML, offering the perspective
of a runtime logarithmic in the problem size [14—17]. However, most of these works have an inverse
polynomial scaling of the runtime in the error and it was shown rigorously by Ciliberto et al. [18]
that due to the quantum mechanical measurement process a runtime complexity O(y/n) is necessary
for convergence rate 1//n.

Rather than speeding up linear algebra subroutines, we focus on more recent suggestions that use a
quantum device to define and implement the function class and do the optimization on a classical
computer. There are two ways to that: the first are so-called Quantum Neural Networks (QNN) or
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Figure 1: Quantum advantage via inductive bias: (a) Data generating quantum circuit f(z) =
Tr pV (2)(M ®id) = Tr p¥ (x)M . (b) The full quantum kernel k(z,2") = Tr p" (z)p" (z')

is too general and cannot learn f efficiently. (c) The biased quantum kernel ¢(z,z’) =
Tr 5V (2)p" (z') meaningfully constrains the function space and allows to learn f with little data.

parametrized quantum circuits [5—7] which can be trained via gradient based optimization [5, 19-23].
The second approach is to use a predefined way of encoding the data in the quantum system and
defining a quantum kernel as the inner product of two quantum states [7—11]. These two approaches
essentially provide a parametric and a non-parametric path to quantum machine learning, which are
closely related to each other [11]. Since the optimization of QNNs is non-convex and suffers from
so-called Barren Plateaus [24], we here focus on quantum kernels, which allow for convex problems
and thus lend themselves more readily to theoretical analysis.

The central idea of using a QML model is that it enables to do computations that are exponentially
hard classically. However, also in classical ML, kernel methods allow us to implicitly work with
high- or infinite dimensional function spaces [25, 26]. Thus, purely studying the expressivity of
QML models [27] is not sufficient to understand when we can expect speed-ups. Only recently first
steps where taken into this direction [10, 12, 28]. Assuming classical hardness of computing discrete
logarithms, Liu et al. [10] proposed a task based on the computation of the discrete logarithm where
the quantum computer, equipped with the right feature mapping, can learn the target function with
exponentially less data than any classical (efficient) algorithm. Similarly, Huang et al. [12] analyzed
generalization bounds and realized that the expressivity of quantum models can hinder generalization.
They proposed a heuristic to optimize the labels of a dataset such that it can be learned well by a
quantum computer but not a classical machine.

In this work, we relate the discussion of quantum advantages to the classical concept of inductive
bias. The no free lunch theorem informally states that no learning algorithm can outperform other
algorithms on all problems. This implies that an algorithm that performs well on one type of problem
necessarily performs poorly on other problems. A standard inductive bias in ML is to prefer functions
that are continuous. An algorithm with that bias, however, will then struggle to learn functions that
are discontinuous. For a QML model to have an edge over classical ML models, we could thus ensure
that it is equipped with an inductive bias that cannot be encoded (efficiently) with a classical machine.
If a given dataset fits this inductive bias, the QML model will outperform any classical algorithm. For
kernel methods, the qualitative concept of inductive bias can be formalized by analyzing the spectrum
of the kernel and relating it to the target function [25, 29-33].

Our main contribution is the analysis of the inductive bias of quantum machine learning models based
on the spectral properties of quantum kernels. First, we show that quantum kernel methods will fail to
generalize as soon as the data embedding into the quantum Hilbert space is too expressive (Theorem
1). Then we note that projecting the quantum kernel appropriately allows to construct inductive biases
that are hard to create classically (Figure 1). However, our Theorem 2 also implies that estimating the
biased kernel requires exponential measurements, a phenomenon reminiscent of the Barren plateaus
observed in quantum neural networks. Finally we show experiments supporting our main claims.

While our work gives guidance to find a quantum advantage in ML, this yields no recipe for obtaining
a quantum advantage on a classical dataset. We conjecture that unless we have a clear idea how the
data generating process can be described with a quantum computer, we cannot expect an advantage
by using a quantum model in place of a classical machine learning model.



2 Supervised learning

We brie y introduce the setting and notation for supervised learning as a preparation for our analysis
of quantum mechanical methods in this context. The goal of supervised learning is the estimation of
a functional mechanism based on data generated from this mechanism. For concreteness we focus
on the regression setting where we assume data is generated accordirgfto(X ) + " where

" denotes zero-mean noise. We focusxor? X RY, Y 2 R. We denote the joint probability
distribution of(X; Y ) by D and we are given i.i.d. observation® from D. We will refer to the

marginal distribution o)X as , de ne theL? inner productf;gi = f (x)g(x) (dx) and denote

the corresponding norm by k. The least square risk and the empirical risk of some hypothesis
h:X! RisdenedbyR(h)= Ep (h(X) Y)? andR,(h)= Ep, (h(X) Y)?.

In supervised machine learning, one typically considers a hypothesisidpafdeinctionsh : X I R

and tries to infeargmin,,, 4 R(h) (assuming for simplicity that the minimizer exists). Typically this

is done by (regularized) empirical risk minimizatiargmin,, 4, Rn(h) + ( h), where > 0Oand
determine the regularization. The risktotan then be decomposed in generalization and training

errorR(h) = (R(h) Rn(h))+ Rn(h):

Kernel ridge regression. We will focus on solving the regression problem over a reproducing
kernel Hilbert space (RKHSRPB, 26]. An RKHS F associated with a positive de nite kernel
k:X X! Risthe space of functions such that foral2 X andh 2 F thereproducingproperty
h(x) = th;k(x; )i holds. Kernel ridge regression regularizes the RKHS norm, {.én) = khkZ :

With observationd (x(V;y(D)g; we can compute the kernel mathx(X; X ); = k(xM;x0))
and the Representer 'lgheoreM][ensures that the empirical risk minimizer of kernel ridge regression
is of the formf}, ()= 7, k(x(®; ), with =(K(X;X )+ id) ly. The goal of our work is

to study when a (quantum) kernel is suitable for learning a particular problem. The central object to
study this is the integral operator.

Spectral properties and inductive bigs. For kernelk and marginal distribution, the integral
operatoK , is de ned ag(Kf )(x) =  k(x;x9f (x9 (dx9. Mercer's Theorem ensures that there
exist a spectral decomposition Kf with (possibly in nitely many) eigenvalues; (ordered non-
increasingly) and correspondiﬁg eigenfunctiopswhich are orthonormal ih?,i.e.,h i; ji = i .

We will assume thalp[K] = ; i = 1 which we can ensure by rescaling the kernel. We can
then writek(x;x9 =~ i i(x) i(x9. While the functions form a basis of they might not
completely spah.?. In this case we simply complete the basis and implicitly take 0 for the

added functions. Then we can decompose functiohs ias
X
f0= & i D

P P
We havekf k? = = . a? andkfkZ = f (if f 2 F). Kernel ridge regression penalizes the
RKHS norm of functions. The components corresponding to zero eigenvalues are in nitely penalized

and cannot be learned since they are not in the RKHS. For large regularizaltiersolution"\n is
heavilybiasedtowards learning only the coef cients of the principal components (corresponding to
the largest eigenvalues) and keeps the other coef cients small (at the tiskdef tting). Decreasing

the regularization allows ridge regression to also t the other components, however, at the potential
risk of over tting to the noise in the empirical data. Finding good choices tifus balances this
bias-varianceradeoff.

