Supplementary Materials for
“Boosting First-Order Methods by Shifting Objective:
New Schemes with Faster Worst-Case Rates”

A Technical lemmas with proofs

Lemma 1 (Shifted mirror descent lemma). Given a gradient estimator G, vectors 2T zTy € R4,
fix the updating rule z* = argmin, { (G, ) + o/2||x — 27 ||? + #/2||x — y[|*}. Suppose that we
have a shifted gradient estimator H,, satisfying the relation H,, = G, — p(y — x*), it holds that

- o - *1|2 P2 2 1 2
(o =ty = 5 (I =22 = (14 2) 1 =t 1?) + el P

Proof. Using the optimality condition,
Gy +alzt —27)+u(zt —y) =0,
Hy +alzt —27) +ulzt —a) =0,
(a+p)(=* — o) = a(=" — ) — Hy,
z*]? = o®z7 — 2| = 20 (Hy, 27 — a%) + || Hy |
Re-arranging the last equality completes the proof. O

(o + )22
Lemma 2 (Shifted firm non-expansiveness). Given relations z* = prox$(z~) and y* = prox%(y~),
it holds that

1 2(a + p) + +1112 PN +12 - -2
SRR . _Vh, [l _ < _ )
- (1+ 20 e - Oh I + (1 2) e =1 < e -

Proof. Based on the first-order optimality condition and the definition of h;,
-y

Vii(z ) +alz" —27)=0,  Vfily")+aly" -y7)=0,
Vhi(zT) + Vfi(z*) + pzT —2") +a(zT —27) =0,
Vhi(y") + Vfi(a*) + uly™ —a*) +aly” —y7) =0.
Subtract the last two equalities,
(@+m)(z" —y") =alz” —y7) = (Vhi(z") = Vhi(y")), )

which implies

(a+ w2zt =y P = a2 =y [” = 20 (Vhi(=¥) = Vhi(y™), =~ —y~)

IR — Tl o
Based on the interpolation condition of h;, we have
(Vhi(=%) = hily*), 2" —y*) > 7 VA = V()
Together with (4), it holds that
(Vh() = Tty ) =) 2 & (14 5 V) - G P
It remains to use this bound in (5). O
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Forming convex combination between vector sequences is a common technique in designing acceler-
ated methods (e.g., [4, 25, 16, 1]). From an analytical perspective, convex combination facilitates
building a contraction between function values and the coefficient directly controls the contraction
ratio, which is summarized in the following lemma. Unlike previous works, we allow a residual term
‘R in the convex combination.

Lemma 3 (Function-value contraction). Given a continuously differentiable and convex function f,
vectors 7,27, 2, R € R? and scalar 7 €]0, 1], if v+ = 72 + (1 — 7)x~ + R, it satisfies that

fat) = f*) < (=) (fa) = f@) + (V@) R) +7(Vf(zT), 2 - a*).
Proof. Using convexity twice,
@) - [@) < (Vf@a@b)at —a®)
= <Vf(ac+),9c+ — z> + <Vf(m+),z — x*>
L7 (Vf(h),a™ — x+> +1 —(Vf"),R) +(Vf(z"),z - a¥)

—(f@7) = fah)) + <Vf ), RY+ (Vf(h),z —a*).

Re-arranging this inequality completes the proof. O

1—71

IN

This simple trick (with R = 0) appears frequently in the proofs of existing accelerated first-order
methods. Note that the convexity arguments in this lemma can be strengthened by the interpolation
condition or strong convexity if f satisfies additional assumptions.

B Proofs for Section 3

B.1 Generality of the framework of Algorithm 1

First, we show that TM is a parameterization of NAG (Algorithm 5 in Appendix F). Note that TM
has the following scheme (the notations follow the ones in [10]):

Tpr1 = Tk + B(zk — T—1) — AV f(yr),
Ykt+1 = Tht1 + Y (Ths1 — Ti),
21 = L1 + 0(Thp1 — Tp).

