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S.1 Proofs of main results

We first introduce some additional notation. For any integer pair 1 ≤ s < t, denote the un-smoothed
and smoothed population CUSUM statistics as

Ds,t = sup
x∈Rp

Ds,t(x) =

√
s(t− s)

t
sup
x∈Rp

|m1:s(x)−m(s+1):t(x)| (S.1)

and

D
(h)
s,t = sup

x∈Rp
D

(h)
s,t (x) =

√
s(t− s)

t
sup
x∈Rp

|m(h)
1:s (x)−m(h)

(s+1):t(x)|,

where

ms:t(x) =
1

t− s+ 1

t∑
i=s

mi(x)

and

m
(h)
s:t (x) =

1

t− s+ 1

t∑
i=s

E{Yi|Xi ∈ Ah,j}.

Proof of Theorem 3. For any integer pair (s, t), with 1 ≤ s < t, note that∣∣∣D̃s,t −Ds,t

∣∣∣ =

∣∣∣∣∣
√
s(t− s)

t

t
max
i=1

∣∣m̃1:s(Xi)− m̃(s+1):t(Xi)
∣∣−Ds,t

∣∣∣∣∣
≤
√
s(t− s)

t

∣∣∣ t
max
i=1
|m̃1:s(Xi)− m̃(s+1):t(Xi)| −

t
max
i=1
|m(h)

1:s (Xi)−m(h)
(s+1):t(Xi)|

∣∣∣
+

√
s(t− s)

t

∣∣∣∣ t
max
i=1
|m(h)

1:s (Xi)−m(h)
(s+1):t(Xi)| − sup

x∈Rp
|m(h)

1:s (x)−m(h)
(s+1):t(x)|

∣∣∣∣
+

∣∣∣∣∣
√
s(t− s)

t
sup
x∈Rp

|m(h)
1:s (x)−m(h)

(s+1):t(x)| −Ds,t

∣∣∣∣∣
= (I) + (II) + (III). (S.2)

Step 1. In order to show (10) and (11), we focus on the integer pairs (s, t), with 1 ≤ s < t ≤ ∆ ≤ ∞.
In this case, it follows from Lemma S.1 that Ds,t = 0, from Lemma S.2 that (II) = 0, from
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Lemma S.3 that (III) = 0, from Lemma S.5 that with probability 1− γ,

(I) ≤ 2

√
s(t− s)

t
CLip

√
dh+

4σ√
cminhd

√
5 log(t) + log(16/γ).

Therefore, the results (10) and (11) hold due to the choice of bs,t in (9).

Step 2. In order to show (12), due to (S.2), it suffices to show that

D∆,∆+ε − (I)− (II)− (III) > b̃∆,∆+ε

with probability at least 1− γ. In this case, it follows from Lemma S.1 that

D∆,∆+ε = κ
√

∆

√
ε

∆ + ε
,

from Lemma S.2 that

P {(II) = 0} ≥ 1− 1

cminhd
exp(−∆cminh

d),

for CSNR large enough, from Lemma S.3 that

(III) ≤ 2

√
∆ε

∆ + ε
CLip

√
dh

and from Lemma S.5 that

(I) ≤ 2

√
∆ε

∆ + ε
CLip

√
dh+

4σ√
cminhd

√
5 log(∆ + ε) + log(32/γ)

with probability at least 1 − γ/2. Note that, due to Assumption 5, ∆ ≥ ε. Combining the above
statements, we thus have with probability at least 1− γ that

D∆,∆+ε − (I)− (II)− (III)− b̃∆,∆+ε

≥κ
√

∆

√
ε

∆ + ε
− 2

√
∆ε

∆ + ε
CLip

√
dh− 4σ√

cminhd

√
5 log(∆ + ε) + log(32/γ)

− 2

√
∆ε

∆ + ε
CLip

√
dh− 2

√
∆ε

∆ + ε
CLip

√
dh− 4σ√

cminhd

√
5 log(∆ + ε) + log(32/γ)

≥κ
√

∆

√
ε

∆ + ε
− 6

√
∆ε

∆ + ε
CLip

√
dh− 8σ√

cminhd

√
5 log(64∆/γ) > 0,

where the second inequality follows from ε ≤ ∆, and the last inequality holds with a large enough
CSNR.

Proof of Theorem 4. Throughout the proof, we will omit the use d·e or b·c notation, for the sake of
simplicity.

Step 1. We let f1(·) = m∆ and f2(·) = m∆+1, which are the before and after change point mean
functions respectively. To be specific, we let X = B(0, rX ), with

rX = max

{(
8σ2 log(1/γ)

κ2

)1/d

, 2κ

}
.

We let

f2(x) = f1(x) +

{
κ− ‖x‖, x ∈ B(0, κ)

0, x ∈ X \B(0, κ),
and f1(x) = 0, ∀x ∈ X .

We let the distribution of X be uniform on X with density pX(x) = u = V −1
d r−dX , for any x ∈ X .

We have that
‖f2 − f1‖∞ = κ

2



and both fj , j = 1, 2, are Lipschitz with constant upper bounded by 1.

Step 2. For any n ∈ N∗, let Pn be the restriction of a distribution P to Fn, i.e. the σ-field generated
by the observations {(Xi, Yi)}ni=1. For any ν ≥ 1 and n ≥ ν, we let

Zν,n = log

(
dPnκ,σ,ν
dPnκ,σ,∞

)
=

n∑
i=ν+1

Zi,

where Pκ,σ,∞ indicates the joint distribution under which there is no change point and

Zi = log

{
dPκ,σ,ν(Xi, Yi)

dPκ,σ,ν(Xi, Yi)

}
=
f2(Xi)− f1(Xi)

σ2

{
Yi −

f1(Xi) + f2(Xi)

2

}
.

Step 2.1. For any ν ≥ 1, define the event

Eν =

{
ν < T ≤ ν +

σ2

κ2+d
log(1/γ), Zν,T <

3

4
log

(
1

γ

)}
.

Then we have

Pκ,σ,ν(Eν) =

∫
Eν

exp (Zν,T ) dPκ,σ,∞ ≤ γ−3/4Pκ,σ,∞(Eν)

≤ γ−3/4Pκ,σ,∞
{
ν < T ≤ ν +

σ2

κ2+d
log(1/γ)

}
≤ γ−3/4γ = γ1/4, (S.3)

where the last inequality follows from the definition of D(γ).

Step 2.2. For any ν ≥ 1 and T ∈ D(γ), since {T ≥ ν} ∈ Fν−1, we have that

Pκ,σ,ν
{
ν < T ≤ ν +

σ2

κ2+d
log(1/γ), Zν,T ≥

3

4
log

(
1

γ

) ∣∣∣T > ν

}
≤ ess supPκ,σ,ν

{
max

1≤t≤ σ2

κ2+d
log( 1

γ )
Zν,ν+t ≥

3

4
log

(
1

γ

) ∣∣∣(Xi, Yi)
ν
i=1

}

≤ σ2

κ2+d
log

(
1

γ

)
max

1≤t≤ σ2

κ2+d
log( 1

γ )
EXPε

{
Zν,ν+t ≥

3

4
log

(
1

γ

) ∣∣∣(Xi, Yi)
ν
i=1

}

=
σ2

κ2+d
log

(
1

γ

){
max

1≤t≤ σ2

κ2+d
log( 1

γ )
g(t) + max

1≤t≤ σ2

κ2+d
log( 1

γ )
h(t)

}
= (I) + (II),

where

g(t) = EXPε

{[
Zν,ν+t ≥

3

4
log

(
1

γ

)]
∩

[
ν+t∑
i=ν+1

{f2(Xi)− f1(Xi)}2

2σ2
≤ 1

4
log

(
1

γ

)]}
and

h(t) = EXPε

{[
Zν,ν+t ≥

3

4
log

(
1

γ

)]
∩

[
ν+t∑
i=ν+1

{f2(Xi)− f1(Xi)}2

2σ2
>

1

4
log

(
1

γ

)]}
.

