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Abstract

We consider the setting where players run the Hedge algorithm or its optimistic
variant [27] to play an n-action game repeatedly for 7" rounds.

e For two-player games, we show that the regret of optimistic Hedge decays at
rate O(1/T°/%), improving the previous bound of O(1/73/) by [27].

e In contrast, we show that the convergence rate of vanilla Hedge is no better
than O(1/+/T), addressing an open question posed in [27].

For general m-player games, we show that the swap regret of each player decays at
O(m*/?(nlogn/T)/*) when they combine optimistic Hedge with the classical
external-to-internal reduction of Blum and Mansour [[6]]. Via standard connec-
tions, our new (swap) regret bounds imply faster convergence to coarse correlated
equilibria in two-player games and to correlated equilibria in multiplayer games.

1 Introduction

Online algorithms for regret minimization play an important role in many applications in machine
learning where real-time sequential decision making is crucial [19} (7, [26]. A number of algorithms
have been developed, including Hedge / Multiplicative Weights [2]], Mirror Decent [[19]], Follow the
Regularized /Perturbed Leader [20], and their power and limits against an adversarial environment
have been well understood: The average (external) regret decays at a rate of O(1/ \/T) after 7" rounds,
which is known to be tight for any online algorithm.

What happens if players in a repeated game run one of these algorithms? Given that they are now
running against similar algorithms over a fixed game, could the regret of each player decay signifi-
cantly faster than 1/+/T'? This was answered positively in a sequence of works [9} 24, 27]. Among
these results, the one that is most relevant to ours is that of Syrgkanis, Agarwal, Luo and Schapire
[27]. They showed that if every player in a multiplayer game runs an algorithm that satisfies the
RVU (Regret bounded by Variation in Utilities) property, then the regret of each player decays at
O(1/T3/*). Can this bound be further improved?

Besides regret minimization, understanding no-regret dynamics in games is motivated by connections
with various equilibrium concepts [[15} |13} 12} [18} 16} [17, 22]. For example, if every player runs an
algorithm with vanishing regret, then the empirical distribution must converge to a coarse correlated
equilibrium [7]. Nevertheless, to converge to a more preferred correlated equilibrium [3]], a stronger
notion of regrets called swap regrets (see Section@]) is required [[13} (18} 16]. The minimization of
swap regrets under the adversarial setting was studied by Blum and Mansour [6]]. They gave a generic
reduction from regret minimization algorithms which led to a tight O(y/nlogn/T")-bound for the
average swap regret. A natural question is whether a speedup similar to that of [27] is possible for
swap regrets in the repeated game setting.
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Our contributions: Faster convergence of swap regrets. We give the first algorithm that achieves
an average swap regret that is significantly lower than O(1/ \/% ) under the repeated game setting.
This algorithm, denoted by BM-Optimistic-Hedge, combines the external-to-internal reduction of
[6] with the optimistic Hedge algorithm [24, 27]] as its regret minimization component. (Optimistic
Hedge can be viewed as an instantiation of the optimistic Follow the Regularized Leader algorithm;
see Section [2]) We show that if every player in a repeated game of m players and n actions
runs BM-Optimistic-Hedge, then the average swap regret is at most O(m'/2(nlogn/T)3/4); see
Theorem[5.1]in Section[5] Via the relationship between correlated equilibria and swap regrets, our
result implies faster convergence to a correlated equilibrium. When specialized to two-player games,
the empirical distribution of players running BM-Optimistic-Hedge converges to an e—correlated
equilibrium after O(nlog n/e*/*) rounds, improving the O(n logn/e?) bound of [6]].

Our main technical lemma behind Theorem [5.1] shows that strategies produced by the algorithm
of [6] with optimistic Hedge moves very slowly in ¢;-norm under the adversarial setting (which
in turn allows us to apply a stability argument similar to [27]). This came as a surprise because
a key component of the algorithm of [6] each round is to compute the stationary distribution of a
Markov chain, which is highly sensitive to small changes in the Markov chain. We overcome this
difficulty by exploiting the fact that Hedge only incurs small multiplicative changes to the Markov
chain, which allows us to bound the change in the stationary distribution using the classical Markov
chain tree theorem. We further demonstrate the power of this technical ingredient by deriving another
fast no-swap regret algorithm, based on a folklore algorithm in [7] and optimistic predictions (see
Appendix D). Both of these two algorithms enjoy the benefits of faster convergence when playing
with each other, while remain robust against adversaries (see Corollary [5.4]in Appendix [C).

Our contributions: Hedge in two-player games. In addition we consider regret minimization in a
two-player game with n actions using either vanilla or optimistic Hedge. We show that optimistic
Hedge can achieve an average regret of O(1/7°/%), improving the bound O(1/7°/*) by [27] for
two-player games; see Theorem [3.1]in Section[3] In contrast, we show that even under this game-
theoretic setting, vanilla Hedge cannot asymptotically outperform the O(1/ VT ) adversarial bound,;
see Theorem [4.1] in Section @] This addresses an open question posed by [27] concerning the
convergence rate of vanilla Hedge in a repeated game.

The key step in our analysis of optimistic Hedge is to show that, even under the adversarial setting,
the trajectory length of strategy movements (in their squared ¢;-norm) can be bounded using that of
cost vectors (in £-norm); see Lemma([3.2] (Intuitively, it is unlikely for the strategy of optimistic
Hedge to change significantly over time while the loss vector stays stable.) This allows us to build a
strong relationship between the trajectory length of each player’s strategy movements, and then use
the RVU property of optimistic Hedge to bound their individual regrets.

Our lower bounds for vanilla Hedge use three very simple 2 x 2 games to handle different ranges of
the learning rate 7). For the most intriguing case when 7 is at least £2(1/4/n) and bounded from above
by some constant, we study the zero-sum Matching Pennies game and use it to show that the overall
regret of at least one player is Q(v/T). Our analysis is inspired by the result of [5] which shows that
the KL divergence of strategies played by Hedge in a two-player zero-sum game is strictly increasing.
For Matching Pennies, we start with a quantitative bound on how fast the KL divergence grows in
Lemmad.3] This implies the existence of a window of length /T during which the cost of one of the
player grows by (1) each round; the zero-sum structure of the game allows us to conclude that at
least one of the players must have regret at least (/7" at some point in this window.

1.1 Related work

Initiated by Daskalakis, Deckelbaum and Kim [9], there has been a sequence of works that study
no-regret learning algorithms in games [24} 27, 14, 29]]. Daskalakis et. al. [9] designed an algorithm
by adapting Nesterov’s accelerated saddle point algorithm to two-player zero-sum games, and showed
that if both players run this algorithm then their average regrets decay at rate O(1/7'), which is
optimal. Later Rakhlin and Sridharan [23],24] developed a simple and intuitive family of algorithms,
i.e. optimistic Mirror Descent and optimistic Follow the Regularized Leader, that incorporate
predictions into the strategy. They proved that if both players adopt the algorithm, then their average
regrets also decay at rate O(1/T) in zero sum games. Syrgkanis et. al. [27] further strengthened
this line of works by showing that in a general m-player game, if every player runs an algorithm
that satisfies the RVU property then the average regret decays at rate O(1/ T3/ 4). Syrgkanis et.
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al. [27]] also considered the convergence of social welfare and proved an even faster rate of O(1/T)
in smooth games [25]]. Foster et. al. [14] extended [27]] and showed that if one only aims for an
approximately optimal social welfare, then the class of algorithms allowed can be much broader.
Recently, Daskalakis and Panageas [[1 1] proved the last iteration convergence of optimistic Hedge
in zero-sum game, i.e., instead of averaging over the trajectory, they showed that optimistic Hedge
converges to a Nash equilibrium in a zero-sum game.