By casting this scheme into the framework of Algorithm 5, we obtain

Yk = lzk-# (1—%) Tk,

0
1+46)— 6—pB(1+6
Zk—!—l:ﬂ( 5_)7 75k+ 56(_7 )ykfoz(1+5)Vf(yk),
Tyl = mzk+1 + mxk

Substituting the parameter choice of TM, we see that TM is equivalent to choosing o = /Lp —

oty =WE+1)" 1, = Q‘F L in Algorithm 5. Interestingly, this choice and the choice of NAG
(given in Appendix F) only differ in Te-

Then, we show that Algorithm 5 is an instance of the framework of Algorithm 1. By expanding the
convex combinations of sequences {y } and {z\} in Algorithm 5, we can conclude that

e = T2k + (1 = To)yp—1 + 7y (1 — 72) (2 — 2k—1)-
Based on the optimality condition at iteration k£ — 1, we have
a(ze = zk-1) = pye-1 — 2k) = VI (yr-1)-
Now, it is clear that Algorithm 5 is an instance of the framework of Algorithm 1 with the variable-

Ty (1—7z)

parameter choice (let y_1 = xg): atk = 0,75 =7y, 76 = 0;atk > 1,70 = 7, 77 = =
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B.2 Proof of Theorem 1

First, we can introduce a contraction between h(yy) and h(yi—1) using Lemma 3. Applying Lemma 3
with f = h for the recursion y, = 72 + (1 — 77)yp—1 + 77 (/l(yk71 —2) — Vf(yk,l)) and
strengthening the convexity arguments by the interpolation condition, we obtain

h(ye) < (1 — Tk )h(yk )+ 76 AVAk), p(yk—1 = 21) = VI (Yr—1)) + 7 (VA(yk), 21 — 27)

1—7F
S | VM = 5 V(o) = V()]
Note that pu(yr—1 — 2x) — Vf(ys—1) = p(a* — z) — VA(yr_1) by definition, and thus
h(yk) < (1 = 7)h(yr-1) — 76 (VA(yk), VR(yr-1)) + (7 — pri) (Vh(yr), 21 — 27¥)

7 1— 77 ©6)
— —\ v/ 2k Vh(yr_1) — Vh 2,
VA = 5o s I VA1) = Vh ()]

2(L —p)
Then, to build a contraction between ||zp+1 — *||* and ||z, — =
Gy =V f(yr), Hy = Vh(yx) and 2 = zj41, which gives

2
* Qg *112 H *1(2 1 2
— = — — — 1 _ — _ .
(Thlan) s — o) = 2 (m = (14 £) o x||>+2akw<yk>||

*||2 *||?, we apply Lemma 1 with

Using this relation in (6), expanding and re-arranging the terms, we conclude that

2
T — MTq 1 2, ok(Ty — p7y) H® *1|2
_ _ . 14 2 _
) — (5™ = s ) IRl + ST (1 ) )
= 1 ap(TF — pr? .
< =) (nor) = g TRl ) + ST o

+ (11;__7-5 - Tli) (Vh(yk), Vh(yr-1)) -

It remains to impose parameter constraints according to the Lyapunov function.

B.3 Proof of Proposition 1.1

First, we can write the kth-update of G-TM with constant parameter as
Ye = (1o — o)z + (1= (12 — 7211)) k-1 — 7=V f (Yr—1),
W

« 1
z = zZk + — v .
k+1 04+Mk oz—l—uyk atu T (yr)

Substituting the constant parameter choice, we obtain
VE—1 1

11— =V _
Rl (U Lf(ykl) :

Vf(yr)-

Yk = f+ 1
(! L1 1
Rk+1 = \/E 2k \/Eyk \/m

For the objective function f(z) =

Thus,

1\ -1 0 L\
= (1= =) [ U)o = -t = (1= J2) -2

as desired.
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C Proofs for Section 4

C.1 Proof of Theorem 2

For simplicity of presentation, we omit the superscript s for iterates in the same epoch.
Using the trick in Lemma 3 for the recursion y, = 7,2 + (1 — 7)) Zs + 72 (u(Zs — 21) — Vf(Zs))
and strengthening the convexity argurnents by interpolation condition, we obtain

h(yr) < T (T h(yn), & — yr) + = (Vh(yi), 1(Es — 21) — VI (E)) + (Vh(yr), 2 — 27)

x I

IV Ay |17

1
2(L —p)
Note that here the inner product (Vh(yy), s — yx) is not upper bounded as before. This term is
preserved to deal with the variance.

