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Abstract

Neural volume rendering became increasingly popular recently due to its success
in synthesizing novel views of a scene from a sparse set of input images. So far,
the geometry learned by neural volume rendering techniques was modeled using
a generic density function. Furthermore, the geometry itself was extracted using
an arbitrary level set of the density function leading to a noisy, often low fidelity
reconstruction. The goal of this paper is to improve geometry representation and
reconstruction in neural volume rendering. We achieve that by modeling the vol-
ume density as a function of the geometry. This is in contrast to previous work
modeling the geometry as a function of the volume density. In more detail, we
define the volume density function as Laplace’s cumulative distribution function
(CDF) applied to a signed distance function (SDF) representation. This simple
density representation has three benefits: (i) it provides a useful inductive bias
to the geometry learned in the neural volume rendering process; (ii) it facilitates
a bound on the opacity approximation error, leading to an accurate sampling of
the viewing ray. Accurate sampling is important to provide a precise coupling of
geometry and radiance; and (iii) it allows efficient unsupervised disentanglement
of shape and appearance in volume rendering. Applying this new density repre-
sentation to challenging scene multiview datasets produced high quality geometry
reconstructions, outperforming relevant baselines. Furthermore, switching shape
and appearance between scenes is possible due to the disentanglement of the two.

1 Introduction

Volume rendering [18] is a set of techniques that renders volume density in radiance fields by the
so called volume rendering integral. It has recently been shown that representing both the density
and radiance fields as neural networks can lead to excellent prediction of novel views by learning
only from a sparse set of input images. This neural volume rendering approach, presented in [21] and
developed by its follow-ups [34, 2] approximates the integral as alpha-composition in a differentiable
way, allowing to learn simultaneously both from input images. Although this coupling indeed leads
to good generalization of novel viewing directions, the density part is not as successful in faithfully
predicting the scene’s actual geometry, often producing noisy, low fidelity geometry approximation.

We propose VolSDF to devise a different model for the density in neural volume rendering, leading
to better approximation of the scene’s geometry while maintaining the quality of view synthesis.
The key idea is to represent the density as a function of the signed distance to the scene’s surface,
see Figure 1. Such density function enjoys several benefits. First, it guarantees the existence of a
well-defined surface that generates the density. This provides a useful inductive bias for disentangling
density and radiance fields, which in turn provides a more accurate geometry approximation. Second,
we show this density formulation allows bounding the approximation error of the opacity along rays.
This bound is used to sample the viewing ray so to provide a faithful coupling of density and radiance
field in the volume rendering integral. E.g., without such a bound the computed radiance along a ray
(pixel color) can potentially miss or extend surface parts leading to incorrect radiance approximation.
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Figure 1: VolSDF: given a set of input images (left) we learn a volumetric density (center-left, sliced)
defined by a signed distance function (center-right, sliced) to produce a neural rendering (right). This
definition of density facilitates high quality geometry reconstruction (gray surfaces, middle).

A closely related line of research, often referred to as neural implicit surfaces [22, 38, 14], have been
focusing on representing the scene’s geometry implicitly using a neural network, making the surface
rendering process differentiable. The main drawback of these methods is their requirement of masks
that separate objects from the background. Also, learning to render surfaces directly tends to grow
extraneous parts due to optimization problems, which are avoided by volume rendering. In a sense,
our work combines the best of both worlds: volume rendering with neural implicit surfaces.

We demonstrate the efficacy of VolSDF by reconstructing surfaces from the DTU [12] and Blended-
MVS [37] datasets. VolSDF produces more accurate surface reconstructions compared to NeRF [21]
and NeRF++ [39], and comparable reconstruction compared to IDR [38], while avoiding the use of
object masks. Furthermore, we show disentanglement results with our method, i.e., switching the
density and radiance fields of different scenes, which is shown to fail in NeRF-based models.