There is also a growing body of works [21} 5 4} |8] on the dynamics of no-regret learning over
games in the last few years. Most of these works studied the dynamics of no-regret learning from
a dynamical system point of view and provided qualitative intuition on the evolution of no-regret
learning. Among them, [4] is most relevant, in which Bailey and Piliouras proved an Q(+/T') lower
bound on the convergence rate of online gradient descent [30] for the 2 x 2 Matching Pennies game.
However, we remark that their lower bound only works for online gradient descent and they need
to fix the learning rate 7 to 1. Our lower bound for vanilla Hedge in two-player games holds for
arbitrary learning rates.

2 Preliminary

Notation. Given two positive integers n < m, we use [n] to denote {1, ...,n} and [n : m| to denote
{n,...,m}. We use Dkr(p||q) to denote the KL divergence with natural logarithm.

Repeated games and regrets. Consider a game G played between m players, where each player
i € [m] has a strategy space S; with |S;| = n and a loss function £; : Sy X - -+ x Sp, — [0, 1] such
that £;(s) is the loss of player i for each pure strategy profile s = (s1,...,8,) € S1 X -+« X Sp,. A
mixed strategy for player ¢ is a probability distribution x; over S;, where the jth action is played with
probability z;(j). Given a mixed (or pure) strategy profile x = (z1,...,%m) (0rs = (S1,...,5m)),
we write x_; (or s_;) to denote the profile after removing z; (or s;, respectively).

We consider the scenario where the m players play G repeatedly for 7" rounds. At the beginning of
eachround ¢, t € [T'], each player i picks a mixed strategy x! and let x* = (z!,..., zf) be the mixed
strategy profile. We consider the full information setting where each player observes the expected loss
of all her actions. Formally, player i observes a loss vector ¢ with ¢£(j) = Eg .t [£i(j,s-:)],
and her expected loss is given by (z!, ¢!). At the end of round 7', the regret of player i is

regrety, = Z (xt 0ty — mln Z e (1)
te[T) €lnl te(T)

i.e., the maximum gain one could have obtained by switching to some fixed action. A stronger notion
of regret, referred as swap regret, is defined as

swap-regretl. = Z 4] mln Z Z o(4)), (2)

te[T) te[T] j€(n]

where the minimum is over all n™ (swap) functions ¢ : [n] — [n] that swap action j with ¢(j). The
swap regret equals the maximum gain one could have achieved by using a fixed swap function over
its past mixed strategies.

Hedge. Consider the adversarial online model where a player has n actions and picks a distribution
2% over them at the beginning of each round ¢. During round ¢ the player receives a loss vector £¢ and
pays a loss of (z¢, /!). The vanilla Hedge algorithm [16] with learning rate 1 > 0 starts by setting x!
to be the uniform distribution and then keeps applying the following updating rule to obtain x**!
from z* and the loss vector ¢! at the end of round ¢: for each action j € [n],

t+1(J) wt(j) eXP(_U‘ét(j))
D ke T (k) - exp(—n - £4(k))

On the other hand, the optimistic Hedge algorithm can be obtained from the optimistic follow the
regularized leader proposed by [24] 27], and have the following updating rule:

j) = 2t (j) - exp(=n(2€°(j) — €71 (4))
ke ¢ () - exp(—n (26 (k) — £+ (k))’

with /% = 0 being the all-zero vector. We have the following regret bound for optimistic Hedge.

t+1(

3)
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Lemma 2.1 ([24} 27]). Under the adversarial setting, optimistic Hedge satisfies

2logn _
regrety < — ==+ Dol =g - Z I+ — 25 4)

te([T] te 1]

3 Optimistic Hedge in Two-Player Games

In this section we analyze the performance of the optimistic Hedge algorithm when it is used by two
players to play a (general, not necessarily zero-sum) n X n game repeatedly.

Theorem 3.1. Suppose both players in a two-player game run optimistic Hedge for T rounds with
learning rate ) = (logn/T)'/S. Then the individual regret of each player is O(T"/° log®/6 n).

We assume without loss of generality that 7" > log n; otherwise, the regret of each player is trivially
at most T < T'1/6 10g5/ % n. The following lemma is essential to our proof of Theorem [3.1} Consider
the adversarial online setting where a player runs optimistic Hedge for 7" rounds. The lemma bounds
the trajectory length of the strategy movement using that of cost vectors.

Lemma 3.2. Suppose that a player runs optimistic Hedge with learning rate 1) for T' rounds. Let

0.0, ... 07T be the cost vectors with © = 0 and ', . .., xT be the strategies played. Then
> et =2 <O0Qogn) + O +n) Y 1€ =07 e (5)
te[2:T) te[T—1]

We delay the proof of Lemma[3.2]to Appendix [A]and use it to prove Theorem [3.1]

Proof of Theorem[3.1]assuming Lemma[3.2] Let G = (A, B) be the game, where A, B € [0, 1]"*"
denote the cost matrices of the first and second players, respectively. We use z¢ and 3* to denote

strategies played by the two players and use ¢!, and Kf; to denote their cost vectors in the ¢th round.

So we have £, = Ay' and 6’; = BTyt Therefore, we have for each ¢ > 2:
16, — 07 oo = 1B (2" — 2" M[loe < [J2* =271 and (6)

10 = £ oo = A" = 5" lle < lly* =y 1.

Without loss of generality it suffices to bound the regret of the second player. Set = (logn/T')'/°
with T' > logn so that n < 1. We have

2logn _
regret < ol o N7 e — 12, - Z [yt — o2 Lemma[2.]
g te[T] teT]
2logn _ 1 _ .
T N T e D [ o R Y
i te[2:T) gl te[2:T+1]
2logn _
< +n+n|OQogn)+0(n) > [l =
n te[T—1]
I Ay LA Lemmali
te[T—1]
1 1
—0 () Y (06 I - - i )
U te[T—1] 17

I
<0 ( °i") +T-0(°) = O (T1/6 log®/® n) .

This finishes the proof of the theorem. O
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4 Lower Bounds for Hedge in Two-Player Games

We prove lower bounds for regrets of players when they both run the vanilla Hedge algorithm. We
show that even in games with two actions, vanilla Hedge cannot perform asymptotically better than
its guaranteed regret bound of O(+/T') under the adversarial setting.

Theorem 4.1. Suppose two players run the vanilla Hedge algorithm to play a two-action game with
initial strategy (0.4,0.6). Then for any sufficiently large T and any learning rate n > 0, there is a
game such that at least one player has regret Q(\/T) after T' rounds for some T' € [T : T 4 /T].

