S1 Symmetric variance decomposition

The purpose of this section is to prove Pfop. 1 and derive §g85(35). The strategy is to use the subset-sum relationship,
eqn.@, as a debnition, derive explicit formulae for the variance terms, then prove all terms are nonnegative. In the statistic
literature this approach is referred to as functional ANO@EY|, but we present a derivation here as it may be unfamiliar to
members of the machine learning community.

Motivation. The law of total variance for two random variabl&sandY  is
V[Y]= EV[Y|X]+ VE[Y|X], (S1)

where the two terms represents the varianck diat is unexplained and explained Byrespectively. Since the variance must
be nonnegative it is possible to interpret it as an area. | . Sla, the total variance is represented by the square, which is in tt
broken up into the explained variance (red circle) and unexplained variance (area outside of the circle).

It is possible to extend this idea to several variables. An observation that is key to the interpretation is

VE[Y|X1]+ VE[Y|X2]! VE[Y|X31, X3], (S2)
i.e. the Ovariance explainedO is a superadditive function. So the decomposition for two variables could be written as
V[Y]= VE[Y|X1]+ VE[Y|Xz] + (VE[Y]|X1, Xo]" VE[Y[X1]" VE[Y]X2]) + EV[Y|Xy, Xo], (S3)

with the terms interpreted as the variance explained’bythe variance explained by,, the additional variance explained by
X7 and X, together, and the variance left unexplainedyand X,. Note that the terms are all guaranteed to be positive by

eqn. [(S2). See Fg Slb.

Several variables. Generalizing, leX = ( X3,..., Xx) be a collection of random variables. Consider a Venn diagrain of
circles, and denote the disjoint areas usifidor a vector # { 0, 1} k wherei; indicates whether the area is inside jtie circle

(see Fi ). We make use of the natural partial orderingOof} ¥, i.e. i ! j ifand onlyifi ! 7 for all .. Note the ordering
indicates the subset relation if the vectors are thought of as indicator vectors. We also use the gjofatitire standard basis
vectors, and debne the vectdts .= (X : ¢ =1).

For simplicity, assumé&” # o(X), so thatE[f(Y)|X] = f(Y) for any measurable functiofi and all the variance of is
explained byX, i.e.

VE[Y|X]= V[Y] (S4)
orVp = 0. Infact, let us writeY” = h(X). We make this assumption without loss of generality as one can otherwise consider
Xk+1 = Y " E(Y]X), ie the orthogonal complement &f under projection onto the sigma algebra generated by

Consistent with thé = 1 case, we debne
Ve, = VEIY]X]], (S5)
or more generally I
Vi = VE[YIX;]. (S6)
i<
Eqn. [S§) is exactly the subset-sum relationshipn (5).
Lemma S1. Egn. ) is sufficient to define Vi for all 1.

Proof. This lemma follows directly from the fact th)debneszk equations in terms & unknowns,V;. However, we may

get a more explicit solution for eadh: We proceed by induction oji| := R The special case of eq@) eqn.),
proves the base cadé,= 1. Assume we have debné&tifor all [i| ! m. Then fori such tha{i| = m + 1, using eqn[(S6) we
may write !
Vi + Vi = VE[Y|Xi] (S7)
ji<iFi
Noting that]j| ! mif j! iandj $ i completes the proof. O



Calculating Variances To calculate the variances terms used above for our model, we use a coupling: we introduce a copy of
the underlying random variables and take expectations under different independence assumptidhsiod its copy. The
simplest illustration of this idea is to express the variance of a random vakiab$ng an iid copy oft”, denotedy”, then debne

Y := BY +(1 " B)Y’for B %Bern1/2) independent o¥” andY’. We have

V[Y]= E[Y?]" E[Y]?= E[YY]" E[YY']= E[YY|B=1]" E[YY|B=0]. (S8)
This idea extends naturally to our setting. Re¢al h(X), thenletX := (B X1 +(1 " B1)Xq,...,BcXx +(1 " By)Xy)
for X’ an iid copy ofX andB; % Bern(1/2) iid. Debne
# $
Hi == E h(X)MX)B =i . (S9)

Thus,VE[Y|X ] = H; " Ho andEV[Y|X;]= H." H..
Theorem S1. Using H, we have the following formula for the areas. Let |i| > O, then
i .
Vi = (" D' Hj. (S10)
10 j:j<i,lif=|

Proof. We again use induction dil. The formula clearly holds fdi| = 1. Then using the induction hypothesis and @),
we see
! il ! _
H| " HO " (u 1)“|7|Hk (Sll)
Fi<ihiFi1=0 kik <j,lk|=1

Vi

= ).
=0 jj<ilil=1
O
Lemma S2. The function H is partially ordered, that is
ifand only ifix | jk forall k #{1,... k}.
Proof. DebneZ := E[Y|Xj], then
%, & %, 21 v 1 &
H" H =E zZ°" E[Z|X;]° & E Z°" E[Z7|X;] =0. (S13)
O

Theorem S2. The areas Vi are nonnegative.

Proof. The idea is similar to the proof of Lemrpa]S2, and indeed this generalize the result. First we prof@®tmillustrate
the idea with simple notation. We see
VE[Y[X1, Xo]" VE[Y[|X1]" VE[Y|XZ] (S14)
= Hy + Hoo " Hoy" Hio (
1 N . L \2
= ZE h(X1, X2) + M( X1, X2) " h(X1,X2)" h(X1,X2)
& 0.
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Figure S1: In (a) the two disjoint areas represéR{Y | X], the variance ot” explained byX, andEV[Y| X], the variance ot
unexplained byX . For simplicity, we assume that in (b) and (c) there is no variance that is not explainéddaythat the area
outside of the circles is zero.

For the general case, Iband debne
F(Xi) = Ex, [h(X)IXi], (S15)
that is, marginalize over al; such that; = 0. Then note foj ! i that
Hi = ER(X},Xi_j, X1-)h(Xj, X, X1.1) = EBX;, Xi)B(X, Xij). (S16)
Now using Theorer@l, we see
i
Vi = (" DIERC XA, X ) (S17)

10 j:j<i[j]=1
L)

!
= iE* ﬁ(Xj,X.i,j)i

200
IBES
& 0.

Examples fork = 2 and k = 3 used in the main text. See Fig S1b. Fok = 2, we have:

Vo1 = Hio" Hoo
Vio = Ho1" Hoo
Vii= Hin" Hor" Hio+ Hoo.



See Fi@c. Fot = 3, we have:

Voor = Hoor " Hooo

Vowo = Hoio " Hooo

Vioo = Hioo " Hooo

Voir = Hoir " Hoo1 " Hoio + Hooo (S18)
Vior = Hion " Hoor " Hioo + Hooo

V1o = Hi10" Howo " Hioo + Hooo

Viin = Hiin " Hour " Hion" Hizo+ Hoor + Howo + Hioo " Hooo-

Ensemble and bagging formulas. To obtain these results, we brst calculate Eheterms associated with the averaged
predictor. Specibcally, debe:= {P1,..., P}, X = {X1,..., Xk}, e = {e1,..., e}, and

1 !

Y = ——
kp kp

G (x), (S19)
ij
where the indices denote iid samples. We consider the variance decompositionithf respect taP, X, ande. Note, we could
instead use the notation
kp kp
P, X, g), (S20)
i=1 j=1

Y =¢(P X,¢e) =

kp kp

to make explicit the dependence on each of the random variables.

Clearly,EQ(P, X, ¢) = &(P1, X1,€1), S0 the predictors have the same bias. Now, we calculat& thasing superscripts to
denote the ensemble and bagging sizes. First,

HSOPOKD = E@(Pa X7 5)9(P7 Xa é') = H&&O . (821)
Next, we see

HEEKP = EQ(P, X, e)6(P, X, 9
1 r ko ke ko

= 2z E@(B,Xjﬁj)@(ﬂuxj’,?w)
P™ j=1 j=1i/=1 /=1
1 ! . 1 ! .
= T3 E@(R7XJ75])9(R7X]’7€]')+ 72 1.2 E@(R7XJ75])E9(R’7X]’78]’)
kP kD i ! kP kD iFi’ g’
Hll n Hll
- 100k 000 + H&&o (822)
P
Similarly, to above we bnd
kokp - Hoto " Hodo , 11
Hyfg © = s + Hogo » (S23)
Hll " Hll
H|0(631|(D - OOlkD 000 + H(:)Léb’ (824)
and 11 11
Hyy " H,
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The other terms are more complex, but the idea is the same. We bnd

- 1 ke ko ke ko
HIJI.BD: 7.2 1.2 E@(Pla)gvgj)g(ﬂ’vxj’aé]')

2
ki ki i=1 j=1i/=1j’'=1
1! o
P™D P D iZi’
1 ! 1 !
+ 7.2 1.2 E@(PI7*)Q7€J)9(37XJ'aé]’)+ 72 1.2 Eg(PlaX]aEJ)g(PI’,XJ'aé]’) (827)
PP i j7j PPD izirj7j
" " e i , Hio" M , Ml Hih ,
ko kp kp ko 000~
(S28)

Similarly, we have

11w il w il 11 11w 11 11w 11
Fkpko = Hig, " Hopr " Higo + Hogo + Hap " Hogo + Higo " Hogo + gl (S29)
01 = 000
kp kp kp kp
and 11 11 11 11 11 11 11 11
I7kpkD = Hiy " Hopp 100 + Hogo + Hpiy 000 Higo " Hpgo + U (S30)
111 = 000-
kp kp kp kp

Finally, substituting the expressions for thes into eqn.) and simplifying completes the derivation.
To bnd the optimal ratio, we write the test error as
Ww o W + E+ Vxi + Ve x + Vi + Vexi

ke ko kb kp kekp  kpkp  kekp

and substitutép = K/kp, whereK is a bxed constant. Then differentiating e{®381)with respect tdkp and solving for the
stationary point yields eqr. (B5).

(S31)

S2 Model Debnitions for the Full Neural Tangent Kernel

For clarity of presentation, in the main text we focused on a linear teacher and a simple unstructured random feature model. Tt
model can also be viewed as a degeneration of the Neural Tangent Kernel (NTK) of a single-hidden-layer neural network und
which the prst-layer weights are held at their randomly-initialized values and only the second-layer weights are optimized. Ot
analysis and results actually extend to the full NTK, where all weights are optimized, and to a wide nonlinear teacher neur:
network. The results in the main text are special cases of the more general results we present here.

S2.1 Data distribution

Following [24], we consider the task of learning an unknown function frenmdependent samplég;, i) # R"°' R, ¢! m,
where the datapoints are standard Gaussiafp N (0, I,,), and the labels are generated by a %diagle—hidden—layer neural
network: ( (
yilxi,!w%wor(! Xi/* To)/* o+ e (S32)
The teacherOs activation functignis applied coordinate-wise, and its paramete#$ R"**"o andw # R*" are matrices
whose entries are independently sampled once for all datafr¢d1). We also allow for independent label noisg,%
N (0, 0?). In this case, the test loss for a predictive functjpmecomes,

Ewor(t x/ )/ T e gix)2. (533)

5We assume the width: — oo, but the rate is not important.




Recall that in our high-dimensional asymptotics the limiting ratipgm ) ¢ andng/ny ) « are constant. As we will discuss

in Sec , in this regime only linear functions of the data can be learned, a bnding that is consistent with observations ma
in [38[23]. When the teacher width; ) * , a precise decomposition of the teacher emerges that neatly captures its learning
and unlearnable components. Specibcally, if we debne,

Gri=( EU?(Q)){ and 7 = Eo(g)?, (S34)
then there is an equivalent linear teacher plus noise with signal-to-noise ratio given by,
SNR= ¢/ 1" G+ of (S35)

We often make this equivalence to a linear teacher explicit by settiog = = (which impliesn; = {; = 1) and explicitly
adding label noise? = 1 /SNR This procedure also removes the noise from the test label, but since this noise merely
contributes an additive shift to the test loss, removing it does not change any of our conclusions.

S2.2 NTK Regression

We consider predictive functionsdebned by approximatéd, random feature) kernel ridge regression using the NTK of a
single-hidden-layer neural network of width with entry-wise activation function, debned by,

No(x) = Wao(wix/ 7o)/ 7z, (S36)

for initial ny ' ne andl' n, weight matrices with iid entrie§1]; % N (O, 1E|and[W2]i % N(07O'5v2).

The NTK can be considered a kernf€lthat is approximated by random features corresponding to the Jacélufihe
networkOs output with respect to its parametersk (x1,X») = J(x1)J(x2) ". The Jacobian itself naturally decomposes into
the Jacobian with respect W; andW5, i.e. J(X) =[ ONo(x)/0W1, ONo(X)/OW>] = [ J1(X), J2(X)]. Therefore the kerndk’
also decomposes this way, and we can write.

