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A Preliminaries

We list and prove a few elementary lemmas used in subsequent proofs and discussions.

Lemmad Letn >m, A€ R™ " and b € R™ be suchthat S = {x € R" : Ax = b} # (. Let the
singular value decomposition (SVD) of AT be AT = USV' T, where U € R™" and V € R™*" have
orthonormal columns, ¥ = Diag(o1,...,0.), 01 > ...0. > 0, r = rank(A). For any x € R", the
projection of x onto S can be expressed as

Os(z) = I -UU )z + UV b,
In particular, when A has full rank,

Ms(z)= (1 —AT(AAT) 1Az + AT(AAT) b

Proof. The case of full rank A is well-known, see, e.g., [54, Eq. (1)]. For general A, Az = b &
VXU Tz = b. Recall that U and V consist of orthonormal columns and. Since V'Y has full column
rank, there exists a unique w € R” such that VXw = b. In fact, w = >~V 1. Therefore,

Ar=beU'z=3"1V"h
Since U has full row rank, the formula follows directly from the full rank case. O

Lemma 5 Under the same assumptions as Lemma 4, for any x € R", it holds that

op - [l — s (2)[| < [[Az — b].

Proof. By Lemma (4) and the fact that U and V' have orthonormal columns,
Iz~ Ts(@)l| = [UU Tz =SV TD)| = Uz -5~V 0|
= =7V (Az - b)| < 171 ]| Az — o],

where |7 = o—% O

Lemma 6 For B > 0and g € R?, let

d
= argmin{(g,m) —&—inlogﬂci 2 >0,1Tz = B} .

i=1

Then, zf = B - % i € [d].

Proof. It can be easily verified via KKT optimality conditions. The Lagrangian is

L(z,\) = (g,x) + in logz; — A172 — B).

3

By the first-order condition, for any A, the minimizer z(\) of L(z, \) has z;(\) = e*~!179. Primal
feasibility implies >, z;(\) = B = ¢* = % Therefore,

—gi
ot — ¢

B=.
o de*gz
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A.1 Proof of Theorem 1

Consider the minimization form of (1). Let p; > 0 be the dual variable associated with constraint
> xij < 1. The Lagrangian is

L(z,p)= |- ZB,-, log u; () + <p, Zz> _ ij

The Lagrangian dual is

max 9(p) == min L(z,p). (8)

By assumption, there is a feasible x to (1) with w;(x;) > 0 for all . Note that 2’ = %x is also feasible
and u;(2}) = Su;(z;) > 0 by homogeneity of u;. Consider 2" = 2’ + &, where § > 0 is sufficiently
small so that ), m;’] < 1forall j. Then, z” > O and ), m;’] < 1 for all j. Therefore, (1) has a

strictly feasible solution. Meanwhile, the dual (8) clearly has a strictly feasible solution p > 0 with
g(p) = min,>¢ L(x, p) finite. Therefore, strong duality holds by Slater’s condition and the KKT
conditions are necessary and sufficient for (primal and dual) optimality of a solution pair (z, p) (see,
e.g., [7, Appendix D]). Let z* and p* be optimal solutions to the primal (1) and dual (8), respectively.
Clearly, u;(z}) > 0 for all i. By Lagrange duality, we have

z* € argmin L(z, p*).
x>0

In other words, each =7 maximizes r;(x;,p*) := B;logu;(x;) — (p*, ;) on x; > 0. We show that
(z*, p*) is a market equilibrium.

Buyer optimality First, we verify that (p*,zf) = B; for all i. Assume that (p*,z}) > B, for
some 7. Let Z; = (1 — €)x}, where 0 < e < 1. Consider

¢(e) = Bilogui(1—€)a7) — (p*, (1—€)x7) = Bilogui(zj) — (p", 27) + Bilog(1—e) +€(p”, z7).
Note that ¢ is differentiable on (0, 1) and ¢'(e) = —2& + (p*, z}). Since (p*, z}) > B;, we have
¢'(0) > 0. In other words, replacing x} by Z; with sufficiently small ¢ strictly decreases the value
of B;logu;(z;) — (p*, z;), contradicting to the choice of z*. Therefore, (z*,z}) < B, for all i.
Completely analogously, we can also show that (p*, x}) > B; for all i. Therefore, for each buyer 1,

x; is feasible and depletes its budget B; under prices p;. Hence, for any z; € R'", (p*,z;) < B,
since xF maximizes r;(-, p*), we have

Bilogui(x7) — (p", 27) = Bilogui(xi) — (p*, 24).
Since (p*, z;) < B; = (p*, z}), the above implies
B;logu;(z}) > B;logu;(x;).
Therefore, u;(x}) > u;(x;). In other words, x € D;(p*) for all 4.

Market clearance By the complementary slackness condition in Lagrange duality, for item j such
that ), x;; < 1, it must holds that p7 = 0, completing the proof.