Remark 4.2. Theorem shows that even if players have a good estimation about the number of
rounds to play (i.e., between T and T + \/T), vanilla Hedge with any learning rate n(T) > 0 picked
using T cannot promise to achieve a regret bound that is asymptotically lower than O(v/T) for every
round T' € [T : T + \/T|. We would like to point out that the use of (0.4,0.6) as the initial strategy
instead of the uniform distribution is not crucial but only to simplify the construction and analysis.

Let T be a sufficiently large integer. We will use three games G; = (A, B;), i € {1, 2, 3}, to handle
three cases of the learning rate », where

1 -1 -1 1 1 1 1 -1
A:(—l 1), B1:(1 _1>, B2:<1 1) and Bgz<_1 1)

We use G to handle the case when 7 < 64/(cov/T) (see Appendix where ¢y € (0,1] is a
constant introduced below in Lemmaf.3] We use G'3 to handle the case when 7 > 3 (see Appendix
[B.2). The most intriguing case is when the learning rate 7 is between 64/ (co VT ) and 3. For this case
we use the Matching Pennies game G1 = (A, By).

Let 2* and y* denote strategies played in round ¢ by the first and second players, respectively. Let
x* = y* = (0.5,0.5). The proof for this case relies on the following lemma, which shows that the
KL divergence between (z*,y*) and (27, 4T) after T rounds is at least Q(v/77)).

Lemma 4.3. Suppose players run vanilla Hedge for T rounds with n : 16/ VT < n < 3. Then

Dy (x*]|7) 4+ Dy (y*||y") > coV'Th,  for some constant cy € (0,1].
We are now ready to prove Theoremfor the main case when 64/(cov/T) < n < 3.

Proof of Theorem|.1|for the main case. For convenience we let z; = z*(1) (or y; = y*(1)) denote
the probability of playing the first action in z¢ (or %, respectively). We first describe the high level
idea behind the proof. Since we know the KL divergence is at least cov/Tn at time 7' by Lemmaf4.3]
at least one of 7 and yr is extremely close to either O or 1. Assume without loss of generality that
this is the case for zr. As a result, the probability of the first player playing the first action will not
change much for the next v/T rounds. Consequently, during the next v/7" rounds, one of the players
must keep losing and the other player will keep winning. This can be used to show that one of the
two players must have regret at least Q(\/T) at some point 7" between T and T + /7.

To make this more formal, let é; (or E;) denote the cost vector of the first (or the second) player at

round ¢ and define L and LZ to be the total loss up to round ¢ of the two players:
LL=> (a7, ) and Lb =Y (y7,0)).
TEt] TE[t]

Since Gy = (A, By) is zero-sum, we have (7, £7) 4 (y, £;) = 0 and thus, L}, + L = 0. Moreover,
noting that the sum of two rows of A is zero, the first player can always guarantee an overall loss
of at most 0 when playing the best fixed action in hindsight. Therefore, regret{ > L! and similarly
regret{ > L!. Combining this with L!, 4 L = 0, we have

max { regret; , regret? } > L] = |L}).
To finish the proof, it suffices to show that

ILT'| = |LT"| > Q(VT), forsome T" € [T': T+ VT). (7
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Let L = ¢ \\/ﬁj 8 < V/T. We have from Lemmathat the KL divergence is at least cov/Tn (using
n > 64/(coV'T) > 16/+/T). We assume without loss of generality that Dyy (z*||27) > cov/Tn/2.
We further assume without loss of generality that the second term is larger:

1 1 T

= log > CO\FU'

2 2(1 — z7) 4
It follows that - is very close to 1: 7 > 1 — exp(—cq \/Tn/Q), and we use this to show that z7 . ,
remains close to 1 for all 7 € [L]. To see this is the case, we note that

T 1 T
- exp (277L + CO[”) =3 - exp (W) > 3,

TT4r

> exp(—=2n7) - >

DO =

1—xT+7- 1_.'1}’1"

where we used 7 > 64/(co\/T) in the last inequality. This implies 7, > 3/4 for all 7 € [L].

Now we turn our attention to the second player. Given that x, > 3/4 for all 7 € [L], yr4, keeps
growing for all 7 € [L]. As aresult there is an interval I C [L] such that (i) every yr,, 7 € I, lies
between 1/4 and 3/4; (ii) every yr, before I is smaller than 1/4; and (iii) every yr, after I is
larger than 3/4. Using a similar argument, we show that I cannot be too long. Letting ¢ and r be the
left and right endpoints of 7, we have

Yr 77(7" E) Ye 77(7“ e) 1
> I > . > MASSRNN.VA R
3 =0 exp ( 5 ) T~ exp ( > 3

As aresult, we have (r — £) < 6/n < (3/32) - cov/T and thus, either (i) or (ii) is of length at least
Q(L). We focus on the case when (ii) is long; the other case can be handled similarly.

Summarizing what we have so far, there is an interval J = [a : 5] C [L] of length Q(L) such that for
every T € J, both x4, and yr, are at least 3/4. This implies that the total loss of the first player
grows by Q(1) each round and thus, LI+# — LT+ > Q(L). Therefore, either |[LT+*| > Q(L) or
|LT+8| > Q(L). This finishes the proof of (7) using L = Q(v/T') and the proof of the theorem. [J

5 Faster Convergence of Swap Regrets

Under the adversarial online model, Blum and Mansour [6]] gave a black-box reduction showing
that any algorithm that achieve good regrets can be converted into an algorithm that achieves good
swap regrets. In this section we show that if every player in a repeated game runs their algorithm
with optimistic Hedge as its core, then the swap regret of each player can be bounded from above by
O((nlogn)3/*(mT)/*), where m is the number of players and n is the number of actions.

We start with an overview on the reduction framework of [[6]], which we will refer to as the BM
algorithm. Let S = [n] be the set of available actions. Given an algorithm ALG that achieves good
regrets, the BM algorithm instantiates n copies ALGy, . . . , ALG,, of ALG over S. At the beginning of
eachround ¢t = 1,...,T, the BM algorithm receives a distribution ¢! over S from ALG; for each
i € [n], and plays z*, which is the unique distribution over S that satisfies z* = x*Q?, where Q? is
the n x n matrix with row vectors ¢!, ..., ¢%. After receiving the loss vector ¢*, the BM algorithm
experiences a loss of (¢, ¢*) and distributes (i) - ¢! to ALG; as its loss vector in round ¢.

We are now ready to state our main theorem of this section:

Theorem 5.1. Suppose that every player in a repeated game runs the BM algorithm with optimistic
Hedge as ALG and sets the learning rate of the latter to be n = (nlogn/(m>T))Y*. Then the swap
regret of each player is O((nlogn)>/* - (m?T)1/4).

For convenience we refer to the BM algorithm with optimistic Hedge as BM-Optimistic-Hedge
in the rest of the section. We first combine the analysis of [6] for the BM algorithm and LemmaE]
to obtain the following bound for the swap regret of BM-Optimistic-Hedge under the adversarial
setting, in terms of the total path length of cost vectors the player’s mixed strategies:

Lemma 5.2. Suppose that a player runs BM-Optimistic-Hedge withn > 0 for T rounds. Then

T T

2n 1

swap-regret < nogn 27 (Z |zt — 23+ Z et — =12 |, where® = 0.
g t=2 t=1
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Figure 1: Let € = €/k. Additive perturbations may change the stationary distribution dramatically.