K(X1,X2) = Ji(X1)Ji(X2) " + Ja(X1)Jo(X2) ' =1 K1(X1,X2) + Ka(X1,X2). (S37)

As the width of the network becomes very large (compared to all other relevant scales in the system), the approximate NT
converges to a constant kernel determined by the networkOs initial parameters and describes the trajectory of the netwo
output under gradient desc@ﬂn this work, we focus on the predictive function debned by the solution to this kernel regression
problem,

9(x) = No(x)+ (Y " No(X))K 'Ky (S38)

for K := K(X,X)+ ~vIn, Kx = K(X,X), andy is a ridge regularization constant. A simple calculation yields the per-layer
constituent kernels,

X'X | (F") " diag(W2)2F’

no ni

Ki(X1,X2) = and (S39)
1

Kz(Xj_,Xz) = ;FTF, (840)
1

where we have introduced the abbreviatidhs= a(WlX/( ng) andF’ = a’(WlX/( no). Notice that whenf\z,\,2 ) 0,
K = K, i.e the NTK degenerates into the standard random features kernel of the main text.

5Any non-zerom%1 can be absorbed into a redepnitioryof
"If the width is not asymptotically larger than the dataset size, the kernel system may not accurately describe the late-time predictions |
the neural network.



Centering The predictive functiorfS38)contains an offselNo(x) which would typically be set to zero in standard random

feature kernel regression because it simply increases the variance of test predictions. Removing this variance component has
analogous operation in neural network training: either the function value at initialization can be subtracted throughout training
or a symmetrization trick can b% used in which two copies of the neural network are initialized identically, and their normalized

differenceN , N®@ " N® /* 2is trained with gradient descent. Either method preserves the kradiile enforcing
Np , 0. We call this procedureentering, and present results with and without it.

Finally, we note that ridge regularization in the kernel perspective corresponds to using L2 regularization of the neural network(
weights toward their initial values.

S2.3 Exact Asymptotics for the Fine-Grained Variance Decomposition of the NTK

Here we state a generalization of the results from. 3.1 to the NTK. As discussed above, the results for random feature ker
regression follow by settingyw, = 0. The proofs are presented in the subsequent sections.

High-dimensional asymptotics. We consider the limiting behavior of tracial expressions as the dimensions in our model
diverge to inbnity as their ratios are held bxed accordingand. The tracial expressions are random variables that converge
in probability to deterministic constants, which are specibed as the solution to a coupled equation dePned below.

Lemma S3. Let g % N (0, 1) and define,
(:=(Ed'(9))?, n:=Eo(g)®, and 7 = Ed'(g)*. (S41)

Then, in the high-dimensional asymptotics defined above, the limits of the traces T1() = %Etr( K™Y and (v) =
%E tr( %X T X K1) converge in probability to the unique solutions to the coupled polynomial equations,

0= ¢((rom+ ¢(r2" T))+ (rimap (v " 1)+ (oo, (((n2" T) ¥+ Tgn' + @) (S42)
0=CrEn (" o, + (nma(yn" 1" (" 1) ¢ (((n" m)+ nm) . (S43)
such that 71,7 # C* forv# C*.
Corollary S1. LemmalI|follows from Lemma[S3]by setting ow, = 0.

Theorem S3. Let 11 and 7> be defined as in Lemmal[S3| Then the asymptotic bias and variance terms of eqns. (9)-(15) for the
NTK are given by,

B =13/t Vex =" mp/mi" B" Ve " Vx + vI2/(ym)?
Vo = 1p/m1" B" 2szz/T{ ) Ver =0 i (S44)
Vx = ¢B(m1" m2)°/(ri" d(m" 72)°) Vxi1 = ofVx /B
Vi=0 Vex1 = o?(" m /" )" ki,
where - .
Ty = 0,7 o+ (og,(" O+ N+ ow,im (S45)

7! is the derivative of 7y with respect to ~y, and v = 0 with centering and v = 1 without it.

Corollary S2. Theorem|I|follows from Theorem[S3|by setting ow,, = 0.

S2.4 Discussion of Results for the NTK

We brieRy highlight some results for the full version of Theo@l S3 that are distinct from the special case ﬂ}eorem 1. Not
that since the model in eqf638)corresponds to the full NTK, the model hag(no + 1) parameters. Thus, = m does not

occur at the interpolation threshold but instead represents a signibcantly overparameterized model. Previous work has fot
nonmonotonic behavior in the test loss for the model in )at both the interpolation threshold and when= m [24].
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Figure S2: We replicate F@ 1 from the main text but using the NTK. As before wesé&, ¢ =1 /16 ando = tanh with

SNR = 100, and we use centering. Recall that the number of trainable parameters for the Nifkdst 1), son; = m

no longer corresponds to the interpolation threshold but represents very overparameterized models. Despite this we still b
nonmonotonic behavior in many of the variance terms. Specibéallylrx , andVpx, are all nonmonotonic and have a peak
slightly beforen; = m. In the semi-classical decomposition (a), these nonmonotonicities would again cause the bias to be
nonmonotonic. Similar ambiguities to the random feature case occur for the NTK in (b) and (c). (d) shows the two variable
decomposition and (e) the three variable decomposition. As irﬂ:ig. 1 the teremsdVp, are zero.

Sincen; = m is far beyond the interpolation threshold, this second occurrence of nonmonotonicity is qualitatively different
than double descent behavior. Our variance decomposition sheds light on the source of this second occurrence of nonmonotc
behavior (see Fif. $2).

We Pnd that none of the variance terms are divergent, but the sources of the nonmonotonigitylare , andVp x, . Curiously,
bagging this predictive function for a large number of dataset samples would remove all other sources of varian&g except
This would have the effect of highlighting the nonmonotonicity in the total variance.

S3 Gaussian Equivalents
Here we review the analysis froig4] for computing the test loss in our high-dimensional asymptotic limit. In the next sections,
we extend this procedure to compute the constituent bias and variance terms.

As a brst step, we exploit some simplibcations that happen in our asymptotic limit that allow us to make the following
replacements without changing any of the variance terms or the bias:

ol ¢
K1) ofp, (" QIn + = XTX (S46)
/I
0o___
Fy Swix+ nmens (s47)
;o /
v) Soaix+ TS sE (S48)
/ ntno nt
va 0o_
£ Swaxe o n e (S49)
;o /I
y) Swix+ TS (S50)
ntno ny



wheref := o(Wlx/( no) is the random feature representation of the test poemdy = wo(! x/( V”To)/( ny is its label.

The new objects ¢, " v, 6, andfy are matrices of the appropriate shapes with iid standard Gaussian entries. The constants
n',n, and¢ (see eq(S47), as well as); and(; (see eqn] (S34)) are chosen so that the mixed moments up to second order are
the same for the original and linearized versions.

To give some intuition on these substitutions, many of the statistics of random matrices are universal, that is, their limiting
behavior as the matrix gets larger is insensitive to the detailed properties of their entriesO distributions. Considerable wc
has gone into demonstrating universality for an increasingly large class of random matrices and a growing number of detaile
statistics. In our case, the test loss is a global measurement of several random matrices. This perspective gives some intuition
why we are able to replace many of the intractable terms in the expressions we analyze with tractable terms, which only need
match quite superbcial properties of the distributions to ensure the limiting test loss is the same.

In Secy. Sp ar[d $5, we use this replacement strategy in two distinct situations. The Prst is for terms of the form
|

tr( AB) = Aij Bji , (S51)
i

for deterministicA and randomB. Under assumptions aA and B, standard concentration inequalities can be used to describe
the limiting behavior of sums like eq) In our setting, one bnds that this behavior only depends on the the low-order
moments ofB. By matching these low-order moments with Gaussian random variables, we can ®plaitea Gaussian
random matrix with the same limiting behavior. Note, oftés not actually deterministic, we are simply conditioning on it and
only considering the randomnessBh The approach is suitable for determining the average behavior of@gf)when we
have control over the (weak) correlations in the entried ahd B. Linearizing the matriced andB in this setting is just a
convenient bookkeeping device for performing these computations.

When one of the matrices in e@)is inverted, the situation is more complex, and indeed this is the case for the kernel
matrix K in expressions for the training and test loss. As24|[to apply the linear pencil algorithn89,|40], we must brst
replace the kernels in all expressions with linearized versions (using &f-(S50), yielding a rational expression of the
i.i.d. Gaussian matricesy, W1, etc.

It should be expected that a linearized versiod'ofill lead to the same asymptotic statistics due to some very general results
on the limiting behavior of expressions of the form,
1 2
1

tr A———
Bll ZI )

(S52)

where A is symmetric andt # C*. The resolvent matrixB " z)~! is intimately related to the spectral propertiesif
Recently, isotropic results for quite generhhave been developed for matrices with correlated entries, which show that under
certain assumptions the limiting behavior of e852)depends only on the low-order momentsif Specibcally, the limiting
behavior of eqn(S52)is described by the matrix Dyson equation in many cases. For a summary of these results and relate
topics see e.g. [41].

Finding Gaussian equivalents fdrand B in expressions like eqn$§S51)and (S52)is relatively simple in our case. We
encounter terms for which the matriX depends on some other random madrixhrough a coordinate-wise nonlinear function
f(C). For such cases, Taylor expanding the functfas the key tool to Pnding these equivalents (see [28).fpr more details
on this type of approach).

S4 Exact asymptotics for the training loss

S4.1 Decomposition of terms
The modelOs predictions on the training §X;), take a simple form,

(X)) = No(X)+(Y" No(X)K1K(X,X) (S53)



=YY" Y No(X)K~ L. (S54)

The training loss can be written as,

Erain = EE(X,Y Yo (Y eaONY " (X)) T (S55)
2 = .
= “Ep)tr (V" No(X) (V" No(X)) K2 (S56)
=T+ V15, (857)
wherer = 0 with centering and’ = 1 without it and,
— ’Yz T -2
= LEt(YYK™?) (S58)
m
— ’Yz T -2
Ty = —tr( No(X) ' No(X)K™9). (S59)
m

We have suppressed the terms linealgsince they vanish owing to the linear dependence on the symmetric random variable
W>,. The Neural Tangent Kerné{ = K (X, X) + ~vIy and is given by,
3

<XTX4 FTF
K=og, " QIn+ +

no ni

Note thatNo(X) " No(X) = 0%, /n1 FT F, so eqn[(S60) gives,

+ v . (S60)

%, - . & XTX
No(X) No(X) = B, K" oy, ofy, " ¢ o, S (s61)

Next we recall the substituti)(as mentioned above, without loss of generality we special to the case of a linear teacher),

Y) W X+E, (S62)

ntno

and consider the leading order behavior with respect to the random varigblesndW, using eqn/(S51) to bnd

1
Y'Yy = n—OXTX + 02l . (S63)

Putting these pieces together, we can writerfor 71 () andm = (),

T1=" (ol + 79) (S64)
T = agy,7* m+ (o, " O+ N+ o, (5 (S65)
where,
1 -1 1 1.+ -1
mn=—t(K), and = —tr(—X XK77). (S66)
m m no

Self-consistent equations fef andr, can be computed using the resolvent method, as was do28]ifof the case of
ow, = 0. In order to pave the way for the analysis of the test error, we instead demonstrate how to compute these traces usi
operator-valued free probability.

Remark 2. In the remainder of this section, and in Sec. we assume at times that o is non-linear (so that ' > ( andn > ()
and/or v > Qin order that certain denominator factors are non-zero. The linear and/or ridgeless cases can be obtained by
limits of our general results, or through special cases of the pertinent intermediate formulas.
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S4.2 Linear pencils

To begin, we construct linear pencils farandr,. Specibcally, straightforward block-matrix inversion conbrms that

=t Qr'lu1) and 7 =tr([ Q1 '1z4) . (S67)
where, )
Im v+ oy, (1" Q) o - S
Or = g ( "X In, 0 0 é (S68)
0 0 VW, V%l
Vo0& Vio&
The matrix@+ is not self-adjoint, but a self-adjoint representation can be obtained from it by doubling the dimensionality. In
particular, letting 1 2
(g = 0 QTT (S69)
T QT 0 )
we have,
=t @r'ls), and tr((@r'ae) . (S70)

Observe tha@r is a self-adjoint matrix whose blocks are either constants or proportional to §ade of ', Wi, W, " ¢," L };
let us denote the constant termszasAs such, we can directly utilize the results|of [31! 40] to compute the necessary traces.