We are less concerned with the choice gbut rather with the spectral properties of a kernel that
allow for a quantum advantage. Similar to the above considerations, a target functwreasily

be learned if it is wellklignedwith the principal components of a kernel. In the easiest case, the
kernel only has a single non-zero eigenvalue and isk(»stx %) = f (x)f (x9. Such a construction is
arguably the simplest path to a quantum advantage in ML.

Example 1(Trivial Quantum Advantage)Letf be a scalar function that is easily computable on

a quantum device but requires exponential resources to approximate classically. Generate data as
Y = f(X)+ .Thekernek(x;x9 = f (x)f (x9 then has an exponential advantage for learfing

from data.



To go beyond this trivial case, we introduce two qualitative measures to judge the quality of a kernel
for learning the functioffi . Thekernel target alignmentf Cristianini et al. [30] is
Hgf o fi - iaé
Alk;f) = - — =P —

hckif2h o £ fi2 (Y2 @
and measures how well the kernel ts If A = 1, learning reduces to estimating a single real
parameter, whereas fér = 0, learning is infeasible. We note that the kernel target alignment also
weighs the contributions df depending on the corresponding eigenvalue, i.e., the alignment is better
if large ja j correspond to large;. The kernel target alignment was used extensively to optimize
kernel functions [31] and recently also used to optimize quantum kernels [35].

)

In a similar spirit, theask-model alignmerdf Canatar et alg2] meagsires how much of the signal
of f is captured in the rst principal componentsC(i) = = ; ;a?( ; &) *: The slowerC(i)
approaches 1, the harder it is to learn as the target function is more spread over the eigenfunctions.

3 Quantum computation in machine learning

In this section we introduce hypothesis spaces containing functions whose output is given by the
result of a quantum computation. For a general introduction to concepts of quantum computation we
refer to the book of Nielsen and Chuang [36].

We will consider quantum systems comprisith@ N qubits. Discussing such systems and their
algebraic properties does not require in-depth knowledge of quantum mechapigee #tateof a
single qubit is described by vectpr  )> 2 C?s.t.j j°+j j>=1andwewritg i = jOi+ jli,
wherefj Oi ;jlig forms the computational basis. ddqubit pure state lives in the tensor product of the
single qubit state spaces, i.e., it is described by a normalized vedd3r il mixed stateof ad-qubit

system can be described by a density operaL’LhrC2d 2 je., a positive de nite matrix (  0)
with unit trace Ir[ ] = 1). For a pure statg i the corresponding density operatoris j ih j
(here,h j is the complex conjugate transposg of). A general density operator can be thought of
as a classical probabilistic mixture of pure states. We can extract information fbgnestimating
(through repeated measurements) the expectation of a suitaddevablei.e., a Hermitian operator
M = MY (where the adjoin )Y is the complex conjugate of the transpose), as

Tr[M ]: 3)

Put simply, the potential advantage of a quantum computer arises from its state space being expo-
nentially large in the number of qubitk thus computing general expressions l{Bgon a classical
computer is exponentially hard. However, besides the huge obstacles in building quantum devices
with high delity, the fact that the outcome of the quantum computa{®rhas to be estimated from
measurements often prohibits to easily harness this power, see also Warig &t &eters et al.38].

We will discuss this in the context of quantum kernels in Section 4.

We consider parameter dependent quantum stdtds= U(Xx) oUY(x) that are generated by
evolving the initial state o with the data dependent unitary transformatibfx) [7, 11]. Most often
we will without loss of generality assume that the initial stateyis (j0ih0j) . We then de ne
guantum machine learning models via observaMesf the data dependent state

fm(X)=Tr UX) gUY(X)M = Tr[ (x)M]: (4)

In the following we introduce the two most common function classes suggested for quantum machine
learning. We note that there also exist proposals that do not t into the form of Eq. (4) [27, 35, 39].

Quantum neural networks. A "quantum neural network" (QNN) is de ned via\ariational
quantum circuit(VQC) [6, 40, 41]. Here the observabl® is parametrized bp 2 N classical
parameters 2 RP. This de nes a parametric function cIaEé =ffm j 2 g The most
common ansatz is to consider = U() MUY() whereU() = i U( ) is the composition of
unitary evolutions each acting on few qubits. For this and other common models of the parametric
circuit it is possible to analytically compute gradients and speci ¢ optimizers for quantum circuits
based on gradient descent have been develdpd®f23]. Nevertheless, the optimization is usually

a non-convex problem and suffers from additional dif culties due to oftentimes exponentiatly (in



Table 1: Concepts in the quantum Hilbert spatand the reproducing kernel Hilbert spdee

Quantum Space af qubits ‘ RKHS

X 7! n(x) 2 H (explicit feature map)

H= 2c 25 = v, o0oTr[]=1
k(;x9 = Tr[ (x) (xX9]= h (x); (x9i, k(6 x9 = Hk(;x);k(;x9ig
F=ffujfw ()= Tr[ OM];M = MYg F = Span(fk(;x)jx 2 Xg)

o | X 7' k(;x) 2 F (canonical feature map)

vanishing gradient2{]. This hinders a theoretical analysis. Note that the non-convexity does not
arise from the fact that the QNN can learn non-linear functions, but rather because the obdérvable
depends non-linearly on the parameters. In fact, the QNN functions are linear xethfeature
mapping (x). Therefore the analogy to classical neural networks is somewhat incomplete.

Quantum kernels. The class of functions we consider are RKHS functions where the kernel is
expressed by a quantum computation. The key observation i§hatlinear in (x). Instead of
optimizing over the parametric function class , we can de ne the nonparametric class of functions
F="ffwjfm ()= Tr[ ()M];M = MYg.2 To endow this function class with the structure of an
RKHS, observe that the expressidn ; »] de nes a scalar product on density matrices. We then
de ne kernels via the inner product of data-dependent density matrices:

De nition 1 (Quantum KernelT, 8, 11]). Let :x 7! (x) be a xed feature mapping fro¥ to
density matrices. Then the correspondiu@ntum kerneis k(x; x% = Tr[ (x) (x9].

The Representer Theorer84] reduces the empirical risk minimization over the exponentially
large function clas§& to an optimization problem with a set of parameters whose dimensionality
corresponds to the training set size. Since the ridge regression objective is convex (and so are many
other common objective functions in ML), this can be solved ef ciently with a classical computer.

In the described setting, the quantum computer is only used to estimate the kernel. For pure state
encodings, this is done by inverting the data encoding transformation (taking its conjugate transpose)
and measuring the probability that the resulting state equals the initial stale see this we use

the cyclic property of the trade(x;x% = Tr[ (x) (x9] = Tr U(x) oUY(X) U(X9) oqUY(x9Y =

Tr UY(xYU(x) oUY(X)U(XY) o . If o =(j0ih0j) ¢, thenk(x;x% corresponds to the proba-

bility of observing every qubit in thed" state after the initial state was evolved wit (x9U(x). To
evaluate the kernel, we thus need to estimate this probability from a nite number of measurements.
For our theoretical analysis we work with the exact value of the kernel and in our experiments we
also simulate the full quantum state. We discuss the dif culties related to measurements in Sec. 4.

4 The inductive bias of simple quantum kernels

We now study the inductive bias for simple quantum kernels and their learning performance. We
rst give a high level discussion of a general hurdle for quantum machine learning models to surpass
classical methods and then analyze two speci ¢ kernel approaches in more detail.

