1 LSH bound

Here we repeat the definition given in the paper. For a domain S with distance measupre D, a LSH family
is:

Definition 1. H ={h: S — U} is called a (r1,7r2,p,q)-sensitive LSH function family for D if for any two
points x,y € S, one function h chosen uniformly at random from H satisfies:

o if D(z,y) < r1, then Phey[h(z)=h(y)] > p,
o if D(z,y) > ra, then Pyey[h(z)=h(y)] < q.

Now we let r =71, er = ro(c > 1), p > q, h1,...,hxg € H. Construct g;(z) = [hi(x),..., hk(x)], select L
different functions g1, ...,gr. For one point x, hash z into ALL L buckets, denoted by g1(z),...,gr(x). =
and y is called to “collide” if they collide under any of the g1, ..., gy functions.

Theorem 1. e Under all previous definitions, if D(x,y) <r, then P(z collide with y) > 1— (1 —pf)L.
e Under all previous definitions, if D(z,y) > cr, then P(x collide with y) <1 — (1 — ¢®)~.
Proof. For (1),

P(z collide with y) = 1 — P(x does not collide with y) (1)
L
=1- (0 = Pgi(2) = 5i(v))) (2)
i=1
>1-(1-p")t (3)
For (2), similarly,
P(z collide with y) = 1 — P(x does not collide with y) 4)
L
= 1—H(1—P(gi($) =9i(y))) ()
<1-(1-¢%)" (6)
O

Theorem 2. For 0 < e < 0.5, let C = log(1 —¢€), then 0 < C < 1, pick K = max{1, [log,,, C}, pick

L Mot under the previous definitions, we must have

_ 1
~ log (1—
o For all x,y satisfying D(x,y) <r, P(x collide with y) > 1 —e.
e For all x,y satisfying D(x,y) > cr, Pz collide with y) < e.

The first part of theorem 2 can be easily proven by the choice of L. To prove the second part, notice the
choice of K satisfies

<;)K < log,(1—¢). (7)

This implies

K
(1) (;) < log (1 o), (®)



which is
(1=p™)g" < plog.(1—e). 9)

Divide both sides by 1 > (1 — p®) > 0, we have

1
K
o < (1 - 1) log.(1— ). (10)
Then divide both sides by (ﬁ — 1) > 0, and re-arrange terms, we have

1-pf)—1
(1_p7)1 <log. (1 —¢). (11)
1—pK

Using the fact that 1 — % <Inz <z —1 for any = > 0, we slightly make the nominator smaller, and the
denominator bigger, which results in:

In(1—q¢") _(1-¢%)—1
Ky _
IOg(l—pK)(l —q ) - 11’1(1 _ pK) < 1— 1_1PK < loge(l - 6)' (12)
This is:
(1= ") > (1= pf)os079 = (1 - glos ), (13)

Because the choice of L satisfying L = we have % = log (1 — p&). In other words,

1
log, (1—-pK)>
(1— %) > (1 — €)los(=P") = (1 — )V/L, (14)
which implies

P(x collide with y) <1 — (1 —¢*)* <e. (15)

2 Physics background

2.1 Equations

This is the general form of update.

—

(i, +1) = a0, j) + 6,QUa(@, j),7 € N(@)}). (16)

The discretization of the following two physics equations, namely the Cahn—Hilliard equation and the Allen-
Cahn equation have this general form. The Cahn-Hilliard equation looks like:

ou 10F

And the Allen-Cahn equation has the general form:

ov oF
T —L 5o (18)



2.2 Examples

Ezxample 1: Material Grain Growth. In materials science, grain growth is the change of the grains shape
(crystallites) in materials. This occurs when the recovery and recrystallisation are complete and further
reduction in the internal energy can only be achieved by reducing the surface energy of the grain boundary.
The understanding of the factors influencing the evolution of a grain structure is of great scientific and
technological importance. In this paper, we use the grain growth model given by Fan and Chen [1]. In the
model, each grain is described by one order parameter 7; which takes the value one inside a designated grain
and the value zero outside. The evolution function is described by the non-conserved Allen-Cahn equation
in the form of: 5

U (19)
ot 6771‘
Here L; is the mobility coefficient, IV is the number of grains and F' is the free energy function which takes
the form:

N
K
F=/V[f(m,nz,---mv)+z2|Vm2 v (20)
=1

Here k; are the gradient energy coefficients and f is the local free energy density. The specific form of local
free energy which is independent of orientation is given as:

N

4 B N N
fOm,me, ) = Z(—EU? + ZU?) + Z Z nin; (21)

i=1 i=1 j=i+1
in which A and B are positive constants. Substituting Eq 21 and Eq 20 into Eq 19, we can have the governing
equation for evolution as:

oni
ot

N
—Li(—An; + By} + 2n; 277]2 — K V°n;)

1#]
In this equation, we can see that it matches the general form of the PDE given in Equation 1 in the main
ou(pit) - (3771 onn

text in this way: —5; S ). D(u) can be viewed as the total of all the terms that has n; or n?

or )} as base. G(@)VF (i) is not presented here. And I(%)V?H (@) can be viewed as the sum of terms x; V2;.

Ezample 2: Nanovoid Evolution. Nanovoid evolution incorporates a coupled set of Cahn-Hilliard (Equa-
tion 17) and Allen—Cahn equations (Equation 18) to capture the processes of point defect generation and
recombination, annihilation of defects at sinks. The phase-field model includes 3 field variables, ¢,, ¢;, and
7, which are defined to describe the void fraction, the interstitial fraction and the void cluster concentration.
These variables and vary both spatially and temporally on a 2-dimensional space. The free energy function
F in here is described as:

F=N [ [ho)f(enc) + i (cores) + 5 IVeul + Ve + 52170 av. (22)
5

Here, f*(cy,¢;) is the contribution term from the solid phase. h(n) = (n — 1)2, f¥(c,, ¢;) is the contribution
term from the void phase, and j(n) = n?. We use the formulation from [2] for f* and f¥: f*(c,,c;) =
Elc, + Efci +kpTleyInc, +cilnc; + (1 — ¢y —¢;) In(1 — ¢, — ¢;)]. f¥(cu,¢i) = (cy — 1)? + 2. Substituting
above formulas into Eq 17, we can have the governing equation for evolution of ¢, as:

Oe,
ot

= M,V? [(77 — 1)2(E7j + kT In(c,) — kgTIn(l — ¢, — ¢;)) + 7722(cv -1) - mvvzcy] (23)

In this equation, we can see that it matches the general form of the PDE given in Equation 1 in the main

text in this way: % is aact”, %Cti and %. And D(@) + G(4)VF (@) is omitted here because the equation

doesn’t contain any terms like them. And I(@)V?H (%) is the entire right hand side of the equation.




The discrete form is

d 8 vty Ci d v vty Ci
Cora1 = Cor + dt M, V2N h(ﬁt)M M _ KWVQCM

+5(me)

dcyy dcy,
where ¢,; means ¢, values at time ¢, ¢;; means ¢; values at time ¢, 1, means n values at time ¢, h(n;) %‘tc”) =
(e = 1)%(By + kpT In(cor) — kpTn(1 — cup — c3y)), and () Leresed — p29(c,, — 1),
Similarly, we can get the governing equation for ¢; as:
Jdc;
ag = M,;V? [(77 — D2(E; + kpTin(c;) — kpTin(1 — ¢, — ¢;)) + 1n°2¢; — IiiVQCi] (24)

And its discrete form can be written as:

dfs (Cvta cit)
degy

dfv (Cvt7 Cit)

Citr1 = Cip + dtM;V? | h(ny) dos
it

2
- I*iiv Cit

+5(me)

)M:

where ¢,; means ¢, values at time ¢, ¢;; means ¢; values at time ¢, 7, means 7 values at time ¢, h(n; e
it

(n: — D)2(E; + kT In(ciy) — kT In(1 — ¢yy — ¢iy)), and j(nt)%ﬁc”) = n22cy.

Finally, we can get the governing equation for evolution of 7 as:

O — LN~ ) (e ) + 20f(c0n0) — 5 V) (25)

And its discrete form is:
N1 = e — AELN(2(0 — 1) £5(Cots i) + 206 f¥ (Cot, Cit) — K V201)

where ¢,; means ¢, values at time ¢, ¢;; means ¢; values at time ¢, 7; means 7 values at time ¢, f*(c,,¢;) =
Efc, + Eifci +kpTlcyInc, +c;lne; + (1 —c, — ;) In(1 — ¢, — ;)] fU(cu,ci) = (cp — 1) + 2.
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