S4.3 Operator-valued Stieltjes transform

The traces can be extracted from the operator-valued Stieltjes tranSforbfiy (C)* ) My(C)*, which is a solution of the
equation,
ZG = I+ n(Q)G, (S71)

whered is the number of blocks; : My(C) ) My4(C) debned by
!
[n(D)]I] = O—(i7 k’ l,j)Oéka| ) (872)
Kl

whereay is dimensionality of thé:th block ando (4, k; [, k) denotes the covariance between the entries of the bigdiieck of
@ and entries of thé! block of @. Eqn.(S71)may admit many solutions, but there is a unique solution sucHrh@t- 0 for
ImZ - 0.

The constant¢/, the entries ofr, and therefore the equatio{§73)are manifest by inspection of the block matrix representation
for @7 . Although the matrix representation of the equations is too large to reproduce here, we can nevertheless extract tl
equations satisbed by each entryCof

The equations satisbed by the operator-valued Stieltjes transfafi®; induce the following structure of,
2

1
_ 0 Gup
G= G, 0 (S73)
where, ) +
7 0 0 O
— § 0 g3 0 T2 6
G = 0 0 g O (S74)
0 g6 0 gs
and the independent entry-wise component functipns; andr, satisfy the following system of polynomial equations,
0_ _
0= Coev" C9394( no (S75)
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@/} " gam (S76)

0— G gs" gemi + ( no® (S77)

C9495 " ge-CTlU\%\/2 +¢ (S78)
0= <951/J+ ( o ¢" Cgars (S79)
0=¢" ga my(n" QO+ (2 + ¢ (S80)
0= 69472 " g3 C(Tlffw +¢ + ¢ (S81)
0= ( €95711/1 L nom CTNW2 6 ¢ (S82)
0= 770_(;5" 93 (riogy, + ¢ " C{Jeﬁw ) 0 (S83)
0= 1" 1 v+ gu(n” Q)+ o, M+ Cgs" 1" (gemih. (S84)

It is straightforward algebra to eliminatg, g4, g5 andge from the above equations. A simple set of equationgf@andr,
follows,

0= ¢((rom+ ¢(r2" )+ (mimatp (v " 1)+ (oo, (((n2" ) ¥+ Tyn' + @) (S85)
0=(rim (" n)ogy, + (nr2(yn" )" (2" 1) ¢({ (2" 7))+ nr) (S86)

Although these equations admit multiple solutions, the general resulBdj¢(] guarantee that the correct root is given by the
unique solutionsy, > : C* ) C* which are analytic in the upper half-plane.

It will prove useful to obtain expressions fef(y) and7;(7). By differentiating eqns| (S85) ar{d (86) with respect tve Pnd
. 33y &

, . - : S87
n Y#f C27"z+12+¢CT2+71 (2 2m+3 +1 + (22 m+1 298" 1 (587
. (7§ wrl(C" n" <¢2+z+12
Ty = , (S88)
Y (L 2+ § Chatn (R 2m+3 +1 + (@R mtl2¢B" 1
where we have introduced some auxiliary variables to ease the presentation,
A= 0g,(nt ¢ and mH="1+7n/n. (S89)
S5 Exact asymptotics for the test loss
S5.1 Decomposition of terms
The test loss can be written as,
Eest= E(x,y)(ylI g(x))z =FE 1+ K+ Ej (S90)
with
By = Eqx) tr(y()y(x) ) + Eqx1) tr( No(x) No(x) ") (S91)
Ep =" 2B 1) tr( K K1Y Ty(x)) " 2By tr( K K1 No(X) " No(x)) (S92)
B3 = Ey (K K'Y TYK Ky )+ Eguy tr( K, K No(X) T No(X) K1 Ky), (S93)

where we have suppressed the terms linea¥grsince they vanish owing to the linear dependence on the symmetric random
variablel,. The Neural Tangent Kernels = K(X, X) andKyx = K(X,Xx) are given by,
3 CXTX4 FF g ¢ 1
K=o, (" QIn+ + +yIn and Ky= Y22xTx+ —F'f. (S94)
no nq no ni

12



Remark 3. In eqn. (S48) we argued that the leading order behavior (all that is relevant for the test loss) of K1 is relatively
simple, leading to the expression for K in eqn. (S94) Implicitly this requires that f $ (, and similarly, in many of the
expressions denominators are assumed to be nonzero. We handle degenerate expressions of this kind as special cases, but avoid
details here to streamline the presentation.

Using the cyclicity and linearity of the trace, the expectation avezquires the computation of

ExEx ISy, Exy(OK[,  Exy(y(x)T,  ExNo(OK;, and ExNo()No(x)".  (S95)
As described in Sef. $3, without loss of generality we can consider the case of a linear teacher;se that 1 and (S50)
and|[(S49) become
. ( & 0 1 1 ) ( ¢ 0o__
y) y"" = (jwl X + Nt " CT(toJHy = (jw' X and f) f“n S (tW]_X + 77" Caf . (896)
nonT TLT non‘r ’I”LQ

Using these substitutions, the expectations avare now trivial and we readily bnd,

od, (2 02, (312 1 - ¢ .
ExEy K = 22 XTX+ o (XTW]F+ FTWiX)+ SFT =WiW) +(n" O, F (S97)
no ng N1 ni 1o
& C c
E K] =Y I X + ! W' F S98
x Y(X) Ky mw M(CTTW 1 (S98)
1
Exy(X)y(x)" = - wh Twl (S99)
T
2 3/2 -
T - O-WQC 1 C T " '
ExNo(X) K, = —5¢—WoWiX + W = WiWy +(n" Qln, F (S100)
ng - Ny ny no
Ex tr( No(x)No(x) ") = 0y, (S101)

One may interpret the substitutions in e@96)as a tool to calculate the expectations above to leading order as it leads to terms

like egn.[(S51). Next we recall the substitutipn ($62),

Y) —wl X+E. (5102)
nonr

As above, we consider the leading order behavior with respect to the random vatiablesndV, using eqn[(S51) to bnd

E . vy n—loXTX+ oI (S103)
E v e, VTEW) KT = U\EZZQCXTX+ S(/f XTW,F (S104)
0 ng M
B, o ()T No () X2 U:V‘izFTF (S105)
Ew, (y?\fo(X)TExNo(x)KxT&: %FTW1X+ ‘iV;?FT'éwlwf +(n" OI, F. (S106)
ng M 1
F) F'n= %W1X+ 0 n" e, (S107)
we can write,
((TCOFTW1X+ ((TfoXTWfF = F'F+ n%XTWJWlX "t O R E. (S108)
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Putting these pieces together, we have

Ei=1+ vog, n (S109)
E; = En + vk (S110)
E3= E31 + E3p + vE33, (S111)
wherer = 0 with centering and’ = 1 without it,
1, 2
1
Fop = " Etr ZUW§<XK‘1XT+ —— FK7'FT+ < WiXK1xTw " UMY Y (S112)
n noni n0n1 nong 5
2 2 2 3/2 n
Eyp =" %Etr 9 3§2 K_J'FTW]_X"’ LK_]'FTW]_WFF"' LCK—lFTF (8113)
ni ng noni ny
Es1 = o2Etr K #3K~ 1 (S114)
1_ - .
Fsp= —Etr XK MK 1xT (S115)
no
CT\ZN B 1 17"
Ea3 = —2Etr FK '#;K'FT | (S116)
ni
and,
2 " 2 n
o= Ty Wl 0" Gy G pry g py W ey e TS0 D s117)

S5.2 Linear pencils

Repeated application of the Schur complement formula for block matrix inversion establishes the following representations fc
E2, Ep, E3, E32, Ess.

S5.2.1 Exn
A linear pencil forE,; follows from the representation,
Eo1 = tr( U31Q51 V1) (S118)
where, .
2"l o #i " (
U= o "2 we g g g 8D g g 000" 0 o0 (S119)
' No No No
VA= 00 0" 00000 0000 (S120)
and, ) +
Qi 0 0
*
Qun=" 0 Q% Q% (S121)
0 0 53
with,
- 5 . . 0% T#‘ZN VI T N _l_+
Im 'Y+ UW2 (77 C) No 2 ni £ \/Wnl
_ "X 1 0 0 E
2= G e (S122)
n" ¢ F Vo In, 0
0 0 "W In,
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) T : +
" = ™ T
I ’Y"‘ UW2 "¢ 0 n0w2 s :/[%nl
"o v VW,
22 _ I " AcvE 0 0
21 = 0 In, 0 0
e 0t ,
) O+ 0 "Wy In,
" 0 o0 0 0
VW
0 00 e O
23 = 0 0 0 0
0 0 0 0
0 0 0 0 ¢]
In, 00 0 0
)--( T T ) 2 ruomy s p o X H WXT+
n" ¢"g Inm ’Y"(' Ow, " Q) n. \9"9W Vhon1
ggzg 0 T (e I,  "Yg 0
0 "X 0 In, o
na Wy 0 A 0 In,
S5.2.2 Ey»
A linear pencil forE,, follows from the representation,
Eop = tr( UppQys Vaz)
where,
1 , ) 2
ulL,= 0 23/ gy # (n;/(jn )N a#G,) 0 X —$:]| mf 9 0 o
1
Vp,=(0 0 0 0 0 "mly, O
and,
I'ng 0 —X 0 0 0 o ¥
JgW
—W, lny 0 0 ‘@ffag; 0 0
T 52
¢x nOWQ 0 l'nL((+#\2/V2($/7")) 0 0 \/ﬁeg \/\/%(:1
Q0 = 0 0 —VE g by o3 0 0
W-
0 —%T 0 “W 0 0
- 0 —VE— g 0 0 Ly 0o
0 0 0 0 0 W, I,
S5.2.3 E3;

A linear pencil forE3; follows from the representation,

Egy = tr( U3y Q31 Var)

where,

Ull= mo?l, 0 0 0 0 00 O, V& =(0 000 01y O 0
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(S124)

(S125)

(S126)

(S127)

(S128)

(S129)

(S130)

(S131)



and, forg = -no(C )" Cnlax%vg.’

) +
oy X ety vi—cel T ExToy, Vi=ceLs Ts
L ((+ #3, (8 =")) g T8 Y2 — "2 2 0 Tnff g/xzn%
—X I o 0 0 0 0 0 0
0 VW Cvi—Copad, cw
—VET g —LM o, 0 0 2 0 o
- cwy o,
Qa1 = 0 0 W 0, 0 0 —a (S132)
0 0 0 0 lng —X 0
¢xTo? " vn—coe L T
0 0 0 0 Sz (8, (8-")) YR f%‘nl
0 0 - S Iy '
0 0 0 0 -w," I'ng
S5.2.4 E3
A linear pencil forE3, follows from the representation,
_ T H—1
Ezp =tr( UspQ3z; Vaz) (S133)
where, . (
uvL,=(0 I,, 000 0000, V&= 000000 0 0" Yl (S134)
32 — No ) 32 Va
and, forB= no(¢" m)" (niogy,
T, 2 24T 4 T +
" ¢X 9y, vi—ceyp T X ow Vi—CO LB
|,,,L((+#‘2/V2($/_ ) o 2 nnl ja \/\/%(m —z 2 0 T"%F 0
—X lng O 0 0 0 0 0 0
vew,"
—X 0 lng 0 0 0 0 e 0
CVn—COpo}
= & o -YXmo o, 0 0 R R Ak 0 0
- 2
Q32 = 0 0 0 W 1, 0 0 W <nn—1<+ 4%2) 0 (S135)
0 0 0 0 0 I'ng —X 0 0
¢x oy, . va=ceT, T
0 0 0 0 0 2 L+ #5,(8'-") K X
0 0 0 - —F= Ly 0o
0 0 0 0 0 -w," Ino
S5.2.5 Fs3
A linear pencil forE33 follows from the representation,
_ T H—1
Eg3 =tr( Us3Qg3 Va3) , (S136)
where,
U= 0 Inla\%,2 000O0O0OOOT OO (S137)
Vas=( 0 0 0 00O OO0 O0"mly 0) (5138)
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and, forg = -no(C )" Cnlagvgl’

) +
¢x T o2 vn=coeT. T 2xTof —ol
2 " W n—CO VX w. Vn—CO .3
lm((+#w2 ($/_ )) 0 0 no : ny - Viont n2 ? 0 'rL()n%F 0 0
_ETT _VEwy
V3 R lny TO 0 0 0 0 0 0 0 0
—X 0 g 0 0 0 0 0 0 0 0
vew,"
—X 0 0 I'ng 0 0 0 0 WT;I 0 0
Vi—COpal
—VE p o o Xy, 0 0 BRI il 4 0 0 0
= 2
Q33 = - o <ol
0 0 0 0 -W, I'ng 0 0 W,y (”m“ noz) 0 0
0 0 0 0 0 0 I'ng —X 0 0 0
x oy, vi—ceT, T
2 2 /_n 7 F V<X
0 0 0 0 0 0 - L (C+#3,(37-")) 0 o .
VW -
0 0 0 0 0 0 - N Iy 0 0
0 0o o0 0 0 0 . —VE— R 0 Loy o’
0 0 0 0 0 0 0 0 0 —-w," [
(S139)

S5.3 Operator-valued Stieltjes transform

Even though the individual error terni$ , E22, F31, E32, F33 can be written as the trace of self-adjoint matrices, the individual
() matrices are not themselves self-adjoint. However, by enlarging the dimensionality by a factor of two, equivalent self-adjoin
representations can easily be constructed. To do so, we simply utilize the identity,

T - @7 1T oy 0 QT 35U
vltQqv=9'@¢, U' V O 0 v (S140)
Observe that,1, @.,,, @31, @3, and@z; are all self-adjoint block matrices whose blocks are either constants or proportional to
oneof{ X, X ", Wi, W, ," ¢," L}, letus denote the constant termsZasAs such, we can directly utilize the results[8iL]40]

to compute the error terms in question.