2 Related work

Neural Scene Representation & Rendering Implicit functions are traditionally adopted in modeling
3D scenes [24, 11, 4]. Recent studies have been focusing on model implicit functions with multi-layer
perceptron (MLP) due to its expressive representation power and low memory foot-print, including
scene (geometry & appearance) representation [9, 20, 19, 23, 25, 29, 36, 28, 35] and free-view
rendering [33, 16, 30, 26, 17, 21, 15, 39, 34, 2]. In particular, NeRF [21] has opened up a line of
research (see [6] for an overview) combining neural implicit functions together with volume rendering
to achieve photo-realistic rendering results. However, it is non-trivial to find a proper threshold
to extract surfaces from the predicted density, and the recovered geometry is far from satisfactory.
Furthermore, sampling of points along a ray for rendering a pixel is done using an opacity function
that is approximated from another network without any guarantee for correct approximation.

Multi-view 3D Reconstruction Image-based 3D surface reconstruction (multi-view stereo) has been
a longstanding problem in the past decades. Classical multi-view stereo approaches are generally
either depth-based [1, 31, 8, 7] or voxel-based [5, 3, 32]. For instance, in COLMAP [31] (a typical
depth-based method) image features are extracted and matched across different views to estimate
depth. Then the predicted depth maps are fused to obtain dense point clouds. To obtain the surface, an
additional meshing step e.g. Poisson surface reconstruction [13] is applied. However, these methods
with complex pipelines may accumulate errors at each stage and usually result in incomplete 3D
models, especially for non-Lambertian surfaces as they can not handle view dependent colors. On the
contrary, although it produces complete models by directly modeling objects in a volume, voxel-based
approaches are limited to low resolution due to high memory consumption. Recently, neural-based
approaches such as DVR [22], IDR [38], NLR [14] have also been proposed to reconstruct scene
geometry from multi-view images. However, these methods require accurate object masks and
appropriate weight initialization due to the difficulty of propagating gradients.

Independently from and concurrently with our work here, [27] also use implicit surface representation
incorporated into volume rendering. In particular, they replace the local transparency function with an
occupancy network [19]. This allows adding surface smoothing term to the loss, improving the quality
of the resulting surfaces. Differently from their approach, we use signed distance representation,
regularized with an Eikonal loss [38, 10] without any explicit smoothing term. Furthermore, we show
that the choice of using signed distance allows bounding the opacity approximation error, facilitating
the approximation of the volume rendering integral for the suggested family of densities.
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3 Method

In this section we introduce a novel parameterization for volume density, de�ned as transformed
signed distance function. Then we show how this de�nition facilitates the volume rendering process.
In particular, we derive a bound of the error in the opacity approximation and consequently devise a
sampling procedure for approximating the volume rendering integral.

3.1 Density as transformed SDF

Let the set
 � R3 represent the space occupied by some object inR3, andM = @
 its boundary
surface. We denote by1
 the
 indicator function, and byd
 the Signed Distance Function (SDF)
to its boundaryM ,

1
 (x ) =
�

1 if x 2 

0 if x =2 


; and d
 (x ) = ( � 1)1 
 (x ) min
y 2M

kx � yk ; (1)

wherek�k is the standard Euclidean 2-norm. In neural volume rendering the volumedensity� :
R3 ! R+ is a scalar volumetric function, where� (x ) is the rate that light is occluded at pointx ; �
is called density since it is proportional to the particle count per unit volume atx [18]. In previous
neural volumetric rendering approaches [21, 15, 39], the density function,� , was modeled with a
general-purpose Multi-Layer Perceptron (MLP). In this work we suggest to model the density using a
certain transformation of a learnable Signed Distance Function (SDF)d
 , namely

� (x ) = � 	 � (� d
 (x )) ; (2)
where�; � > 0 are learnable parameters, and	 � is the Cumulative Distribution Function (CDF) of
the Laplace distribution with zero mean and� scale (i.e., mean absolute deviation, which is intuitively
theL 1 version of the standard deviation),

	 � (s) =

8
<

:

1
2 exp

�
s
�

�
if s � 0

1 � 1
2 exp

�
� s

�

�
if s > 0

(3)

Figure 1 (center left and right) depicts an example of such a density and SDF. As can be readily
checked from this de�nition, as� approach zero, the density� converges to a scaled indicator
function of
 , that is� ! � 1
 for all pointsx 2 
 n M .