By the definition of h, M(J?s —z) = Vf(&s) = p(z* — z,) — Vh(Zs). Applying Lemma 1 with
Hy HSVRG Gy = g RG 2+ = 2,11 and taking the expectation, we can conclude that

T (VT h(yn), & — yr) — = (Vh(ys), Vh(E,)) IV () |2

T ’ Ta 2L —p)

W A%
(1= 22) 5 (a2 - (14 ) B [l - 1)

1 HTz SVRG |2
+ (0~ o ) B I3071R).

2

h(yx) <

To bound the shifted moment, we apply the interpolation condition of h;, , i.e.,
Ei, (I35 1°] = Ei [IVhiy (yr) = Vhin (25)[17] +2(VA(yr), VA(E)) — [ VR(Z,)]||?
< 2L — ) (h(@s) = h(yr) — (Vh(yr), Ts — yi) ) + 2 (Vh(yr), VA(Z;))

— IVA(zs)|I*.
After re-arranging the terms, we obtain
KTz L— H ~
) < (122 ) B 0@ - hi)

e (R Bl [ ERS

«

LTy \ « * % *
1-— - ) 5 <|Zk —z*|]* - (1 + &) E;, [||Zk+1 -z ||2]>

(
(-&-= 19 2
(

L BT ) (Vh(yr), VR(Zs)) —

o ATy, g
1

MTz -
- ) I

To cancel (VA (yx), Zs — yx), we choose 7, such that 1=7= = (1 — &) L=t which gives

Tz

_ b
2(L — p)

h(yr) < (1 — 1) h(F) + o*(1 - 7) <zk |2 - (1 n g)ZEik 2k — :17*||2]>

2(L —p)
a+“_(a+L)7'x - Te 9
T VR), V) = g s V)| ©)
1—7, 2
- mHVh(ms)H :

In view of the Lyapunov function 7, = h( s) — 1| VA(E,)||? + 3125 — =*||%, there are two ways

to deal with the inner product (Vh(yy), VA(Z,)):
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Case I (¢c; = 0): Choosing 7, suchthata +p — (o + L)1, =0 =7, = ot and dropping the

a+L
negative gradient norms in (7), we arrive at (9) with ¢; = 0.

Case Il (c; # 0): Denoting v = W

with parameter 5 > 0, we can bound (7) as

and using Young’s inequality for (VA(yy), Vh(Zs))

o?(1—1, 2
h(yk) < (1 — Tm)h(fis) + 2((11/_/0) <Zk — x*H2 — (1 + g) Eik [sz—H _ $*||2]> N
by _ 1 2 (1= 0 ponae
(B - s ) WhP = (5= - 25 ) IVA@I.

We require v # 0 and choose 5 > 0 such that

By w1 -7 v e >0
2 2(L-p) 1-m\2L—p) 28) 77

It can be verified that this requirement and the existence of  are equivalent to the following
constraints:

a+pu
To # atL’

(14+7)%(1—71,) >4 ((% + 1) — (% Jr/-i) 7'.7:)2-

_ (47)?  ay? _ 147, VA
= T2 i > 0, we can choose 3 = 27(L_TM) + 2

Under these constraints, denoting A

which ensures ¢; € }0, ﬁ {

2
Letcy & & (Ll:#”) . These two cases result in the same inequality:

h(yk) = 1| VR(ye) I* < (1= 72) (h(Zs) — 1l VA(Z:)|7)

c . 2 . )
+ 2 (o=l = (14 2) B [lawea - 2"1P)).
oY
Finally, summing the above inequality from k = 0,...,m — 1 with weight (1 + g)%, we conclude
that
m—1
~ ~ 2 1 o 2k s 5\1(12
E[h(Zs+1) — al VA(E1)[7] = 5 (1 + a) Elh(y;) — allVa(yi)|?]
k=0 (10)
< (1= 1) ((E) — eI VAED?) + 2 (12— a2 = (14 2) " B[, — 22
< (1 =) (1) — alVh@)IR) + 22 (1155 = oI = (14 2) " Bl — o]

Imposing the constraint (1 -+ %)2m (1 —7,) < 1 completes the proof.
C.2 Proof of Proposition 2.1
The choice

o= (1= 5) ot = (1= &) vt

(1+7’x)2(1—7'g;)24<(z+1)—(z—&—ﬁ)ng)Q, (11)

(1+g)2m(1—7x) <1, (12)

{ a =+cemul — p,

and the constraints

are put here for reference.
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Note that for m € (0,3x], 7, = #;1%1) increases monotonically and ™= decreases

monotonically as m increases. Thus, for the constraint (11), letting

UrmlPlom) 107 2y

2 z
o [eF m
((ﬁ + 1) - (ﬁ +Ii) T:z:)
we have ¢(m, k) decreases monotonically as m increases.