Remark We can also assign any leftover of item j to any buyer ¢ without violating its budget
constraint, in order to “clear” the market. Meanwhile, since u; is CCNH, it is also “monotone” in the
following sense: for any o > 0,

ui(z} + ae?) > ui(x)) + aui(e?) > 0.
In other words, buyer ¢’s optimality is not affected by the assignment of any zero-price leftover.
A.2 Characterizations of Hoffman constant

We compare our definition of Hoffman constant and another common, explicit characterization.
Recall that Hx (A) is the smallest H such that, for any b, S = {x : Az = b},

|l — Oxns(2)|| < H||Az — b, Vz € X.
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For any matrix M, let B(M) be the set of nonsingular submatrices consisting of rows of M. Define

1

H(M) = L
(M) = o o (B)

< 0. €))

The following fact is known (see, e.g., [34, §11.8] and [4, §2.1]).

Lemma 7 Suppose the reference polyhedral set can be represented by inequality constraints X =
{z : Cx < d}. Then,
A

Clearly, H (M ) is finite for any M. In fact, this is the most well-known characterization of Hoffman
constant, and is tight in the following sense: let S = {« : Az = b} for some arbitrary right hand side
b, then it is the smallest constant H such that

for all  (not necessarily € X’). However, for all of our purposes, that is, analysis of PG, x is always
restricted to be € X. Therefore, we choose to define Hx (A) as such, consistent with [5] and [53].
Meanwhile, the following is clear.

|z — Mxns(2)| < H H [((;;x_ng

Lemma 8 For any matrices A € R™*™, m < nand C € R>™ it holds that

n([el) 2 ey )

A

Proof. By definition (9), H' := H ({C’T

D > H(A). If rank(A) = m, then H' > —

because A € B ( {é] ) . If r = rank(A) < m, let the (nonzero) singular values of Abe gq > -+ >

Or = Omin(A4) > 0. Consider any B € B(4) C B ({é’]) with rank r (having exactly r rows), let

its nonzero singular values be 0§ > -+ > 0. = omin(B) > 0. Applying Cauhchy’s Interlacing
Theorem (see, e.g., [31, Theorem 1]) on AAT andits principal submatrix BB T we have

o1 >01 > >0, >o0).

Therefore, H' >

1 1
omin(B) = Tmin (A"
A.3 Proof of Theorem 2

We follow the development in [38, §4 & Appendix F] and further articulate the constants. There, the

authors show that proximal gradient achieves linear convergence under the so-called Proximal-PL
inequality. Consider the following general nonsmooth problem

F* :mgcinF(m) = f(z) + g(x) (10)
where f is smooth convex with L ;-Lipschitz continuous gradient, g is simple closed proper convex

and dom g C dom f. One iteration of the proximal gradient method with stepsize v > 0 is as
follows:

2" = Prox, (z' — vV f(2')) = argmin {(’ny(x),x -zt + %Hx —z? + g(x)} .3an

For any o > 0 and any =z € dom g, define

D(,) = —2amin [(V/ ().’ — ) + S|la’ - al]* + g(a’) — g(a)] (12)
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Say that F' = f + g satisfies the proximal-PL inequality at  w.r.t. A > X > 0if
D(x,N) > MNF(z) — F"), (13)

Below is essentially [38, Theorem 5], which shows that the so-called Proximal-PL condition is
sufficient for linear convergence. Note that, different from [38, Theorem 5], we only require (13) to
hold for x € X such that F(z) < F(z°) instead of all z € X. In addition, we note that in some
cases (13) may hold with A > L, in which case the rate needs to be slightly adjusted. Since D(z, -)
is monotone [38, Lemma 1], (13) holds when T is replaced by I > I'. The statement and proof are
the same as [38, pp. 9] otherwise.

Theorem 9 Let 2° € dom g. If f and g satisfies (13) for all x € dom g such that F(z) < F(z2V),
then x* defined by (11) starting from x° with constant stepsize v = 1/L s converges linearly with

rate 1 — % where L = max{A, L¢}. In other words,

F(z') - F* < (1 - 2)t(F(a:0) —F", t=1,2,...

Proof. By assumption, (13) holds for all x € domg, x < F (:EO). In particular, it holds for xt,
t,1,2,..., since proximal gradient is a descent method, i.e., F(z°) > F(z') > ... (see, e.g., [3,
Corollary 10.18]). Therefore, by L ¢-Lipschitz continuity of V f, proximal gradient update (11),
definition of D(x, -), its monotonicity, and (13) for all z¢,

F(It+1) < F(l‘t) + (Vf(xt),xtﬂ _ ’l;’t> + %”le o ItH2 +g(gjt+1) _ g(xt)

< () + [V, =)+ Lt =+ g(a) - glo')

2
< F(2t) - %D(zt, L)
< F(2') — % (F(a*) — F*)

= F('™) - F* < (1 - 2) (F(a') — F*).