Continuity in classical machine learning. Arguably the most important bias in nonparametric
regression are continuity assumptions on the regression function. This becomes particularly apparent
in, e.g., nearest neighbour regression or random regression fatgsteere the regression function

is a weighted average of close points. Here we want to emphasize that there is a long list of results
concerning the minimax optimality of kernel methods for regression problégid}]. In particular

these results show that asymptotically the convergence of kernel ridge regression of, e.g., Sobolev
functions reaches the statistical limits which also apply to any quantum method.

2F is de ned for a xed feature mapping 7! (x). AlthoughM is nite dimensional and thuf can be
seen as a parametric function class, we will be interested in the case Mhisrexponentially large il and we
can only access functions frof implicitly. Therefore we refer to it as nonparametric class of functions.



A simple quantum kernel. We now restrict our attention to rather simple kernels to facilitate

a theoretical analysis. As indicated above we consider daXa in RY and we asgpme that the
distribution of the data factorizes over the coordinates (i.ean be written as = i). This

data is embedded ingqubit quantum circuit. Let us emphasize here that the RKHS based on a
quantum state ad-qubits is at mos4? dimensional, i.e., nite dimensional and in the in nite data
limitn!1 standard convergence guarantees from parametric statistics apply. Here we consider
growing dimensiod ! 1, and sample size polynomial in the dimensior n(d) 2 Poly(d). In
particular the sample size 4% will be much smaller than the dimension of the feature space and
bounds from the parametric literature do not apply.

Here we consider embeddings where each coordinate is embedded into a single qubit using a map
" i followed by an arbitrary unitary trangjormatian, so that we can express the embedding in

the quantum Hilbert space ps¥ (x)i = V. j' i(x;)i with corresponding density matrix (feature

mapy

Y =i Yxih Y ®)

Note that the gorrespogding kerrk(b@;xo) = Tr[ (x) (x9] is independent o¥ and factorizes
kOGx9 = Trl (i) DI = T Tra(x) i (x))] where i (xi) = | i(x)ih' i(xi)j. The
product structure of the kernel allows us to characterize the RKHS generatedsed on the

one dimensional case. The embedding of a single variable can be parametrized by complex valued
functionsa(x), b(x) as

I"i(x)i = a(x)j0i + b(x)jli: (6)
One important object chagacterizing this embedding turns out to be the mean density matrix of this
embedding given by | = i(y) idy)=j"i(yih i(y)j i(dy). This can be identi ed with
the kernel mean gmbedding of the distributidg][ Note that for factorizing base measurehe
factorization = . holds. Let us give a concrete example to clarify the setting, see Fig. 1(b).
Example 2. [11, Example Ill.1.] We consider the cosine kernel wha¢e) = cos(x=2), b(x) =

i sin(x=2). This embedding can be realized using a single quamyr(x) = exp( i3 x) gate
suchthaj (x)i = Rx (x)j0i = cos(x=2)j0i + isin(x=2)j1i. In this case the kernel is given by

k(x;x9 = JhOjRY (X)Rx (x)j0ij 2 = jcos) cos(%) + sin( X)sin(%)j? = cos(X:2)%  (7)
As a reference measurewe consider the uniform measure pn; ]. Then the mean density
matrix is the completely mixed state = 3 id. Far RY valued data whose coordinates are encoded

independently the kernel is given Byx;x9 = ~ cog ((x; x9)=2)and =2 Yidy .. We
emphasize that due to the kernel trick this kernel can be evaluated classically in r@q{tine

Quantum RKHS. We now characterize the RKHS and the eigenvalues of the integral operator
for quantum kernels. The RKHS consists of all functién? F that can be written ak(x) =

Tr[ (X)M] whereM 2 c? 2’ js a Hermitian operator. Using this characterization of the nite
dimensional RKHS we can rewrite the in nite dimensional eigenvalue problem of the integral operator
as a nite dimensional problem. The action of the corresponding integral operafocamn be written

as
Z Z

(KE)x)= f(k(y;x) (dy)=Tr[M (WITr[ (y) x)] (dy)
z zZ 8)
= Tr(M () O @y=Tr M (x) () (¥ dy)

R
We denote the operat@ = (y) (y) (dy) for whichTr[O ]=1 holds. Then we can write

(KE)C)=T[0 M (x)]= Tr[0 (M id)(id  (x))]

=Tr[Trs[O (M id)] (x)] ©

3When we can ignor¥ , we simply assum¥ = id and write (x) instead of V (x). For the kernel, since
VYV =id = VYV and due to the cyclic property of the trace we hiavéx;x%) = Tr V(x) V(x9 =
Tr V. (X)VYV (xXYVY = Tr VIV ()VYV (X9 = Tr[ xX) (x9] = k(x;x9.



whereTrq [ ] refers to the partial trace over the rst factor. For the de nition and a proof of the last
equality we refer to Appendix A. The eigenvalueofcan now be identi ed with the eigenvalues
of the linear mapl mappingM ! Tr;gO (M id)]. As shown in the appendix there is an
eigendecomposition such that(M) = iAiTr[A;M ] whereA; are orthonormal Hermitian
matrices (for details, a proof and an example we refer to Appendix C). The eigenfunctidnaref
given byf;(x) = Tr[ (X)Ai].

We now state a bound that controls the largest eigenvalue of the integral opéretoerms of the
eigenvalues of the mean density matrix(Proof in Appendix C.2).

q
Lemma 1. The largest eigenvaluen,x of K satis es the bound p« Tr 2,

The lemma above shows that the squared eigenvaluésasé bounded byr 2 , an expression
known as thepurity [36] of the density matrix , which measures the diversity of the data embedding.
On the other hand the eigenvaluesofare closely related to the learning guarantees of kernel ridge
regression. In particular, standard generalization bounds for kernel ridge regre&sgibadome
vacuous when max is exponentially smaller than the training sample siz&(fiK ] = 1 which holds

for pure state embeddings). The next result shows that this is not just a matter of bounds.

Theorem 1. Suppose the purity of the embeddings satis esTr 2i < lasthe dimension
and number of qubitd grows. Furthermore, suppose the training sample size only grows polynomially
ind, i.e.,, n d' for some xedl 2 N. Then there existdy = do(;I;") such that for all

d do no function can be learned using kernel ridge regression wittdtbabit kernelk(x; x%) =

Tr[ (x) (x9]in the sense that for arfy 2 L?, with probability at leastL. " for all 0

R(f,) (@ "kfk% (10)

The proof of the theorem can be found in Appendix D. It relies on a general result (Theorem 3 in
Appendix D) which shows that for any (not necessarily quantum) kernel the solution of kernel ridge
regression cannot generalize when the largest eigenvalue in the Mercer decomposition is suf ciently
small (depending on the sample size). Then the proof of Theorem 1 essentially boils down to proving
a bound on the largest eigenvalue using Lemma 1.

Theorem 1 implies that generalization is only possible when the mean embedding of most coordinates
is close to a pure state, i.e. the embeddirlg ' ;(x)i is almost constant. To make learning from

data feasible we cannot use the full expressive power of the quantum Hilbert space but instead only
very restricted embeddings allow to learn from data. This generalizes an observation already made
in [12]. Since also classical methods allow to handle high-dimensional and in nite dimensional
RKHS the same problem occurs for classical kernels where one solution is to adapt the bandwidth of
the kernel to control the expressivity of the RKHS. In principle this is also possible in the quantum
context, e.g., for the cosine embedding.