Intuitively, the density� models a homogeneous object with a constant density� that smoothly
decreases near the object's boundary, where the smoothing amount is controlled by� . The bene�t
in de�ning the density as in equation 2 is two-fold: First, it provides a useful inductive bias for
the surface geometryM , and provides a principled way to reconstruct the surface, i.e., as the zero
level-set ofd
 . This is in contrast to previous work where the reconstruction was chosen as an
arbitrary level set of the learned density. Second, the particular form of the density as de�ned in
equation 2 facilitates a bound on the error of theopacity(or, equivalently thetransparency) of the
rendered volume, a crucial component in the volumetric rendering pipeline. In contrast, such a bound
will be hard to devise for a generic MLP densities.

3.2 Volume rendering of�

In this section we review the volume rendering integral and the numerical integration commonly used
to approximate it, requiring a setS of sample points per ray. In the following section (Section 3.3),
we explore the properties of the density� and derive a bound on the opacity approximation error
along viewing rays. Finally, in Section 3.4 we derive an algorithm for producing a sampleS to be
used in the volume rendering numerical integration.

In volume rendering we consider a rayx emanating from a camera positionc 2 R3 in direction
v 2 R3, kvk = 1 , de�ned by x (t) = c + tv, t � 0. In essence, volume rendering is all about
approximating the integrated (i.e., summed) light radiance along this ray reaching the camera.
There are two important quantities that participate in this computation: the volume'sopacityO, or
equivalently, itstransperancyT, and theradiance �eldL .

Thetransparencyfunction of the volume along a rayx , denotedT, indicates, for eacht � 0, the
probability a light particle succeeds traversing the segment[c; x (t)] without bouncing off,

T(t) = exp
�

�
Z t

0
� (x (s))ds

�
; (4)
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NeRF

VolSDF

Figure 2: Qualitative comparison to
NeRF. VolSDF shows less artifacts.

and theopacityO is the complement probability,

O(t) = 1 � T(t): (5)

Note thatO is a monotonic increasing function where
O(0) = 0 , and assuming that every ray is eventually oc-
cludedO(1 ) = 1 . In that sense we can think ofO as a
CDF, and

� (t) =
dO
dt

(t) = � (x (t))T(t) (6)

is its Probability Density Function (PDF). The volume
rendering equation is the expected light along the ray,

I (c; v) =
Z 1

0
L(x (t); n (t); v)� (t)dt; (7)

whereL(x ; n ; v) is the radiance �eld, namely the amount
of light emanating from pointx in directionv; in our
formulation we also allowL to depend on the level-set's
normal, i.e.,n (t) = r x d
 (x (t)) . Adding this depen-
dency is motivated by the fact that BRDFs of common
materials are often encoded with respect to the surface
normal, facilitating disentanglement as done in surface
rendering [38]. We will get back to disentanglement in the experiments section. The integral in
equation 7 is approximated using a numerical quadrature, namely the rectangle rule, at some discrete
samplesS = f si g

m
i =1 , 0 = s1 < s 2 < : : : < s m = M , whereM is some large constant:

I (c; v) � Î S (c; v) =
m � 1X

i =1

�̂ i L i ; (8)

where we use the subscriptS in Î S to highlight the dependence of the approximation on the
sample setS, �̂ i � � (si )� s is the approximated PDF multiplied by the interval length, and
L i = L(x (si ); n (si ); v) is the sampled radiance �eld. We provide full derivation and detail of
�̂ i in the supplementary.