Repeatedly applying the above inequality completes the proof. ]

Then, we prove Theorem 2. Clearly, problem (2) is (10) with g(x) = dx(x) and PG is a special
case of proximal gradient. By Theorem 9, in order to prove Theorem 2, it suffices to establish the
Proximal-PL condition (13) (for all z € X, f(z) < f(«°) for some initial iterate 2"). Let X'* be the
set of optimal solutions to (2) and f* be the optimal objective value. Since h is p-strongly convex and
f(z) = h(Az), there exists z* € dom f such that S = {z : Az = z*} and X* = X N S. Therefore,
forany x € X, x,, := Iy~ (x), we have

fwp) = h(Azp) = h(Az) + (Vh(Az), A(zp — 2)) + %IIA(% — )%

Note that
(Vh(Az), A(x, —z)) = (ATVh(Az), 2, — x) = (Vf(2),2, — 2).

Hence, for any = € X, by strong convexity of h and definition of H = Hx(A), we have

Fey) 2 F(@) + (V). 2, — @) + Sl Alw - )|
= J(@) + (VS (@), v — ) + G| Az — 2|

> J(@) + (V@) 0 — ) + sz lle = a1,
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Therefore,

172 @) + (V@) 2 — ) + shes o —

> (@) + min {(Vf(2).y — ) + 55 v - ]}

> @)~ 2 (a, 1)

241 " H?
u 1 .
= 3D (v, 45) = L(r@) - 1)
Thus, (13) holds for all z € X, f(z) < f(2°) with
w
N=a=Lo

Since Vf(z) = ATVh(Az) and h is (u, L)-s.c., its Lipschitz constant can be chosen as
Ly =L|A|*
By Theorem 9, PG with stepsize v = 1; converges linearly with rate
"
max{%,LHAW} max{u, LH2||A||2}"

Finally, convergence of the distance to optimality ||z* — Iy (z?)| is straightforward: for any x € X,
by the strong convexity of h and definition of H,

Fla) — * = h(Az) — h(Any) > 24— AP = ) dz — 22 2 e — )
(Il

Remark A special case is when d > r (recall that A € R?*") and rank(A) = r. In this case,
f(x) = h(Awz) itself is strongly convex with modulus 110 min (A)2. In this case, classical analysis (e.g.,
l“"min(A)2

LTAJ?
have X* = {z*} =S = {z : Az = z*} = X N S (since z*, z* are unique and rank(A4) = r). By
Lemma 5, for any =, it holds that

[3, §10.6]) implies linear convergence with rate 1 — . Meanwhile, in the above analysis, we

1 *
|z — x-(z)| < mﬂflx—z -

Therefore, by the definition of Hoffman constant, Hx (A) < %(A)i’ and the classical rate under
strong convexity is recovered.

A.4 Proof of Theorem 3

Let X'* be the set of optimal solutions to (2). First, recall the following lemma [64, Lemma 14],
which ensures the first part of the theorem, that is, uniqueness of Az* and qT:c* for all z* € X*.

Lemma 9 There exist unique z* € R" and w* € R such that for any x* € X'*,

Az® = 2%, (¢*,z) = w™.

The next lemma is essentially [4, Lemma 2.5]. Different from the statement of [4, Lemma 2.5],
we keep ||Vh(z*)|| instead of bounding it by sup, ¢ y || Vh(Az)|. We also define C = f(z9) — f*
instead of C' = sup,cy f(x) — f*, since subsequent application of the lemma only involves PG
iterates o, which have monotone decreasing objective values f(z°) > f(z') > ... The proof
remains unchanged otherwise.
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Lemma 10 Let z* be as in Lemma 9 and 2° € X. For any x € X such that f(z) < f(z°), it holds
that

|z — M- (2)[* < & (f(2) = %),

where, same as in Theorem 3, k = Hy(A)? (C +2GD 4 + @) C = f(2°) — f*,
G = [IVA(z")ll, Da = sup, yex [A(z =)l

Finally, take Ly = L[| A||? as a Lipschitz constant of V f. By Lemma 10 and [38, §4.1], it holds that
(2) satisfies the proximal-PL inequality (13) with

1
A=)\=—
2K
for all z € X such that f(x) < f(2°) (in particular, for all 2, ¢t = 1,2,...). By Theorem 9, PG
converges linearly with rate 1 — m =1- m.

Remark Lemma 10 shows that QG holds. Similar convergence guarantees can also be derived
from other QG-based analysis, e.g., [27, Corollary 3.7].

A.5 Linear convergence of PG with linesearch

First, we consider the more general proximal gradient setup (10). Let L be a Lipschitz constant
of Vf and the Proximal-PL inequality 13 holds with A > X > 0 for all x € dom g such that
F(z) < F(2°). Leta > 1, 8 € (0,1), T > 0 (increment factor, decrement factor, upper bound on
stepsize, respectively). The linesearch subroutine LS, g 1 is defined in Algorithm 1.

Algorithm 1 x4y 1, 7y, kt < LS4, 8,0(x,7, kprev) With parameters « > 1, 3 € (0,1), ' > 0.

If kprev = 0, set (9 = min{a~, T'}. Otherwise, set 7(*) = .