2
Whenm:%H,Tw: C”‘l FOI‘IQ>11fC—|—1/4C ,/4C<0(:>c>(f+r)
(e+V/F)—VE
2.319, we have 7, decreases monotomcally as k increases. In this case, letting k — 0o, we conclude
that 7, > " ¢ — > 1, which implies that (14 7,)?(1 — 7,) increases monotonically as 7, decreases.
(&

4dc
Thus,

¢(m, k) =

3

d(m, x) ng(in,n) 2¢<i,1) §<1+Ccl) (1 <001>2> c.

To meet the constraint (11), we require ¢ > 2 + /3 ~ 3.74.

For constraint (12), defining

V(m, k) 2 (T)Qm (1—7)= <1 + \/ﬁ_ 1>2m (\;\/Z%Jr—clﬂﬁx)cli’

we have g—w =
m

<1+W)2m[<zln<l+ﬁ—l)_ﬁ_l> WJ%JZCTT;)C%
- 2\/%(_\/%—_111 k)’

Denote ¢ = y/cmx — 1 > 0. The roots of W are identified by the following equation:

2910 1y _ 1. bo =
s(e) =21 <1+Q> ¢ (¢+1)(g+r)(qg+b1) 0

where by = G (k — 1)(ck — 1),by = 1 + cx(x — 1). Taking derivative, we see that when ¢ — 0,
s'(q) > q% - q(%ﬂ) — 00. We can arrange the equation s’(¢) = 0 as finding the real roots
of a polynomial. By Descartes’ rule of signs, this equation has exactly one positive root (with
c> 2+ /3, we have kb; — 1 — by < 0 for any x > 1 and then there is exactly one sign change in
the polynomial). Thus, as ¢ increases, s(q) first increases monotonically to the unique root and then
decreases monotonically.

To see that s(g) has exactly one root, let ¢ — 0,5(q) < 2In (1 + %) — 3 — —o0; when ¢ is

large enough (e.g., ¢ > 2 and (¢ + k)(¢ + b1) > 2bo), s(q) > 0; let ¢ — o0, s(q) — 0. These
facts suggest that s(¢q) has a unique root. Thus, we conclude that, as m increases, 1(m, ) first
decreases monotonically to the unique root and then increases monotonically, which means that for

m € [2, 41-1] Y(m, k) < max {1/1(2,/4:),1/) (%/@, ﬁ:)}

For ¥(2, k), ¥'(2,Kk) = (1 + ﬁy (V2ck + K — 1)_2 (V2ck — 1)_1 ¢(k), where {(k) is a

polynomial:
5v2¢ 1 \/? 1 ) 1 43
K2 4+ (c+1)— —+—= K2 -3k +—=kK
ot e - (34 7 Ve

It can be verified that with ¢ > 2 + /3, forany x > §,¢/(k) > 0, which suggests that ¢(2, x) <
max {4 (2,8) ,4(2,00)} < 1 (with ¢ > 2+ /3, (2 ,3) < 0.953 and ¢ (2, 00) = 1).

[SI[)

(k)2 (c—2)k —
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For s (4 8). 07 (3 = (14 25) " (e /5) m= yf5) ), e

A 2

w1<ﬁ>=(ln(1+@ﬂ_2)—@i_2) (@i_@yj) +(c+3¢437)m_ £

Let p = v/3ck — 2 > 0, the roots of wy (x) are determined by the equation

wg(p)éln<1+z>—2 ﬁ(\/%C—C—\/%> = 0.

+
p (p+ﬁ>(p+%—\/37€)

To ensure that wy(p) increases monotonically as p increases, it suffices to set ¢ < 3.817 (which
ensures that w)(p) > 0). Thus, for any p > 0, we(p) < lim, o wo(p) = 0 = for any k > 1,
wi(x) < 0. Finally, we conclude that with 3.817 > ¢ > 2 + /3, ¥ (%/—1, n) < (2, %) < 0.953,
which completes the proof.

