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A. Proofs

In this section we provide detailed proofs of our theoretical results.

A.1. Proof of Proposition 1
Note that m(B) = P | w(B;) is a separable sum. From Boyd and Vandenberghe (2004) we have

™(Z) = Zw*(zi) . (A1)

To compute 7*(Z;), we use a result from Touchette| (2005). Define g(b) = (Z;)Tb—m(b) = (Z:)Tb— X1 [|bll,— (A2/2) [|0]|3,
and let b* = arg maxpere g(b). Then
T (Zi) = g(b%) . (A2)

ol b loll, # 0

Consider the case
{b: o], <1} ow.

To find b* we have to solve Vg(b) = 0, where Vg(b) = Z; — A2 — A\; {

where ||b]|, # 0 and set Vg(b) = 0. We get
Zi= (A +[Ibll;" M) (A3)

To solve for b we must first compute ||b|,. Taking the norm of both sides, we get || Z; ||, = (A2 + l[b]|5 " A1) [16]l,- Thus,
6]l = A3 (| Zi]ly — M1)- Plugging the last expression in (A3) and solving for b, we obtain b* = A\ ' (1 — || Zi[l; " A1) Zi
for ||b*|l, # 0. We need to take into account that dom(p) = range(p*) and vice-versa. In particular, |[b*|, # 0 iff
1Z;|l > A1. Therefore, we have

(A4)

— -1
g P (=12l ) Ze 11260l >
0 o.W.

From (A2) we now need to compute g(b*). If ||Z;||, < A1, then g(b*) = 0. If ||Z;]|, > A1, after some algebraic
manipulations, we obtain g(b*) = (2X2) (|| Zi|| — A1)?. Finally, (AT) gives us the desired result

p 2
Zilly — A Z; A
— |0 o.w.
A.2. Proof of Proposition 2
Since w(B) = >_"_| m(B;) is a separable sum, from Beck|(2017) Remark 6.7, we know

prox,.(B) = (pI‘OXUTr(Bl), .. ,proxmr(Bp))T. (A6)

From Fan and Reimherr) (2016), we have prox,,, ., (Bi) = [1 — I1Bi]l; o)1), B;. From Beck (2017) 6.2.3, we have

ProX gx, /2|2 (Bi) = (1 + o)1 B;. Moreover, ||||§ is a proper closed and convex function, thus we can compose
PIOX (5 ), /2)|-|12 and ProX,y, |||, 38 described in |Parikh et al.| (2014)), obtaining the desired form

pros,(B) = (1+ o)~ [L— Bl oh] By (A



fgen: Supplement

A.3. Proof of Proposition 3

We first prove (b), i.e. Z = ProX -/, (B/O’ - XTV). If we compute the derivative of L, (Z |V, B) with respect to Z;
and we set it equal to 0, we obtain ~ ~ ~
BiJo — (X")V — Z; =Vn*(Z;) /o (A8)

We now use the sub-gradient proximal operators characterization (Correa et al.,|1992):

u = prox,(t) if and only if ¢ —u € 9f(u) . (A9)

Considering t = B; /o — VT X(;),u = Z;, and f = 7* /o, the right hand side of (A9) is true by (A8). The left hand side of
(A9) gives us Z; = PIOX /o (Bi/o — VT X ;). To conclude the first part of the proof just note that Z = (Z1, ..., Z,)".

For the second part of the proof, we need to find (V) := L, (V | Z, B). First, note that by the Moreau decomposition (@)
Z =B/o— X"V — (1/0) prox,, (B — o X*V). Plugging this into (3)), after some algebraic manipulations, we obtain

* * (7 1 -
W(V) = (V) +7(2) + 52 > || proxe, (Bi — oV X(y) )|I2 - Z I1Bill5 - (A10)
i=1
We now have to compute 7*(Z). If we set T = B — o X7V, then 7*(Z) = Y1_; m*(prox,. ,,(T;/0)). In particular

(L4 oX) Ao+ IT33 M) Te (ITilly > oM

T;/o o.w. (AL

prOXw*/U(Ti/J) - T’l/o— - (1/0) prOXUﬂ(Ti) = {
Composing (ATT) and (2), again after some algebraic manipulations, we get
m™(Z) = (X2/2) X0, || prox,, (Bi — oVT X (3)) ||§ Plugging this into (AT0) concludes our proof.