Biased kernels. We have discussed that without any inductive bias, the introduced quantum kernel
cannot learn any function for largk One suggestion to reduce the expressive power of the kernel
is the use ofprojectedkernels L2. They are de ned using reduced density matrices given by
(X)) = Trmsra V(X) whereTry.g g [] denotes the partial trace over qubits+ 1 to

d (de nition in Appendix A) . Then they consider the usual quantum kernel for this embedding
QL (x;x9 = Tr <4 (x)=% (x9 . Physically, this corresponds to just measuring the mstjubits and

the functiond in the RKHS can be written in terms of a hermitian oper&fioacting onm qubits so

thatf (x)= Tr V(x)(M id) = Tr ~,(x)M . If V is suf ciently complex it is assumed thét

is hard to compute classically [48].

Indeed above procedure reduces the generalization gap. But this comes at the price of an increased
approximation errorif the remaining RKHS cannot fully express the target funcfioranymore,

i.e., the learned functioander ts. Without any reason to believe that the target function is well
represented via the projected kernel, we cannot hope for a performance improvement by simply
reducing the size of the RKHS in an arbitrary way. However, ifkmewsomething about the data
generating process than this can lead to a meaningful inductive bias. For the projected kernel this
could be that wé&nowthat the target function can be expressed gx) = Tr ~/ (x)M , see

Fig. 1. In this case using}, improves the generalization error without increasing the approximation
error. To emphasize this, we will henceforth refegpasbiased kernel



Figure 2:Left: Spectral behavior of biased kerrglsee Theorem 2b) and Equatifiil) Right: The

biased kernet), equipped with prior knowledge, easily learns the function for arbitrary number of
gubits and achieves optimal mean squared error (MSE). Models that are ignorant to the structure of
f fail to learn the function. The classical kertkgl; and the full quantum kernel over t (they have

low training error, but large test error). The biased kernel on the wrong quibias litle capacity

with the wrong bias and thus under ts (training and test error essentially overlap).

We now investigate the RKHS for reduced density matrices wiMeagrea Haar-distributed random
unitary matrix (proof in Appendix E).

Theorem 2. SupposeV is distributed according to the Haar measure on the group of unitary
matrices. Fixm. Then the following two statements hold:

a) The reduced density operator satis es with high probabiffy=2 ™id+ O(2 92) and the
projected kernel satis es with high probability, (x;x9 =2 ™ + O(2 %?)asd!1

b) LetT}’m denote the linear integral operator for the kerrg| as de ned above. Then the
averaged operatoEy TYm has one eigenvalid ™ + O(2 29) whose eigenfunction is constant
(up to higher order terms of ordéd(2 29) and22™ 1leigenvalue ™ 9+ O(2 29).

The averaged integral operator in the second part of the result is not directly meaningful, however it
gives some indication of the behavior of the operaﬂb‘t,$ In particular, we expect a similar result

to hold for mostV if the mean embedding is suf ciently mixed. A proof of this result would
require us to bound the variance of the matrix elemenﬂév,qf which is possible using standard
formula for expectations of polynomials over the unitary group but lengthy.

Note that the dimension of the RKHS for the biased kegfevith m-qubits is bounded bg™ . This
implies that learning is possible when projecting to suf ciently low dimensional biased kernels such
that the training sample size satis 8% 4™  dim(F).

Let us now focus on the case = 1, that is the biased kernel is solely de ned via the rst qubit.
Assuming that Theorem 2b) also holds for x&dwe can assume that the biased kernel has the form

X
axd @ (6x9= 0 o) o0+ i (%) i69; (11)

where o =1=2+ O(2 29) and o(x) = 1 is the constant function up to terms of ord@f2 29).
Fori=1;2;3we have ; = 02 9 )= 02 %) (Fig. 2) and ; is a function that conjectured to

be exponentially hard id to compute classicallyg]. It is thus impossible to include a bias towards
those three eigenfunctions classically. On the other hand we can include a strong bias towards the
constant eigenfunction also classically. The straightforward way to do this is to center the data in the
RKHS (see Appendix B for details).

Barren plateaus. Another conclusion from Theorem 2a) is that the uctuations of the reduced
density matrix around its mean are exponentially vanishing in the number of qubits. In practice the
value of the kernel would be determined by measurements and exponentially many measurements
are necessary to obtain exponential accuracy of the kernel function. Therefore the theorem suggests
that it is not possible in practice to learn anything beyond the constant function from generic biased



kernels for (modestly) large values @f This observation is closely related to the fact that for many
guantum neural networks architectures, the gradient of the parameters with respect to the loss is
exponentially vanishing with the system sitea phenomenon known &arren plateaug24, 49].

5 Experiments

Since for smalll we can simulate the biased kernel ef ciently, we illustrate our theoretical ndings in
the following experiments. Our implementation, building on standard open source packadel,[

is available onliné. We consider the case described above wherkneavthat the data was generated
by measuring an observable on the rst qubit, ife.(x) = Tr </ (x)M , but we do not know

M , see Fig. 1. We use the full kerneland the biased kernglfor the casen = 1. To show the
effect of selecting the wrong bias, we also include the behavior of a biased kernel de ned only on the
second qubit, denoted gg. As a classical reference we also include the performance of a radial
basis function kerneti(x;x% = exp( k x  x%2=2). For the experiments we x a single qubit
observabléM = , and perform the experiment for varying numldesf qubits. First we draw a
random unitary/ . The dataset is then generated by drawihg 200 realizationd x(V g\, from the

d dimensional uniform distribution of®; 2 ]%. We then de ne the labels a8 = cf (x()+ ),
wheref (x)= Tr ~(x) , , () is Gaussian noise witkfar] ] = 10 *, andcis chosen such that
Var[f (X)] = 1. Keeping the variances xed ensures that we can interpret the behavior for vatying

We rst verify our ndings from Theorem 2b) and Equatidfi1) by estimating the spectrum gf

Fig. 2 (left) shows that Theorem 2b) also holds for individWaWith high probability. We then
use2=3 of the data for training kernel ridge regression (we t the mean seperately) with preset
regularization, and usk=3 to estimate the test error. We average the results over ten random seeds
(randomV, x(; () and results are reported in the right panel of Fig. 2. This showcases that as
the number of qubits increases, it is impossible to Iéarwithout the appropriate spectral bis.
andk,s have too little bias and over t, whereag has the wrong bias and severly under ts. The
performance ofy, underlines that randomly biasing the kernel does not signi cantly improve the
performance over the full kernkl In the appendix we show that this is not due to a bad choice of
regularization, by reporting cherry-picked results over a range of regularizations.

To further illustrate the spectral properties, we empirically estimate the kernel target alignment [30]
and the task-model alignmergd] that we introduced in Sec. 2. By using the centered kernel matrix
(see App. B) and centering the data we can ignore the rst eigenval(fl)rcorresponding the
constant function. In Figure 3 (left) we show the empirical (centered) kernel target alignment for 50
random seeds. The biased kernel is the only one well aligned with the task. The right panel of Fig. 3
shows the task model alignment. This shows thatan be completely expressed with the rst four
components of the biased kernel, while the other kernels essentially need the entire spectrum (we
use a sample size of 200, hence the empirical kernel matrix is only 200 dimensional) and thus are
unable to learn. Note that the kerrgl is four dimensional, and so higher contributions correspond

to functions outside its RKHS that it actually cannot even learn at all.