For each linear pencil, the corresponding error term can be extracted from the operator-valued Stieltjes ttanfiyfe)* )
My4(C)*, which is a solution of the equation,

ZG = Iy+ n(G)G, (S141)
whered is the number of blocks; : My(C) ) My4(C) debned by
!
D)y = o(i, kil j)ax D, (S142)

ki

whereoy is dimensionality of théith block ands (4, k; 1, k) denotes the covariance between the entries ofjthdock of @
and entries of thé! block of @. Eqn.(S141)may admit many solutions, but there is a unique solution suchrti@t- 0 for
ImZ - 0.

The constantg, the entries ofr, and therefore the equatio{8142)are manifest by inspection of the block matrix representations
for Q. Although the matrix representations are too large to reproduce here, we can nevertheless extract the equations satisbec
each entry of7, which we present in the subsequent sections.

S5.3.1 Exn
The equations satisped by the operator-valued Stieltjes trangf@fé,; induce the following structure o,
_ 0 Gn
G= G, 0 (S143)
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where,

) gs O 0 0O 0 0O O 0 O 0 O O 0 0"
0 ¢ 0 ¢ 0 0O O O O O O O O O
0 0 g9 0O O O O 0 0O 0 0 O 0 0
0 go 0 g0 0 O O 0 0O 0 O o 0 0
0O 0 O 0 gg 0 O O 0O O 0 O 0O O
0 0 0 0 0 g1 0 gs 0 ga 0 g7 0 0
Gy = 0O 0 O 0 0 0 g 0 g 0 0 O 0 0
28 0 0 0 0O 0 O O gy O ggo O 0O 0O O08@°
0O O 0 0 O O0 g2 0 g0 O O O 0 0
0 0 0 0 0 O 0 0 0 g1 O 0 0 0
0 0 0 0 0 O 0 0 0 O0gs O 0 0
0O 0 O 0O 0 0O O 0 0 g2 0 g1 O 0
0O 0 0 0 00 0O O O 0 O 0 g9 gs°
0O 0 O 0O 0 0 O 0 0 0 0 0 gi2 g0

and the independent entry-wise component functipreombine to produce the errér,; through the relation,
= 9" Q) 2 (oo Madiv, g2

no P no ’
and themselves satisfy the following system of polynomial equations,

B>

0=1—-g
0= v/Cgogi1v/no — gi2¥
0= v/Cgegi1v/n0 — g0 + ¥
0= gr(n — ¢) + vV/Cgeg11v/no
0= gsgrinov/n — ¢ — g3d (v + oiw, (n' = ¢))
0= —/Cgsgov) — gov/nod (v + o, (n' =€)
0= —/Cgsgiath — (910 — 1) /oo (v + Ty (n =9)
0 = gov/nod (v + i, (1 — €)) + g8 (v/Cg109 + Cg6v/nooiy, )
0= gsgnv(n —¢) — ¢(gsv/n — ¢ — VCgegr1v/no) (o, (C — 1) — )
0= (go — 1)vnood (v + o, (n" = €)) + 95 (v/Cg12¢ + Cgov/nooi, )
0= g1gsnov/n — ¢+ g3 (9s¥(¢ — ) + ¢(v/Cgov/no — 1) (v + o, (n' = €)))
0 = V/Cg1091vn06 (i, (C = 0') =) + G129 (v¢ + o, (— (6 + ' + Cgs))
0=g11(gs9(¢ =) + &(v/Cgov/mo — 1) (v + o, (0" = €))) + b (v + o, (" = €))
0 = g11n0(gs9(n — €) + V/Cg6v/nod (i, (C = 1) = 7)) — 92900 (7 + i, (' = €))
0= got (Yo + i, (6(n" — ¢) + Cgs)) — (v Cg6g11v/m0 + ) (v + o, (1 = €))
0=gs(—VCgr29 = vno (v + 911(n — ) + o, (0" + (90 — 1)))) + Vo (v + o, (n' — €))
0 = V/Cg196v/m06(ai, (C—1') =) — 97(C =) (9s0(¢ =) + (v/Cgsv/mo — 1) (v + i, (' = €)))
0= gino (g8 (n — ¢) + v/Cgsv/nod (o, (C — ') — ) + 929 (gs%(C — n)
+6(V/Cgov/no — 1) (v + i, (n' = )))
0=g1(gs%(n — ¢) + V/Cgov/nod (o, (C = ') = 7)) + g5v/n — {(gsvo(n — ¢)
—6(v/Cgsv/na —1) (v + i, (' = €)))
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(S144)

(S145)

(S146a)
(S146b)
(S146¢)
(S146d)
(S146€)
(S146f)
(S146g9)
(S146h)
(S146i)
(S146j)
(S146K)
(S146l)

(S146m)

(S146n)
(S1460)
(S146p)
(S146q)

(S146r)

(S146s)



0 = no( — Cgsgst/n — C +ngsgso/n — ¢+ gsvo(C — n) (g7(C — 1) — 1)
+VCg6v/mod(g7(¢ —n) + g1) (v + o, (" = €))) + 9490 (¢ — 1) (v + o, (0" = €))
0 = vnov/n — C(g19sv/nov(n — €) + v/ Ca196n0 (v + aiv, (1" — €)) — V/Co296v0 (v + v, (' — €)))
+ gs¥(¢ — ) (9s¥(n — Q) + VCgs Voo (o, (C—1') — 7)) + gavo(—8)(n — O)*/* (v + o, (' = <)) -

(S146t)

(S146u)

After some straightforward algebra, one can eliminatg;adixcept forgs andgs, which satisfy coupled polynomial equations.

Those equations can be shown to be identical to (S66) by invoking the change of variables,
(-
Gt gy

g6=" (=7, and gs= y+og, n" ¢ T.
no¢®
In terms of these variables, the erigs; is given by,
Ey =2(m2 /7" 1).
S5.3.2 Ey
The equations satisbed by the operator-valued Stieltjes trangfarfi®,, induce the following structure of,
_ 0 Gp
G=qL, o
where, ) +
gu 0 0O O O 0 g
0 gs 0 g2 0O g9 O
0 O go O O O 0
G2 = 0 g3 0 g« O g5 O B,

gu 0 0 0 g1 0O gs
0O 0 O O 0 ¢gi3 0°
g14 0 0 0 0 0 gi12

and the independent entry-wise component functigrembine to produce the errdi,, through the relation,
_ 2 Cgooty, Y(n" Q+ ol
* gy

and themselves satisfy the following system of polynomial equations,

0= +/Cargisy/no — grav)

0= \/597913\/77 —g129¥ + ¥

0= g19(g3v/n0 — \/Cg1) — g3v/nociy,

0= —g19(v/Cgs + g3v/no) — gsv/mooiy,

0= g1¥(95v/no — \/592) —VCq20%,

0= 911/’(\/?92 + 94\/%) - \/59205/2

0= g19(g5v/no — v/Cg2) — (95 — 1) Voo,
0=—g1% (V<92 + 9av/n0) — (94 — 1) V/nooiy,
0= g19(g3v/no — v/Cga) — V/C (94 — 1) iy,
0= 19 (Vg5 + gsv/no) — V(g5 — 1)oi,
0= —VCgro91¢ — grv/nod (v + o, (' = ¢))

Ey) +2gs(n" Qo
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(S148)

(S149)

(S150)

(S151)

(S152a)
(S152b)
(S152c)
(S152d)
(S152¢)
(S152f)
(S1529)
(S152h)
(S152i)
(S152))
(S152k)



0 = —v/Cg10914% — gs/nod (v + iy, (' = ¢)) (S152l)

—V/Cgrog14 — (g12 — 1) V/nod (v + oy, (n' = Q) (S152m)
0=g1(—Cg2+ VC(g5 — 94) V10 + gano) — /(g1 — 1)V/nooiy, (S152n)
0= glw(\ﬁ% + 98\/%) + \[((97913710 - 99)012/[/2 + geg13+/n07p (S1520)
0= grv/nod(v + o, (1" = €)) + g10(v/Cgr2% + Cgrv/nooiy, ) (S152p)
0= (911 = 1)vnod (7 + o, (n' = ¢)) + 910(VC149 + Cg11v/mooiv,) (S152q)
0=/ Cor2g15v/n0d (o, (C — ') —7) + grab (v¢ + i, (— Cd + én' + Cga0)) (S152r)
0= g13(g10¢(¢ = n) + ¢(v/Corv/no — 1) (v + o, (n' = €))) + (v + o, (' = €)) (S152s)
0 = getb( — Cg2 + V(g5 — 94) V1o + gano) + V/Cv/nooiv, (97 (Cgo + /(g5 + gs) /1o + g3no) — get)) (S1521)
0= g11¥ (79 + oiv, (3(n' — ¢) + Cg10)) — ¢ (V/Cgrgrsv/mo +¥) (v + o, (' = C)) (S152u)
0=gi0( = VCg1a% = vno (v + g15(n — ¢) + o, (0 + ¢ (911 — 1)))) + Vo (v + o, (0 = ¢)) (S152v)
0= g1ap(— Cg2 + v/C(g5 — 94) Vo + gano) + v/Cv/mociv, (911 (Cgo

+ /< (g5 + gs) V0 + gano) — gra7) (S152w)
0= \@96913\/7?0¢(U\2/V2 (C - 77/) - ’Y) - 91¢((99 + \@(95 + gs)\/TTo-l- ggno) (’7 + 0‘2/V2 (n' — ())

+ g14 (79 + o, (— (o + o' + Cgi0)) (S152x)
0= g1 (/Cgo + gsv/m0) (7 + v, (' = €)) + Vo (v, (9109139 (0 — €) + gsd (v + oi, (1 = €)))

+ geg13v0 (v + i, (' — €))) (S152y)
0 = \/Cgsaiv, (9109 (1 — €) — ¢(v/Cgrv/mo — 1) (v + o, (1" = €))) — g3vn0d(V/Cgrv/moai, + get)

(v + i, (0" = Q) + VC9av (960 (v + o, (n' = €)) + g10(n = Qi) (S1522)
0 = /Cgo0, (gr00(n — ¢) — ¢(\/Cgrv/mo — 1) (v + o, (0" = €))) — g5v/nod(V/Carv/mooiy, + gerb)

(v + oty (0 =€) + Va2 (960 (v + Tiv, (1" = €)) + g10(n — C)oris,) (S152aa)

After some straightforward algebra, one can eliminatg;adixcept forg; andgo, which satisfy coupled polynomial equations.
Those equations can be shown to be identical to (S66) by invoking the change of variables,