The proof can be found in Appendix[C.1] For the repeated game setting, we have for each t > 2,

t_ pt—1 t t—1 t t—1
16— € oo < XLy = x5 < Dl — x5 L
J#i
where the last inequality used the fact that both x* ; and x"‘__i1 are product distributions. Combining it
with Lemma we can bound the swap regret of each player 7 € [m] in the game by

T
- 2nlogn _
swap-regrets, < noen | 2n + 2nm Z Z ||x§ — xz L2, (8)
7 jelm] t=2
We prove the following main technical lemma in the rest of the section, which states that the mixed

strategy 2 produced by BM-Optimistic-Hedge under the adversarial setting moves very slowly
(by at most O(n) in ¢;-distance each round). Theoremfollows by combining Lemma and

Lemma 5.3. Suppose that a player runs BM-Optimistic-Hedge with rate ) : 0 < n < 1/6 under
the adversarial setting. Then we have ||zt — 2t~ ||y < O(n) forall t > 2.

Proof of Theorem 51| Assuming Lemma Let 7 = (nlogn)'/*(m2T)~1/%. For the special case
when 7 > 1/6, the swap regret of each player is trivially at most T = O((nlogn)3/* . (m?T)/4).
Assuming 77 < 1/6, by Lemma[5.2] we have from (8) that

2nlogn

swap-regreti, < + 20+ 2nm?*T - O(n*) = O ((n logn)®/* . (mQT)1/4) .

This finishes the proof of the theorem. O

The proof of Lemma[5.3|can be found in Appendix [C.2} Here we give a high-level description of its
proof. Given that BM-Optimistic-Hedge runs n copies of optimistic Hedge with rate 7, we know
that mixed strategies proposed by each ALG; move very slowly: |l¢¢ — ¢~ |1 < O(n). However,
it is not clear whether this translates into a similar property for z* since the latter is obtained by
solving xt = x'Qt. Equivalently, z* can be viewed as the stationary distribution of the Markov
chain Q' composed by strategies of each individual expert ALG;, and its dependency on Q' is highly
nonlinear. While there is a vast literature on the perturbation analysis of Markov chains, many results
require additional assumptions on the underlying Markov chain (e.g. bounded eigenvalue gap) and
are not well suited for our setting here. Indeed, it is easy to come up with examples showing that the
stationary distrbution is extremely sensitive to small additive perturbations (see Figure[I)). As a result
one cannot hope to prove Lemma[5.3]based on the property ||} — ¢!~ '||; < O(n) only.

We circumvent this difficulty by noting that optimistic Hedge only incurs small multiplicative pertur-
bations on the Markov chain (see Claim[C.J)), i.e., each entry of Q' differs from the corresponding
entry of Q~! by no more than a small multiplicative factor of the latter. We present in Lemma|[C.2
an analysis on stationary distributions of Markov chains under multiplicative perturbations, based on
the classical Markov chain tree theorem, and then use it to prove Lemma[5.3]

We further prove that one can design a wrapper for BM-Optimistic-Hedge that is robust against
adversarial opponents:

Corollary 5.4. There is an algorithm BM-Optimistic-Hedge™ with the following guarantee. If all
players run BM-Optimistic-Hedge*, then the swap regret of each individual is O(n®/*(m?T)1/*);
if the player is facing adversaries, then the swap regret is still at most O((nT)'/? 4 n3/*(m?T)1/%).

The proof is similar to Corollary 16 in [27]; we present it in Appendix [C.3]|for completeness.
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In the appendix we give two more extensions to our results on swap regrets.

1. In Appendix [D} we show that incorporating optimistic Hedge into a folklore algorithm
from [[7] can also achieve faster convergence of swap regrets, with a slightly worse
dependence on n. Interestingly, our analysis of this algorithm also crucially relies on the
perturbation analysis of stationary distributions of Markov chains.

2. In Appendix [E} we study the convergence to the approximately optimal social welfare
(following the definition in [14]]) with no-swap regret algorithms, and prove that O(1/T)
holds for a wide range of no-swap regret algorithms.

6 Discussion

In this paper, we studied the convergence rate of regrets of the Hedge algorithm and its optimistic
variant in two-player games. We obtained a strict separation between vanilla Hedge and optimistic
Hedge, i.e., 1/v/T vs. 1/T°/%. We also initiated the study on algorithms with faster convergence
rates of swap regrets in general multiplayer games and obtained an algorithm with average regret
O(m*/?(nlogn/T)3/*) , improving over the classic result of Blum and Mansour [6]].

Our work led to several interesting future directions:

e Our faster convergence result for optimistic Hedge currently only works for two-player
games. Can we extend it to multiplayer games? Second, what is the optimal convergence
rate for optimistic Hedge and other no-regret algorithms? even for two-player games?

e Regarding swap regrets, it is easy to generalize the result in Section [5]to any algorithm that
(1) satisfies the RVU property and (2) makes only multiplicative changes on strategies each
iteration. These include optimistic Hedge and optimistic multiplicative weights. However,
our current analysis does not apply to general optimistic Mirror Descent or Follow the
Regularized Leader. Can we still prove faster convergence of swap regrets via the reduction
of [[6] without requiring (2) on the regret minimization algorithm? or does there exist some
natural gap between these algorithms and optimistic Hedge / multiplicative weights?

e For our result in Appendix [E[on the convergence to the approximately optimal social
welfare, can this fast convergence result be extended to the (exact) optimal social welfare
setting (follow the definition in [27])?

e Can we achieve similar convergence rates under partial information models? such as those
considered in [24, [14, 29]].
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s0 A Missing proof from Section 3]

a#t  Proof of Lemma For each t € [2 : T, we apply Pinsker’s inequality to have

Ly e i . x' (i)
5 -l =2 < D@2 162[;]$ ' ( 2t (i) >
- Zx ) - log Z exp( (2€t L) =072 ))) =7 (5)
J€ln]
+th Yi) - n(2007 () — 072 (0))

i€[n]

log | > exp (—n (201 () = £72(5))) - "1 (G) | + 207 = 0072)

Jjeln]
4 q)t —|—?’]<J)t_1,2€t_1 —ft_2>, (9)

aa2  where we recall £° = 0. The third step follows from the updating rule of optimistic Hedge. Letting

a3 Lt = Zie[t] %, next we use induction to prove the following claim for each k = 1,...,T"
> @ =log [ Y a'(j)-exp (—nL* 1 (G) — () | - (10)
telk] Jj€ln]

344 The base case holds trivially, as ®; = 0. Suppose the above holds for k. Then for k£ + 1 we have

k+1 k
Z(I)t = Z‘I)t+q’k+1
t=1 t=1

= log Z z'(j) - exp (—nLF () — ne" + log Z exp (—n(20%(3) — (F71(3))) - ¥ (3)

J€E[n] i€[n]

=log | | D exp (—n(205(0) = 571 (D)) - 2*(@) | - | D 2" () - exp (—nLF () — e ()