6 Discussion

We provided an analysis of the reproducing kernel Hilbert space (RKHS) and the inductive bias

of quantum kernel methods. Rather than the dimensionality of the RKHS, its spectral properties
determine whether learning is feasible. Working with exponentially large RKHS comes with the risk

of having a correspondingly small inductive bias. This situation indeed occurs for naive quantum
encodings, and hinders learning unless datasets are of exponential size. To enable learning, we neces-
sarily need to consider models with a stronger inductive bias. Encoding a bias towards continuous
functions is likely not a promising path for a quantum advantage, as this is where classical machine
learning models excel.

Our results suggest that we can only achieve a quantum advantag&ribwsomething about the

data generating process and cannot ef ciently encode this classically, yet are able use this information
to bias the quantum model. We indeed observe an exponential advantage in the case where we know
that the data comes from a single qubit observable and constrain the RKHS accordingly. However,

“https://github.com/jmkuebler/quantumbias



Figure 3: Histogram of the kernel target alignment over 50 runs (left) and task model alignment
(right) ford=7.

we nd that evaluating the kernel requires exponentially many measurements, an issue related to
Barren Plateaus encountered in quantum neural networks.

With fully error-corrected quantum computers it becomes feasible to de ne kernels with a strong bias
that do not require exponentially many measurements. An example of this kind was recently presented
by Liu et al.[10]: here one knows that the target function is extremely simple after computing the
discrete logarithm. A quantum computer is able to encode this inductive bias by using an ef cient
algorithm for computing the discrete logarithm.

However, even for fully coherent quantum computers it is unclear how we can reasonably encode a

strong inductive bias about a classical dataset (e.g., images of cancer cells, climate-data, etc.). The
situation might be better when working witluantum datai.e., data that is collected via observations

of systems at a quantum mechanical scale. To summarize, we conclude that there is no indication
that quantum machine learning will substantially improve supervised learning on classical datasets.
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The Inductive Bias of Quantum Kernels

Supplementary Material

A Partial trace in quantum mechanics

Here we provide the de nition of the partial trace used for the biased quantum kernels. For details
we refer to B6]. The state space of the union of two quantum systems with state spaaedH
is given by the tensor produkt; H ,. A general mixed state is described by a density matrix

12 Which is hermitian positive linear operator Bh H , with Tr[ ;2] = 1. The state ; on the
subsystenH ; is obtained by the partial trace operation= Tr,[ 12]. The partial trace can be
de ned as the linearmapIr L(H; H ,)!L (H;) that satis es

T[S T]= Tr[T]S (12)

forallS2L(H4), T 2L (H3). It can be shown that this map exists and is unique. Picking a basis
onH; andH, we consider the tensor product basistbn H . In coordinates given by this basis
we can write

dirggH 2)
( 12)i1k;j1k" (13)
k=1

( Digjs = Tr2[ 12]

i1
For completeness and to illustrate the handling of the partial trace we prove the last equ8lity in
We want to show thatfos 2 L (H; H ) andT 2 L (H;) the identity
Tr[S(T id]= Tr[Tr2[S]T] (14)
holds. We assume rstth& = A B forsomeA 2L (H;) andB 2 L (H;). Then, by de nition,
Tr[Tro[S]T]= Tr[Tro[A B]T]= Tr[AT]Tr[B]
= Tr[AT B]=Tr[(A B)T id)]= Tr[S(T id]:

Here we used that the trace of a tensor product is the product of the traces. For §e¢hersfatement
now follows from the linearity of both sides .

(15)

B General results about RKHS

In this section we brie y discuss basic results on centering in RKHS and the RKHS of tensor product
kernels.

B.1 Centering in the RKHS

As shown in Section 4, the constant function plays a special role for typical biased kernels as the
corresponding eigenvalue is much larger than the remaining eigenvalues. Clearly, it is also possible
classically to treat the constgnt function separately. To do so, it is natural to center the data by
subtracting the meap= n 1! i":l yi and to consider theenteredkernel. This corresponds to
putting no penalty on the constant function which is also common in linear models where no penalty

is put on the intercept. Formally, for a kerrielthe centered kernel is de ned as
ke(x;x9) = k(x;x9)  Ex [KOGX 9] Exo[K(x X N+ Exx o [k(X; X 9): (16)

In analogy we can center the kernel matrix@gX; X ) = id 111> K(X;X) id 111>,
wherel is a vector of all ones.

Letk be a kernel with Mercer decomposition

X
k(x;x9 = () (9 17)
and de nea; = R i(X) (dx). Then the centered kernel can be written as
X
ke(x;x9) = i) @) i) a): (18)
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To make things explicit let us focus on the biased kernel of Equétibp Ignoring terms of order

O(2 29), the constant function is an eigenfunction of the kernel. In such a case centering corresponds
to setting the corresponding eigenvalyeto zero, while the other terms in the spectral decomposition
are invariant under centering (by orthogonality we have 0 fori 6 0). The centered biased kernel

of Eq. (11) is thus

x@
k(X x9 = (X)) 1 (x9: (19)

i=1
By Theorem 2 we expect that all the eigenvalues of the centered biased kernel are similarly large.
Further we know that the centered part of the target funcrli_pn can completely be expressed in terms of
the eigenfunctions of the centered biased kefrnéx) f = i3:1 a i(x),wheref = EI[f (X)].
Let us assume that all the three eigenvalues are completely equal. Then we can compute the kernel
target alignment of Eq. (2)

P .3_ a? P .3_ a2 1
Algif  f)= Py Py—=pzP5—=pz 058 (20)
(= 2 i=1 & 3 iad 3

We emphasize that this expectation is in good accordance with the results of our experiments reported
in Fig. 3. Further, note that computing the kernel target alignment after centering is quite common in
the kernel literature and is used to optimize the kernel function [31].

B.2 Tensor product of kernels

In this section we describe the construction of product kernels on product spaces. More details can be
found in any textbook on RKHS2P]. Let (X 1; ky) and(X 2; kz) be two spaces with positive de nite
kernels with RKHS-; andF». Then the function

K((x1;X2); (Y1, ¥2)) = Ka(X1;y1)ka(X2;Y2) (21)

de nes a positive de nite kernel oiX; X, and the RKHS is given byf 1(x1)f2(x2) : 1 2
F1;f2 2 F,0. Morevoer, if we are given a product measure 3 20nX; Xy thenthe
integral operator for the kernklfactorizes, i.e., for function(xq1; x2) = f1(x1)f2(x>2)
z

f(Y)k(y;x) (dy)
z z

fa(yDka(yn xa) 1(dx1)  fa(yz)ka(yz;x2) 1(dx2)

= (Kaf)(x)(Kaf 2)(x2):

Therefore the eigenvalue problems of the integral operators decouple and the eigenvidlaas of
givenbyf 1 2: 12 E;; 22 E,gwhereE; denotes the eigenvalueskf.

It can be derived from the results above that the RKHS of the product ké&mek?® =
ki(x;x9Yka(x;x% on X is given byffi(x)fo(x) : f1 2 F1;f» 2 F,g whereF; denotes the
RKHS of (X; k). There is no simple relation for the integral operators.

(Kf )(X1;X2)
(22)

C More details on quantum kernels for classical data

In this section we analyze in more detail the properties of quantum kernel methods for classical data.