Sampling. Since the PDF� is typically extremely concentrated near the object's boundary (see e.g.,
Figure 3, right) the choice of the sample pointsS has a crucial effect on the approximation quality
of equation 8. One solution is to use an adaptive sample, e.g.,S computed with the inverse CDF,
i.e.,O� 1. However,O depends on the density model� and is not given explicitly. In [21] a second,
coarse network was trained speci�cally for the approximation of the opacityO, and was used for
inverse sampling. However, the second network's density does not necessarily faithfully represents
the �rst network's density, for which we wish to compute the volume integral. Furthermore, as we
show later, one level of sampling could be insuf�cient to produce an accurate sampleS. Using a
naive or crude approximation ofO would lead to a sub-optimal sample setS that misses, or over
extends non-negligible� values. Consequently, incorrect radiance approximations can occur (i.e.,
pixel color), potentially harming the learned density-radiance �eld decomposition. Our solution
works with a single density� , and the samplingS is computed by a sampling algorithm based on
an error bound for the opacity approximation. Figure 2 compares the NeRF and VolSDF renderings
for the same scene. Note the salt and pepper artifacts in the NeRF rendering caused by the random
samples; using �xed (uniformly spaced) sampling in NeRF leads to a different type of artifacts shown
in the supplementary.

3.3 Bound on the opacity approximation error

In this section we develop a bound on the opacity approximation error using the rectangle rule. For a
set of samplesT = f t i g

n
i =1 , 0 = t1 < t 2 < � � � < t n = M , we let� i = t i +1 � t i , and� i = � (x (t i )) .

Given somet 2 (0; M ], assumet 2 [tk ; tk+1 ], and apply the rectangle rule (i.e., left Riemann sum)
to get the approximation:

Z t

0
� (x (s))ds = bR(t) + E(t); where bR(t) =

k � 1X

i =1

� i � i + ( t � tk )� k (9)

4



is the rectangle rule approximation, andE(t) denotes the error in this approximation. The corre-
sponding approximation of the opacity function (equation 5) is

bO(t) = 1 � exp
�

� bR(t)
�

: (10)

Our goal in this section is to derive a uniform bound over[0; M ] to the approximationbO � O. The
key is the following bound on the derivative1 of the density� inside an interval along the rayx (t):
Theorem 1. The derivative of the density� within a segment[t i ; t i +1 ] satis�es

�
�
�
�

d
ds

� (x (s))

�
�
�
� �

�
2�

exp
�

�
d?

i

�

�
; whered?

i = min
s2 [t i ;t i +1 ]

y =2 B i [ B i +1

kx (s) � yk ; (11)

andB i = f x j kx � x (t i )k < jdi jg, di = d
 (x (t i )) .

The proof of this theorem, which is provided in the supplementary,
makes a principled use of the signed distance function's unique prop-
erties; the explicit formula ford�

i is a bit cumbersome and therefore
is deferred to the supplementary as-well. The inset depicts the bound-
ary of the open balls unionB i [ B i +1 , the interval[x (t i ); x (t i +1 )]
and the bound is de�ned in terms of the minimal distance between
these two sets, i.e.,d�

i .

The bene�t in Theorem 1 is that it allows to bound the density's derivative in each interval[t i ; t i � 1]
based only on the unsigned distance at the interval's end points,jdi j; jdi +1 j, and the density parameters
�; � . This bound can be used to derive an error bound for the rectangle rule's approximation of the
opacity,

jE (t)j � bE(t) =
�
4�

 
k � 1X

i =1

� 2
i e�

d ?
i

� + ( t � tk )2e�
d ?

k
�

!