1€[n] J€[n]

= log Zexp 25’“ (i) — Zkil(i)))-xl(i)@xp( nLF=1 (i) — neF1(5))
[n]

=log | > a'(i) - exp (—nL" (i) — nt* (1)) | ,

i€[n]

345 where the third step follows from

@' (i) - exp (—nL*"1(i) — nl" 1 (3))

(i) = 1. TR k1)
> e () - exp (—nLE1() — ek =1(4))

11



s46  Now we have (recall that ®; = 0)
1

21n2 Z |zt — 212 < Z (‘I’t+n<$t_l,2ﬁt_1 —Et_2>)

te[2:T) te[2:T)

1 L L e e
log | > —-exp (=nLTH @) =l ()) | + D0 w20 )

J€ln] te(2:7)
< —min (nE7G) + 0™ TG)) + Y mt 20 - 07
g€ te[2:T)
<—pmin L") 4+ > @40 Yo @ -0
i€ln] te[T—1] te[T—1]

21
<o | = SN ey 3 e e

te[T—1] te[T—1]

<2logn+n’ Y =T Hn D 100w
te[T—1] te[T—1]

<2logn+m+n7) Y. =07
te[T—1]

347 The first step follows from Eq. () and the second step follows from Eq. (TI0). The fifth step follows
ass from Lemma[2.1] This finishes the proof of the lemma.

s B Missing proof from Section 4]

350 B.1 Case when the learning rate is small

a5t We handle the case when ) < 64/(coV/T) = O(1/v/T) with the following lemma:

352 Lemma B.1. Suppose both players run vanilla Hedge on game Go = (A, By) with learning rate
sss 1) = O(1/\/T). Then the regret of the first player is at least Q(~/T) after T rounds.

34 Proof. The loss of player 2 is invariant to the strategy of player 1. Thus her strategy stays at (0.4, 0.6).
355 Hence, for any ¢ € [T'], the loss for player 1 is always £ = (—0.2,0.2) and we have

B 0.4 - exp(0.2nt)
0.4 -exp(0.2nt) + 0.6 - exp(—0.2nt)

_ 0.6 - exp(—0.2nt)
0.4 exp(0.2nt) + 0.6 - exp(—0.2nt)

xt(l) and

z'(2)

as6  One can verify that when ¢ < 1/27, we have 2¢(1) < 0.5 < z%(2). Therefore, the regret is

1/2n 1/2n
1
x t t —
regretf, = » (z',0) = Y (1) > > (2" 0)—= > £(1) >0+ o 0.2 =Q(VT).
te[T] te(T) t=1 t=1
357 Thus we complete the proof. O

sss  B.2 Case when the learning rate is large

ass  We next work on the case when 1 > 3. Recall that we write z; = z*(1) and y; = y*(1).

ss0 Lemma B.2. Suppose both players run vanilla Hedge on game G5 = (A, Bs) with learning rate
set 1) > 3 Then the regret of the first player is at least Q(T) after T rounds.

12
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Proof. Intuitively, (A, Bs) is a cooperation game, and it is beneficial for both players if they choose
to cooperate on one single action (by playing either (1, 2) or (2, 1)). However, when the learning rate
is too large, they actually mismatch in every iterations. Formally, we have

i - exp(n(l — 2y:))

zy - exp(n(l — 2y)) + (1 — z¢) - exp(n(2y: — 1))
vy exp(n(l — 20,))

xy - exp(n(l = 224)) + (1 — 2¢) - exp(n(2z; — 1))

Ti41 =

The second step follows from z; = y; for all ¢ because A = Bs in the game. Motivated by this, we
define a sequence ag, a1, . .. where ag = x¢ = 0.4 and

(1 —ay) - exp(n(2a; — 1))
a; - exp(n(1l — 2a;)) + (1 — as) - exp(n(2a; — 1))’

Then a; = x if t is even and a; = 1 — 4 when ¢ is odd. Furthermore, by Claim[B.3|below, we have
nexp(—2n) < a; < 0.4 for all t when ) > 3. Hence, we have

regretf > Y (2’ 0h) = > (2w — 1) =Y (2a, — 1)* > QT).

te[T] te(T] te[T]

foreach ¢t > 0.

Q41 =

This finishes the proof of the lemma. O
Claim B.3. When n > 3, we have nexp(—2n) < a; < 0.4 forallt > 0.

Proof. We prove by induction on ¢. The base case holds trivially for ¢ = 0. Suppose the inequality
holds up to ¢. Then for ¢ 4+ 1, we have

a1 -a -exp (n(day — 2)) £ flay).

1—ap ay
By simple calculation, we know that f(a;) takes maximium at 1 exp(—2n%) or 0.4. Thus,

< max { £(0.4), f(nexp(-2m) } < ;

1—a

which implies that a;4; < 0.4. The second step above follows from

f(0.4) = g -exp(—0.4n) < -,

using > 3 and

[SCRRN)

- exp (4772 exp(—2n)) <

3\»—‘

f(nexp(—2n)) < %exp@n) -exp (4n” exp(—2n) — 2n) =

Moreover, f(a;) takes minimum at the smaller solution a of 4na(1 — a) = 1. Thus,

Ag4+1 > 1—a

4
: da —2)) > = )
an S e P (n(4a = 2)) = 5 - nexp(—2n),

where the second step used exp(n(4a — 2)) > exp(—27), a < 1/2nand a < 1/3. This shows that
az+1 > nexp(—2n) using n > 3, and finishes the induction. O

B.3 Proof of Lemma[4d.3

Note that the Matching Pennies game G = (4, By) is zero-sum. It is known (see [3])) that the KL
divergence of vanilla Hedge in zero-sum games is strictly increasing. We give a careful analysis on
its increment each round when playing G1. (Recall that z* = y* = (0.5,0.5).)

Lemma B.4. Suppose both players run vanilla Hedge with 1 < 3 on G1. Then for each t > 0,
Dy (z*[|2"*) + Dre(y*ly*™) — (Dxe(e*[|2*) + Dra(y*[1y"))
> e a1 —x) 2y — 12 + e Py (1 — y,) (22, — 1)2.
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Proof. Focusing on the first player, we have

D (2*||2"*) — D (a2

= 3" 2*(0) - log <£52)> — 3" 2%(i) - log <i:((z))>

i€[2] i€[2]
' (4)
_ *
= 0o
1€[2]

= log [ 3= #() - exp(—nt'())

Jjel?]
log (i1 - exp(=n(2y: — 1)) + (1 = 1) - exp(—n(1 — 231))

1 2
21 (=n(2yn = 1)+ (1= 20) - (=0(1 = 290)) + 55 (1 = ) (71207 = e710=200))
> 02y — 1)(1 = 2x4) 4+ e n?x (1 — ) (2y, — 1)°. (11)

The third step follows from the updating rule of vanilla Hedge. The fourth step uses 2*(1) = 2*(2) =
0.5 and ¢*(1) + ¢*(2) = (2y — 1) + (1 — 2y;) = 0. The sixth step uses the fact that f(x) = —log x

Y

is e ~S-strongly convex on (0, e?). Similarly, we can prove
Dic(y*lly™) = D (y*lly") = n(2we — 1)(2ye — 1) + e~ nPye(1 = ) (2 — 1) (12)
The lemma follows by combining (1) and (12). O

We are now ready to prove Lemma[4.3]

Proof of Lemma[-3] We first prove that within O(1/n?) steps, the KL divergence Dy (z*|z?) +
Dy (y*||y") becomes at least 20. The proof follows directly from Lemma as for any ¢ with
Dy (z*||x*) + Dxw(y*[ly*) < 20, we have

Dy (a* |2 4+ Dre(y*lly'™) — (Dxo(a*||2") + Dxo(y*]1y"))
> e a1 —x) 2y — D2 + ey (1 — ye) (22 — 1) > Q). (13)

The second step follows from the fact that both z; and y; are bounded away from 0 and 1 given the
divergence at ¢ is at most 20; it also used max{|2z; — 1|, |2y — 1|} > 0.2 given that the divergence
is strictly increasing.