C.1 Description of the RKHS

To understand the quantum kernel better we give a description of the RKHS for the quantum kernels.
We consider the one-qubit embeddigd a(x)jOi + b(x)jli. The RKHSF corresponding to the
(non-physical) kerndk(x;y) = H (x);" (y)i is then generated b3(x); b(x). Moreover, the RKHS
corresponding to the physical kernglx; x% = Tr[ (x) (x9)]= jh (x);' (x9ij? = jR(x;x9j? =

R(x; xYR(x; x9 is the vector spacE generated byf g: f;g 2 Fg[52] (to obtain the real valued
RKHS which is more relevant in the learning theoretic setting we consider the real and imaginary

15



part). This result can also be obtained by looking at the featurexriap (x) of the physical kernel
directly. When we consider data froRf' where all dimensiong are encoded independently in a single
gubit the resulting RKHS has the tensor product strudture ~ F; whereF; are the RKHS for the
single coordinate embeddings.

C.2 Proofof Lemmal

Here we analyze the integral operators in a bit more detail and prove Lemma 1. For the proof of
Lemma 1 we need to brie y look again at the simpler non-physical kekely) = R (x);" (y)i
and its integral operator. Suppose data has distributionR. We consider the integral operatdr
acting onf (x) = H;" (x)i de ned by
Z Z

KE ()= fR(;x) (dy)=h;" (y)ih' (y);" ()i (dy)=h; " ()i (23)

R
where = | (y)ih' (y)] (dy) denotes the mean density matrix associated with the measure

We observe that the eigenvalugsof K agree with the the eigenvalues of the density matrixin
particular we conclude

X
kK‘kaS = ""i2 = k kas = TI‘ 2 (24)

wherek kys denotes the Hilbert-Schmidt norm (which for symmetric matrices agrees with the
Frobenius norm). This observation corresponds to the fact that for the linear kernel the eigenvalues of
the integral operator agree with the eigenvalues of the covariance matrix.

Now we can give the simple proof of Lemma 1. For convenience we restate the lemma.
Lemma(; (Lemma 1 in the main part)The largest eigenvalueysx of K satis es the bound
T 2.
max

Proof. We observe, denoting the constant function with value 1 by
Z Z

10k(GY)LY) (dx) (dy)=  [R(xy)i® (dx) (dy) = kKkjs = k Kis = Tr 2
(25)

where we used24) in the last two steps. Suppose tliats a normalized eigenfunction for the
eigenvalue s« . From the Mercer decomposition we obtain

1=K(XX)  maf ) (26)
Hencef is bounded b)? max ©and we conclude that
Z Z
max = FO)(KE)(x) (dx) = FOOkOGY)F(y) (dx) (dy)

4
ma  LOOKOGY)L(Y) (dx) (dy) = Tr 2

where we used that is pointwise positive. This ends the proof. O

Let us look at this result in our main setting where each cgprdinadedahensional data is embedded

in a single qubit. If the measureon RY factorizes as = i. The integr@l operator factorizes

over thed coordinates and the eigenvalues of the integral operator are givien m iy i; 2Ejd

with E; denoting the eigenvalues of the one-dimensional integral operators. In particular the largest
eigenvalue will be exponentially small (of) as soon asnax(E;) < 1lfora xed which

holds if the individual embeddings satisty 2i < . Note thatTr 2i =1 if and only if the
embedding is constant.
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C.3 Spectral decomposition of the integral operator

As shown in the main text the integral operaorapplied tof (x) = Tr[ (x)M ] can be written as

(Kf)(x)= Tr[O (M (x)N]I= Tr[O (M id)(id (NI = Tr[Try [O (M id)] (x()%7)

R
whereO = (y) (y) (dy). Note that this reformulation makes the isomorphisrh @ ; H)
LH;H)'L (HH ;H H )'L (L(H;H);L(H;H)) explicit. The spectrum of thus agrees
with the eigenvalues of the linear mapacting on matrices by

T(M)=Tr,[O (id M)]: (28)
We claim that there is an eigendecomposition
X
T(M)= iAITr[AIM ] (29)

whereA; are orthonormal hermitian matrices. Moreover, the eigenfunctions afef;(x) =
Tr[ (x)A;]. This result follows from standard results in linear algebra, we give all details in the next
subsection.

C.4 Spectral decomposition of linear maps preserving hermitian matrices

We consider the space of matrid8% " equipped with the usual scalar prodtétBi = Tr AYB

which agrees with the standard scalar produdt&ﬁ after vectorisation. We will need them following
fact: For hermitian matriced; B the scalar produdiA;Bi 2 Riis real.

Lemma 3. LetT : C" "I C" " be alinear and hermitian map that maps hermitian matrices
to hermitian matrices. Then there is a eigendecompositiprH;) with real eigenvalues; and
orthonormal hermitian matricell; such that
X h i
T(A) = iH;Tr HiyA : (30)

Proof. Hermitian matrices can be diagonalized with real valyeso we can write
X h i
T(A) = i XiTr XYA (31)
i
whereX; form an orthonormal eigenbasis. It remains to show that we can nd such a decomposition

where theX; are hermitian. We decompoXg = H; + iS; whereH; andS; are hermitian. Then we
observe

(F+iS) = X = T(X,) = T(H) + iT(S): (32)

Using the invariances df on hermitian matrices we conclude tt&tandH; are again eigenvectors

with eigenvalue ;. Now we can iteratively replace; by eitherS; or Hj so that the set of vectors
remains a basis. Finally we orthonormalize the resulting basis of all eigenspaces using the Gram-
Schmidt procedure. Since scalar products of hermitian matrices are real we obtain an orthonormal
eigenbasi#; consisting of hermitian matrices. O

We now apply this to the integral operator for the quantum embedding. Recall that the line@r map
acting on matrices was de ned by

T(M)=Tr[O (id M)]: (33)
Clearly,T is linear. To show thaT is hermitian we observe that
z
AM;T(M)i = Tr MYTr,[O (id M)] = Tr MYTr [ (y) (y)id M)] (dy)
z (34)

Tr MY (y) Tr[ ()M] (dy) 2 R:
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Similarly we see th%T preserves hermitian matrices, indezed\/lif= MY

TM)= Trz[(y) (WGd M) dy)=  WTr[ (y)M)] (dy): (35)

which is hermitian becausdy) is hermitian and the scalar product of hermitian matrices is real.
Using Lemma 3 above we conclude that we can wig1) = ;A Tr[A;M]where ; are the
eigenvalues oT which agree with the eigenvalues of the corresponding integral operator and the
eigenfunctions are given by! Tr[ (X)Ai].