C.3 Proof of Proposition 2.2

3L

The choice { 4= ? : li) atp (1- L) 3= is put here for reference.
5k—27

6m

6m/ a+L —

2
We examine the constraint (1 + 7,)%(1 — 7,) > 4 ((% + 1) - <% + n) Tm) . Let
(14 72)%(1 — 72) (14 72)%(1 — 72)4m?

For m > 3k, we have 7, and (1 — 7,,)m increases monotonically as m increases. Thus, ¢(m, k)
increases as m increases => ¢(m, k) > ¢(3k, K).

d(m, k) =

D3k, k) = (1 +72)*(1 — 72) and 7, = 222 in thls case. Note that for k > 1, 7, decreases as

K increases and let K — oo, we conclude that 7, > >3 = (1+ 7.)?(1 — 7., increases as 7,
decreases. Thus, (;5( K, K) > ¢(3 1) > 1, the constralnt is satlsﬁed

Using this choice, we can write the per-epoch contraction (10) in Theorem 2 as

E[h(Zs41) — 1| VA(Zs1)]P] + ;YW((lL M)) (1+ g)m 25+ — 2*|1]

B o a2(1 ) k|12
< (1= ) (h(En) = @ VREDI?) + Gz 5 = ="

Note that for > 3,7, > 1 and by Bernoulli’s inequality, (1 + g)Qm > 1420 = ] 4 Am

Let A = M . The above contraction becomes
w(L—p)

E[A(Zs41) = e[ VA@E )] + 5 ]E[IIZS+1 ]

1

< 3 (a0 - el ThE + 1 1),

Telescoping this inequality from S — 1 to 0, we obtain Tg < 2%To, and since m = 2n, these imply
an O(nlog %) iteration complexity.
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Algorithm 4 SAGA Boosted by Shifting objective (BS-SAGA)

Input: Parameters o > 0,7, €]0, 1[ and initial guess xo € RY, iteration number K.
Initialize: zo = zo,7. = 7 — i((lL:T:)), a point table ¢° € R4*"™ with Vi € [n], #) = z¢, running
averages for the point table and its gradients.
1: fork=0,..., K—1do -
2:  Sample iy, uniformly in [n], set ¢fkf1:7xzk+(1 —Tz) fk 47, (u(qﬁkfzk)f% Z?:l Vfi(qﬁf))
and keep other entries unchanged (i.e., for i # i, ¥ = ¢F).

%z = argming {(G92) + o/l — 2l + (/D — 0512}

4:  Update the running averages according to the change in ¢**+1.
5: end for
Output: zg.

C4 BS-SAGA

To make the notations specific, we define
n

SAGAA (A 1 (F
H Ot & Vhi (ar) = Vhi ik)+n2vm<¢i>

n

s 1 ,
= G N2V i (wx) = Vi (0]) + — sz (¢1) = (8" = 95,)

where ¢F € RX" is a point table that stores n previously chosen random anchor points and
pFEL > ®* denotes the average of point table.
n 1= 7

The Lyapunov function (with ¢; € {O, ﬁ} , A > 0) is put here for reference:

fllz —x*|%. (13)

Tk:%Zh ) — ZVh qs’f

We present the SAGA variant in Algorithm 4. In the following theorem, we only consider a simple
case with ¢; = 0 in Tk. It is possible to analyze BS-SAGA with ¢; # 0 as is the case for BS-SVRG
(the analysis in Appendix C.1). However, it leads to highly complicated parameter constraints. We
provide a simple parameter choice similar to the one in Proposition 2.3.

Theorem C.1. In Algorithm 4, if we choose o, T, as

(@tLn (14)

a+p

{ « is solved from the equation (1 + §)2 (1 _ _atp ) =1,
a+L?

Ty =
the following per-iteration contraction holds for the Lyapunov function defined at (13) (with ¢y = 0).

) (o + N)2

. (1
With \ =
(L —p)n

-2
By [T < (14 5) "D fork >0,
Regrading the rate, from (14), we can figure out that « is the unique positive root of the cubic

equation:
(3)3 —(2n—3) (;‘jf — (2nk+n—3) (3) — (nk—1) =0,

Using a similar argument as in Theorem 3, we can show that % = O(n + v/nk), and thus conclude

an O((n+ v/nk)log 1) expected complexity for BS-SAGA. Interestingly, this rate is always slightly
slower than that of BS-Point-SAGA.
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C.4.1 Proof of Theorem C.1
To simplify the notations in this proof, we let ®* = L 3" h;(¢¥) and VO~ £ L3 | Vh,(oF).