Fork=0,1,2,...
1. Compute z(F) = Prox ) 4 ( — YN f ().
2. Break if
1
J@®) < f@) + (V@) e® o) + 25512 — ol (14)

3. Set y(**1) = B~(k) and continue to k + 1.
Return x4 1 = ), Y = 7(’“), ki = k.

In this way, proximal gradient with linesearch can be described formally as follows: starting from
20 € dom f>v—1 =T, k_1 = 0, perform the following iterations

(xt+17’7t7 kt) — ESQ,B,F($t7 Yt—1, ktfl)a t= ]-7 23 R

Note that (14) holds for any v(¥) < L% (see, e.g., [3, Theorem 10.16]). Therefore, Algorithm 1

terminates when (©) gF < L% This means

Ve > = min{F,ff}. (15)

for all ¢. Note that we explicitly include the case of I' < L%’ although in practice I' is often set very
large. Clearly,

log £
gr<y & k> —1.
log E
og L
Therefore, in Algorithm 1, the backtracking iteration index satisfies k; < ioi 1 for all ¢. Note that if
B

the loop breaks at k;, the number of Prox evaluations is exactly k; + 1.
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Let

- 1 1 L
L:max{~7A}:max{,f,A}. (16)
gl r g
Then, monotonicity of D(z, -) implies, for all # € dom g such that F'(z) < F(x°),

- 1
*D(]}, L) >

5D(@.8) = A (F(x) - F*).

Following the proof of Theorem 9 (or that of [38, Theorem 5]), we have

L
) < Fa) 4 (V)7 — o) + 2L o — ] + oo ) — g(a')

L
< F(a') + (V@) " = af) + Sl = 2?4 g(a"") — g(a)

< F(a') ~ 5=D (o', )
< F@) - F(FEH - F)
= Fa™) - F* < (1 - 2) (F(z") — F*).

Summarizing the above discussion, we have the following convergence guarantee for PG with
linesearch.

Theorem 10 Let « > 1, 8 € (0,1) and T > 0. For problem (10) satisfying the Proximal-
PtLinequality with A > X\ > 0 for all * € dom g such that F(z) < F(2°), proximal gradient
(11) with linesearch subroutine LS, g r described in Algorithm I generates iterates x* such that

A\ ¢
F(z™) - F* < (1 — L) (F(2°) = F*), t=1,2,..., (17)
_ og L
where L is defined in (16). Furthermore, each iteration requires at most 1 + % number of Prox
B

evaluations.

Proof of Theorem 4. In the above discussion, when g(xz) = dx(x), we can replace the Lipschitz
constant Ly by the restricted one L}Y throughout, since Algorithm 1 ensures 2t € X for all ¢. It

— X
remains to apply Theorem 10. For ¢ = 0, A = A = #z and L = max {%, %, s } Therefore, the

rate is
w

A
==1- .
L max{y, H2/T, H2LY ] 5}

1
T

m‘ﬁk

Forq#0,A=\= i and L = max { , 21;@} Therefore, the rate is

1
B max{l,QnLjf/ﬂ,Qn/F}'

A.6 Other utility functions

Recall that, by Theorem (1), for any CCNH utilities u;, optimal solutions to the EG convex program
(1) correspond to equilibrium allocation and prices.

CES utilities are parametrized by a nondegenerate v and exponent p € (—oo, 1]\{0}:

1/p

m
wi(zi) = [ Y viaf
j=1
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Clearly, p = 1 gives linear utilities. For p < 1, it has been shown that Proportional Response
dynamics achieves linear convergence in prices and utilities [67, Theorem 4] under their notion of
e-approximate market equilibrium [67, pp. 2693].

Cobb-Douglas utilities represent substitutive items and take the following form, for parameters
A= (/\i)’ /\i S Ami

UZ(CL‘Z) = Hjx?jij.
In this case, EG (1) decomposes item-wise into simple problems with explicit solutions. Specifically,
for each item j, the minimization problem is

min — E B\ logx;:.
. jEA, - ik 108 g
T

Let p; be the Lagrangian multiplier associated with constraint ) . ;; = 1. The Lagrangian is

L(x.;,p;) ZB Aijlog xij + pj (Z Tij — 1)

By first-order stationarity condition, for any p; € R, L(x. ;, p;) is minimized when

Substituting it into £ and discarding the constants w.r.t. p;, we have

9(p;) = (Z Bz‘>\ij) log p; — pj,
which is maximized at equilibrium prices
P =2 Bidy.

Therefore, by 18, the equilibrium z* under Cobb-Douglas utilities is given by

B;i\ij .
= =, Vi, ].
.13” ZZ BZ)\” ) (2%

B Linear utilities

B.1 Shmyrev’s convex program

Under linear utilities, it turns out that we can also compute market equilibrium via the following
convex program due to Shmyrev [58, 8]. In this convex program, the variables are the bids b;;, i € [n],
J € [m] and prices p;, j € [m].

max melogvm ijlogpj s.t. wa =pj, J €| wa =B, i€ [n], b>0.

i, J

19)

Given an optimal solution b*, equilibrium prices and allocations are then given by pj = > b;; and

= b tivel
Ti; = Pt respectively.

B.2 Proof of Lemma 1

Any x € X satisfies x < 1. Therefore, (v;, 2;) < ||v;||1]|2}||cc < ||vi]|1 = @;. For the lower bound,

recall that at an equilibrium allocation z* ensures that every buyer gets at least the utility of the
proportional share, that is,

= U;.