(=

g1="¢ %72, and gio= v+ og, " ¢ T (S153)
The errorF,, is then given by,
1 2 21/)-(-7' "+ 7.2--T"T.¢+CT7'0'2 .
Ep=2¢ 271 + e ntim 1729, (S154)
T ({20
S5.3.3 Ea;
The equations satisPed by the operator-valued Stieltjes trangt@hés; induce the following structure of,
1 0 C 2
— 12
G= G, 0 (S155)
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where, ) +

gg 0 O O O g O O
0 96 0 g1 g3 0 0 gs
0 0 g¢ 0 0 0 g O
G=8 g W O % o o 9 R, (S156)
0O 0 0O O 0 g O O
0O 0O O O O O g¢ O
0 0 0 0 gu O 0 g
and the independent entry-wise component functiprggve the errorEs; through the relation,
_ ganoot
B = o 2 (S157)
and themselves satisfy the following system of polynomial equations,
0= v/Cgsgsy/mo — gu1vp (S158a)
0= /Cgrgsv/no — grp + (S158b)
0= —/Cgsg6¥ — g1v/nod (v + i, (' = €)) (S158¢)
0=—V/Cgsgut — (97 — 1)v/nod (v + o, (' =€) (S1584d)
0= —Cgrgs® + /Cv/mo ((9ags + g1912) 10 — 919507y, ) — gono) (S158e)
0= givmod(y+ o, (' — €)) + 95(v/Corb + Cgrv/nooiy,) (S158f)
0= v/Cgog12n8 — 95 (€911 + V<o (Cgsoi, — g3m0)) — gronos (S158g)
0= (g6 — )vnoo (v + o, (0" = €)) + g5 (v/Co11% + Cgov/nooiy, ) (S158h)
0 = V/Cgrgsv/nod(aiv, (¢ —1') =) + 9udb (v + o, (= G + én' + (gs)) (S158i)
0= gs(g59%(C —n) + ¢(v/Co1v/no — 1) (v + o, (0" = €))) + b (v + i, (" =€) (S158j)
0=gs¥ (v + oy, (— Co+ on' + Cgs)) — (v Cargsv/mo +¥) (v + o, (0 — €)) (S158K)
0= g5(v/Con1vb + vno (v + gs(n = ¢) + o, (1" + ¢ (96 — 1)))) — Vno (v + o, (" = €)) (S158l)
0= V€95t (gs (¥ (n =€) + (o, ) — g3no) — Vo (v/Cg296v/moth + ganod(v + o, (n' — )
+ 1980 (v + o, (0 = €))) (S158m)
0= /Cgst(g11 (¢(n = ¢) + Coiv,) — g10m0) — v/no (V/Cg2911v/n0t + gonod (v + aiv, (n' — €))
+¢grgsd (v + o, (' = C))) (S158n)
0= g5(— v/Cgonoth + Cv/modiv, (Ca10iv, — gano) + V/Carp (v(n — ) + Co,))
— 10 (gav/nop (v + oy, (n' =€) + 92 (V/Cartb + Car1v/nooiy, ) ) (S1580)
0 = g5( — V/Cgrono¥ + (v/nooiv, (Cg60iv, — gsno) + v/Cor19 (W(n — €) + Coiw, )
—no(g3v/nod (v + oy, (0 =€) + 92(v/Conyp + Cgsv/nooiv, ) ) (S158p)
0= g2gsm09 (1 — ¢) — g5 (¢ — ) (989 (¢ — 1) + gr2mo) — Vo (912 (v/Cgimo — v/no)
+ /€95 (gam0 — Cg107,)) (v + vy, (0 =€) + Cgrasvod (v + o, (' — €)) (S158q)
0= gano(— v/ Cg11v — Vno (v + gs(n — O) + o, (0" + C(g6 — 1)))) + g5 (v/no (gs1(¢ — n)*
+ g1210(C — 1) — V/Cgrov/not) — Cgsnooiy, + CQQGU%@) + \[Cgui,l)(d)(n —¢)+ CU%/Q)) (S158r)

0 = gsnot (70 + oi, (6(1 =€) + Cgs)) — V< (gagsnd*6(v + o, (' =€)
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+ g1v/nod(g12n0 — Cgsoiw, ) (v + oty (0 = €)) + V/Cgsvaiy, (Cgsotv, — gano)) (S158s)

0= gron0¥ (Y9 + oty (8(n' = ¢) +Cgs)) — V/<(9rg12m5 * 6 (v + o, (0 — €))
+ gsv/nod(gomo — Cgroiv, ) (v + oty (' — €)) + V/Ca1voiy, (Cgsoiv, — gano)) (S158t)

After some straightforward algebra, one can eliminatg;adixcept forg; andgs, which satisfy coupled polynomial equations.
Those equations can be shown to be identical to (S66) by invoking the change of variables,

(- ] ]
g1=" ¢ %727 and gs= y+of, 0" ¢ T (5159)
The errors; can then be written in terms of and its derivative; (S87),
Ex=of " /" 1. (S160)
S5.3.4 Es3
The equations satisped by the operator-valued Stieltjes trangf@h®s, induce the following structure o,
1
0 G
= oL 62 , (S161)
where, ) +
g9 0 0 O O 0 g¢g¢ O O
0 g1 93 0 g4 g7 0O O g
0 0 go O g2 g13 0O 0O gs
0 0 0 g12 0 0 0 J16 0
G2 = 0 0 g5 O gun g1a O O gg B, (5162)
0O 0 O 0 O gio 0 O g4
0O 0 0 0 O 0 ¢g O O
0O 0 0 0 O O 0 g O°
0O 0 O 0 0 g5 0 O gn1
and the independent entry-wise component functiprggve the errorfs, through the relation,
0_
B =" gang °/( CY)., (S163)
and themselves satisfy the following system of polynomial equations,
0= /<gi0g12v/no — gi5¢ (S164a)
0 = /Cgagr2v/mo — g9 + (S164b)
0= —/Cg9g10% — ga/n0d(v + o, (' =€) (S164c)
0= —/Cgogist — (911 — 1)v/nod (v + o, (' =€) (S164d)
0= —/Cgo¥ — \/Cg399% — gan/mod (v + o, (' — ¢)) (S164e)
0 =—/Cg6910% — \/Cgog13) — gsv/mod (v + o, (0" — ¢)) (S164f)
0= —v/Cgograh — \/Cgsgrst — gsv/mod (v + o, (n' = €)) (S1640)
0= \/695912710 + \[ngx (gwno + 912 (Ci/) —nyY — CU‘Q/VZ)) + gsv/no(—) (S164h)
0 = gav/nod (v + o, (0 =€) + g0 (V/Cag11¢ + Cgav/nooiy, ) (S164i)
0= gsv/nod (v + o, (0 = €)) + 90 (V/Cars + Cgrov/nooiy, ) (S164))
0 = v/Cg12g13n0 + v/Cg10 (g16m0 + 912 (C¥ — b — Coi,)) + grav/no(—1) (S164Kk)
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0= (910 = 1)v/noo (v + ot (0" = ¢)) + 90 (v/Co15¢ + Cg10v/nociy, ) (S164)

0=—vC((91 + g3) g6 + g790) % — ¥g2v/106 + Cgav/m0doiy, + g2v/no(—)n oy, (S164m)
0 = V/Ca11912v/m00 (i, (C = 10') =) + 9159 (¢ + i, (— Cd + ¢’ + (go)) (S164n)
0= g12(g0%(¢ = ) + (v Cgav/no — 1) (v + o, (0 = €))) + 6(v + o, (0" = €)) (S1640)
0=g10% (Y0 + 0w, (— Co + on' + Cgo)) — (V/Cgagrav/no +¥) (v + o, (0 = €)) (S164p)
0= go(v/Co1s¥ + Vo (v + g12(n — €) + o, (" + ¢ (910 — 1)))) — Vo (v + o, (' =€) (S164q)
0= —v/Cgagrav/nod (v + o, (n" = ¢)) + g3 (vé + o, (— (o + o' + Cgo)) + Cgovhoriy, (S164r)
0= g7no¢(7 + U%/VQ (77/ - C)) + ge (\@915\/7701/1 + Cglonoffa/z,) + g9 (\/5914\/7701/1 + C03v2 (913n0 — CgmUan)) (S164s)
0 = vgan0¢ + /Cgsgov/nowh + gs (v/Cg11v/not + Cganooiy, ) — (ganodaiy, + (gsgonooiy,

+ g2modn oy, — (2 gagoaiv, (S1641)
0= g6( — VCarsv/nod — no (v + g12(n — ) + oy, (0" + C(g10 — 1)))) + 99 (9220(¢ — m)°

+ g16m0(¢ — 1) — V/Cgrav/mow — Cgianooiy, + ¢g100w,) (S164u)
0 = vgsnod + v/Cgsgov/nowh + /Cgegiin/noth + Cga(genooiv, + g2 (v + oty (0 = €)) — Cgooivy, )

— Cg5m060iy, + Cgsgonooiv, + gsnodn oi, (S164v)
0= yg13m00 + v/Cgegrsv/now + Cgio(genociv, + 9120 (v + oy, (n' = €)) — Cgooivy )

+ 99 (\[CQM\/TTM/) + C913n0012/v2) — (g13n0601y, + granodn oy, (S164w)

0=—Ca120(y + i, (1" = €)) (Vo (gsmo + 911 (C¥ — mp — Co,)) — V/Cars1))
+ granot (6 + o, (— Co + én' + Cg0)) — v/ Canrgreny 2o (v + oty (0 = €)) + Car5v0iy, (gom0 — Cgooiy,)  (S164X)
0= gotb(—(¢ = ) (912%(C = m) + g16m0) — V/Cgav/mod (v + o, (0 = <)) (g16m0 + 912 (C¥ — n» — (o))

+ n0(gsgr2(n — ¢) + ¢(g16 — V/Cgs912v/M0) (v + i, (0 = €))) + Cgr091290 (v + i, (0 — €)) (S164y)
0= g13n0¥ (Y6 + o, (= Co + dn' + Cgo)) — VCaav/nod (v + oiv, (' =€) + v/ Cgsgrang > 6 (o, (C = 1) =)
(g16m0 + g12(Ctb — b — Colr,)) + Cgr0t (gonooiv, + 9120 (v + o, (' — €)) — Cgo0i, ) (S1642)

0= 7/ Ca2g12n5 % ¢ + vgr10%d — /Cgan/mod (v + oty (1 — €)) (91670 + 912 (¢80 — b — Coy )
+ Cgst(genoaiv, + 9126 (7 + i, (1" = €)) — Cao0i,) + ¢*gagrany 2 by, — Cgotboi,
+ n0én T, (979 — V/Cg2g124/M0) + Cgenoaiy, + Cgrgenotaiy, — (grnotdoiv, (S164aa)

After some straightforward algebra, one can eliminatg;adixcept forgs andgg, which satisfy coupled polynomial equations.
Those equations can be shown to be identical to (S66) by invoking the change of variables,

Y T

ga=" (njostz’ and go= v+ o, 7" ¢ . (S165)
In terms ofry, 72, andr; (S88), the errofs; is given by,
E=1" 2m/m " 14/72. (S166)
S5.3.5 FEa3
The equations satisped by the operator-valued Stieltjes trangfarfi®s, induce the following structure of,
_ 0 Gup
G= G, 0 (S167)
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where, ) +
g3 0 0 O O O O ¢g¢ O O O
0 ¢ 0 0 g 0O O O gn g3 O
0 0 g1 g4 0 g g 0 O 0 g
0 0 O gu O g6 gv O O O g7
0 0 0O O gis 0 O O g0 912 O
Gz = 0 0 0 g9 0 g5 s 0O O O g0 (S168)
0 0 0 0 0 O giu O O 0 g
0 00 0 0 0 O g3 0O 0 O
0O 0 O O 0 0 0 0O ¢ g5 O
0O 00 0 0 0O O O O gig O°
O 0 0 O 0 0 g9 O 0 0 gis
and the independent entry-wise component functigrggve the errorEs, through the relation,
B33 =" ganoogy, /v, (S169)
and themselves satisfy the following system of polynomial equations,
0 = VCgrag16v/no — g9 (S170a)
0= v/Cgsgrev/no — gisth + ¥ (S170b)
—V/Cq13914% — gev/mod (v + oy, (' — C)) (S170c)
—/Ca13919% — (915 — 1)v/nod (v + o, (1" =€) (S170d)
0= —v/Cg13% — /Cgag13% — gsv/nod (v + aiv, (' = ¢)) (S170e)
—V/Cgsg1at = V/Carsgirtd — grv/nod (v + o, (n' =€) (S170f)
0=—/Ca13918% — V/Cgsg109 — grov/mod (v + i, (' — ¢)) (S170g)
0= g13g169(C —m) — ¢(g5 - \/degw\/%) (7 + U‘Q/VQ (77/ - C)) (S170h)
0= govmod(v + o, (1" = €)) + g13(v/Ca15% + Cgsv/nooiy, ) (S170i)
0= gav/nod(y+ o, (0" = €)) + g13(v/Cgr0% + grav/mooiy, ) (S170j)
0= (914 — 1)vnod(y + oiv, (0" =€) + g13(v/Cg10% + Cg1a/nooiv, ) (S170K)
0=—vC((94 + 1)gs + gog13) ¥ — vg2/n0d + Cg2v/M0d0iy, + g2/n0(— )0 ot (S1701)
0 = VCa15916v/100 (03, (C = 1) — ) + g109 (v¢ + o, (= Ch + én' + Cg13)) (S170m)
0= g16(g13%(¢ — ) + 6 (v/Cgev/mo — 1) (v + o, (0" = €))) + ¢ (v + o, (0" =€) (S170n)
0 = g13(v/Cg10% + Vno (v + g16(n — €) + v, (0 + ¢ (914 — 1)))) — Vo (v + o, (' = €)) (S1700)
0= 9141/J(’Y¢> + U‘%Vg (@5(77/ - C) + §913)) - ¢(\/596916\/770 + 1/1) (’7 + 0‘24/2 (77' - C)) (S170p)
0= —/Cgsgrev/mod (v + aiv, (n' = ¢)) + gw( ¢+ 0, (= o+ ¢n' +Cg13)) + Cgrsvoiy, (S170q)
0= \/6(97916 + g6 (912 + gzo))no + grov/no(—v) + \[ge( CO’WZ) + fg5g6 (Cw nyY — CO’WQ) (S170r)
0= \@(916917 + 914 (912 + gzo))no + 918\/7 ) + \/914( CO‘WQ) + \[95914 (Cl/} nyY — CUWZ) (S170s)
0 = g139(¢ — 1) + g5 (9139(¢ — 1) +¢(\fgeﬁ— 1)(7+0w2( - ))) +vVCgsv/nod (v + aiv, (' = €)) (S170t)