Step 2.2.1. We first deal with (II). As for h(t), we have that

h(t) ≤ PX

{
ν+t∑
i=ν+1

{f2(Xi)− f1(Xi)}2

2σ2
>

1

4
log

(
1

γ

)}

≤ PX


ν+ σ2

κ2+d
log( 1

γ )∑
i=ν+1

{f2(Xi)− f1(Xi)}2

2σ2
>

1

4
log

(
1

γ

) .
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If
1

2κd
log

(
1

γ

)
≤ 1

4
log

(
1

γ

)
,

i.e. κ ≥ 21/d, then h(t) = 0. Otherwise,

h(t) ≤ V tdκdtut ≤ Vdκdu,

where the last inequality is due to the fact that uVdκd < 1.

Then we have that

(II) =
σ2

κ2+d
log

(
1

γ

)
max

1≤t≤ σ2

κ2+d
log( 1

γ )
h(t) =

σ2

κ2+d
log

(
1

γ

)
Vdκ

du

=
σ2

κ2
log

(
1

γ

)
min

{
κ2

8σ2 log(1/γ)
,

1

2dκd

}
≤ 1/8. (S.4)

Step 2.2.2. We then deal with (I). As for g(t), we have that

g(t) = EXPε

{[
Zν,ν+t ≥

3

4
log

(
1

γ

)]
∩

[
ν+t∑
i=ν+1

{f2(Xi)− f1(Xi)}2

2σ2
≤ 1

4
log

(
1

γ

)]}

≤ EXPε

{
Zν,ν+t −

ν+t∑
i=ν+1

{f2(Xi)− f1(Xi)}2

2σ2
≥ 1

2
log

(
1

γ

)}

≤ EX

[
exp

{
− (1/2)2 log2(1/γ)

2
∑ν+t
i=ν+1

{f2(Xi)−f1(Xi)}2
σ2

}]

=

∫
· · ·
∫
B(0,κ)⊗t

exp

{
− (1/2)2 log2(1/γ)

2
∑t
i=1

{f2(xi)−f1(xi)}2
σ2

}
ut dx1 · · · dxt

=

∫
· · ·
∫
B(0,κ)⊗t

exp

{
− (1/2)2 log2(1/γ)

2
∑t
i=1

(κ−‖xi‖)2
σ2

}
ut dx1 · · · dxt

≤ ut
∫
· · ·
∫
B(0,κ)⊗t

exp

{
− (1/2)2 log2(1/γ)

2tκ
2

σ2

}
dx1 · · · dxt

= exp

{
− (1/2)2 log2(1/γ)

2tκ
2

σ2

}(
uVdκ

d
)t
.

Therefore

(I) =
σ2

κ2+d
log

(
1

γ

)
max

1≤t≤ σ2

κ2+d
log( 1

γ )
g(t)

≤ σ2

κ2+d
log

(
1

γ

)
exp

− (1/2)2 log2(1/γ)

2 σ2

κ2+d log
(

1
γ

)
κ2

σ2

uVdκ
d

≤ (1/8) exp

{
−κ

d log(1/γ)

8

}
= (1/8)γκ

d

< 1/8,

where the second inequality is due to (S.4).

Step 2.2.2. Combining the previous two steps, we have that

Pκ,σ,ν
{
ν < T ≤ ν +

σ2

κ2+d
log(1/γ), Zν,T ≥

3

4
log

(
1

γ

) ∣∣∣T > ν

}
< 1/4. (S.5)
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Step 3. Combining (S.3) and (S.5), we have that

Pκ,σ,ν
{
ν < T ≤ ν +

σ2

κ2+d
log(1/γ)

}
≤ γ1/4 + 1/4.

Since the upper bound in the above display is independent of ν, we have that

sup
ν≥1

Pκ,σ,ν
{
ν < T ≤ ν +

σ2

κ2+d
log(1/γ)

}
≤ γ1/4 + 1/4.

Therefore, for any change point time ∆, we have that

Eκ,σ,∆{(T −∆)+} ≥
σ2

κ2+d
log(1/γ)Pκ,σ,ν

{
T − ν > σ2

κ2+d
log(1/γ)

}
=

σ2

κ2+d
log(1/γ)

[
Pκ,σ,ν {T > ν} − Pκ,σ,ν

{
ν < T ≤ ν +

σ2

κ2+d
log(1/γ)

}]
≥ σ2

κ2+d
log(1/γ)(1− γ − γ1/4 − 1/4) ≥ σ2

2κ2+d
log(1/γ),

where the last inequality holds when γ + γ1/4 < 1/4.

Proof of Theorem 1. In the case that

s(t− s)
t

c2minh
2dα2 ≥ 64 log

( 72t3

γcminhd

)
,

we start by writing

|D̂s,t −Ds,t| ≤
√
s(t− s)

t

∣∣∣∣ sup
x∈Rd

|m̂1:s(x)− m̂(s+1):t(x)| − sup
x∈Rd

|m(h)
1:s (x)−m(h)

(s+1):t(x)|
∣∣∣∣

+

∣∣∣∣
√
s(t− s)

t
sup
x∈Rd

∣∣m(h)
1:s (x)−m(h)

(s+1):t(x)
∣∣−Ds,t

∣∣∣∣
= (I ′) + (III).

Here (III) is the same term as appears in the proof of Theorem 3, and we do not need to bound it
again here. The term (I ′) roughly corresponds to the non-private (I) and (II), but new techniques
must be applied. Instead of using Lemma S.5 we use Lemma S.7, and we also need to bound a
truncation error, but otherwise the proof is very similar.

For regression functions m we must bound the truncation error

max
j

1

µ(Ah,j)

∣∣∣∣∫
Ah,j

{m(x)− E([Y ]M−M |X = x)}µ(dx)

∣∣∣∣,
and this changes the overall proof by just adding some bias. We use the facts that supx |m(x)| ≤M0

and Y |X = x is σ-subgaussian for all x. For a σ-subgaussian random variable Z and t ≥ σ
√

log(4)
we have that (using Exercise 2.3 of [3])

E(|Z|1|Z|≥t) ≤ t inf
k∈N

E(|Z|k)

tk
≤ t inf

λ>0

E(eλ|Z|)

eλt
≤ 2t inf

λ∈R

E(eλZ)

eλt
≤ 2t inf

λ∈R
e−λt+λ

2σ2/2 = 2te−
t2

2σ2 .

When M ≥M0 + σ
√

2 log(2 + σ/h) + log log(2 + σ/h) we therefore have

max
j

1

µ(Ah,j)

∣∣∣∣∫
Ah,j

{m(x)− E([Y ]M−M |X = x)}µ(dx)

∣∣∣∣
≤ max

j

1

µ(Ah,j)

∫
Ah,j

E{(|Y | −M)1|Y |≥M |X = x}µ(dx)

≤ max
j

1

µ(Ah,j)

∫
Ah,j

E{(|Y | −m(x))1|Y−m(x)|≥M−M0
|X = x}µ(dx)
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≤ 2(M −M0) exp

(
− (M −M0)2

2σ2

)
≤ 2

σ
√

2 log(2 + σ/h) + log log(2 + σ/h)

(2 + σ/h)
√

log(2 + σ/h)
≤ 2
√

2h,

which is the same order as the bias. We see that we have

P
(
|D̂s,t −Ds,t| ≥ bs,t

)
≤ γ/(2t3). (S.6)

On the other hand, in the case that

s(t− s)
t

c2minh
2dα2 < 64 log

( 72t3

γcminhd

)
,

we will never flag a change, and there is nothing to prove.

In the setting of Assumption 2 we see from (S.6) and a union bound argument that we have

P
(

max
t∈N∗

max
1≤s≤t

(D̂s,t − bs,t) ≥ 0
)
≤
∞∑
t=1

t
γ

2t3
= γ

π2

12
≤ γ.

Similarly, in the setting of Assumption 3, we have

P
(

max
1≤t≤∆

max
1≤s≤t

(D̂s,t − bs,t) ≥ 0
)
≤

∆∑
t=1

t
γ

2t3
≤ γ.

We have that
∆ε

∆ + ε
c2minh

2dα2 ≥ 64 log
( 72t3

γcminhd

)
when Cε and CSNR are chosen large enough. Thus, by (S.6) and Lemma S.1, with probability at least
1− γ, we have

D̂∆,∆+ε − b∆,∆+ε ≥ D∆,∆+ε − 2b∆,∆+ε

≥ κ
√

∆ε

∆ + ε
− 4

√
∆ε

∆ + ε
(CLip

√
d+ 2

√
2)h− 2M

cminhdα

√
log

(
72t3

γcminhd

)
> 0,

where the final inequality holds when κ/h is above a constant threshold and CSNR is large enough.