Bi > _ Billvilx
1Bl

(v, xj) > <Uz‘7 1
1 Bl1
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B.3 Uniqueness of equilibrium quantities and convergence of u?, p’

Convergence of u to u* can be easily seen as follows. Let z¢ be the PG iterates and iL A f= B(A:L)
1 be defined as in §3 and f* = min,cx f(x). Since h is p-strongly convex, we have

Ellu’ =l < h(u) = h(u*) < h(Az") - £,

which converges linearly. Next, we show uniqueness of p* via simple arguments and construct a
sequence of linearly convergent prices p°.

Lemma 11 Assume that v is nondegenerate. Then, the equilibrium prices p* under linear utilities
are unique.

Proof. By Theorem 1 and [21, Lemma 3], p* is an optimal solution (together with some 5*) to the
following problem (dual of (1) with linear utilities): O

I;ﬁ[gl ij - ZBi logB; s.t.p>0,82>0, p; >vi;Bi, Vi, j. (20
B -

(3

Here, strong duality holds since there clearly exist primal and dual strictly feasible solutions with
finite objective values given nondegenerate v (c.f. Theorem 1 and Appendix A.1). We can eliminate
p by letting p; = max; v;;3; for all j and rewrite (20) as

mﬁin Zmlaxvijﬂj — Z BL lOg Bz s.t. B > 0.
3J i

In the above, since the objective is strongly convex and the feasible region is 5 > 0, the optimal
solution B* is clearly unique. Furthermore, it must hold that 5* > 0 (since the optimal objective
value is finite and strong duality holds). For p* optimal to (20), it must hold that p;f = max; v;; ;.
In fact, p; > max; v;; 3] by feasibility and, for any strict inequality, decreasing the corresponding p}
strictly decreases the objective.

The following lemma provides simple upper and lower bounds on feasible and equilibrium prices,
respectively. The lower bounds are slightly strengthened over the existing one [8, Lemma 17].

Lemma 12 Let p* be equilibrium prices under linear utilities with nondegenerate valuations v. Then,
_ . 2 _
p;j < pj < pjforall j, where p; = max; ﬁvjﬁ and p; = || B||.

Proof. Tt is essentially the same as the proof of Lemma 2, except that, at optimality, u; < |lv;||1 + B;
can be strengthened to u; < ||v;||1 (utility of each buyer is at most that of having a unit of every item).
[l

A linearly convergent sequence of p° Here, all norms are vector norms. Note that each step of PG
is of the form ™! = I1x(z"), where ' = z — 7V f(x?). Since V f is L ¢-Lipschitz, the mapping
¢1: 7=z —yVf(z')

is Lipschitz continuous (w.r.t. || - [|2) with constant 1 + yL; = 2 (where v = L is the fixed

LIIAJ?
stepsize). Meanwhile, we have the following.
Lemma 13 Ler y € R™ and y* = Uan(y). There exists a unique multiplier A € R, which can be
computed in O(nlogn) time, such that

n

D wi—Ne=1. Q1)

i=1
Moreover, the mapping ¢ : y — X is piecewise linear and 1-Lipschitz continuous w.r.t. || - ||1.

Proof. By the KKT conditions for simplex projection (see, e.g., [65, §3]), it holds that there exists
unique A such that

Y= (y—A1)4.
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Suppose there exists A\; < Ag that satisfy (21). Then, since the left-hand side of (21), denoted as
w(A), is monotone decreasing in A, it must hold that w(A) = 1 for all A € [A1, Az]. In other words,
w(-) is constant on [wy, ws]. This further implies w(A) = 0 for all w € [wy, ws], a contradiction.
Therefore, A = ¢o(y) is uniquely defined. Let I+ (y), I°(y), I~ (y) denote the set of indices i € [n]
such that y; > A, y; = A, y; < A, respectively (where A\ = ¢2(y)). We have

\— Ziel+(y) yi—1 _ Zieﬁ(y)uﬂ)(y) yi —1
[+ (y)| I+ ()| +[°(y)]

which is piecewise linear in y since there are only finitely many index possible sets of indices and
It (y) is always nonempty (otherwise y_,(y; — A\)+ = 0). To see Lipschitz continuity, let y" be

such that ||y — ylj1 < ¢, where 0 < ¢ < min{|y; — y;| : 4,5 € [n], i # y,;}. It must hold that
It (y) C I (y'). In other words, A" = ¢2(y’) does not deactivate any ¢ € I*(y), only bringing new

i € I°(y). Hence, it holds that [\ — \| < ”ﬁ;é’y[l)“l < |ly — ¥’||1- In other words, ¢2 is 1-Lipschitz

continuous w.r.t. || - ||1.
Finally, [65, Algorithm 1]) computes A and y* in O(n logn) time. O

Slightly abusing the notation, let ¢ also denote the mapping from x € R"*™ to A € R™, that is,
Aj = pa2(T1j,...,xn; ). Let

o(x) = d2(¢1(2)) /7
and p* = ¢(x!). Here, ¢ is 2-Lipschitz continuous and ¢ is 1-Lipschitz continuous w.r.t. || - ||;.