0= gonod (v + iy, (0 = €)) + gs (V/Cgr0v/now + Cgranociv, ) + g13 (v Cgrsv/mot + Coiy, (gr7mo — Cgraciy, ) (S170u)
0 = vygano¢ + \/Egloglmﬂlolﬁ + gs(\/Zgw\/now + CQGROU!Q/VZ) - 492710@712/[/2
+ Cgrg13n00iy, + g2nodn’ oy, — Cgegisoiy, (S170v)
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0 = g1agie¥(—(C — 1)) (¥(C —n) — Coi,)

— (v + o, (0 = €)) (= Cgrag16¥ + V/Cgegr6v/n0 (¢ — mp — (o) — gao0mo) (S170w)
—VCo(v + o, (1" =€) (96v/no (C¥ — M — oty ) — V/Cgr1at) + gaono (g13¢(n — €)

— ¢(VCgsv/no = 1) (v + o, (' = €))) + g139(=(¢ = ) (¥(C = m) — Coivy) (S170x)
0= ($(¢ =) = Coi,) (9139 (1 = ©) + VCgov/nod (o, (¢ = ') = 7)) + no (9139209 (0 — €)

+ ¢(g11 — V/Cgsg20v/m0) (v + v, (0 = €))) + Caavbd (v + oy, (' — €)) (S170y)
0 = ygrnod + /Cgi0g13v/not + \/Cgsgisv/not — Cgrmodoiy, + Cgegsnociv, + Cgrgisnociy, + grnodn oy,

+Cg60 (v + v, (0 =€) + Cgs g6 (v + o, (0" — €)) — Cgegrsoi, (S1702)
0 =~g17nod + \/6913918\/7701/1 + \/698919\/%¢ - Cg17no¢0‘24/2 + Cgsgmnoaa{@ + C913917n0(7€v2 + 917no¢77,0x24/2

+ Cg1ad (v + v, (1 =€) + Cgsg140 (7 + i, (0 = €)) — Cg1391200, (S170aa)
0=gs(¥(¢C —n) — Cotv,) (g130(n — C) + V/Cgev/nod (o, (C — 1) = 7)) +n0(¢(g5 — V/C(g6912 + g2916) /o)

(v+ oty (0 =€) = (912913 + 98916) (¢ — 1)) + Cgagsvod (v + o, (0 —C)) (S170ab)

0= (&(¢ =) = o) (9139 (1 — ©) + VCgov/mod (o, (¢ = ') = 7)) + 95 (9139 (— (¢ = m) (¥(C — ) = (o)

— Vo (v + o, (1" =€) (g96v/mo (C¥ — m — Cot,) — V/C1av)) + grimod (v + o, (' — €))

+ Cgavd (v + ot (' — Q) (S170ac)
0 = gizno (139 (n — ¢) — &(v/Cgsv/mo — 1) (v + o, (1" = €))) — g16(gsnot(C — n) + V/Cgrng 26 (v + o, (' = €))

+ Cg130(C — 0o, ) + g5 (9131 (—(C — ) (¥(¢ —n) — (o)

— Vo (v + o, (0" =€) (96v/m0 (C¥ — ¥ — (o) — V/Cgrath)) (S170ad)
0 =7/ Cargreny>¢ + v/ Cgogaong > 6 + gsgrenow(C — 1) + Cgisgaonoy — ngisgaonot

+ g12n0 (9139 (¢ — ) + ¢(V/Cgsv/no — 1) (v + i, (' = €))) — ¢ grgiony > dor, — ¢ gogaony > poty,

+ \[(97916 + 96920)n0 on UW2 +¢ 9139161/10‘2/V2 — CU913916’¢0‘2/V2 (S170ae)
0= —vgsno — v/Cgrsgisv/no — v/Cgsgron/noy + (gragisno + Cgsgieno + giagaono — ng12g13no

— ngsgieno — Ng13g20mo + Cgsnociy, — Cgsgianooiv, — (13917001, — gsnon iy, + (29139140,

+ Cgrsgieoiy, +g13(C — 1) (V(C —n) — (o, ) + g5913(C — 0) (C¥ — b — Co, ) — Cngrsgreoy, (S170af)
0 =7v/Cgsgrny ¢ +vv/Cosgring > é + Cgsgsnot + Cgrigianoty — ngsgsnot — ngiigranoty

+ gsno (g139(C — 1) + ¢(v/Cgev/mo — 1) (v + o, (' = €))) + no(gsto(¢ — n)

+V/Coav/mod (v + aiv, (0 = €))) — ¢ P gsgrn*boty, — ¢ geguing*¢oty, + /Cosgrn*on’ oy,

+ \/Egﬁgnng/%n’aﬁw + CPgsgrsvoiy, — (ngsgratoiy, (S170ag)

~V/€g6v/nod (¥(¢ =) — (o, ) (v + i, (0" = €)) = V/Cgagev/mod (¥(¢ — 1) — Coing ) (v + i, (0 =€)

+ gonot (Y + oy, (6(n' — ¢) + Cara)) + Cgatr(gsmooiv, + 958 (v + o, (0 = €)) — Cqrzow,)

- \/E(92916 + 96 (912 + 920))”3/2¢>(’Y + 0‘24/2 (?7' - §)) + Cwo‘a@ (ggno — §glga€V2)

+ Cgavpd (v + o, (0 =€) (S170ah)
0= —7v/Cgeg12n5/° 6 — v/ Cargrony >d — v\/Cgegaony ¢ + vgrrnotrd — /Co (v + oty (' — €))

(96v/mo (¢ = = (o) — V/Cg1a) = V/Cgsd (v + i, (0" = €)) (9v/mo (C¥ — m — (o) — V/Cgrath)

+ ¢ gegrand* ¢oty, + 2 grgreny doty, + 2 gegaony  $ot, — nodn' oiv, (V< (97916 + gs (912 + 920) ) V10
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— q17) + Cgsgranothoiy, + Cgi3girnotboty, — Cqrrnotéoty, — CCgi13g1atay, (S170ai)
0 = =7/ Cgrag15ny * 6 — ¥v/Carog16my 26 — 7/ Cgrisgaony’® + ygrsnovs — /Co (v + aiv, (' = €))

(g15vn0 (St — o — Coiy,) — V/Cgro¥) — V/Cgsd (v + o, (n' — €)) (g15v/n0 (S — o — Coiy,) — Cansnotbooiy,

—V/Cgio0) + C3/2912915"g/2¢0€v2 + C3/2910916ng/2¢0€v2 + C3/2915920”g/2¢0€v2 — CCg13g10% 0,

— nodn' oy, (VC(g10g16 + 915 (912 + 920) ) V10 — g187) + Cgragisnotioiy, + Cgsgronotboiy, (S170aj)

After some straightforward algebra, one can eliminatg;adixcept forgs andg; 3, which satisfy coupled polynomial equations.
Those equations can be shown to be identical to (S66) by invoking the change of variables,

Y

96 =" =g, and giz= 7+ o, " (S171)
In terms ofry, 7, and their derivatives; (S87),75 (S88), the errois; is given by,
%- . &
Esz= oy, m+(oy, 0" O+ N+ og,(m /" n " Ex. (8172)

S6 Exact asymptotics for bias and variance terms

Following Sec] SIL, for each random variable in question we introduce an iid copy of it denoted by a tilde. Using this simplifying
notation and recalling® = { Wy, W>} we have,

B= Exy)(y" Epxs)9X; P, X,e))? (8173)
= Exy)Eext )Epx (" 9P, X, e)(y" 9x; P, X, ) (S174)
=1+ Ey + Hyo, (S175)

whereFE», was computed previously ardhoo and the othefj (also debned above) are,
Hooo = E9(X; P, X,e)9(x; P, X,8) (S176)
Hoo1 = E@(x; P, X, e)0(x; P, X, ¢) (S177)
Ho1o = E9(X; P, X, e)0(x; P, X, &) (S178)
Hou1 = E9(x; P, X, e)9(x; P, X, €) (S179)
Higo = EG(X; P, X,2)9(x; P, X, &) (S180)
Hio1 = Ef(X; P, X,e)9(x; P, X ,¢) (S181)
Hi10 = EG(X; P, X,e)9(X; P, X, &) (5182)
Hip = EG(x; P, X,e)0(x; P, X, ¢), (5183)

where the expectations are overP, X, ¢, P, X, ands. Recalling the dePnition df,
9(x; P, X,€) = No(x; P)+(Y(X,e)" No(X;P)K(X,X;P) 'K(X,x;P) (S184)

and the techniques described in the previous section, it is straightforward to analyze each of the above terms, which we do in t
following subsections. To aid those calculations, we brst note that, similar to above, we can write,

4 2 2 3/2
E (X% PYE(x, X Py = WSy Ty TWaS " Ty ey p Ty %)+ S Rl B (S185)
2 3/2 1 2 1
L) ng N1 ( nong
ol ol . I
=( TwaC T (éFTwl)(LZ’CXT + (TCFTWl)T (S186)
no non1 no nony
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(=

2 2
E KX, PG X P = (20 T & pTy (MWl Ty S paxy i) T (5187)
no noni no Zlonl
. . DY — U\%VQC T ¢ T U\%VQC-T ¢ T T,.n" C T .
ExK(X,x; P)K(X, X;P)=( —=X + {=—F Wi)(——X  + =—f(W1X) W) + —F fX)
no noni ng noni ng
(S188)
S6.1 Hooo
HOOO = E@(X,P, XJ 5)9(X,P,X,€') (5189)
= EK(x,X;P)K(X,X;P)"'Y(X,9 Y(X,e)K(X, X; P) 'K(X,x;P) (S190)
= Etr K(X,X;P)—1XTXK(X,X;P)—lK(X,x;P)K(x(X;P)' ( (S191)
_ 2 = 2 =
- Bt KCE X P) X TR X P) NI x T S pTy (Pl x Ty S T (s192)
( no nong no nony
- 2 = ]
=tr errl(‘”“’i'zcxT + (TCFTI/Vl) 2 (S193)
no NN
, By (S194)
A linear pencil forE, follows from the representation,
Ea=tr( UJ Q3 'Va)?, (S195)
where, ' ( ' (
T — | o # T T w Noln \/ﬁnllm
Ui = 0 gowz 0 0 \/\%nl , V=0 7..#‘24/;’ 0 0 v (S196)
and, +
T _ 2
L #3, (377)) Stz YISOR SOXT g
_ —X I ng 0 0 0 g
Q4 = V= & - iy, o of (8197)
0 0 -W," 1., O
0 0 0 0 I'm
The equations satisbed by the operator-valued Stieltjes tranéfafi®, induce the following structure of,
1 2
_ 0 Gup
G= G, 0 (S198)
where, +
gg 0 0 O O
0 g4 0 g2 O g
Gip = 0 0 g¢ 0 06, (S199)
0 g7 0 g5 O
0 0 0 0 ¢
and the independent entry-wise component functigrggve the errorE, through the relation,
Es=(g1" 9a)°, (S200)
and themselves satisfy the following system of polynomial equations,
0=1" ¢ (S201a)
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0 C9496( no" gr (S201b)
0= 59296( no" gsY+ Y ) (S201c)
0=" Coagat™ g2 770¢(7+ o, " (S201d)
0=" Cgagry" 95" 1 ¢ w_roo*\?h n" ¢ (S201e)
0= g2 b v+l " ¢ v ospt ¢or' ooy, (5201f)
0= ;394 ! 1'( nod v+ oy, 0" e oo Con 00, ) (S201g)
0= Cgsge Tiod ow, (§ n; "yt gﬂb 7¢+ o, " (ot ¢77 + (g3 (S201h)
0=g6 83¢(C m+ ¢ (o2 no” 1 4+ o*W2 n’ " C'" + oyt 03v2 0" C (S201i)
0=9gs (g " mo v+ geln” O+ oy, _76+ ¢ gzz "1 " Vg 7+ ol .1.7’ e (S201j)
0= gath 7+ ol " Co+ o'+ Cas " & Coage Mo+ ¥ v+ ofy, " ¢ (S201k)