Proof of Theorem 2. Throughout the proof, we will omit the use d·e or b·c notation, for the sake of
simplicity.

Step 1. Let Q be any sequentially interactive privacy mechanism, with output in some space W ,
whose density satisfies

qi(w|x, y, wi−1, . . . , w1)

qi(w|x′, y′, wi−1, . . . , w1)
≤ eα, ∀w,w1, . . . , wi−1 ∈ W, x, x′ ∈ Rd, y, y′ ∈ R.

Let f1(·) = m∆ and f2(·) = m∆+1, which are the before and after change point mean func-
tions respectively. Let PX(·) be the distribution of X , staying the same before and after the
change point. Let Yi = mi(X) + Unif[−σ, σ], for any i ∈ N∗ . Let Pk|X , k = 1, 2, denote
the distribution of Y given X , before and after the change point. Let hi,k(w|wi−1, . . . , w1) =∫
q(w|x, y, wi−1, . . . , w1) dPX(x)dPk|X(y|x). Let X = B(0, rX ), with

rX =

(
2(eα − 1)

α

)1/d

. (S.7)

We let

f2(x) = f1(x) +

{
κ− ‖x‖, x ∈ B(0, κ)

0, x ∈ X \B(0, κ),
and f1(x) = 0, ∀x ∈ X .

6



We let the distribution of X be uniform on X with density pX(x) = u = V −1
d r−dX , for any x ∈ X .

We have that
‖f2 − f1‖∞ = κ

and both fj , j = 1, 2, are Lipschitz with constant upper bounded by 1.

Step 2. For any n ∈ N∗, let Pn be the restriction of a distribution P to Fn, i.e. the σ-field generated
by the observations {Wi}ni=1 ⊂ W . For any ν ≥ 1 and n ≥ ν, we let

Zν,n = log

(
dPnκ,σ,ν
dPnκ,σ,∞

)
=

n∑
i=ν+1

Zi =

n∑
i=ν+1

log

{
hi,2(Wi|Wi−1, . . . ,W1)

hi,1(Wi|Wi−1, . . . ,W1)

}
,

where Pκ,σ,∞ indicates the joint distribution under which there is no change point.

It follows from Lemma 1 in [2, Supplementary material], that we have

|Zi| ≤ min{2, eα}(eα − 1)dTV(P1, P2), i ∈ {ν + 1, . . . , n}.

where P1 and P2 are the joint distributions of (X,Y ) before and after the change point. Moreover,
by calculations around Lemma 1 in [2, Supplementary material] we have

0 ≤
∫
hi,2(w|wi−1, . . . , w1) log

hi,2(w|wi−1, . . . , w1)

hi,1(w|wi−1, . . . , w1)
du ≤ min(4, e2α)(eα − 1)2dTV(P1, P2)2

for all w1, . . . , wi−1. Since

dTV(P1, P2) =
1

2σ

∫
B(0,κ)

(κ− ‖x‖)pX(x) dx ≤ κ

2σ
Vdκ

du,

we have that for any i > ν, |Zi| ≤ min{2, eα}(eα − 1) κ2σVdκ
du ≤ ακd+1/(2σ), and

E(Zi|Wi−1, . . . ,W1) ≤ α2κ2d+2/(4σ2) almost surely.

Step 2.1. For any ν ≥ 1, define the event

Eν =

{
ν < T ≤ ν +

σ2 log(1/γ)

κ2+2dα2
, Zν,T <

3

4
log

(
1

γ

)}
.

Then we have

Pκ,σ,ν(Eν) =

∫
Eν

exp (Zν,T ) dPκ,σ,∞ ≤ γ−3/4Pκ,σ,∞(Eν)

≤ γ−3/4Pκ,σ,∞
{
ν < T ≤ ν +

σ2 log(1/γ)

κ2+2dα2

}
≤ γ−3/4γ = γ1/4, (S.8)

where the last inequality follows from the definition of D(γ).

Step 2.2. For any ν ≥ 1 and T ∈ D(γ), since {T ≥ ν} ∈ Fν−1, we have that

Pκ,σ,ν
{
ν < T ≤ ν +

σ2 log(1/γ)

κ2+2dα2
, Zν,T ≥

3

4
log

(
1

γ

) ∣∣∣T > ν

}

≤ ess supPκ,σ,ν

 max
1≤t≤σ

2 log(1/γ)

κ2+2dα2

Zν,ν+t ≥
3

4
log

(
1

γ

) ∣∣∣(Wi)
ν
i=1


≤σ

2 log(1/γ)

κ2+2dα2
max

1≤t≤σ
2 log(1/γ)

κ2+2dα2

Pκ,σ,ν
{
Zν,ν+t ≥

3

4
log

(
1

γ

) ∣∣∣(Wi)
ν
i=1

}
.

=
σ2 log(1/γ)

κ2+2dα2
max

1≤t≤σ
2 log(1/γ)

κ2+2dα2

g(t),

where

g(t) = Pκ,σ,ν
{
Zν,ν+t ≥

3

4
log

(
1

γ

)}
.

7



As for g(t), we have that

g(t) ≤ Pκ,σ,ν

{
ν+t∑
i=ν+1

{Zi − E(Zi|Wi−1, . . . ,W1)} ≥ 3

4
log

(
1

γ

)
− σ2 log(1/γ)

κ2+2dα2

α2κ2d+2

4σ2

}

≤ Pκ,σ,ν

{
ν+t∑
i=ν+1

{Zi − E(Zi|Wi−1, . . . ,W1)} ≥ 1

2
log

(
1

γ

)}

≤ exp

{
− log2(1/γ)
σ2 log(1/γ)
κ2+2dα2 α2κ2d+2/σ2

}
= γ,

where the second inequality is due the Azuma–Hoeffding inequality [e.g. 3, Corollary 2.20]. Therefore

Pκ,σ,ν
{
ν < T ≤ ν +

σ2

κ2+d
log(1/γ), Zν,T ≥

3

4
log

(
1

γ

) ∣∣∣T > ν

}
≤ σ2 log(1/γ)

κ2+2dα2
γ ≤ γ1/4.

Step 3. Combining the above we have that

Pκ,σ,ν
{
ν < T ≤ ν +

σ2

κ2+d
log(1/γ), Zν,T ≥

3

4
log

(
1

γ

) ∣∣∣T > ν

}
< 2γ1/4.

Since the upper bound in the above display is independent of ν, we have that

sup
ν≥1

Pκ,σ,ν
{
ν < T ≤ ν +

σ2

κ2+d
log(1/γ)

}
≤ 2γ1/4.

Therefore, for any change point time ∆, we have that

Eκ,σ,∆{(T −∆)+} ≥
σ2 log(1/γ)

κ2+2dα2
Pκ,σ,ν

{
T − ν > σ2 log(1/γ)

κ2+2dα2

}
=
σ2 log(1/γ)

κ2+2dα2

[
Pκ,σ,ν {T > ν} − Pκ,σ,ν

{
ν < T ≤ ν +

σ2 log(1/γ)

κ2+2dα2

}]
≥σ

2 log(1/γ)

κ2+2dα2
(1− γ − 2γ1/4) ≥ σ2 log(1/γ)

2κ2+2dα2
.

S.2 Auxiliary lemmas

S.2.1 Population quantities

Lemma S.1. For Ds,t defined in (S.1), it holds that

Ds,t =

{
0, 1 ≤ s < t ≤ ∆,

κ
√

∆
√

t−∆
t , s = ∆ < t.

Proof. When 1 ≤ s < t ≤ ∆, by definition, we have that Ds,t = 0.

When s = ∆ < t, let m∆ = f1 and m∆+1 = f2. Note that

D∆,t =

√
∆(t−∆)

t
‖f1 − f2‖∞ = κ

√
∆

√
t−∆

t
,

where the last identity follows from Assumption 3.

Lemma S.2. When 1 ≤ s < t ≤ ∆, it holds that

P
{∣∣∣ t

max
i=1

D
(h)
s,t (Xi)−D(h)

s,t

∣∣∣ = 0
}

= 1.