For any optimal solution z* € X*, by 2* = Il (z*) and KKT conditions for (1) and (20), it can be
seen that

P = ¢(x").

Using the Lipschitz continuity properties of ¢1, ¢o and Theorem 2 (properties ), we have

I = p*ll = l$(z") — (M= (211 < %II%(xt) — ¢1 (M= () |1

%Hsbl(wt) — ¢1(ILx- () < 2771 " — T ()

= ¢ A (0 - 1)

IN

IN

ol I

o [2Hy(A) po O\ ;
() T

n [2Hx(A > -/
Therefore,wecantakeC:27\/29‘#()-\/f(:L'O)—f and p = 1—#”14”26(071).

IA

Since p* > p > 0, we can bound the maximum relative price error it = max; M as follows,
P J
where ppin = min; p;.
T ok
77t§”p leS ¢ ot
Pmin Pmin
C QL utilities
C.1 Derivation of the QL-Shmyrev convex program (4)
In [21, Lemma 5], the convex program for the equilibrium prices is as follows:
min ) p; — Y Bilogf; s.t.vyfi <pj, Vinj, 0<B<1. (22)
j i

Note that it is simply the dual of EG under linear utilities (20) with additional constraints 8 < 1.
Assuming v is nondegenerate, by a change of variable and Lagrange duality, we can derive the dual
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of (22). First, at optimality, it must holds that 3; > 0 for all ¢. Therefore, by nondegeneracy of v,
p; > 0 for all j at optimality. Let p; = e% and 3; = e~ 7. The above problem is equivalent to

min Z el + Z Bivi
j i

s.t.  q; +vi > logv;, Vi, 7,
> 0.

(23)

Let b;; > 0 be the dual variable associated with constraint g; + 7; > logv;;. The Lagrangian is

L(g,v,b) := Z el + ZBWZ Z bij (g; + v — logvij)

_ Z (e‘b — <Z b”> (h) —+ Z Zb”)’yl + Z(logvij)bij.

Clearly, when ), b;; < B forall i,y > 0, L(g, 7, b) is minimized at ¢; = log >, b;; and v = 0.
When Zj bi; > B for some i, L — —oo as ; — oo. Therefore, when Zj bi; < B; for all i, we

have
= Z Zbij - <Z bij) logz bij | + Z(logvij)bij.
4,7 i i i.j

Therefore, the dual is
max g(b) s.t.b >0, Zbij < B;, Vi.
J
Adding slack variables § = (07 ..., d,) and writing it in minimization form yield (4).

Remark When some v;; = 0 (but v is still nondegenerate), by the above derivation, the first
summation in (4) should be replaced by 3~ ; ;). Where £ = {(i, j) : vi; > 0}. The dual remains

the same otherwise.

C.2 Proof of Lemma 2

Similar to the proof of Lemma 11, this can be seen via the uniqueness of the optimal solution (p*, 5*)
of (22), that is, from uniqueness of 5* to that of p; = max; vjj B

Let (b*, 6*) be an optimal solution to (4). Note that strong duality holds for (23) and (4), since there
exit simple strictly feasible solutions. By the derivation in Appendix C.1, it holds that ¢} = log > by
gives an optimal solution to (23) (the first-order optimality condition). Therefore,

* _ _qr __ *
pj—eﬂ—gbij.
i

Next we establish the upper and lower bounds on p*. By the derivation in Appendix C.1 and Lagrange

duality, for any optimal solution b* to (4), it holds that p7 := =>,b ;and 87 = minje glve the
(unique) optimal solution to (22). Clearly, 8* < 1 and therefore

p; = maxv;; 3 < maxuv; = pj.
By [21, Lemma 5], the dual of (22) is (c.f. the original EG primal 1)
max Z Bilogu; —s;

u,x, s
s.t. u; < vi T; + 85, Vi,
inj <1, Vj,
i

z,s > 0.

(24)

Clearly, strong duality holds for (22) and (24). Furthermore, notice the following.
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o [ = % at optimality, where v is the amount of utility of buyer ¢. This is by the stationarity
condition in the KKT optimality conditions.

o uf < ||v;||1 + B;, where the right hand side is the amount of utility of all items and the entire
budget. This can also be seen as follows. When s; > B;, decreasing s; strictly increases the
objective of (24). Therefore, the optimal s* must satisfy s < B;. It then follows from the
constraint u; < v, z; + s;.

Therefore,
V; j B i
Dj-

pj>maxv”ﬁ >maxm 2
K3

C.3 Proof of Theorem 7

Similar to [8, Lemma 7], we first establish the following “generalized Lipschitz condition” for ¢,
which is key to the claimed last-iterate convergence.