: (12)

Details are in the supplementary. Equation 12 leads to the following opacity error bound, also proved
in the supplementary:

Theorem 2. For t 2 [0; M ], the error of the approximated opacitŷO can be bounded as follows:
�
�
�O(t) � bO(t)

�
�
� � exp

�
� bR(t)

� �
exp

�
bE(t)

�
� 1

�
(13)

Finally, we can bound the opacity error fort 2 [tk ; tk+1 ] by noting thatbE(t), and consequently also
exp( bE(t)) are monotonically increasing int, while exp(� bR(t)) is monotonically decreasing int,
and therefore

max
t 2 [t k ;t k +1 ]

�
�
�O(t) � bO(t)

�
�
� � exp

�
� bR(tk )

� �
exp( bE(tk+1 )) � 1

�
: (14)

Taking the maximum over all intervals furnishes a boundBT ;� as a function ofT and� ,

max
t 2 [0;M ]

�
�
�O(t) � bO(t)

�
�
� � BT ;� = max

k2 [n � 1]

n
exp

�
� bR(tk )

� �
exp( bE(tk+1 )) � 1

�o
; (15)

where by conventionbR(t0) = 0 , and[`] = f 1; 2; : : : ; `g. See Figure 3, where this bound is visualized
in faint-red.

To conclude this section we derive two useful properties, proved in the supplementary. The �rst, is
that suf�ciently dense sampling is guaranteed to reduce the error boundBT ;� :
Lemma 1. Fix � > 0. For any� > 0 a suf�cient dense samplingT will provideBT ;� < � .

Second, with a �xed number of samples we can set� such that the error bound is below� :
Lemma 2. Fix n > 0. For any� > 0 a suf�ciently large� that satis�es

� �
�M 2

4(n � 1) log(1 + � )
(16)

will provideBT ;� � � .

1As d
 is not differentiable everywhere the bound is on theLipschitz constantof � , see supplementary.

5



O
pa

ci
ty

E
rr

or

iteration 1 iteration 2 iteration 5 iteration 1 iteration 2 iteration 5

Figure 3: Qualitative evaluation of Algorithm 1 after 1, 2 and 5 iterations. Left-bottom: per-pixel� +
heatmap; Left-top: rendering of areas marked with black squares. Right-top: for a single ray indicated
by white pixel we show the approximated (orange), true opacity (blue), the SDF (black), andbO� 1

sample example (yellow dots). Right-bottom: for the same ray we now show the true opacity error
(red), and error bound (faint red). After 5 iterations most of the rays converged, as can be inspected
by the blue colors in the heatmap, providing a guaranteed� approximation to the opacity, resulting in
a crisp and more accurate rendering (center-left, top).

3.4 Sampling algorithm

In this section we develop an algorithm for computing the samplingS to be used in equation 8. This
is done by �rst utilizing the bound in equation 15 to �nd samplesT so that bO (via equation 10)
provides an� approximation to the true opacityO, where� is a hyper-parameter, that isBT ;� < � .
Second, we perform inverse CDF sampling withÔ, as described in Section 3.2.

Note that from Lemma 1 it follows that we can simply choose large enoughn to ensureBT ;� < � .
However, this would lead to prohibitively large number of samples. Instead, we suggest a simple
algorithm to reduce the number of required samples in practice and allows working with a limited
budget of sample points. In a nutshell, we start with a uniform samplingT = T0, and use Lemma
2 to initially set a� + > � that satis�esBT ;� + � � . Then, we repeatedly upsampleT to reduce
� + while maintainingBT ;� + � � . Even though this simple strategy is not guaranteed to converge,
we �nd that � + usually converges to� (typically 85%, see also Figure 3), and even in cases it does
not, the algorithm provides� + for which the opacity approximation still maintains an� error. The
algorithm is presented below (Algorithm 1).

We initializeT (Line 1 in Algorithm 1) with uniform samplingT0 = f t i g
n
i =1 , wheretk = ( k � 1) M

n � 1 ,
k 2 [n] (we usen = 128 in our implementation). Given this sampling we next pick� + > � according
to Lemma 2 so that the error bound satis�es the required� bound (Line 2 in Algorithm 1).

Algorithm 1: Sampling algorithm.
Input: error threshold� > 0; �

1 Initialize T = T0

2 Initialize � + such thatBT ;� + � �
3 while BT ;� > � and notmax_iterdo
4 upsampleT
5 if BT ;� + < � then
6 Find � ? 2 (�; � + ) so that

BT ;� ? = �
7 Update� +  � ?