A.4. Proof of Theorem 1

Remember that 7 = B — o X7V and X = X ® I;. To prove (i), we just take the gradient of ¢ (Y") with respect to Y, as

avTX . . , . .
given in (TT)). In particular, note that ov; & = X;, i.e. the element in the j-th row and i-th column of the matrix X, and

therefore that

) — > | X1, prox, ., (Bi - UVTX(i)>
140 2
vv ( 20 2 Z || proxaﬂ, (BZ . O'VTX(i)) ||2> = = —X pI'OXg-ﬂ'(T).

(A12)
oy o
8V18V1 e avla‘/n
Next, to prove (ii), note that 9?t(V) is the nk x nk symmetric matrix : : . In particular, each block
oY oY
oV, 0VL OV, 0V,
here is the £ x k matrix
8¢ - Ik +o Zf 1 X“@ Prox, (Tz)Xﬂ t=s (A13)
VVs o P, X0 prox,. (Ti) Xsi t#s
Thus, we have
P Xlia pI‘OXJﬂ. (Ti)Xli e Xh@ pI‘OX (T )an
PPV = Ly + Z = I+ Xdprox, (T)XT . (Al4)
i=1 Xm»aprox”(Ti)Xu PN ana pI‘OXUﬂ_(Ti)Xn,‘

; ; < sinee 2PT%or (To) _
We now need to show that Q € 0 prox,,(T'). Note that § prox,,. (T') is a pk x pk block-diagonal matrix, since “P=J="-2 —

0 for ¢ # j. Let us focus on 77, and let ¢y, ..., ¢ be its k elements. Then, (9 prox,.(11)),; = apmgitf’f(ti), for
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i, = 1,..., k. Specifically, for ||T;|l, < oA, it is straightforward to see that 0 prox, . (T1) = 0. For ||T;||, > oA,

. T — . . . .
knowing that % = || |5 " t;, after some algebraic manipulations we obtain

O prox. (1) 1= oM T T one i =
—— 7 = (1+40X2) g 7
ot IT3lly " o Aatit, i # ]
(AT3) shows us that P; = 0 prox,,.(T1). Without loss of generality, we can do the same way for 15, . .., T}, and prove (iii).

To conclude the proof of the theorem, we note that since () € 0 prox,,,.(T), then I, + cXQXT € §*y(V), and from
Hiriart-Urruty et al.[(1984) we have §%¢ (V) vec(D) = (I, + 0 XQXT)vec(D), for every D in the domain of V/

(A15)

B. Additional Simulation Results

We ran all simulations on a MacBookPro with 3.3 GHz DualCore Intel Core i7 processor and 16GB ram. We reran
all python simulations using openblas and mk1 as blas systems, with threads=1,2 and openmp, with threads=1,4.
In all scenarios, times match those reported in the paper that are obtained considering openblas with 2 threads and
openmp with 4 threads. The following versions of sklearn and glmnet are used: scikit-learn==0.22.2 and
glmnet==4.1

Table B.1. a, b and c report mean CPU time in seconds for fgen, sklearn and glmnet, respectively, over 20 replications of the same
simulation scenari. In parenthesis we report standard errors. For each scenario we consider three values of ¢y, which are held fixed over
the replications.

a=028, [=025 n=1000 n=5000

P; Po k | ea a b c a b ¢
0.8 | 0.2(0.02) 1(0.03) 0.7(0.01) | 0.6 (0.01) 9.1(0.24) 3.1(0.03)
2(10%);10 | 5 | 04 | 0.3(0.00) 1.0(0.01) 0.6(0.00) | 1.4(0.04) 9.5(0.28) 3.2(0.04)
0.2 | 0.4(0.01) 1.2(0.04) 0.6(0.02) | 1.3(0.04) 10.2(0.13) 3.0(0.10)

Table B.2. a, b and c report CPU time in seconds for fgen, sklearn and glmnet, respectively. The full ¢\ grid consists of 100
log-spaced points between 1 and 0.01. We truncate the path search when max active components are selected. runs is the corresponding
number of explored cy values. We fix 1000 seconds as time limit.

a=0.8, =025 n=500 n=1000 n=5000
P; Po k | max | runs a b c runs a b c runs a b c
5 7116 262 32 8 3.8 63.3 74 6 | 11.0 3995 30.5
105;10% | 5 20 12 | 2.8 454 52 14 5.2 111.1 109 15 | 26.7 >1000 59.1
100 16 | 5.1 647 63 24 | 11.7 196.1 18.0 41 | 90.1 >1000 146.7
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