When s = ∆ < t, it holds that

P
{∣∣∣ t

max
i=1

D
(h)
s,t (Xi)−D(h)

s,t

∣∣∣ > 0
}
≤ 1

cminhd
exp(−∆cminh

d)

8



Proof. Case 1. When 1 ≤ s < t ≤ ∆, by definition, we have that

D
(h)
s,t (x) = 0, x ∈ Rd.

Then we have that
P
{∣∣∣ t

max
i=1

D
(h)
s,t (Xi)−D(h)

s,t

∣∣∣ = 0
}

= 1.

Case 2. The only way that we can have maxti=1D
(h)
s,t (Xi) 6= D

(h)
s,t is if there exists some Ah,j with

no observations falling within it. We have that

1 =
∑
j

µ(Ah,j) ≥ cminh
dNh

Thus, when s = ∆ < t, using a union bound, it holds that

P
{∣∣∣ t

max
i=1

D
(h)
s,t (Xi)−D(h)

s,t

∣∣∣ > 0
}
≤ P

{
t∑
i=1

1{Xi∈Ah,j} = 0 for some j

}

≤ 1

cminhd
max
j
{1− µ(Ah,j)}t

≤ 1

cminhd
exp(−∆cminh

d),

as required.

Lemma S.3. For any integer pairs (s, t), 1 ≤ s < t ≤ ∆, it holds that |D(h)
s,t −Ds,t| = 0. When

s = ∆ < t, it holds that

|D(h)
s,t −Ds,t| ≤ 2

√
s(t− s)

t
CLip

√
dh.

Proof. For any integer pairs (s, t), 1 ≤ s < t ≤ ∆, it holds that

m
(h)
1:s (x) = m

(h)
(s+1):t(x) and m1:s(x) = m(s+1):t(x), ∀x ∈ Rd,

which implies that |D(h)
s,t −Ds,t| = 0.

When s = ∆ < t, it holds that

|D(h)
∆,t −D∆,t|

=

√
∆(t−∆)

t

∣∣∣∣ sup
x∈Rp

|m(h)
∆ (x)−m(h)

∆+1(x)| − sup
x∈Rp

|m∆(x)−m∆+1(x)|
∣∣∣∣

≤
√

∆(t−∆)

t
sup
x∈Rp

∣∣∣|m(h)
∆ (x)−m(h)

∆+1(x)| − |m∆(x)−m∆+1(x)|
∣∣∣

≤2

√
∆(t−∆)

t
max

{
sup
x∈Rp

|m(h)
∆ (x)−m∆(x)|, sup

x∈Rp
|m(h)

∆+1(x)−m∆+1(x)|
}

≤2

√
∆(t−∆)

t
CLip

√
dh,

where the last inequality follows Assumption 1.

S.2.2 Sample terms

Lemma S.4. Let n ∈ N, p ∈ (0, 1) and x ∈ (0, 1]. Let (B1, . . . , Bn) be an independent sequence of
Ber(p) random variables, and let (ε1, . . . , εn) be a sequence of real-valued random variables such
that, conditionally on (B1, . . . , Bn), it holds

9



(i) ε1, . . . , εn are independent; and

(ii) E(eλεi) ≤ eλ2/2 for all λ ∈ R.

Then we have

P
(∣∣∣∣ n∑

i=1

εiBi

∣∣∣∣ ≥ x n∑
i=1

Bi

)
≤ 2e−npx

2/4.

Proof. Writing N =
∑n
i=1Bi, we may condition on (B1, . . . , Bn) to see that

P
(

1

N

∣∣∣∣ n∑
i=1

εiBi

∣∣∣∣ ≥ x) ≤ 2E
[
1{N≥1}e

−Nx22

]
= 2

{(
1− p+ pe−

x2

2

)n
− (1− p)n

}
= 2

{(
1− p(1− e− x

2

2 )

)n
− (1− p)n

}
.

For x ∈ (0, 1] we have 1− e−x2/2 ≥ x2/4, so that

P
(

1

N

∣∣∣∣ n∑
i=1

εiBi

∣∣∣∣ ≥ x) ≤ 2

{(
1− px2

4

)n
− (1− p)n

}
≤ 2e−npx

2/4.

Lemma S.5. Under Assumption 1, for any integer pair (s, t), 1 ≤ s < t, we let

Ws,t =

√
s(t− s)

t

∣∣∣ t
max
i=1
|m̃1:s(Xi)− m̃(s+1):t(Xi)| −

t
max
i=1
|m(h)

1:s (Xi)−m(h)
(s+1):t(Xi)|

∣∣∣ .
Define the following three scenarios:

(i) There exists an integer pair (s, t), 1 ≤ s < t, such that

Ws,t > 2

√
s(t− s)

t
CLip

√
dh+

4σ√
cminhd

√
5 log(t) + log(16/γ). (S.9)

(ii) There exists an integer pair (s, t), 1 ≤ s < t ≤ ∆, such that (S.9) holds.

(iii) Under Assumption 3, there exists an integer t, t > ∆, such that

W∆,t > 2

√
∆(t−∆)

t
CLip

√
dh+

4σ√
cminhd

√
5 log(t) + log(16/γ).

We have that

• under Assumption 2, (i) holds with probability at most γ; and

• under Assumption 3, (ii) and (iii) hold with probability at most γ.

Proof. For any integer pairs 1 ≤ s < t and any η, η′, η′′ > 0, η′ + η′′ = η, it holds that

P
(√

s(t− s)
t

∣∣∣ t
max
i=1
|m̃1:s(Xi)− m̃(s+1):t(Xi)| −

t
max
i=1
|m(h)

1:s (Xi)−m(h)
(s+1):t(Xi)|

∣∣∣ ≥ η)
≤ P

(√
s(t− s)

t

t
max
i=1

∣∣∣|m̃1:s(Xi)− m̃(s+1):t(Xi)| − |m(h)
1:s (Xi)−m(h)

(s+1):t(Xi)|
∣∣∣ ≥ η)

≤ P
(√

s(t− s)
t

{
t

max
i=1
|m̃1:s(Xi)−m(h)

1:s (Xi)|+
t

max
i=1
|m̃(s+1):t(Xi)−m(h)

(s+1):t(Xi)|
}
≥ η

)
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≤ P
(√

s(t− s)
t

t
max
i=1
|m̃1:s(Xi)−m(h)

1:s (Xi)| ≥ η′
)

+ P
(√

s(t− s)
t

t
max
i=1
|m̃(s+1):t(Xi)−m(h)

(s+1):t(Xi)| ≥ η′′
)

= (I) + (II). (S.10)

Case 1. In this case, we consider t ≤ ∆. We first focus on term (I).

When x ∈ Ah,j with a certain j ∈ N, we have

m
(h)
1:s (x) =

∑s
i=1 E(Yi1{Xi∈Ah,j})

sµ(Ah,j)
=

∫
Ah,j

m∆(x)µ(dx)

µ(Ah,j)
.

Then, with the convention that 0/0 = 0, we have

t
max
i=1
|m̃1:s(Xi)−m(h)

1:s (Xi)| = max
j

∣∣∣∣ ν1:s(Ah,j)

µ1:s(Ah,j)
−

∫
Ah,j

m∆(x)µ(dx)

µ(Ah,j)

∣∣∣∣
= max

j

∣∣∣∣ 1

µ1:s(Ah,j)

s∑
i=1

{Yi −mi(Xi)}1{Xi∈Ah,j}

+
1

µ1:s(Ah,j)

s∑
i=1

(
mi(Xi)−

∫
Ah,j

m∆(x)µ(dx)

µ(Ah,j)

)
1{Xi∈Ah,j}

∣∣∣∣
≤max

j

1

µ1:s(Ah,j)

∣∣∣∣ s∑
i=1

{Yi −mi(Xi)}1{Xi∈Ah,j}
∣∣∣∣

+ max
j

1

µ1:s(Ah,j)

∣∣∣∣ s∑
i=1

(
mi(Xi)−

∫
Ah,j

m∆(x)µ(dx)

µ(Ah,j)

)
1{Xi∈Ah,j}

∣∣∣∣
=(I.1) + (I.2). (S.11)

As for the term (I.1), we apply Lemma S.4 and take Bi = 1{Xi∈Ah,j}. For any η1 ∈ (0, σ] we have

P
(

1

µ1:s(Ah,j)