Lemma 14 For all (b,6),(b',0") € B, it holds that
p(t') < p(b) + (Vep(b), b — b) + DV, &'[b, 9). (25)

Proof. Recall that p; (b) = ", b;j, %Qp(b) = log Z”U—(Jb) For (a, 0%), (b,6%) € B, we have
p(b) = p(a) = (Ve(a),b—a)
= =Y (1 +1logvi;)(bij — ai) + > p;(b) logp; (b Zp] a)logp;(a)
— -

_Z y a” pg()
== Y (b )+ 0o 20
=30 =50+ Sy (b) log j?f((;‘))- (26)

Note that convexity and smoothness of x — x log % (y > 0) implies

b a b 571,)
5! — 67 < o} log 3% 27)

Meanwhile, as in the proof of [8, Lemma 7], by convexity of ¢(x,y) = zlog +, itholds that

p;(b) bij
p;(b)log == < b;; log —L. (28)
2Oy = 2o
By (27) and (28), the right hand side of (26) can be bounded by D(b, 6°||a, §%). Therefore, (25) holds.
O
Next, we prove the inequality on the right. Clearly, (b°, 6°) € B. By [8, Theorem 3] (with objective
f = ¢, constraint set C' = B and stepsize 7y), we have
. D(b*, 6*[|b°, §°
o(b) - o) < 2OTILT),

Similar to the proof of [8, Lemma 13], we can bound the Bregman divergence on the right hand side

as follows, where b;; = §; = mBil

D(b*,5%||p°, 6%) = Zb log —i—Zé*log——l—Zb log(m + 1) + Y 67 log(m + 1)

<Zb log(m + 1) —i—Z(S*log m+1)

< ||B||110g m+1),
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where the first inequality is because % < 1. Combining the above yields the desired inequality.’
Finally, we show the inequality on the left. By optimality of (b*, §*), we have

(Veo(b*),b—0b") >0, V(b,0) € B.
Recall that p;(b) = >, b;;. By (26), we have

* bt .
D(p'|lp™) = =) (b +ij ) log E )) < p(b') ="
.3
]
C.4 Details from MD (5) to PR (6)
Note that (5) is buyer-wise separable: for each i, we have (where %M@b(b) = log %gb) and
Bi = B; - Apy1)
(bt
(b§+17 52?+1) = arg r)nin Z (log % — b§j> bij — (log 890, + Z bi; log bij + 0;log d;
(bi,0:)€ ij ;
= arg min —Z log bl )bi; — (log 87)6; + Y _ bijlog by; + 6 log 6;. (29)
(bi,6:)€B j
By Lemma 6, for all 7, 7,
U”'bfj 5t
bt+1 _ B 3 p](bt) 6t~+1 _ B (30)
(/A » vigbt, N 5t Jg > vigbt, +6t
£ pe(bt) Lp

¢ (b%)
Let p = p;(b"). Then, (30) can be written in terms of the allocations xf =b;; ¢ /pt p; (which sum up to

1 over buyers i for any item ;) and leftover 6/, thus giving (6).

C.5 Convergence of prices

||p —p" s

Let ' = max; , where

e, Jp 2l be the relative price error, which can clearly be bounded by

Pmin = min; p; > O is glven in Lemma 2. By Theorem 7 and strong convexity of KL dlvergence
(w.r.t. || - |[1), for b and p* = p(b') generated by either PG or PR,

1 * * *
P =PI < D7) < o) — " 31)

Therefore, for PG, the quantities 7)*, ||p* — p*|| and D(p*||p*) all converge linearly to 0. For PR, they
converge at O(1/T).

We can further bound ¢(b%) — ¢* by the duality gap. Specifically, given bt, pt = p(b?), let

t
bl = min {min p—J, 1} .

J Vij

Then, (p', 3?) is feasible to (22). By weak duality,
p(0") — " < pb") + 90", 8"), (32)
where g(p, 3) is the (minimization) objective of (22). Combining the above, we have
\/ 2 (p(®") + g(p', 8Y))
pIIlln .

Note that the above holds for b* from either PG or PR. Although neat in theory, numerical experiments
suggest that the above bound can be loose and is not suitable as a termination criteria.

"In fact, the bound log(mn) in [8, Lemma 13] (which assumes || B||1 = 1) can be easily strengthened to
log m via the above derivation. In other words, it does not depend explicitly on the number of buyers (but
implicitly through || B||1 in general).
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sss D Leontief utilities

s2s D.1 Derivation of (7)

Lii can be written in both z and u:

82z The primal EG (1) under Leontief utilities u;(z;) = min;e o

Iil};l — Z B; log u;
7

st < =L Ve J;, Vi € [n)],
aij

Zl’ij S ]., V] e [m],
x>0, u>0.
s2s  Clearly, it can also be written in terms of u; only as follows:
min — ZBZ- log u; s.t. Z az;u; <1, Vi, u>0. (33)
i i€l;

820 Let p; > 0 be the dual variable associated with constraint Eie 1, QijUi < 1. The Lagrangian is

L(u,p) = —ZBilogui —|—ij Zaijui -1
i J

iel;

_ _ij + Z [—B;logu; + {a;, p)u;] .
j %

830 Note that minimizing £ w.r.t. u can be performed separably for each ;. For any ¢ such that
81 jes Pi > 0, by first-order stationarity condition, the term —B; log u; + (a;, p)u; is minimized
Bi

sz atuf(p) = Ta.py With minimum value B;(1 —log B;) + B;log{a;,p). If 3_,c ;. pj = 0, the term

833 approaches —oo as u; — co. Therefore, the dual objective is

g(p) = { >.ipj+ 22 Biloglai,p) + 32, Bi(1 —log B;) ifp>0and >, ; aijp; >0

—00 O0.W.

s34 Hence the (Lagrangian) dual problem is max, g(p). Its minimization form, up to the constant
85— . Bi(1—logB,),is

min ij — Z B;log{a;,p)| s.t.p>0. (34)
j i

sss By Theorem 1, we have the following.