Using the trick in Lemma 3 (with f = h;, ) for qbk“ strengthening the convexity with the interpola-
tion condition and taking the expectation, we obtain

E;, [y (65H)] < 2 —Ey, [(Vha (657, 6, = ¢57)] + Eoy [(Vhi (657, 20 — a*)]
z 0 ]' -
+ %Eik <Vhik(¢f:1)7ﬂ(¢k —zk) — n ;sz(¢f)>1
1
- e [V GEDI]

Note that by the definition of A, (¢F — z;,) — L Y1 | V fi(¢F) = p(a* — 2,) — V¥, and thus

By, [ha (657)] S 2B, [(Vha (6571), 0, — o)) - ZBi, [(Thi, (657, V0H)]
N (=S EA LR ) )
1
- s I (a5

which also uses Jensen’s inequality, i.e., E;, [[|Vhi, (6;)[12] > |Eq, [Vha, (6FTH)]1%

Using Lemma 1 with H,, = HS‘QE{", G, = gs;‘}Ef\, = 2,1 and taking the expectation, we obtain

2
Ei [(Vhi (65", 20 —2%)] = 5 (nzk — o = (14 £) Eiy [z — "]

o 2 (16)
e
20[ Lk
Using the interpolation condition of A;, to bound the stochastic moment,
2
Ei, [H’H%ﬁi‘ =Ei, [IVhi, (657) = Vhi, (85 )117] + 2Es, [(Vhi, (657), VOF)]
= [ver|®
< 2(L—p)(®F — By [hiy (657)] = Biy, [(Vha (057,68, — 0E)]) (1)
+2E;, [(Vhi, (651, VOr)] — ||V<I>k||2.
Based on the updating rules of ¢**1, the following relations hold
1 n—1
Ei, [0°11] = ~E, [hi, (0511)] + ——2, (18)
1 -1
B, [VO**!] = ZE;, [Vhi, (6] + ——VoF, (19)
where (19) implies that
2
B, [Fhi (G| = 2 B, [VRH]2 = 200" = m) (B, [VRFH], V)
+(n—1)?|Vor|?,
(VR (6511, VOF)] = n (B, [VOFH], VEF) — (n—1)|VOF|2. Q1
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Then, expanding (15) using (16), (17), (20) and (21), we obtain

1 k41 1_%_ KTz L—p _ k41 gk k4L
—Ei, [hi(67,7)] < [,h. (1 )(MI}E%[<VhM(¢W ), oF — kY]

U n Ta
(1) B g, o)
Ta an B AT R
BTz @ 2 % 2
+ (1 - ) o <||Zk —z*[]" - (1+ a) Ei,, [llzr41 — 2| ])
1 —1
N { _ T T nu} (B, [VOH], Vo)
(n—1)2 ur\ 1 1 wur, 7\n-—1 L2
R L (e ®
{2(L —pu)n + . ) 2an + o at, Ty n IVl

= o — oy B [V

Choosing 7, such that 1="= = (1 — &) % multiplying both sides by 7, and using (18), we can

Tx Tx

simplify the above inequality as

Ty a?(l—1, N 2 N
B [0 < (1= Z) ot S (- o = (14 2) B, [l - o717

2(L — u)n
a+p—1(a+ L+ p—pn) 1 N
E;, |V® , Vo
(L= pp (B | ] )
oty (i () ) CoD) s
- Vo
2(L — p) IV @i
__ "Mz g k+17 |12
2(L_M)IIIE%[W 1112

Fixing 7, = 2% we obtain

a+L’
a?(1l -7, % % *
i> (Dk + ¥ (”Zk - ||2 — (1 + a) ]Elk [||Zk+1 - ”2])

Ei, [(I)kﬂ] = (1 B 2(L — p)n

nr,

© ) k4172
S B [V

Using Young’s inequality with 5 > 0,

T 2 1-— x * 2 *
6081 (1= )+ S (1ot (142 5 1)

D% (n—2)r, — 1

Bn — 1)1 — n7y k41712 B k2
+ By, [V |12 + A
2(L - p) 3 ] 2(L = p)
Let 8 € [ﬁ, #} . The last two terms become non-positive, and thus we have

T 042 1-— T * 2 *
B 9012 (1 7) 0 SR (-1 (4 ) B - 1)

Letting (1 — :—f) (1 + %)2 = 1 completes the proof.
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D Proof for Section 5 (Theorem 3)

Using Lemma 2 with the relations

Th4+1 = pI'OX,(L-);c <1‘k + — <szk vaz <:L quic - fk))) )
i=1

x* = prox§, <x* + anq;k (x*)) and gi)f]j'l = Tpy1,
and based on that Vh,;(x) = V fi(z) — Vfi(z*) — p(x — z*), we have

2(a + N
(1+ 20220 |, (I + a4 s =1

s+ - (wm - ;ivwf))

Expanding the right side, taking the expectation and using E[|| X — EX||?] < E[||X||?], we obtain

2
<ao?l|z

(“W) i [IVRi (85T DIP] + (@ + 1) °Eg, [llorsr —a*|7]