∣∣∣∣ s∑
i=1

{Yi −mi(Xi)}1{Xi∈Ah,j}
∣∣∣∣ ≥ η1

)
≤ 2 exp

(
−sµ(Ah,j)η

2
1

4σ2

)
. (S.12)

As for the term (I.2), when x ∈ Ah,j , due to Assumption 1, we have∣∣∣∣mi(x)−

∫
Ah,j

mi(x
′)µ(dx′)

µ(Ah,j)

∣∣∣∣ ≤ CLipdiam(Ah,j) = CLip

√
dh,

hence with probability one, it holds that

1

µ1:s(Ah,j)

∣∣∣∣ s∑
i=1

(
mi(Xi)−

∫
Ah,j

m∆(x)µ(dx)

µ(Ah,j)

)
1{Xi∈Ah,j}

∣∣∣∣
≤ 1

µ1:s(Ah,j)

s∑
i=1

∣∣∣∣mi(Xi)−

∫
Ah,j

m∆(x)µ(dx)

µ(Ah,j)

∣∣∣∣1{Xi∈Ah,j} ≤ CLip

√
dh. (S.13)

Combining (S.11), (S.12) and (S.13), with a union bound argument, we have that, for any η1 ∈ (0, σ]

P

{√
s(t− s)

t

t
max
i=1
|m̃1:s(Xi)−m(h)

1:s (Xi)| ≥
√
s(t− s)

t

(
η1 + CLip

√
dh
)}

≤ 2t exp

(
−sµ(Ah,j)η

2
1

4σ2

)
. (S.14)
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For any η2 ∈ (0, σ], almost identical arguments lead to

P

{√
s(t− s)

t

t
max
i=1
|m̃(s+1):t(Xi)−m(h)

(s+1):t(Xi)| ≥
√
s(t− s)

t

(
η2 + CLip

√
dh
)}

≤ 2t exp

(
− (t− s)µ(Ah,j)η

2
2

4σ2

)
. (S.15)

Combining (S.10), (S.14) and (S.15), we have that

P
{√

s(t− s)
t

∣∣∣ t
max
i=1
|m̃1:s(Xi)− m̃(s+1):t(Xi)| −

t
max
i=1
|m(h)

1:s (Xi)−m(h)
(s+1):t(Xi)|

∣∣∣
≥
√
s(t− s)

t
(η1 + η2) + 2

√
s(t− s)

t
CLip

√
dh

}
≤ 2t exp

(
−sµ(Ah,j)η

2
1

4σ2

)
+ 2t exp

(
− (t− s)µ(Ah,j)η

2
2

4σ2

)
≤ 2t exp

(
−scminh

dη2
1

4σ2

)
+ 2t exp

(
− (t− s)cminh

dη2
2

4σ2

)
,

where the last inequality follows from Assumption 1.

We let

Qs,t =

√
s(t− s)

t

∣∣∣ t
max
i=1
|m̃1:s(Xi)− m̃(s+1):t(Xi)| −

t
max
i=1
|m(h)

1:s (Xi)−m(h)
(s+1):t(Xi)|

∣∣∣
− 2

√
s(t− s)

t
CLip

√
dh,

η1 =

√
4σ2

scminhd
εt and η2 =

√
4σ2

(t− s)cminhd
εt,

with εt > 0 to be specified. Therefore

P
{
Qs,t ≥

4σεt√
cminhd

}
≤ P

{
Qs,t ≥

√
s(t− s)

t
(η1 + η2)

}
≤ 4t exp(−ε2

t ).

Case 1.1 When ∆ =∞, we have that

P

{
∃s, t ∈ N∗, t > 1, s ∈ [1, t) : Qs,t ≥

4σεt√
cminhd

}

≤
∞∑
j=1

P

{
max

2j≤t<2j+1
max

1≤s<t
Qs,t ≥

4σεt√
cminhd

}
≤
∞∑
j=1

2j max
2j≤t<2j+1

P

{
max

1≤s<t
Qs,t ≥

4σεt√
cminhd

}

≤
∞∑
j=1

2j max
2j≤t<2j+1

4t max
1≤s<t

P

{
Qs,t ≥

4σεt√
cminhd

}
≤ 4

∞∑
j=1

2j max
2j≤t<2j+1

t2 exp(−ε2
t )

≤4

∞∑
j=1

23j+2 exp(−ε2
2j ) ≤ γ,

where the last inequality holds by taking

εt =
√

5 log(t) + log(16/γ). (S.16)

Case 1.2 When ∆ <∞, with εt defined in (S.16), it holds that

P∆

{
∃s, t ∈ N∗, 1 ≤ s < t ≤ ∆ : Qs,t ≥

4σεt√
cminhd

}
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≤P∞

{
∃s, t ∈ N∗, t > 1, s ∈ [1, t) : Qs,t ≥

4σεt√
cminhd

}
≤ γ.

Case 2. In this case, we consider s = ∆ < t. Note that for any such integer pair (s, t), within both
intervals [1 : s] and [(s+ 1) : t], there is one and only one underlying distribution. Therefore, based
on identical arguments as those in Case 1., we have that

P

{
Q∆,t ≥

4σεt√
cminhd

}
≤ 4t exp(−ε2

t ).

Then we have

P∆

{
∃t ∈ N∗, t > ∆ : Q∆,t ≥

4σεt√
cminhd

}
≤ γ.

We then complete the proof.

Lemma S.6 (Laplace concentration). Let ε1, . . . , εn be independent standard Laplace-distributed
random variables (mean zero, variance 2). Then for all x > 0 we have

P
(

1

n

n∑
i=1

εi ≥ x
)
≤ exp

(
− 3nx2

4 + 3x

)
.

Note that this implies Lemma 1 of [1].

Proof. Using a Chernoff bound and taking λ = n
x (
√

1 + x2 − 1) we have

P
(

1

n

n∑
i=1

εi ≥ x
)
≤ inf
λ∈(0,n)

e−λx
(

1− λ2

n2

)−n
≤ exp

(
−n(

√
1 + x2 − 1)− n log

(
1− 2 + x2 − 2

√
1 + x2

x2

))
= exp

(
−n
{

x2

1 +
√

1 + x2
− log

(
2

1 +
√

1 + x2

)})
.

It is a fact (checked numerically) that

x2

1 +
√

1 + x2
− log

(
2

1 +
√

1 + x2

)
≥ 3x2

4 + 3x

for all x ≥ 0, and the result follows.

Lemma S.7 (Private version of Lemma S.5). Suppose that

s(t− s)
t

c2minh
2dα2 ≥ 64 log

(
72t3

γcminhd

)
.

Then, if either 1 ≤ s < t ≤ ∆ or ∆ = s < t, with probability at least 1− γ/(2t3) we have√
s(t− s)

t

∣∣∣∣ sup
x∈Rd

|m̂1:s(x)− m̂(s+1):t(x)| − sup
x∈Rd

|m(h)
1:s (x)−m(h)

(s+1):t(x)|
∣∣∣∣

≤ 2

√
s(t− s)

t
CLip

√
dh+

29M

cminhdα

√
log

(
72t3

γcminhd

)
.