8 end

9 end
10 EstimatebO usingT and� +

11 S  get freshm samples usinĝO� 1

12 return S

In order to reduce� + while keepBT ;� + � � , n sam-
ples are added toT (Line 4 in Algorithm 1), where
the number of points sampled from each interval is
proportional to its current error bound, equation 14.
AssumingT was suf�ciently upsampled and satisfy
BT ;� + < � , we decrease� + towards� . Since the
algorithm did not stop we have thatBT ;� > � . There-
fore the Mean Value Theorem implies the existence
of � ? 2 (�; � + ) such thatBT ;� ? = � . We use the
bisection method (with maximum of 10 iterations) to
ef�ciently search for� ? and update� + accordingly
(Lines 6 and 7 in Algorithm 1). The algorithm runs
iteratively untilBT ;� � � or a maximal number of5
iterations is reached. Either way, we use the �nalT
and� + (guaranteed to provideBT ;� + � � ) to estimate
the current opacitybO, Line 10 in Algorithm 1). Fi-
nally we return a fresh set ofm = 64 samplesÔ using
inverse transform sampling (Line 11 in Algorithm 1).
Figure 3 shows qualitative illustration of Algorithm 1,
for � = 0 :001and� = 0 :1 (typical values).
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Figure 4: Qualitative results for reconstructed geometries of objects from the DTU dataset.

3.5 Training

Our system consists of two Multi-Layer Perceptrons (MLP): (i)f ' approximating the SDF of
the learned geometry, as well as global geometry featurez of dimension256, i.e., f ' (x ) =
(d(x ); z(x )) 2 R1+256 , where' denotes its learnable parameters; (ii)L  (x ; n ; v; z) 2 R3 rep-
resenting the scene's radiance �eld with learnable parameters . In addition we have two scalar
learnable parameters�; � 2 R. In fact, in our implementation we make the choice� = � � 1. We
denote by� 2 Rp the collection of all learnable parameters of the model,� = ( ';  ; � ). To facilitate
the learning of high frequency details of the geometry and radiance �eld, we exploit positional
encoding [21] for the positionx and view directionv in the geometry and radiance �eld. The
in�uence of different positional encoding choices are presented in the supplementary.

Our data consists of a collection of images with camera parameters. From this data we extract pixel
level data: for each pixelp we have a triplet(I p; cp; vp), whereI p 2 R3 is its intensity (RGB color),
cp 2 R3 is its camera location, andvp 2 R3 is the viewing direction (camera to pixel). Our training
loss consists of two terms:

L (� ) = L RGB(� ) + � L SDF(' ); where (17)

L RGB(� ) = Ep






 I p � Î S (cp; vp)








1
; and L SDF(' ) = Ez (kr d(z)k � 1)2 ; (18)

whereL RGB is the color loss;k�k1 denotes the1-norm,S is computed with Algorithm 1, and̂I S is the
numerical approximation to the volume rendering integral in equation 8; here we also incorporate the
global feature in the radiance �eld, i.e.,L i = L  (x (si ); n (si ); vp; z(x (si ))) . L SDF is the Eikonal
loss encouragingd to approximate a signed distance function [10]; the samplesz are taken to combine
a single random uniform space point and a single point fromS for each pixelp. We train with batches
of size 1024 pixelsp. � is a hyper-parameter set to0:1 throughout the the experiments. Further
implementation details are provided in the supplementary.

4 Experiments

We evaluate our method on the challenging task of multiview 3D surface reconstruction. We use two
datasets: DTU [12] and BlendedMVS [37], both containing real objects with different materials that
are captured from multiple views. In Section 4.1 we show qualitative and quantitative 3D surface
reconstruction results of VolSDF, comparing favorably to relevant baselines. In Section 4.2 we
demonstrate that, in contrast to NeRF [21], our model is able to successfully disentangle the geometry
and appearance of the captured objects.
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