Let Ty = O(1/n?) be the first time when the divergence becomes at least 20. If T'//2 < Ty, it follows
from (T3) that the divergence at T"is Q(Tn?) = Q(v/Tn) using the assumption that » > 16/v/T'. So
we focus on the case Ty < T'/2 and thus, T' = T + L with L > T'/2. We prove

Claim B.5. At round t = Ty + 72, the KL divergence has Dgr(x*||z?) + Dgr(y*||lyt) > 107107

Setting 7 = /7/2 so that Ty + 7% < T, we have

Do (z*|2") + Dw(y*lly™) = UVTn),
and this finishes the proof of the lemma. O

Proof of Claim[B-3] We proceed to use induction on 7. The cases with 7 < 16/ holds trivially as
the KL divergence at Ty is already at least 20. For the induction step, suppose the claim holds up to k
for some k > 64/ at time ty = Ty + k?. We show that at time T + (k + 1)? the KL divergence
is at least 1071°(k + 1)n. Without loss of generality, we assume that z,, v, > 0.5; the other three
cases can be handled similarly. In this region, x; witht = t3 + 1, ... will keep decreasing and y;
will keep increasing, until the moment when z; drops below 0.5.

14
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Let t5 denote the first round ¢ > %y such that z; < 0.5. We first show that it will take no more
than k/2 rounds for z; to drop below 0.5: to — to < k/2. To this end, we use ¢; to denote the first
round ¢; > tq such that y; > 3/4 and note that t; < t5 (since otherwise at t = t2 — 1, we have
1/2 <y, <3/4and 1/2 < x; < €8 in order for x; to go below 1/2 with iy < 3 in the next round;
this contradicts with the fact that the KL divergence is at least 20 after Tj).

We break the proof of to — top < k/2 into two phases: 1 — to < k/4 and to — t; < k/4.

Phase 1. First we prove that it takes no more than k/4 steps for y; to get larger than 3/4. To this
end, we notice that for all ¢t € [ty : t; — 1], we have y; < 3/4 and thus, z; > 3/4 since the KL
divergence is at least 20. During all these rounds the loss vector KZ of the second player satisfies
é_f/(l) < -3/4+1/4< —0.5and 52(2) > 0.5. Thus we have (using 0.5 < y;, < yi, -1 < 3/4)

3> Yt1—1

T l-yna > exp (n(ty —to — 1)).

> exp (n(ty —to — 1)) - —2—

Thus ¢, —to < (2/n) +1 < k/4 using k > 64/n and n < 3.

Phase 2. Next we prove that, starting from ¢1, it takes less than k /4 steps for x; to drop below 0.5.
Note that for each ¢ € [t : to — 1], the loss vector ¢4 of the first player satisfies ¢£ (1) > 0.5 and
¢'.(2) < —0.5. Moreover, we assume without loss of generality that 1 — ¢, > exp(—(k + 1)1/20);
otherwise the KL divergence at ¢; is already bigger than 10~1%(k + 1)n and we are done. Therefore,

1< 2ol Coxp (—plty—t — 1)) — < exp (n(—(t2 —t1 — 1) + (k + 1)/20))
1 — Tiy—1 1 — Tty

Thus to —t; > 1+ (k+1)/20 < k/4 using k > 64/n > 64/3.

Now we are at time to and we examine the next R = 3/7n < k/2 rounds [ts : t2 + R]; these are the
rounds where we will gain a lot in the KL divergence. Given that x;, just dropped below 1/2, we
have z;, > 0.5 - exp(—2n) and thus, for every ¢ € [t : L2 + R,

x> 1y, exp(—2n- R) > 0.5-¢ 2,

Consequently, we have

(Dxw(@*[|2=75) + Do (y* Iy ™)) — (Dxe(a*[l2*2) + Drw(y*1y*))
ta+R—1
> Z e Py (1 — x) 2y — 1) + e 0Py (1 — ) (2 — 1)2
t=ts
ta+R—1
Z ety (1— xy) 2y — 1)* >

t=to

Y
I |w
Q)

=

|

9]

So we conclude that after at most k/4 + k/4 + k/2 = k steps, the KL divergence increase at least
10710, Thus at time Ty + k2 + k < Ty + (k + 1)2, the KL divergence is at least 10~ 1%%n + 10710
= 1071%(k + 1)n. This finishes the induction and the proof of the claim. O

C Missing proof from Section

C.1 Proof of Lemmal[5.2]

Fix any swap function ¢ : [n] — [n]. By Lemma[2.1] every ALG; achieves low regret. Thus,

Sl () < S at(G) - E60) + 2R 1y 3 ) — e e, (14
]

te[T] te[T] n te[T
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448
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451

where we used 2! = Q*a?, set £° = 0 and 2° = 1/n = x'. Consequently, we have

D) =) @@L e) =) ) (g = Z > (a0t

te[T) te[T) te[T] j€[n] n] te[T]
. . 2logn N
<> DD G ) + +n Y et IO Lol 8
jet) \telr) K =
inogn Nt
=y > 4 $(j)) + DI A OO
telT) jeln) 1 telT) jeln)

where the first inequality follows from (T4). Furthermore, we have (using ||| < 1 and ||z*|; = 1)

DI T R S T N T I N

j€ln]

<2y ' 2T DO 2 Y TG -2 e

j€[n] j€[n]

=23 (') — 2 G) IR + 2 Y @O - A

j€ln] j€ln]

= 2(llo* — "M IF - 1% + ot G - e — eano)
<2(llat — 2t + 1 - )
We can combine all these inequalities (and note that ° = ') to finish the proof of the lemma.

C.2 Proof of Lemmal[5.3|

We start the proof of Lemma [5.3] with the following definition.

Definition C.1. Given Markov chains Q,Q’ € R™*", we say Q' is (n1, . . .,n,)-approximate to Q
i (L=mi)g;; < qij < (L+m:)q; ; foreveryi,j € [n], where we write Q = (gi,;) and Q" = (q; ;).
We are ready to state our perturbation analysis on ergodidﬂ Markov chains.

Lemma C.2. Given two ergodic Markov chains Q and @', where Q' is (01, . . . ,nn)-approximate to
Q, the stationary distribution p,p’ of Q and @', respectively, satisfy ||p — p'[[1 < 8> i, 1.