Proof. We start by writing∣∣∣∣ sup
x∈Rd

|m̂1:s(x)−m̂(s+1):t(x)| − sup
x∈Rd

|m(h)
1:s (x)−m(h)

(s+1):t(x)|
∣∣∣∣
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≤ sup
x∈Rd

|m̂1:s(x)−m(h)
1:s (x)|+ sup

x∈Rd
|m̂(s+1):t(x)−m(h)

(s+1):t(x)|

As in the proof of Lemma S.5, it suffices to consider the first term in the case that s ≤ ∆. This is
given by

max
j

∣∣∣∣ ν̂1:s(Ah,j)

µ̂1:s(Ah,j)
1{µ̂1:s(Ah,j)≥log(n)/n} −

∫
Ah,j

m∆(x)µ(dx)

µ(Ah,j)

∣∣∣∣.
For any j with µ̂1:s(Ah,j) ≥ log(n)/n we have∣∣∣∣ ν̂1:s(Ah,j)

µ̂1:s(Ah,j)
−

∫
Ah,j

m∆(x)µ(dx)

µ(Ah,j)

∣∣∣∣
≤ |ν̂1:s(Ah,j)|

∣∣∣∣ 1

µ̂1:s(Ah,j)
− 1

µ1:s(Ah,j)

∣∣∣∣+
|ν̂1:s(Ah,j)− ν1:s(Ah,j)|

µ1:s(Ah,j)
+

∣∣∣∣ ν1:s(Ah,j)

µ1:s(Ah,j)
−

∫
Ah,j

m∆(x)µ(dx)

µ(Ah,j)

∣∣∣∣
=

∣∣∣∣ ν̂1:s(Ah,j)

µ̂1:s(Ah,j)

∣∣∣∣∣∣∣∣ (4/α)
∑s
i=1 εi,j∑s

i=1 1{Xi∈Ah,j}

∣∣∣∣+

∣∣∣∣ (4M/α)
∑s
i=1 ζi,j∑s

i=1 1{Xi∈Ah,j}

∣∣∣∣+

∣∣∣∣ ν1:s(Ah,j)

µ1:s(Ah,j)
−

∫
Ah,j

m∆(x)µ(dx)

µ(Ah,j)

∣∣∣∣.
The final term can be bounded exactly as in the proof of Lemma S.5. For the first two terms

P
(∣∣∣∣ ν̂1:s(Ah,j)

µ̂1:s(Ah,j)

∣∣∣∣∣∣∣∣ (4/α)
∑s
i=1 εi,j∑s

i=1 1{Xi∈Ah,j}

∣∣∣∣+

∣∣∣∣ (4M/α)
∑s
i=1 ζi,j∑s

i=1 1{Xi∈Ah,j}

∣∣∣∣ ≥ η)
≤ P

(∣∣∣∣ ν̂1:s(Ah,j)

µ̂1:s(Ah,j)

∣∣∣∣∣∣∣∣ (4/α)
∑s
i=1 εi,j∑s

i=1 1{Xi∈Ah,j}

∣∣∣∣ ≥ η/2)+ P
(∣∣∣∣ (4M/α)

∑s
i=1 ζi,j∑s

i=1 1{Xi∈Ah,j}

∣∣∣∣ ≥ η/2)
≤ P

(∣∣∣∣ ν̂1:s(Ah,j)

µ̂1:s(Ah,j)

∣∣∣∣ ≥ 4M

)
+ P

(∣∣∣∣ (4/α)
∑s
i=1 εi,j∑s

i=1 1{Xi∈Ah,j}

∣∣∣∣ ≥ η/(8M)

)
+ P

(∣∣∣∣ (4M/α)
∑s
i=1 ζi,j∑s

i=1 1{Xi∈Ah,j}

∣∣∣∣ ≥ η/2)
≤ P

(∣∣∣∣
∑s
i=1 Yi1{Xi∈Ah,j} + 4M

α

∑s
i=1 ζi,j∑s

i=1 1{Xi∈Ah,j} + 4
α

∑s
i=1 εi,j

∣∣∣∣ ≥ 4M

)
+ 2P

(∣∣∣∣ ∑s
i=1 εi,j∑s

i=1 1{Xi∈Ah,j}

∣∣∣∣ ≥ ηα/(32M)

)
≤ P

(
4

α

s∑
i=1

εi,j < −
1

2

s∑
i=1

1{Xi∈Ah,j}

)
+ P

( |∑s
i=1 Yi1{Xi∈Ah,j} + 4M

α

∑s
i=1 ζi,j |∑s

i=1 1{Xi∈Ah,j}
≥ 2M

)
+ 2P

(∣∣∣∣ ∑s
i=1 εi,j∑s

i=1 1{Xi∈Ah,j}

∣∣∣∣ ≥ ηα/(32M)

)
≤ 4P

(∣∣∣∣ s∑
i=1

εi,j

∣∣∣∣ ≥ αmin
{
η/(32M), 1/8

} s∑
i=1

1{Xi∈Ah,j}

)

≤ 4P
(∣∣∣∣1s

s∑
i=1

εi,j

∣∣∣∣ ≥ αµ(Ah,j) min
{
η/(64M), 1/16

})
+ 4P

( s∑
i=1

1{Xi∈Ah,j} < sµ(Ah,j)/2

)
.

We have thus reduced our problem to two standard concentration inequalities. By Lemma S.6 we
have

P
(∣∣∣∣ s∑

i=1

εi,j

∣∣∣∣ ≥ αµ(Ah,j) min
{
η/(64M), 1/16

})
≤ 2 exp

(
−sα2µ(Ah,j)

2 min{η2/(214M2), 2−6}
)
.

Using the fact that e−x ≤ 1− x+ x2/2 for all x > 0 we have the Chernoff bound

P
( s∑
i=1

1{Xi∈Ah,j} < sµ(Ah,j)/2

)
≤ inf
λ>0

eλµ(Ah,j)/2{1− µ(Ah,j) + µ(Ah,j)e
−λ/s}s

≤ inf
λ>0

eλµ(Ah,j)/2{1− λµ(Ah,j)/s+ λ2µ(Ah,j)/(2s
2)}s

≤ inf
λ>0

exp
(
−λµ(Ah,j)/2 + λ2µ(Ah,j)/(2s)

)
= exp

(
−sµ(Ah,j)

8

)
.
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Hence,

P
(∣∣∣∣ ν̂1:s(Ah,j)

µ̂1:s(Ah,j)

∣∣∣∣∣∣∣∣ (4/α)
∑s
i=1 εi,j∑s

i=1 1{Xi∈Ah,j}

∣∣∣∣+

∣∣∣∣ (4M/α)
∑s
i=1 ζi,j∑s

i=1 1{Xi∈Ah,j}

∣∣∣∣ ≥ ε)
≤ 16 exp

(
−sα2µ(Ah,j)

2 min{ε2/(214M2), 2−6}
)
.

Combining the previous bound with bounds from the proof of Lemma S.5, when η ∈
(0, 26M

√
s(t− s)/t] we have

P
(√

s(t− s)
t

∣∣∣∣ sup
x∈Rd

|m̂1:s(x)− m̂(s+1):t(x)| − sup
x∈Rd

|m(h)
1:s (x)−m(h)

(s+1):t(x)|
∣∣∣∣ ≥ η + 2

√
s(t− s)

t
CLip

√
dh

)
≤ P

(√
s(t− s)

t
sup
x

∣∣m̂1:s(x)−m(h)
1:s (x)

∣∣ ≥ η/4 +

√
s(t− s)

t
CLip

√
dh

))
+ P

(√
s(t− s)

t
sup
x

∣∣m̂(s+1):t(x)−m(h)
(s+1):t(x)

∣∣ ≥ η/4 +

√
s(t− s)

t
CLip

√
dh

))
+ P

(√
s(t− s)

t
max
j

{∣∣∣∣ ν̂1:s(Ah,j)

µ̂1:s(Ah,j)

∣∣∣∣∣∣∣∣ (4/α)
∑s
i=1 εi,j∑s

i=1 1{Xi∈Ah,j}

∣∣∣∣+

∣∣∣∣ (4M/α)
∑s
i=1 ζi,j∑s

i=1 1{Xi∈Ah,j}

∣∣∣∣} ≥ η/4)
+ P

(√
s(t− s)

t
max
j

{∣∣∣∣ ν̂(s+1):t(Ah,j)

µ̂(s+1):t(Ah,j)

∣∣∣∣∣∣∣∣ (4/α)
∑t
i=s+1 εi,j∑t

i=s+1 1{Xi∈Ah,j}

∣∣∣∣+

∣∣∣∣ (4M/α)
∑t
i=s+1 ζi,j∑t

i=s+1 1{Xi∈Ah,j}

∣∣∣∣} ≥ η/4)
≤ 2

cminhd

{
exp

(
− t

t− s
cminh

dη2

64M2

)
+ exp

(
− t
s

cminh
dη2

64M2

)
+ 8 exp

(
−sα2c2minh

2d min
{ tη2

s(t− s)218M2
, 2−6

})
+ 8 exp

(
−(t− s)α2c2minh

2d min
{ tη2

s(t− s)218M2
, 2−6

})}
≤ 4

cminhd

{
exp

(
−cminh

dη2

64M2

)
+ 8 exp

(
−α

2c2minh
2dη2

218M2

)}
≤ 36

cminhd
exp

(
−α

2c2minh
2dη2

218M2

)
.