C.5 A complete example

To illustrate the analysis above we consider the setting from Example 2 whereosx=2)j0i +

i sin(x=2)jli. ThenF = hsin(x); cosi)i andF = hsin?(x); cof(x); sin(x) cos(x)i. Note that the
RKHS has dimension 4 when the relative phase betvaéenandb(x) is not constant (theaband
abare not linearly dependent). The feature map of the physical kernel for our example is

_ cog (%) icos()sin(¥) .
)= icos(%)s%n(%) smg() = (36)

For the analysis of the integral operator we need the matrix elements of the linedr Wambserve
that in index notation using the Einstein summation convention and denoting complex conjugation
without transposition by 7

4
TM); = ()i (VM (dy) = Wi (kM (dy): (37)
Using vectorisation we obtaiE
VedT(M)) = Ved (y)Ved (y))” (dy)VeqM)= A VecM: (38)
In our example we obtain
cog(y)
1 . . .
A == . %}IIC%Z%());AQ( )E cog(¥%) icos@)sin(%) icos)sin(%) sin*(%) dy
S|n2( )
7 cos‘(i) i cos’(%)sin(%) i cos’(% )sm( ) cog(%)sin?(%)
1 % ico$(%)sin(%) co() )smz(%) cog (¥ )sm( ) |c0s(§)5| n® %)§d
T, @icosi() )sm( ) cos?( )sin 2(%) cos (% )S|n2( ) |cos(>2’)5|n %) y
co(% )sm( ) icos(%)sm (%) |cos(y)sm3( ) sin*(%)
3 0 0 1
_1go 1 1
=g 1 1 o
1 O 3
(39)
We obtain the eigenvalu%; %; %; 0 the eigenvectors are, in matrix notation,
Hi= g 0 He= o %o e O b= 20w
The corresponding eigenfunctiofisof the integral operator are given gyl Tr[ (X)H;], i.e.,
fi(x)=1; fa(x) = cos?(%)  sin?(%) = cos(x); 41)

f3(x) = 2cos(%) sin(3) = sin( x); fa(x)=0:
We can also parametrize the functions in the RKHSlbpsi + b) + cwith a;b;c2 R.

Let us also look at the generalization to the vector valued casedwjtibits. Then the RKHS is given
by all functions of the form

\
X! (ai coski + b) + c): (42)
i=1
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The eigenfunctions of the integral operator are given by

!
sin ' (xj)cos ' (Xj) (43)
i=1
wherg i; i are non-negative integers satisfying+ | 1. The corresponding eigenvalue is
2 ¢ (¥ ), The degeneracy of the eigenvalie’ ' can be calculated & { :

D Proof of Theorem 1

In this section we prove Theorem 1 which will follow easily from the result below. We remark that
the following theorem is by no means sharp but a detailed analysis when learning is not possible is of
limited interest. Note that again typical lower bounds for the learning performance are focused on the
casen!1 [43].

Theorem 3. Consider a measure spa¢¥; ) such that (X) = 1 with a kernelk satisfying
k(x;x) =1 forall x 2 X. Denote by nax the largest eigenvalue of the corresponding integral
operator. Suppose we hawdraining pointsD, = f(x;;yi); 1 i ngwith(X;;y;) 2 X R
Wherex are i.i.d. draws from andy; = f (x; ) for some square integrable functién Then, for any
'> Owith probability at leastl. " max N% |
r :

2 max n2

kK ik, 1 kf ks (44)

for all 0 wheref’\n denotes the kernel ridge regression estimator for training datay; ).

Proof. Denote the eigenvalues of the integral operatorbyith 1 = nax . Standard results for
integral operators imply

Z
P = k(x;x) (dx)=1 (45)
X 4
2= Kk(xy)? (dx) (dy)= Kkk3: (46)
i
We conclude that X X
kkk3 = 2 ax i = max . (47)

SinceE k(x;y)? = kkk3, Markov's inequality together witd7) impliesP  (jk(x;y)j

") = fj k(Xi; Xj)j % foralli 6 jg. Using the union bound we conclude that

Po,(Ay) 1 n?P iK% y)j % 1 4n* e (48)

Conditioned orA,, we can bound the eigenvalues of the kernel mar{(¥; X )i; = Kk(xi;X;) using
Gerschgorin circles by nzt = 1 and thus

KX;X) 1 2 idy: (49)

Let us denote the Mercer decompositiorkdfy
X
k(x;y) = ifi )fi(y) (50)
i
wheref; are the orthogormal eigenfunctions. Then we can bound
X X
jk()iz = k(xy)? (dy)= ifi ()i (y) ifi 0Of;(y) (dy)
X ‘2 (51)
i jfi(x)fj(x) max ifi(X)° = max:
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The kernel ridge regression functibp can b)((e written as
fn = ik(xi; ) (52)
[
where the vector isgivenby = (K (X;X )+ idy, ) lywithy 2 R" denoting the vector with
componenty; . Using (49) we conclude that conditioned Ap we have

k k¥ 2kyk?: (53)
We now claim that for any > 0 with probabilityl " we have
jyi?  TkfKS: (54)

To show this we remark th&(y?) = E(f (x;)?) = kf k% because we assumed thats i.i.d. with
distribution . Using Markov's inequality (angyj>  0) we can bound
iyi? ne N

1 '2 —_
mljyjz n"olkf k2 WE _ ilm = (55)

P iy “kikk E

This implies the claim (54).

Using (51), (53), and (54) we conclude that th&? norm of f, satis es now with probability
1 " qmax N?the bound

X p_X . p ®x
kf, ka joilkk(xi; ke max )il max N 2
i " ; i i (56)
2 2
p — 2n|if ks 2 max n% ke
We conclude that with probability " e n? . |
!
K foke Kfke Kfoko kfky 1 2mxN® (57)
O

The proof of Theorem 1 is now a consequence of the result above.

Proof of Theorem 1The general strategy of the proof is to show that te result follows from Theo-
rem 3 for suf ciently larged. We rst note that,(gsing the assumption= i

- i (58)
and thus v
™= T[]« (59)
Lemma 1 then implies that the largest eigenvalue of the integral operator is boundggk {y)
d=2 Next we observe that thereds( ;1;" ) such that fod dg

2 4 =2 and  * "3d A= (60)

because the left sides of the equations are decaying exponentidl{ydoall that < 1) and the right
sides only polynomially.

Using the estimates above and the assumptiond' we conclude that fod  do
max =2 nwgq 4=p n 4= ) max nt =2 (61)
i d=2 ,.3d 2l =2 -l3n 2:4 ) m " (62)

We now denote thé used in Theorem 3 @8 and set'®= "=2. Theorem 3 ang61) and(62) then
imply that with probability at least

1 "% Lxn* 1 "=2 "=2=1 " (63)
the bound r | r |
2 2
Kok 1 2me™ oo 1 Ame e @ kK (69)
holds for all 0. This completes the proof. O
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E Proof of Theorem 2

We introduce some theory and notation necessary for the proof. We investigate the behavior of
reduced density matrices wh¥his distributed according to the Haar-measure on the group of unitary
matrices. The rst even moments of the Haar measurtl (@f) are given by (see e.g., [53])

z
i 0 jj
Vij Vigo (dV) = TJI
z 1
VisjsViaio VigjoVigie (AV) = oog—7  aig jai 1218 1202 T 2@ jui§ i2i? jaif
1 .
20(2d 1y +if i aif jaf T iig jaif iaif jaig

(65)

Note that here and in the following the conjugated (but not transposed) matrix. Let us remark that
while random circuits that output Haar-distributed unitaries require an exponentif}Iriimmber of

gates our arguments actually only require unitadesigns which are point distributions that match
the rstt moments of the Haar measure. In particular a 2-design is a measure with nite support on
unitary matrices satisfyin¢s5) (and odd moments of lower order vanish). Those can be implemented
using polynomially many gates. For details and further information we refer to the literature [54].

Recall the de nition of the projected quantum kernel

()= Trnsza V(X)) (66)

We will always use Einstein summation convention in the following so that, e.g= 29 ™. We
are now ready to prove Theorem 2.