The proof of Lemma[C.2Jrelies on the classical Markov chain tree theorem (see [[1]]). To state it we
need the following definition.

Definition C.3. Suppose Q is an ergodic Markov chain and G = (V, E) with V' = [n] is the weighted
directed graph associated with Q. We say a subgraph T of G is a directed tree rooted at ¢ € [n] if (1)
T does not contain any cycles and (2) Node i has no outgoing edges, while every other node j € [n]
has exactly one outgoing edge. For each node i € [n], we write T; to denote the set of all directed
trees rooted at node i. We further define

Si= Y ] tasr and £=) %

T€Ti (a,b)eT 1€[n]
i.e., the weight of T is the product of its edge weights and ¥; is the sum of weights of trees in T;.

We can now formally state the Markov chain tree theorem.

Theorem C.4 (Markov chain tree theorem; see [[1]). Suppose Q is an erogidc Markov chain and p is
its stationary distribution. Then we have p; = X, /3 for every i € [n].

We now use the Markov chain tree theorem to prove Lemma[C.2]

'Note that Q" used in BM-Optimistic-Hedge is always ergodic.
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Proof of Lemma[C2] Note that the lemma is trivial when Y_" ; ; > 1/4 so we assume without loss
of generality that >, 7; < 1/4. For any i € [n], we have

- Z H Qap < Z H (1+77a)q~a,b

T€eT; (a,b)eT T€eT; (a,b)eT
<TTa+n) > I dw= ] +m)-Si< {142 n | S a9
JjE€n] T€T: (a,b)eT j€n] j€(n]

The third step holds because for any tree 1" € 7;, each node, other than node 4, appears exactly once
as a when calculating the weight of T". The last step follows from the fact that when Z?:l n < 1/4,

[[a+m) < [T e =e=emm <123

j€ln] j€ln] j€[n]
Similarly, we have

>> ] 1777aQab>H1777] D DI (16)

TeT: (a,b)eT j€[n] JjE[n]

The last inequality holds since, for > i=17M; < 1/2, we have

H 1—n;) >H62’7J—exp —QZnJ 21—2277j.
] J€ln]

Jj€ln j€ln]
Since ¥ =), %;, wehave (1 -2, 7;) T<Y< (142 ZZ n;) X. Applying Theorem

lp—p'llh = Z lpi — pi| = Z ‘E /E-%/% < Z ’Ei/E_Ei/Z/ + Z ‘Ei/zl—zg/zl
1€[n] i€[n]

i1€[n]
< 22|y, x| 4 s /5| <
*21_227} i/ Z Zm i/ 62771
i€[n] =1l i€[n] jE€[n i€[n]
This finishes the proof of the lemma. O
Finally we prove Lemma 5.3}

Proof of Lemma[5.3] We start with the following claim, which states that entries of Q" and Q*~!
only differs by a small multiplicative factor.

Claim C.5. Suppose that the learning rate n < 1/6 and let 2° = 1/n = x'. Then for any t > 2, Q'
isa (m,...,nn)-approximate to Q'=1, where n; = 2nz'=2(j) + dnz'=1(j) for each j € [n].

Combing Claim[C.3]and Lemma[C.2} we have

|zt — 2t~ 1H1<8an—82 7) + 42" (5)) n = 48n.
j€[n] jE€[n]
This finishes the proof of Lemmal[5.3] O

Proof of Claim[C.3] Let 2° = 1/n = z!'. By the updating rule of optimisitic Hedge, we have for
any t > 2,4, € [n] that

£(0) = exp(—n(2z' ()0 (6) — 22 (G)2())) - ¢ (i)

’ S ke OXP(=n(22t ()01 (k) — 22 (5)02(K))) - ¢f (k)
exp(na'=2(5)) - ¢}~ (4)

B Zke[n] exp(—2nz'=1(j)) - q§ 1(k)

exp (nz' 2 (j) + 2n2' (7)) - 451 (4)

< (1+ 202" 2(5) + dna' =1 (5)) - 47 (0).
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a69  The second step follows from ¢! € [0, 1]" and the last step follows from exp(a) < 1+2a fora < 1/2.
470 The other side holds similarly:

exp(=n (22T (@) — 2R R(0)) - 4 ()

ke XP(—n (2L (G) 0 (k) — 2t=2(5) 62 (k) - ¢f (k)
exp(—2nz'71(5)) - ¢/ (0)

T Y Pzt 2(5)) - ¢f 7 (k)

= exp (—n2'72(j) — 22" 1 (j)) - ¢ (D)

> (1= na'2(j) = 202" 71 (5)) - 45 (0).
471 Thus completing the proof. O

g5 (i)

42 C.3  Proof of Corollary 5.4

The algorithm works as follow. We set

_ (nlogn)/*
T oml/2T1/4
473 and B, =1 at initialization, for any playeri € [m]and 7 =1,...,T
474 1. Play z! according to BM-Optimistic-Hedge, and receive £:.
475 2 7o 16— 67 I3 + s llaf — 2R > B
476 (a) Update B,41 =2B,,r+r+ 1,7, = min{, / %ﬁn, n}.
477 (b) Start a new run of BM-Optimistic-Hedge with learning rate ,.

478 For any round r, we use 7T;. to denote its final iteration and

T, Ty
L= Y ai=27'3+ D0 46712,
t=T,_1+1 t=T,_1+1
479 Then we have
2nlogn I I
swap-regrety, 4.7, < 52 1oy, D o i S N (VA
Ml t=Tr_1+1 t=Tp_1+1

< 2(nlogn)¥* - TY*m'? 4 2\/nlognB, + 21, - I,
< 2(nlogn)¥* - TY*m'? 4 2/nlognB, + 2/2nlognl,
2

(nlogn)®* . TY4m? + 4\/2nlog nl,

T T
< 2(nlogn)3* - TY4m'/% 4 4\/2nlogn - (Z |zt — 213 + Z ||t — 62_1”%0)
t=2 t=2
a0 The first step follows from Lemma[5.2] the second step follows from the definition of 7, and the fact
1 1 B, mi/2rt/4 B,
< —
e T 77+ nlogn (nlogn)1/4+ nlogn

st The third step follows from 7, < \/ ”Eﬁ < \/ ”Ilo/g;, and the last step comes from /B, < v/21,.

as2  Since the number of round is at most O(log T'), we have

T T
swap-regret, < log T | 2(nlogn)3/4TY*m/? + 4\/2nlogn - |2 (Z lat — i3 + Z ||t — Zfl||go>
t=1 t=1
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483

484

485

486
487

489
490

491
492

493

494
495
496

If all players adopt the algorithm, then we know their learning rate is no greater than 7 =
thus we know |zt — 2!71; < O(n) = O

_ /201 1/4
Syl — 2l < m- O() = O (2o

) . Thus the swap regret is at most

0 ((n log n)%/4m/ 2T/ 4 1og T) .

(nlogn)'/*

mi/2T1/4 »

(M) (see Lemma and |0 — 070 <

ml/271/4

If the player is facing an adversary, then ||z! — ||} < 2and ||¢! — ¢!~*|| < 1, thus we conclude

its regret is at most

O (\/nlognTlogT + (nlogn)¥/Am! /2T /4 logT) .