The result follows on taking

η =
29M

cminhdα

√
log(72t3) + log(1/cmin) + log(h−d) + log(1/γ).

S.3 Proofs of the results in Appendix A

Lemma S.8. For any γ > 0, it holds that

P

{
∃s, t ∈ N, t > 1, s ∈ [1, t) :

∣∣∣∣∣
(
t− s
ts

)1/2 s∑
l=1

(Zl − fl)−
{

s

t(t− s)

}1/2 t∑
l=s+1

(Zl − fl)

∣∣∣∣∣
> 23/2

√
σ2 + 4α−2 log1/2(t/γ)

}
≤ γ.

Proof. It holds that for any sequence {εt > 0},

P

{
∃s, t ∈ N, t > 1, s ∈ [1, t) :

∣∣∣∣∣
(
t− s
ts

)1/2 s∑
l=1

(Zl − fl)−
{

s

t(t− s)

}1/2 t∑
l=s+1

(Zl − fl)

∣∣∣∣∣ ≥ εt
}

≤
∞∑
j=1

P

{
max

2j≤t<2j+1
max

1≤s<t

∣∣∣∣∣
(
t− s
ts

)1/2 s∑
l=1

(Zl − fl)−
{

s

t(t− s)

}1/2 t∑
l=s+1

(Zl − fl)

∣∣∣∣∣ ≥ εt
}
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≤
∞∑
j=1

2j max
2j≤t<2j+1

P

{
max

1≤s<t

∣∣∣∣∣
(
t− s
ts

)1/2 s∑
l=1

(Zl − fl)−
{

s

t(t− s)

}1/2 t∑
l=s+1

(Zl − fl)

∣∣∣∣∣ ≥ εt
}

≤
∞∑
j=1

2j max
2j≤t<2j+1

tP {|W | ≥ εt} ≤
∞∑
j=1

22j+1P
{
|W | ≥ ε′j

}
,

where εt = ε′j , for any t ∈ {2j , . . . , 2j+1 − 1}, j = 1, 2, . . . and W is a mean zero sub-Gaussian
random variable with

‖W‖ψ2 ≤
√
σ2 + 4α−2. (S.17)

We remark that (S.17) is due to Assumption 6, which implies that E(Zl) = fl and

‖Zl − fl‖ψ2
≤
√
‖Xl − fl‖2ψ2

+ ‖εl‖2ψ2
=
√
σ2 + 4α−2,

where the last identity follows from Lemma 1 in [1].

For any t = 1, 2, . . ., let

εt =
√

2σ2 + 8α−2 [2 log(t) + loglog(t) + log {log(t) + log(2)} − 2 loglog(2)− log(γ)]
1/2

.

Due to the sub-Gaussianity, we have that for any ζ > 0, P {|W | ≥ ζ} < 2 exp(−2−1ζ2/(σ2+4α−2))
[e.g. (2.9) in 3].

P

{
∃s, t ∈ N, t > 1, s ∈ [1, t) :

∣∣∣∣∣
(
t− s
ts

)1/2 s∑
l=1

(Zl − fl)−
{

s

t(t− s)

}1/2 t∑
l=s+1

(Zl − fl)

∣∣∣∣∣ ≥ εt
}

≤
∞∑
j=1

max
2j≤t≤2j+1

exp[(2j + 2) log(2)− 2 log(t)− loglog(t)− log{log(t) + log(2)}+ 2 loglog(2) + log(γ)]

≤
∞∑
j=1

exp

{
(2j + 2) log(2)− 2j log(2)− 2 log(j)− log{(j + 1) log(2)}+ 2 loglog(2) + log(γ)

}

≤γ
∞∑
j=1

1

j(j + 1)
≤ γ.

For simplicity, we let
εt = 23/2

√
σ2 + 4α−2 log1/2(t/γ),

which satisfies that for any t ≥ 2 and γ ∈ (0, 1),

23/2 log1/2(t/γ) ≥
√

2[2 log(t) + loglog(t) + log {log(t) + log(2)} − 2 loglog(2)− log(γ)]1/2.
(S.18)

We therefore completes the proof.

Proof of Theorem 5. Step 1. Define the event

B =

{
∀s, t ∈ N, t > 1, s ∈ [1, t) :

∣∣∣∣∣
(
t− s
ts

)1/2 s∑
l=1

(Zl − fl)−
{

s

t(t− s)

}1/2 t∑
l=s+1

(Zl − fl)

∣∣∣∣∣ < bt

}
.

(S.19)

It follows from Lemma S.8 that P{B} > 1− γ. Throughout the proof we assume that the event B
holds.

For any s, t ∈ N, 1 ≤ s < t, it holds that
∣∣∣D̂s,t −Ds,t

∣∣∣ < bt, which implies that

Ds,t + bt > D̂s,t > Ds,t − bt. (S.20)

Step 2. For any t ≤ ∆, we have that Ds,t = 0, for all s ∈ [1, t). Thus, using (S.20), we conclude
that, t̂ > t and, therefore that t̂ > ∆.
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Step 3. Now we consider any t > ∆. If there exists s ∈ [1, t) such that D̂s,t > bt, then d ≤ t−∆.
Thus, d ≤ t̃−∆, where

t̃ = min{t > ∆,∃s ∈ [∆, t), D̂s,t > bt},

and any upper bound on t̃ will also be an upper bound on d, when the signal-to-noise constraint
specified by Assumption 8 is satisfied. Thus, our task becomes that of computing a sharp upper bound
on t̃. To that effect, notice that, when ∆ ≤ s < t,

Ds,t = ∆

(
t− s
ts

)1/2

|µ1 − µ2| = ∆

(
t− s
ts

)1/2

κ, (S.21)

and, because of (S.20) again,

D̂s,t ≥ ∆

(
t− s
ts

)1/2

κ− bt.

As a result, we obtain that t̃ ≤ t∗, where

t∗ = min

{
t > ∆ : max

s∈[∆,t)

{
∆

(
t− s
ts

)1/2

κ− 2bt

}
≥ 0

}
.

Step 4. Write for convenience m = t∗ −∆, so that t̂−∆ ≤ m. Recalling that

bt = 23/2
√
σ2 + 4α−2 log1/2(t/γ),

we seek the smallest integer m such that

max
s∈[∆,m+∆)

[
∆κ

{
m+ ∆− s
(m+ ∆)s

}1/2

− 25/2
√
σ2 + 4α−2 log1/2{(m+ ∆)/γ}

]
> 0,

which is equivalent to finding the smallest integer m such that

max
s∈[∆,m+∆)

[
∆2κ2 − 32(σ2 + 4α−2)

s(m+ ∆)

m+ ∆− s
log {(m+ ∆)/γ}

]
> 0.

In turn, the above task corresponds to that of computing the smallest integer m such that

∆2 κ2

σ2 + 4α−2
> min
s∈[∆,m+∆)

[
32

s(m+ ∆)

m+ ∆− s
log {(m+ ∆)/γ}

]
= 32

∆(m+ ∆)

m
log {(m+ ∆)/γ} ,

or, equivalently, such that

m

[
∆κ2

32(σ2 + 4α−2)
− log {(m+ ∆)/γ}

]
> ∆ log {(m+ ∆)/γ} , (S.22)

under Assumption 8.

Let Cd be an absolute constant large enough and also upper bounded by CSNR. The claimed result
now follows once we show that that the value

m∗ = dCd log(∆/γ)(σ2 + 4α−2)κ−2e
satisfies (S.22). To see this, assume for simplicity that Cd log(∆/γ)(σ2 + 4α−2)κ−2 is an integer;
if not, the proof only requires trivial modifications. We first point out that m∗ ≤ ∆ because of
Assumption 8 and the fact that Cd ≤ CSNR. Now, the left hand side of inequality (S.22) is equal, for
this choice of m, to

Cd log(∆/γ)
∆

32
− Cd

σ2 + 4α−2

κ2
log(∆/γ) log

{
Cd log(∆/γ)(σ2 + 4α−2)/κ2 + ∆

γ

}
. (S.23)

Using again Assumption 8 and the fact that m∗ ≤ ∆, the second term in the previous expression is
upper bounded by

2Cd
CSNR

∆ log(∆/γ),
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due to the fact that 2 log(x) ≥ log(2x), x ≥ 2. Thus, the quantity in (S.23) is lower bounded by

∆ log(∆/γ)

(
Cd
32
− 2Cd
CSNR

)
≥ 2∆ log(∆/γ) ≥ ∆ log(2∆/γ) ≥ ∆ log ((m∗ + ∆)/γ) ,

where the first inequality is justified by first choosing a large enough Cd and then choosing CSNR

larger than Cd, and the second and third inequalities follow from log(∆/γ) ≥ 0 and m∗ ≤ ∆,
respectively. Thus, combining the last display with (S.22) and (S.23) yields (16). Finally, (14) and
(15) follow immediately from Steps 1 and 2.