After some straightforward algebra, one can eliminatg;adixcept forg, andgs, which satisfy coupled polynomial equations.
Those equations can be shown to be identical to (S66) by invoking the change of variables,

(
Cd) —_ - 2 - /' n "
go = (Tmb , and g3= y+ow, n" ¢ T1. (S2010)
In terms of the related variables dePned in €gn.|S89), the Biraa given by,
Es=+2. (S201m)
S6.2 H()o]_

Hoo1 = EO(X; P, X,e)9(x; P, X,¢) (S202)
= EK(x,X;P)K(X,X;P)"Y(X,e) "Y(X,e)K(X, X; P) 1K(X,x;P) (S203)
= Etr K(X,X;P) 'XTXK(X,X;P)'K(X,x;P)K(x,X; P) (S204)
= Hooo (S205)

S6.3 Hoo
HOlO = Eg(X,P, X7 5)9(X,P, Xv 8) (8206)
= EK(x,X; P)K(X,X;P)1Y(X,8"Y(X,e)K(X,X; P) 1K(X,x;P) (S207)
= Etr K(X,X;P) ' XTXK(X,X;P)'K(X,x; P)K(x,X; P) (S208)
= Etr K(X,X;P)'XTXK(X,X;P) 'K(X,x;P)K(x,X; P) (S209)
2 2 ( - (
T S ETy (P T S st Ty T (5210)
no noniy no nona
, Es. (S211)
A linear pencil forEs follows from the representation,
Es =tr( Us Q5 'V5), (S212)
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where,

' ( ' (
Ug:o"%ooooooo,VJzOOOOOOOO"% (S213)
and,
) 5 ¢xTod, n—cel. vexT EmxTod, *
Lo ((+#3,(8'=")) 0 o2 TR AKX 2 2 0 0 0
—X [ g 0 0 0 0 0 0 0
—X 0 g 0 0 0 0 fj%wf
T VCW. (3/2771W10‘2/V
Qs = V5" F 0 Y Iy 0 52 0 0 0 (s214)
> 0 0 0 W I, 0 0 0 0
0 0 0 0 0 I'ng —X 0 0
T -
0 0 0 0 0 o :%V2 Lo ((+#3,,(3-")) 7"_?); f%(:
0 0 0 0 0 - Y Sy Iy 0
0 0 0 0 0 0 0 e ZUN P
The equations satisbed by the operator-valued Stieltjes transfarfids induce the following structure of,
1 2
_ 0 Gup
G= G, 0 (S215)
where, ) "
g 0 O 0 0 0 g¢ O 0
0 g1 g5 0 g8 g3 0 O g
0 0% m 8% 0 0%
912
Glg = 0 0 gis 0 gi11 914 0 0 gs4 s (3216)
0 0 0 O O gipo 0 O gs
0O 0 O 0 0 0 g9 O 0
0O 0 O 0 0 0 0 g1 O~
0 0 0 0 0 915 0 0 g11

and the independent entry-wise component functigrggve the errorEs through the relation,

(_
B = v 93 0? (S217)

¢y
and themselves satisfy the following system of polynomial equations,
0=1-g: (S218a)
0 =/<grog12/n0 — gi5¢ (S218b)
0= /Cgsgri2v/no — gt + (S218c)
0= /Car2vno(g7¢ — Cgsoiv,) — garpe (S218d)
0=/ Cg12v/n0 (130 — Cg1007w,) — gravsd (S218e)
0= —v/Cgog10t — gsv/nod(v + o, (n' = ¢)) (S218f)
0=—/Cgogist — (911 — 1)v/nod (v + oy, (" =€) (S218g)
0= —/Cg190% — \/Cgsgotb — gsv/nod (v + ot (1 =€) (S218h)
0 =—v/Cgegr0v — \/Cgogrst — grv/nod (v + o, (n' = ¢)) (S218i)
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0= —v/Cgograth — \/Cgsg15v — gav/nod (v + o, (n' — €)) (S218))

0= gsvnod (v + aiv, (1 = ¢)) + g0 (v/Con19p + Cgs /oo, ) (S218K)
0 = g5v/nod (v + o, (0 = €)) + g0 (V/Car5¢ + Cgr0v/nooiy, ) (S218l)
0= (910 = 1)vnoo (v + oiv, (' = ¢)) + g0 (v/Cg15% + Cg10v/n00iw,) (S218m)
0=—VC((91+ 95) 96 + 9399) ¥ — ¥g2v/n0d + (g2 /M0y, + gav/no (=) oy, (S218n)
0 =Cangi2vnod(oi, (C—n') =) + g159% (v + o, (— (o + én' + (o)) (S2180)
0= g12(g9%(¢ = n) + (v Cgsvno — 1) (v + o, (0 = €))) + 6(v + o, (n' = €)) (S218p)
0=g10¥ (Y0 + ofi, (= (o + on' + Cg0)) — &(V/Cgsgrzv/no +¥) (v + o, (0 = ¢)) (S2180q)
0= 99(\/5915¢ + Vo (v + g12(n — ¢) + Tiv, (" +<¢(g910 = 1)))) — Vo (v + o, (n" =9)) (S218r)
—V/Cgsgrav/nod (v + oy, (0 = Q) + g5 (70 + o, (— Co + én' + Cgo)) + Cargoviaiy, (S2185s)
0= \/Cgagor + \/%(9%?2 (v+ T, (n=¢)+ €990y, (970 — Cgsa‘%vQ)) + 96(\E911¢¢ + CQS%¢03V2) (S218t)
0 = g6 (V/Cgr5t + v/no (v + 912(n = €) + o, (' + ¢ (910 — 1))))
+ 90 (V/Cq1av9 + Cv/nooiv, (9136 — Cgr00iw, ) (S218u)

= ¢(93\/%¢(’Y + U‘Q/VQ (77/ - C)) + 96(\[<915¢ + ng\/%aavz)) + gg(\/gglu/)(b + C\/%U‘Q;VQ (913¢> — Cgloa‘%vz)) (S218v)
0 = ¢(v/no(Cgr0912 + 9139) (v + o, (1" = €)) + 96 (v/Co15¢ + Cgr0v/n00ir, ))

+ g0 (V/Cg149¢ + Cv/mooiv, (9136 — Cg100iy, ) (S218w)
0 = \/Cga99%6 + vno (976 (v¢ + o, (= Co + én' + Cgo)) + Cgs (9120 (v + o, (0 = €)) — Cgo0ivs, )

+ 96 (V/Co1190 + Cgs/nodoiy,) (S218x)
0= v/Cg120(7 + i, (" — €)) (V<9159 + Vo (Cgr10iv, — 9a9)) + g1avpd (v + i, (— (o + ¢’ + Cgo))

+ Cqr5v0iy, (960 — Cgooiy,) (S218y)
0= 6(g139 (v + o, (= Co + 61’ + Cg0)) — V/Car2v/m0 (970 — Cgsoiv, ) (v + o, (0" = €)))

+ Cg10¥ (g1 (v + Ty (n =) - Cgooiv, + 96¢U{2/V2) (S218z2)

—V/Cg2912v/100° (7 + 0, (0 = €)) + Coiv, (V/Cgsgrzv/nad (v + oty (0" = €)) + 919 (g6d — Cgooiv, )
+ 930 (79 + o, (0(n' =€) +Cg0)) + Cgstb (9126 (v + o, (1" — €)) — Cgooiv, + gsdoiv, ) (S218aa)

After some straightforward algebra, one can eliminatg;adixcept forgs andgg, which satisfy coupled polynomial equations.
Those equations can be shown to be identical to (S66) by invoking the change of variables,

( ) .
g8 = (% , and go= y+og, W' ¢ T (S219)

In terms of the related variables dePned in €gn.(S89), the Eiré given by,

Es=+3(1+ ¢+210) /(1" #5¢). (5220)

S6.4 Hoy
HOll = EQ(X1P7 X7 E)9()(1 P7Xa€-) (5221)
= EK(x,X;P)K(X,X;P)'Y(X,8Y(X,e)K(X,X; P) 1K(X,x;P) (S222)
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Etr :K(X,X;P)‘l(XTX + ofniIn)K(X, X; P) 1K(X,x; P)K(x,X; P)
= Etr K(X,X;P)"YX"X+ o?n1In)K(X,X; P)"K(X,x; P)K(x, X; P)

2
C Ty waS
no

z (
X'+ (—C FOVLX) ) T

noni

2
T, S

' ( Wo XT+ (
no nong

, Howo+ Es,

where,

Es = o?mEtr K(X,X;P) 'K(X,X;P) !

2
(ST ST
nong

no

(=

2 (
W6 T T*Cn FOPLX) T )T
o7l

ng
A linear pencil forEg follows from the representation,

Eg =tr( Ug Qg 'Ve) ,

where, '
_ . T _ I
U6 = O'!ZIm 0O 00 O0OOOTDO 5 ‘/G = 00O0O0O (+#"2/V2($/_”) 00
and,
, cxT o2 —oT 2mxT ol 3/ 2 x T o2
L ((+#3,(87-")) a2 YI20F ﬁ%{; B — 0 %/72”1‘”2 0
—X I ng 0 0 0 0 0 0
3/27n o2
VT S, B ng/vi = 0 o 0
Qs = 0 0 W i, 0 0 0 0
0 0 0 0 lng —X 0
To2 —6T
0 0 0 o Wy ((vah,(s-n) XD YiCer
0 0 0 0 0 I'ng -w,"
0 0 0 - Y S 0 Iy
The equations satisPed by the operator-valued Stieltjes trangf@hds induce the following structure of,
1 2
_ 0 G
-G, 0 ¢
where, ) n
gs 0 0O O O g O O
0 g6 0 g3 g2 0 g2 O
0O 0 g¢ 0 0 O O O
G,=5 0 gu 0 g7 gio 0 go O
12 0O 0 O O ¢g¢ 0 g3 O ’
0O 0 0O 0O 0 g¢gs 0O O
0O 0 O O g1 O g7 O
0O 0 0O O O O O gs

and the independent entry-wise component functigrigve the errorEg through the relation,

_ 920t
v+ oG, " ¢

E5:

)
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(S226)

(S227)

(S228)

(S229)

(S230)

(S231)

(S232)

(S233)

(S234)



and themselves satisfy the following system of polynomial equations,

0= /Cgogsv/no — g1t (S235a)
0= v/Cgsgsy/no — grp + (S235h)
0 =—/Cgsg6) — gsv/nod (v + o, (0" = C)) (S235c)
0 = —Cgrgsth + v/Cosv/no (946 — Cgsoiy,) — gorp (S235d)
0=—/Cgsgnvy — (97 — 1)v/nad (v + i, (' = ¢)) (S235€)
0 = —Cgsgn® + v/Cgsv/no (916 — Cgsoiy,) + grov(—¢) (S235f)
0 = gsv/nod (v + aiv, (1" — €)) + g5 (v/Cgrb + Cgsv/nooiv, ) (S2350)
0= (95 — 1)vnod(v + v, (1 = ¢)) + 95 (v/Cg119 + Cgav/mooriv, ) (S235h)
0 =/Cgrgsvnod(oi, (C—n') —7) + guv (v + o, (— (o + én' + (gs)) (S235i)
0= gs(g59%(C —n) + o(v/Cgsv/no — 1) (v + o, (0 =€) + b(v + o, (0" — €)) (S235))
0= g6 (v + v, (— Co+ én' +Cgs)) — d(V/Casgsv/mo +v) (v + o, (' — €)) (S235k)
0= g5(v/ St + vno (v + gs(n — €) + o, (0" + C(g6 — 1)))) — Vo (v + o, (n” =€) (S235l)
0 = /9291190 + Vrop(Cgrgs + 909) (v + o, (1" — €)) + V/Cg5¥ (9106 — Cg1107,) (S235m)
0 = g2¢(v/Cg119 + Vo (v + gs(n — ¢) + o, (0" + C(g6 — 1))))

+ g5 (V/Car006 — oy, (v/Conny + Vo (Cgeoiv, — 919))) (S235n)
0 = gav/nod” (v + o, (' = €)) + 92(\/Cgrv0e + Cgsv/modoin, ) + g5 (\/Cgetoep