837 e An optimal solution to (34) gives equilibrium prices.
838 o A market equilibrium (z*, p*) satisfies (p*,z;) = B; for all 7 and }_, zj; = 1 for all j.
839 Therefore, we have 3 p7 = || B|1.

s40  Therefore, we can add the constraint 3 p; = || B|[1 to (34) without affecting any optimal (equilib-
841 rium) solution. This leads to (7).

sa2 D.2  Proof of Lemma 3

843 let p be any feasible solution to (7). Since Y ;p; = [|Bl[1, we have (a;,p) < [|ailsllplli =

844 ||a;]|oo || B||1 for all i. Meanwhile, by Appendix D.1, at equilibrium, p* and primal variables u} satisfy

845 U = ﬁ#*) (by stationarity) and ] < utility of getting one unit of every item = min;e j, (% =
. 3

846 m for all 4. Therefore (a;, p*) = f < lailloo|| Bll1-
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D.3 Linear convergence of utilities

Note that the equilibrium utilities u* are clearly unique by (33). By the KKT stationary condition,
B; .
u; = —, Vi
<ai7p >
for equilibrium prices p*. Therefore, an intuitive construction of ! is as follows. Let p! be the current
iterate, ! = (a;, p). First compute ! = % Then, to satisfy the primal constraints ) u;a;; < 1,

take

ut = o = i .
max; }; uitij  |la’Tills

Let r* = (a;,p*) = % and f* = argmin,cp h(ap) = h(r*) = h(r*). Strong convexity of h
implies & || —7*||* < h(r*) — f*. Furthermore, the mapping r* — @' — u! is Lipschitz continuous
onr' € [r,7]. Therefore, ||u’ — u*|| converges to 0 linearly as well.

E Additional details on numerical experiments

For linear utilities, we generate market data v = (v;;) where v;; are i.i.d. from standard Gaussian,
uniform, exponential, or lognormal distribution. For each of the sizes n = 50,100, 150,200 (on
the horizontal axis) and m = 2n, we generate 30 instances with unit budgets B; = 1 and random

budgets B; = 0.5 + Bi (where Bi follows the same distribution as v;;). See §6 for plots under
random budgets and below for those under uniform budgets.
The termination conditions (on the vertical axis) are
e(p',p*) <n, n=107%1077,
where p* is the optimal Lagrange multipliers of (1) computed by CVXPY+Mosek. Then, for
n = 100, 200, 300, 400 and n = 2m, we repeat the above with termination conditions
dgap,/n <n, n=10"%,10"%,10"°,5 x 107°.

For QL utilities, we repeat the above (same random v, same sizes and termination conditions) using
budgets B; = 5(1 + B;). This is to make buyers have nonzero bids and leftovers (i.e., 0 < 6} < B;)
at equilibrium in most scenarios. In this case, p* = p(b*), where b* is the optimal solution to (4)
computed by CVXPY+Mosek. For QL, FW does not perform well in initial trials and is excluded in
subsequent experiments.

For the linesearch subroutine LS, g r in PG (see Appendix A.5), we use parameters o = 1.02,
B =0.8and ' = 100L||A||? throughout.

For Leontief utilities, in addition to dgap,/n < 7, we also use the termination condition € (u?, u*) =

max; ‘uju_iuﬁ < 7, where u* is the optimal solution to EG under Leontief utilities (33) computed by
CVXPY+Mosek.

Computing the duality gap For linear utilities, the objective of the original Shmyrev’s convex

program (19) is
p(b) = = (logvij)bi; + Y _ p;(b) logp; ()

4,J J
where p;(b) = >, b;;. Recall the objective of the (EG) dual (20), equivalent to the dual of Shmyrev’s

(19),
9(p, B) = E P — § B, log B;.
7 7

Given iterate bt, let p§- = p;(b") and B} = min; £, which is finite since v is nondegenerate and
ij

pt > 0. The duality gap is computed via

dgap, = ¢(b') + g(p", 8°).
For QL utilities, it is computed similarly, that is, through (32). For Leontief utilities, it is computed
using the construction in Appendix D.3.

27



882
883
884
885

886

888

889

890

891

892

893

894

Additional plots In §6, the plots for linear utilities are generated under random B;. Here we
present an augmented set of plots under different utilities, unit and random budgets B; and different
termination conditions (dgap,/n < n or €(p’, p*) < n). The legends are in the subplot [Linear

utilities, dgap/n <le-3].

Linear utilities (B;=1), &(p, p") < 1e-02

Linear utilities (B;=1), &(p, p ") < 1e-03
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