< ooy — 2" + Z IVha (65112
Note that by construction,

Do IVAh(SEIP| = (DI +Ei, [ Vhi, (05 D17 -
i=1 i

Tk

We can thus arrange the terms as
n o 2(a+pn (1L k4142 % 2
(5+ 37220 e, W IR |+ (14 ) B [ =7

n o 2(a+4p)(n 2 2112
< — _ - .
< (& Ao D) }:HVh P + i — 2]

In view of the Lyapunov function, we choose « to be the positive root of the following equation:
2 2
(1+3) 1 (o + 1) — 1
a n(L—p) + 2n(a + )

Letg = % > (, the above is a cubic equation:

s(q) £ 2¢° — (4n — 6)¢* — (2nk +4n — 6)g — (nk +n —2) =0,
which has a unique positive root (denoted as ¢*).

Note that s(—o00) < 0,s(—3) = 7 and s(0) < 0. These facts suggest that if for some u > 0,

s(u) > 0, we have ¢* < w. It can be verified that s(2n + \/nx) > 0, and thus ¢* = O(n + /nk).

E Experimental setup

We ran experiments on an HP Z440 machine with a single Intel Xeon E5-1630v4 with 3.70GHz
cores, 16GB RAM, Ubuntu 18.04 LTS with GCC 4.8.0, MATLAB R2017b. We were optimizing the
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following binary problems with a; € R%, b; € {—1,+1},4 € [n]:

1 n
¢5-Logistic Regression: - ;bg (1 + exp (=b; (a;,z))) + %||xH27
Ridge Regression: 1 i ((a;, z) — b;)* + HH:EHQ
2n pt 2

We used datasets from the LIBSVM website [9], including a9a (32,561 samples, 123 features),
covtype.binary (581,012 samples, 54 features), w8a (49,749 samples, 300 features), ijcnn1 (49,990
samples, 22 features). We added one dimension as bias to all the datasets.

We choose SAGA and Katyusha as the baselines in the finite-sum experiments due to the following
reasons: SAGA has low iteration cost and good empirical performance with support for non-smooth
regularizers, and is thus implemented in machine learning libraries such as scikit-learn [39]; Katyusha
achieves the state-of-the-art performance for ill-conditioned problems'!.

F Analyzing NAG using Lyapunov function

Algorithm 5 Nesterov’s Accelerated Gradient (NAG)

Input: Parameters a > 0, 7, 7, €]0, 1] and initial guesses x, 29 € R?, iteration number K.
1: fork=0,..., K —1do
20 yp =Tz + (1 —1y) xp
3 sy = argming { (VF(ge),2) + 0/l — 2l + (1/2) |2 — w1}
4 X1 = Tezkyr + (1 — 7o)
5: end for
Output: xyx.

In this section, we review the convergence of NAG in the strongly convex setting for a better
comparison with the convergence guarantee and proof of G-TM. This Lyapunov analysis has been
similarly presented in many existing works, e.g., [54, 18, 5, 38]. We adopt a simplified version of
NAG in Algorithm 5 (1-memory accelerated methods, [52]) and only consider constant parameter
choices. It is known that NAG can be analyzed based on the following Lyapunov function (A > 0):

A
T = flan) = f@@) + Fllan — 2", (22)

which is somehow suggested in the construction of the estimate sequence in [35]. This choice requires
neither f(xy) — f(2*) nor ||z, — 2*||? to be monotone decreasing over iterations, which is called the
non-relaxational property in [32]. By re-organizing the proof in [35] under the notion of Lyapunov
function, we obtain the per-iteration contraction of NAG in Theorem F.1.

Theorem F.1. In Algorithm 5, suppose we choose o, T,, T, under the constraints (23), the iterations
satisfy the contraction (24) for the Lyapunov function (22).