D Another no swap regret algorithm

We prove the optimistic variant of a folklore algorithm, originally appeared in [7]], could also achieve
fast convergence of swap regret. Our perturbation analysis again plays a key role in the regret analysis.

Define ® to be all swap functions that map [n] to [n]. We have |®| = n™. For any ¢ € ®, define the
swap matrice S? as: Sfjj =1if ¢(i) = j and Sf?j = 0 otherwise. It is easy to see that S contains

exactly one 1 each row.

[7]] treats each swap matrice S as an expert, and run Hedge algorithm on all " swap matrices. At
time ¢, the output strategy p’ is determined by these experts via solving a fix point problenﬂ The
optimisitic variant of [[7] is shown in Algorithm[I} We first analysis the regret,

Algorithm 1

1: fort=1,2,...,do

2: Play p! and receive the loss vector [¢.
3: Update
() = O e S gt 500 )
Y sca T () exp(—n(22tS9Lt — =150 11))
4: Compute zt+! = 21 Q(+1) | where

5: end for

Voecd

Q(t+1) _ Z qf+1(¢)Sd>

Pped

s07  Lemma D.1. Algorithm[l|achieves regret

swap-regrety <

nlogn

T
+2n Z |zt —
=2

T
i D Y A
t=2

2The algorithm is not efficient in general. However, we can turn it into an effiecient one by considering only
n? swap matrices that are equal to indentical mapping except for one coordinate. The regret bound will only

blow up by a y/n factor.
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498

499
500

504

505

506

507

Proof. According to the updating rule, for any ¢ € ®, we have

T T
swap-regret, = Z(xt,£t> - maXZ A
t=2 e
T T
= Z( tQW ) —max Y 250
t=2 ver i

T
=Y 2 (g (S — mametS¢€t
:2 e
T T
= Z Z -2t S0t — max 2t Se et
:2 e

P
e t=2

< ”1(:732" +n;glg§|xt5¢€t71 _xtflsmbétleQ

T T
logn _ _
<oy ot — a2 Yo I -

t=2

t=2

The fifth step follows the regret bound of optimistic Hedge and the last step follows from the fact that
forany ¢ € @,

’ztS‘z’ft _ :z:tSd’[t}z _ |xt5¢€t _ pt—lgopt Jr:vt*lAd,ét _ xt715¢£t71|2
< 2|2t SO — 2t TS0 2fat S0l — ot 50|
=2(z" — a1, 5% + 2(" S 0 — 1Y)
<2t — 2 THEISONS + 2]t TSl - e
<2z’ — 2"+ 2000 - T
Thus completing the proof. [
It remains to show that the environment is stable. Again, since ! is the stationary distribution of

Q™ we only need some perturbation analysis on Q). In particular, we have

Lemma D.2. Foranyt, Q) is (61, ...,6n) approximate to QU+,

Proof. For any ¢, we have
q'(¢) exp(—n 2zt Aylt — 2t~ 1 A400 1))

1 _
qt+ (¢) = Z¢e<1> q'(¢) exp(—n(2at Ayl — xt=1A40t-1))
o 4@ exp(n)
- Z¢eq>q (¢) exp(—2n)
< (1+6n)d'(¢)
Similarly, we have
() = q'(¢) exp(—n (22t Aplt — 21 A40t1))
D pen 0'(0) exp(—n (2wt Aglt — at=1 A4 1))
q'(¢) exp(—2n)
T D sea 1(9) exp(n)
> (1—6n)q' ()
Thus, for any i, j € [n], we have
Qi = > q"H@)SE < (1+6m) D g (1+6m)QL")
peD ped
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508

509

511

512

513

514
515

516

517

518

524

527
528

529
530

531

and

(t+1 Z ¢+ (e > (1 - 6n) Z g >(1- Gn)Q(t
ped ped
Thus we conclude Q(t) is (67, . .., 6n) approximate to Q(t+1)_ O

Combining the above results, we have

Theorem D.3. Suppose every player uses Algorithmand choose n = O ((bi”T)l/ 4), then each

nm?2

individual’s swap regret is at most O (m1/2n5/4(1og n)3/4T1/4).

Proof. By Lemma|D.1] for any palyer i € [m], we have

swap-regrety <

T T
n _ -
+ 2772 l} — 2T+ 20 ) 116 — 6%
t=2

T
nlogn _ _
QUZHx i DN e

t=2 j#i

where w! denotes the other player’s strategy. Moreover, since Q(*~1) is (67, .. ., 67) approximates
to Q(), we know

|t — i~y < 8- 6m = O(nn)

i=1

holds for any ¢. Thus we have

T T
nlogn _
swap-regrety < 77g + 2772 |zt — 2812 + 2mnzz |z — xé 2
t=2 j£i

< nlogn

+ O(n*n*m>T).

n

Choosing = O ((%)1/4), the regret is

swap-regret; = O (n5/4(log n)3/4T1/4m1/2) .

E Price of anarchy

In this section, we show that a large class of no swap regret algorithm satisfies the low approximate
regret property (see Definition[E.2). Thus when all players adopt such algorithm, they experience fast
convergence to an approximately optimal social welfare in smooth games (see Definition [E.T). In
particular, we show that the average social welfare converges to an approximately optimal welfare
at rate O(1/T). The proof in this section is straightforward, our aim is to point out that such fast
convergence rate generally holds for no-swap regret algorithms. We first introduce the smooth game.
Recall £(x) = >_,c(,, £i(x) is the summation of each individual’s loss under strategy profile x.

Definition E.1 (Smooth game). A cost minimization game is (A, p)-smooth if for all strategy profiles
xand x*, >, Li(xf, ;) < X L(X*) + p - L(x).

A wide range of games belongs to smooth game, including routing games, auctions, etc. We refer
interested reader to [25]] for detailed coverage.

We next introduce the definition of low approximate regret.
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532
533

534
535
536

538

539

540

541
542
543

544

Definition E.2 (Low approximate regret [14]). A learning algorithm satisfies the low approximate
regret property for given parameters (¢, A(n)) , if

| Ay

€

T
(I—e¢) Zx 2 <m1nL()
t=1

Lemma E.3. The BM reduction transfers the low approximate regret property. In particular, if we
reduce from a no external regret algorithm satisfying low approximate regret with(e, A(n)), then the
no swap regret algorithm satisfies low approximate regret with (¢,nA(n)).

Proof. For any fixed ¢, using the low approximate regret property, we know

(I—¢) Z @, 2 (j)le) <m1an @gth(j)ft(i)—&—@.
t=1 t=1

Consequently, we have

Thus concluding the proof. O

A direct corollary of Lemma[E.3]and Theorem 3 in [14] is

Theorem E4. In a (\, u)-smooth game, if all players use no swap regret algorithm generated from
BM reduction and a no external regret algorithm satisfying low approximate regret property with
parameter € and A(n) = logn, then we have

1 T

A
— < — - OPT+—
T;E(Xt)_lfufe © +T 1—p—e €

1 nlogn

where OPT denotes the optimal social welfare, i.e., miny £(x).
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