Proof of Theorem 2We start to prove the asymptotic expression for the reduced density matrix
which is a standard result. We can write

2dm

Ev '%(X) v =BV Tod

Logio (g e=2" L Tr[ (x)]:
(67)

13

(X)jj oV 20 0 =

To show the concentration around the expectation value we need to calculate the variance of this
expression. We calculate the second moment of the reduced density matrix

h [
Ev ~\r{1(x) 1; 2~¥(y) e =B Vg, (X)il;ifv 23 fvz:j 2 (y)iz;nglii 2
A+ As+ Az + Ay

(68)
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Here the terms A; correspond to the four contributions on the right hand side of (65). The four terms
can be evaluated to (assuming that Tr [p(z)] = 1 for all z)

1 22d

A= W(s o 22d_mTr [p(2)] 0, 22d_mTr [p(y)] = 92d _ 12—2m5 120,
=272M§ 5, ,+ 22(,_12*2”‘5 L0,
1
A2 = Sog 70 129 90aigd 220 01233 P(2)iuiig P(Y)iaiig
1 2d—m
=52a 70 P@iigpW)igind 1 20 20 = a7 T le(@)py)]d 4 20 2,
(69)
1
As = ~gamaa )0 5 20 Oiigd s 20 G p(0)siip (Wi
22d—2m 2d—2m
= —mp(x)jl;jgp(y)jg;jﬁ 22000 =~ g T lp(@)pW)]d 4 20 .,
1
As=—gagar—py0 1 20 nigd - 10053 P()j1:38 P(Y)iz133
1 9—m
= —m5 P@)iniisP(W)iziiz6 1 20 2 s = —55g 70 1 20 2
Altogether we obtain
Ev m(®) 15 2hm(®) 1> =0, 50, ,272™ 1=27Tr[p(z)p(y)] + 2 (70)

+8, 50, .27 27T [p(x)p(y)] — 27 +0(27%)

Recall that the complex variance of a random variable is defined by E |X|?> — |E [X]|?. Using (70)
and that 5 is hermitian we can bound the variance of the entries of p(z) by

Ev pm(@) ; (hm(@) ;)" —Ev pm(@) ; Ev (fm(@) ;)"
=Ev pm(®) ; pm(z) ; —Ev pm(x) ; Bv pm(@) (71
=272M5  —(27™?25  + 027 =0(279).

This shows that 5V () is close to 2~™id with high probability for large d and finishes the proof of
the first part of the theorem.

We now turn to the evaluation of the averaged operator Ey [O ] and the corresponding operator
T(M) = Try [Ey [0 ](id @ M)] 72)

whose matrix elements we denote by T, ,. , , sothat T(M) ,. , =T, ,. , ,M . ,. We

assume that p(x) is pure for all 7, i.e., Tr p(z)?> = 1. We have seen in (37) that the matrix elements
of this operator are given by
YA

Ev  im®) ® (hm@) 1(dy) = Ev pm(y) @ (om(y)" wldy). (73)

From (70) we obtain for the matrix elements
h i

Ev ﬁv (y) 1; 2(/3\/ (y) 1; 2)* =Ev p~V (y) 1; 2p~v (y) 2; 1

—m 272m

=92 2m§ | 2512+2—5 b

2d 11 6 1 25 12 +O(272d)'

(74)

2 2 9d
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Figure 4: Similar as in Fig. 2. However, for the full quantum kernel & and the rbf kernel, we compute
train and test loss over multiple choices of the regularization parameter. For each number of qubits,
we only report the loss of the method that achieved smallest test loss. Note that, although this is
invalid to asses the power of the full and rbf kernel, it shows, that the poor performance is not due to
the choice of regularization. Since we cherry-pick on the test loss, it can happen that an underfitting
regularization has the best test loss, which explains the outlier on % at d = 6.

Since this is independent of y we can write the matrix elements of 7" as

_ _ 2-m _
T12;12:2Zm(1_2d)512512+27d§11622+0(2 Zd) (75)
From here we conclude that T" can be written as
2—m
T<M) 1, 2 — 2—2m(1_2—d)5 1 25 1 2M 1; 2 —"_27(15 1 15 2 2M 1; 2 +O(2_2d)
2 d 2—m 2d 7o
=27 m(1_2— )6 1 2M1; 1+2TM 1, 2+O(2_ )
or, more concisely,
2-m _ —dhs . _
T(M) = =g~ M +2 2M (1 — 2% idgm yomTr [idgm x 2m M| + O(2729) (77)

and we observe that T is the sum of a multiple of the identity and a rank one perturbation (plus higher
order terms): In particular the eigenvalues neglecting the perturbation are

y1 = 272M(1 — 27 Tr [idgm yomidamyom] + 27 M4 = 27M(1 — 279) 4 2=M—d —_ 9—mM (7g)
with eigenvector M1 = idomyom and 72 = ... = Yomyom = 2-m—d with traceless eigenvectors,
i.e., Tr[idgmyom Mi] = 0 for ¢ # 1. Standard bounds show that the higher order terms change
the eigenvalues only by a term of order O(2729). Finally, we observe that the function mapping
x — Tr pY,(z)M; is a constant function for any V. Indeed,

Tr pya(z)My =Tr Trme1d Vp(@)VT =Tr Vo)V =Trp(z)] = 1. (79)
O

F More on experiments

For details on the implementation we refer to the provided code.> We emphasize that our experiments
simulate the full quantum state and thus work with the true values of the quantum kernel. This is an
idealized setting and neglects the effect of finite measurements. Please see our discussion on Barren
Plateaus in the main paper.

reduce computations and speed-up the simulation, we compute the full quantum kernel k(x, 2') =
cos? ((zi — «})/2) directly without simulating a quantum circuit. For the biased kernels we

*https://github.com/jmkuebler/quantumbias
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recommend (and implement it that way) to completely simulate pY (xj) foralli = 1,...,n and
store the reduced density matrices (2 X 2 hermitian matrices). On a real quantum device this would
correspond to doing quantum state tomography [36]. The benefit of this is that we only need to
simulate the quantum circuit n times and can then directly compute the biased kernels via matrix
products and tracing. If we chose to compute each entry of the kernel matrix individually we would
have to simulate the circuit n? times.

Random generation of V. In order to generate random unitary matrices V' we use the PennyLane
function RANDOMLAYERS [51]. For d qubits we use d? layers of single qubit rotations and 2-qubit
entangling gates. For more details and the used seeds please refer to the provided implementation.

Choice of regularization. For the biased kernels ¢, gy regularization does not matter much, since
they have only a four-dimensional RKHS and we consider sample sizes much larger than that. The
RKHS simply does not have enough capacity to overfit to random noise. We therefore set the
regularization A = 0 for the biased kernels. On the other hand for the higher dimensional kernels
k, ks, the regulariyation strongly influences their performance. For the experiment in the main paper
we set A = 102 for the latter methods. Note that in a real application one should use cross-validation
or other model selection techniques to find good hyperparameters, which we omitted for simplicity.
To exclude that the bad performance of k and k¢ stems from a bad choice of regularization, we
include experiments where we fit kernel ridge regression for 15 values of A on a logarithmic grid
from 1076 to 10%. We then cherry-pick only the solution that performs best and report it in Figure
4. Note that such an approach is of course not legit to asses the actual performance. However, it
serves to bound the performance for the optimal choice of regularization. Our observations show that
the behavior does not significantly change and we conclude that the performance difference indeed
comes from the spectral bias as predicted by our theory.

Additional experiments. To show how the kernel target alignment changes as we increase the
number of qubits d, we include further histograms in Figure 5. The estimated kernel alignment
correlates with the learning performance reported in Figure 2.
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Figure 5: Kernel Target Alignment ford = 1,3,5,7.
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