Proof of Theorem 6. Throughout the proof we will assume for simplicity that cσ2α−2 log(1/γ)κ−2

is an integer.

Step 1. For any n, let Pn be the restrictions of a distribution P to Fn, i.e. the σ-field generated by
the observations {Zi}ni=1.

Let P1 be the distribution of the original Xt before the change and let P2 be the distribution after.
Write

mt,k(z|z1, . . . , zt−1) =

∫
qt(z|x, z1, . . . , zt−1) dPk(x)

for the conditional density of the Zt before (k = 1) and after (k = 2) the change point. To be specific,
we let

P1 = Unif[0, 2σ], P2 = κ+ Unif[0, 2σ],

which satisfy that
‖P1 − P2‖TV =

κ

2σ
, (S.24)

assuming that κ < 2σ.

For any ν ≥ 1 and n ≥ ν, we have that for any n ≥ ∆, it holds that

dPnκ,σ,ν
dPnκ,σ,∞

= exp

(
n∑

i=ν+1

Wi

)
,

where Pκ,σ,∞ indicates the joint distribution under which there is no change point and

Wi = log
mi,2(Zi|Zi−1, . . . , Z1)

mi,1(Zi|Zi−1, . . . , Z1)
.

For any ν ≥ 1, define the event

Eν =

{
ν < T < ν +

cσ2α−2 log(1/γ)

κ2
,

T∑
i=ν+1

Wi <
3

4
log

(
1

α

)}
.

Then we have

Pκ,σ,ν(Eν) =

∫
Eν

exp

(
T∑

i=ν+1

Wi

)
dPκ,σ,∞ ≤ exp {(3/4) log(1/γ)}Pκ,σ,∞(Eν)

≤ exp {(3/4) log(1/γ)}Pκ,σ,∞
{
ν < T < ν +

cσ2α−2 log(1/γ)

κ2

}
≤ γ−3/4γ = γ1/4, (S.25)

where the first two inequalities follow from the definition of Eν , and the last inequality follows from
the definition of D(γ).

Step 2. Note that for any i, z, zi−1, . . . , z1 and an arbitrary x0 we have

mi,2(z|zi−1, . . . , z1)

mi,1(z|zi−1, . . . , z1)
=

∫
qi,1(z|x, zi−1, . . . , z1) dP2(x)∫
qi,2(z|x, zi−1, . . . , z1) dP1(x)

≤
eαq(z|x0, zi−1, . . . , z1)

∫
dP2(x)

e−αq(z|x0, zi−1, . . . , z1)
∫
dP1(x)

= e2α,

and we can similarly see that mi,2(z|zi−1, . . . , z1)/mi,1(z|zi−1, . . . , z1) ≥ e−2α. When α is small,
therefore, (say α ≤ 0.5 log(0.5)), we will have for any z1, . . . , zi−1 that∫
mi,2(z|zi−1, . . . , z1) log

mi,2(z|zi−1, . . . , z1)

mi,1(z|zi−1, . . . , z1)
dz
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≤ −
∫
mi,2(z|zi−1, . . . , z1)

{
mi,1(z|zi−1, . . . , z1)

mi,2(z|zi−1, . . . , z1)
− 1−

(
mi,1(z|zi−1, . . . , z1)

mi,2(z|zi−1, . . . , z1)
− 1

)2}
dz

=

∫
{mi,2(z|zi−1, . . . , z1)−mi,1(z|zi−1, . . . , z1)}2

mi,2(z|zi−1, . . . , z1)
dz ≤ min(4, e2α)(eα − 1)2‖P1 − P2‖2TV,

where the final inequality is Lemma 1 in [2, Supplementary material]. Calculations around Lemma 1
in [2, Supplementary material] also reveal that∣∣∣∣log

mi,2(z|zi−1, . . . , z1)

mi,1(z|zi−1, . . . , z1)

∣∣∣∣ ≤ min(2, eα)(eα − 1)‖P1 − P2‖TV.

It follows from the Azuma–Hoeffding inequality [e.g. 3, Corollary 2.20] that for any x > 0 and t ∈ N
we have

P
( ν+t∑
i=ν+1

Wi ≥ x+ tmin(4, e2α)(eα − 1)2‖P1 − P2‖2TV

∣∣∣∣ Zν , . . . , Z1

)

≤ P
( ν+t∑
i=ν+1

{
Wi − E(Wi|Zi−1, . . . , Z1)

}
≥ x

∣∣∣∣ Zν , . . . , Z1

)
≤ exp

(
− 2x2

tmin(4, e2α)(eα − 1)2‖P1 − P2‖2TV

)
Due to (S.24) and our assumption that α ≤ 1, for small enough c > 0 we have that

cσ2α−2 log(1/γ)

κ2
×min(4, e2α)(eα − 1)2‖P1 − P2‖2TV ≤

1

4
log(1/γ).

For any ν ≥ 1 and T ∈ D(γ), since {T ≥ ν} ∈ Fν−1, it therefore follows that for such c we have

Pκ,σ,ν

{
ν < T < ν +

cσ2α−2 log(1/γ)

κ2
,

T∑
i=ν+1

Wi ≥ (3/4) log(1/γ)
∣∣∣T > ν

}

≤ ess supPκ,σ,ν

 max
1≤t≤ cσ

2α−2 log(1/γ)

κ2

ν+t∑
i=ν+1

Wi ≥ (3/4) log(1/γ)
∣∣∣Z1, . . . , Zν


≤ ess supPκ,σ,ν

[
max

1≤t≤ cσ
2α−2 log(1/γ)

κ2

ν+t∑
i=ν+1

{Wi − E(Wi|Zi−1, . . . , Z1)} ≥ (1/2) log(1/γ)
∣∣∣Z1, . . . , Zν

]

≤cσ
2α−2 log(1/γ)

κ2
exp

{
− (1/2) log2(1/γ)
cσ2α−2 log(1/γ)

κ2 min(4, e2α)(eα − 1)2‖P1 − P2‖2TV

}

≤cσ
2α−2 log(1/γ)

κ2
exp {− log(1/γ)} ≤ γ1/4,

where the third inequality follows by a union bound argument, the fourth inequality holds for small
enough c > 0, and the last inequality holds for small enough γ. Since the upper bound is independent
of ν, it holds that

sup
ν≥1

Pκ,σ,ν

{
ν < T < ν +

cσ2α−2 log(1/γ)

κ2
,

T∑
i=ν+1

Wi ≥ (3/4) log(1/γ)
∣∣∣T ≥ ν} ≤ γ1/4,

which leads to

sup
ν≥1

Pκ,σ,ν

{
ν < T < ν +

cσ2α−2 log(1/γ)

κ2
,

T∑
i=ν+1

Wi ≥ (3/4) log(1/γ)

}
≤ γ1/4. (S.26)

Combining (S.25) and (S.26), we have

sup
ν≥1

Pκ,σ,ν
{
ν < T < ν +

cσ2α−2 log(1/γ)

κ2

}
≤ 2α1/4. (S.27)
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Step 3. We now have, for any change point time ∆,

Eκ,σ,∆ {(T −∆)+} ≥
cσ2α−2 log(1/γ)

κ2
Pκ,σ,∆

{
T −∆ ≥ cσ2α−2 log(1/γ)

κ2

}
=
cσ2α−2 log(1/γ)

κ2

[
Pκ,σ,∆{T > ∆} − Pκ,σ,∆

{
∆ < T < ∆ +

cσ2α−2 log(1/γ)

κ2

}]
≥cσ

2α−2 log(1/γ)

2κ2
,

where the first inequality is due to Markov’s inequality, the second is due to (S.27) and the definition
of the class of D(γ) of stopping times.
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