L(l—73)T,
042 (1,7-1/) yaTw ZTy; VVlﬂ’l)\:(O[-f—,u)Tz,
L(1a—Ty) _
[T el (23) ( H) ! 24)
Ty T < {1+~ T k> 0.
(1+4)(1-7)<1. ks (I+g) T Jork 2

When the inequalities in constraints (23) (except 7, > 7,) hold as equality, we derive the standard
choice of NAG: a = /Ly — p, 7y = (VE+ 1)71, 7 = (/&) L. By substituting this choice and

"Zhou et al. [58] shows that SSNM can be faster than Katyusha in some cases. In theory, SSNM and
Katyusha achieve the same rate if we set m = n for Katyusha (both require 2 oracle calls per-iteration). In
practice, if m = n, they have similar performance (SSNM is often faster). Considering the stability and memory
requirement, Katyusha still achieves the state-of-the-art performance both theoretically and empirically.
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eliminating sequence {z, }, we recover the widely-used scheme (Constant Step scheme III in [35]):

1
Th4+1 = Yk — Evf(yk)»

_ VE
Y+l = Tht1 T NCES (Thg1 — 2k)-
Telescoping (24), we obtain the original guarantee of NAG (cf. Theorem 2.2.3 in [35]),

K
Flar) = f@) + Sl —a*|]? < (1 - ;E) (£@o) = @) + Sllz0 —"[12)

If we regard the constraints (23) as an optimization problem with a target of minimizing the rate

(1—74)T, L(Ty—Ty)
Ty, andp > SRS,

factor (1+ £)~!, the rate factor 1 — 1//k is optimal. Combining @ > L =
we have a > L7, — p. To minimize o, we fix « = L7, — p, and it can be easily verified that in this
case, the smallest rate factor is achieved when (1 + g) (1 — 7,;) = 1. Note that these arguments do

not consider variable-parameter choices and are limited to the current analysis framework only.

Denote the initial constant as CYA% £ f(20) — f(z*) + 4|20 — «*||*. This guarantee shows that
in terms of reducing ||z — 2*|| to ¢, sequences {x)} and {z;} have the same iteration complex-
. 2cNAG
ity v/k log T
complexity.

. Since {yx} is a convex combination of them, it also converges with the same

F.1 Proof of Theorem F.1

For the convex combination ¥, = 7,2 + (1- Ty> Ty, we can use the trick in Lemma 3 to obtain

flyk) — f(@") < 1;7@ (Vf(yr), zk — ye) + (Vf(yr), 26 — 2*) — %”yk — 2|2
= 1;771’ (Vf(yr)s = yi) + (VI yr), 26 = 2z41) (25)
y

Ry

* M *
+(Vf(yr), 241 — 2%) —§||Z/k — .
R2

For R;, based on the L-smoothness, we have
L
< =

F@re1) = fur) + (VF(Yr), yk — Tr41) < 5 k1 — vl

Note that y, — 41 = 75 (2K — 2k+1) + (7y — T2) (2K — k), We can arrange the above inequality as

f@rga) = Flue) + (VF(e), 7o (2 = 2640) + (7y — 7o) (2 — 21)) < g”xk-i-l - uxl,
Ry < 5o — el (f) — Flonen)) - 5 (V) - ). Q6)

For Ry, based on the optimality condition of the 3rd step in Algorithm 5, which is for any u € R¢,
(Vf(yr) + oz — 2) + (zit1 — Yi), u — 2x41) = 0,
we have (by choosing u = x*),
Ry = a(zp1 — 2, 0" — 2i41) + 1 (241 — Yky T — 2Zk41)

P2 P = llzka = 2l®) 27)

[0
= §(||Zk —2*|* = llzkg1 — 2

1
+ 5 Uy = 212 = llann = 21 = ll2wsa = wall®)-
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By upper bounding (25) using (26), (27), we can conclude that

£l) = Fa) < T2 ) on = ) + = () — Flonnn)
+5 (l =l = (14 £) Iz = 2*I?)

L « "
+ ek — well® = Sz — 2zl — Sllzer — el
27, 2 2

Re-arrange the terms,

* * ATy * H *
fes) = @) < (1= 1) (F) = F@) + SE (=P = (14 5) e —a7|?)
L 5 QTy 9 MUTx 9 (28)
+ S lzerr —wll® = == llzken — 2ell” = == 2k — well™.
2 2 2
Note that the following relation holds:
_ (1 —7)7y Tz — Ty
Tkl — Yk = Tz ((1 - (zk+1 — 2) + A7 (k1 = Yr) )

and thus if 7, > 7, based on the convexity of ||- 2 we have

L(1 — 7)707y o L1y — 7)) 9
2(1 o Ty) sz'i‘l ZkH + 2(1 — Ty) ||Z]€+1 yk“ .

Finally, suppose that the following relations hold

L
§||$k+1 — el <

Ty = Ty,
L(1—7g)Ty

we can arrange (28) as
N aTy N
F@er) = F@) + 55 (14 £ s — a2

< (1+8)7 (f@) = 1) + T (14 2) o= a7IP).

which completes the proof.
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