— Cotv, (VCar + Vo (Cgsoiv, — 940))) (S2350)
0= —v/Cgsvnod(9od — Cgroiv,) (v + vy (1" =€) + 91006 (v6 + o, (— (b + ¢n' + Cgs))

+ Cgnboiy, (920 — Cgsoiv,) (S235p)
0= ¢(g1vnod (v + o, (0" = ) + g2(v/Cg119 + g6 v/mooiy,)) + g5 (V/Cgr009

— Cotv, (VCa11v + Vo (Cgeoiv, — 910))) (S2350)
0 =/Cg19506 + /Cg206%6 + ¥( 9398106 + Y9106 — (*gagsv/nodaiv, + vnoon' oy, (Cgsgs + 910)

— Cgav/nad’ o, — ¢**gsgstbaiy, (S235r)
0 = —/Cgagsv/nod® (v + o, (0 = €)) + Coiv, (V/Cg3gsv/mod (v + oty (' — €)) — Cgs96¥aiv, + 9296000)

+ 9196 (Y9 + o, (¢(n' — ¢) + (gs)) (S2355)

(S2351)

After some straightforward algebra, one can eliminatg;adixcept forgs andgs, which satisfy coupled polynomial equations.
Those equations can be shown to be ide(ntical to (S66) by invoking the change of variables,

qY

g5 =" f5gm, and g5 = o, (S236)
In terms of the related variables debned in 889), the Egrag given by,
Es = at¢#5 /(1" #¢) (8237)
S6.5 Higo
Hioo = Ef(X; P, X,e)0(x; P, X, &) (S238)
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#
E No(X; P)No(x; P)" + K(x, X; P)K(X,X;P)"'Y(X,8"Y(X,e)K(X,X; P) ' K(X,x; P)

+ K(x, X;P)K (X, X; P)"INo(X) " No(X)K (X, X; P) 1K(X,x; P) "

" No(x; P)No(X;P)K(X,X;P)"*K(X,x:P)" No(x;P)No(X;P)K(X,X;P) 1K(X,x;P) (S239)
2

= vog,n+ vEyp + Etr KX, X P)HXTX + z/gn—v‘ff(WlX)TF)K(X,X;P)‘lK(X,x;P)K(X,X‘;P)'
(S240)
' 2
= vog,n+ vEp+ Etr K(X,X;P)"H(XTX + y%f(Wl)?)TF)K(X,X;P)‘l (S241)
1
TR ¢ T TR (Z T T(
(TOX + (WF Wl)(TOX + (ﬁf(le) Wi) (S242)
. vog,n+ vExp+ En+ vEr, (S243)
where,F», is given above and,
En = Etr K(X,X;P)*XTXK(X,X;P)*l'”nch(wlef(wl)i') (S244)
1
2 2 (- (
+( Ty T (ﬁ FTW1)(JW2CX‘T+ (f fWaX) Twy) " (S245)
no non1 no noni
2 ' oo
Epp= W2py K(X, X P)Lf(WiX)T FK(X, X; P)~ ”nzg FWVX) T f(W X) (S246)
niy 1
2 2 (= A
Pt C Py Tty S )Ty T (5247)
no noni no noni
S6.5.1 Eny
A linear pencil forE7; follows from the representation,
E7 =tr( U1Q71 Vi), (S248)
where, ,
T | (
Up= 0 22 0000000 (S249)
' (
Vi = 00000000"% (S250)
and, for3 = no(¢" m)" (mod,,
2 /o CXT”%VQ m@; Vex T C2"‘XT°'%V2 +
L ((+#5,(3'=")) 0 —5 T VRt T 0 0 0
—X I ng 0 0 0 0 0 0 0
—X 0 g 0 0 0 0 “jlowf 0
V1 g o -Xhm o, 0 —fﬁ’}‘;fblf min=0)**8g 0 0
Qn = 0 o o0 W 0 0 0 0 (S251)
0 0 0 0 0 I'ng —X 0 0
2 vl ~ -
0 0 0 0 0 Ca“,ffox L (C+ #3, (87—)) ”’;f@; f%:
0 0 0 0 - —VE—Fp Ly o’
0 0 0 0 W g
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The equations satisped by the operator-valued Stieltjes transfarfii@-,; induce the following structure of,

1 0 G
_ 12
G= a1, 0o
where, ) "

gs O 0 0 0 0 0 0 0

0 g1 93 0 g5 g6 0O O g

0 0 g9 0 g5 gz 0O O g

0 0 0 g11 0 0 0 g15 0

G12 = 0 0 g4 O gio g3 0 0O g7 )

0 O 0 0 0 g9 O 0 g5

0O O 0 0 0 0 g9 O 0

0O 0 0 0 0 0 0.gy O°
0 0 0 0 0 914 0 0 g10

and the independent entry-wise component functigrigve the errorfy7; through the relation,

(—
n
Ep =" 479 7o<b’
Gt
and themselves satisfy the following system of polynomial equations,

0=1—aq

0= /Cgogi1v/no — gratp

0 = v/Cgsg11v/M0 — groY + ¥

0= —/Cg69s% — g2/ (7 + o, (0 = ¢))
0= —/Cgsgo) — gsv/nod (v + o, (0" = ¢))
0= —/Cgsg12¢ — gav/nod (v + o, (' = ¢))

0=—+/Cgsgizth — grv/nod(y + Ty (n =9)

0= —v/Cgsgrat — (910 — 1)Vnod(y + o, (n' = C))

0= —/Cg195% — /C939s% — gsv/nod (v + o, (n' = €))

0= gsvnoo (v + U\Q/VQ (n=¢))+ 98(\/6914'¢ + 499\/7700\2%)

0= gsv/nod(y+ o, (1" = €)) + gs(v/Cgr0¥ + Cgsv/nooiv, )

0= \[C\/TTO(L% (911 (Y — b — Cot,) + 9150) + gag118) — grpd

0= v/Cvmno(ge (911 (¢ — my — oty ) + 9150) + g119120) — G139

0= (g9 — 1)v/nod (v + aiv, (n' =€) + 98 (v/Cra + Cgov/nooiv,)

0 = \/Cargsibd + \/770(92¢2 (v+ O, (n"=¢)+ Cgsoiv, (940 — C950\2/V2))

0 = VCgr0911vn08 (v, (¢ = 1) =) + g1av (v¢ + o, (= (o + ' + (gs))

0= g1 (gs%(¢ =) + (v Cosvmo — 1) (v + o, (0 = €))) + b(v + o, (0" = €))

0 = gov/nod” (v + o, (1" — €)) + 95 (V/Co1316 + CV/nooiy, (9126 — Cgooiy, )

0= got(v¢ + oiv, (— Co+ o' + Cgs)) — ¢(v/Cgsgniv/mo + ¥) (v + o, (n' =€)

0= gs(V/Cq1a¥ + Vo (v + g11(n — ¢) + o, (0" + ¢(90 — 1)))) — Vno (v + o, (0" = ¢))
0= —/Cgsg11vnod (v + aiv, (' =€) + g0 (v + oiv, (= (6 + ' + (gs)) + Cargstoiv,

/
/
/
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(S252)

(S253)

(S254)

(S255a)
(S255b)
(S255c)
(S255d)
(S255e)
(S255f)
(S2559)
(S255h)
(S255i)
(S255j)
(S255k)
(S255I)
(S255m)
(S255n)
(S2550)
(S255p)
(S255q)
(S255r)
(S255s)
(S255t)
(S255u)



0= nod(Cgogin + 9128) (v + o, (' = €)) + g8 (v/Co13%0 + (oo, (9126 — Cgooi,)) (S255v)

0= /Cgrgsv0e + vno (916 (v¢ + o, (— (o + o' + Cgs)) + Cgs (9116 (v + o, (0" = €)) — Cgsoms,)) (S255w)
0 = gsto(—(¢ — ) (g119(C — n) + g150) — d(v + o, (0 =€)

(= ¢gog11% + v/Cv/no (g5 (911 (C¥ — m — Coi, ) + G150) + 94g110) — g150) (S255x)
0= ¢ (9129 (16 + o, (= b + b0’ +Cgs)) — VCv/no (v + aiv, (' =€)

(95 (911 (¢ — oo — C03V2) + 9150) + gag119)) + Cgov (9116 (7 + T, (n=¢)) - CQSUéVQ) (S255y)
0= <( = g10915vn08” (v + i, (0" =€) — 9110 (7 + vy (0" = €)) (Vno (910 (C¥ — ¢ — (o, ) + g76)

= VCqup) — ¢ P gsqravioiy,) + qisvd (16 + o, (6(n' — ¢) + Cos)) (S2552)

0 = V<¢(—7€g5911vMovd + Yngsgriv/notd — 1g5915v/M0¢” — g2g11v/n0d” (v + v, (1" =€)
+7Cgs911 V080T, + CCgsguiv/notéoty, — (2 gsgi1vnodoy,
+ g5v/nodn oy, (911 (= (b +n + (o, ) — g150) — (ngsgiiy/noddaiy, + (gsgisv/nod o,
+VCa39 (g110(v + o, (0 = €)) — Cgsoiw,) — ¢** 1980,
+ 96¥b (10 + aiv, ($(n' =€) + (gs)) (S255aa)

After some straightforward algebra, one can eliminatg;adixcept forgs andgs, which satisfy coupled polynomial equations.
Those equations can be shown to be identical to (S66) by invoking the change of variables,

(-
gs =" (;Sp

T
n0¢27

and gg= y+od, 7" ¢ m. (S256)

In terms of the related variables debned in €gn.[S89), the Erois given by,

_ R At + (PR

71 — . (S257)
¢ ¢2" P#f
=1/m" 2m/m+1. (S258)
S6.5.2 Ep
A linear pencil forE7, follows from the representation,
B = 1 UpQ75 Va2) (S259)
where,
T ' [ (
Up= 0 = 0 0O0O0O0O0O0O0O (S260)
V;,=(0 0 0000 0 0 0"nly, 0) (S261)
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and, forg = -no(C )" Cnlagvgl’

(3 (=) 0

Vs N P
—X 0
—X 0
R 0
Q72 - 0 0
0 0
0 0
0 0
0 0
0 0

VW,

0

V70
ng

0

o

o

0
0
0
0

T,2 T 2 T4
¢X aW2 ‘/ﬁ@F \/ZXT _C mX aW2

0

0
0

0

m(n—-¢)3/26p

) n1 VARG nd
0 0 0 0
0 0 0 0
I'ng 0 0 0
_ VW I 0 \/Z‘mwlﬁ
V7o " ng/ ny
0 W, 1, 0
0 0 0 I'ng
o2, XT
0 0 0 o2
_ YWy
0 0 0 Vel
_ VW
0 0 0 Vi
0 0 0 0

nq

0
%

L ((+#3,(8'="))

—VETE g
Y
0

0 0
0 0
0 0
VEmw," 0
Vnon1
0 0
0 0
0 0
0 V=<4
™1
lny 0
0 lny
0 -w,"

The equations satisPed by the operator-valued Stieltjes trangt@h#-. induce the following structure of,
2

where,

G =

OOOOOOOOOOQ’\E)

coocococoocoofR o

G=

o o

)
Iy

g13

o

gis

Ocoocococococo® oo

G, 0
0 0 0 0 0 0
g6 0 0 0 gu g3
0 g7 gs 0 0 0
0 g7 g8 O 0 O
gs 0 0 0 g9 g10
0 g4 g7 0O 0 O
0 0 giz O 0 0
0 0 0 g O 0
0 0 O 0 g1 e
0 0 0 0 0 gis

0 O gis 0 O O gus
and the independent entry-wise component functigrggve the errorE, through the relation,

and themselves satisfy the following system of polynomial equations,

0=1-— g1
0= —C(913915% — G199

0 = v/Cg13915v/ 0 — g1s¥

0=/ Cgrg1sv/mo — grarh +

0=g11(—9) — (9194 + gsg13) ¥

0= —/Cgsgr2t — g2v/nod (v + i, (' =€)
0= —/Cg12013% — gry/mod (v + i, (1’
0= —V/€g12016% — g5v/nod(

2

Y+ ow, (1

0= —\/Cg12917% — go/nod (v + oy,

(’_
(’_

n
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0
92

g5
0

99
g7

0
0

" (5262)

(S263)

(S264)

(S265)

(S266a)
(S266b)

(S266c)
(S266d)
(S266¢€)
(S266f)
(S2660)
(S266h)
(S266i)



—\[C9129181/1 — (914 - 1)\/7”70¢(’Y + 0‘2/V2 (77, - C))
—V/€g1912% — \/Cgag129 — grv/nod (v + aiv, (0 = €))
0= gr215%(C — 1) — ¢(g96 — V/Cgrg1sv/no) (v + i, (0 =€)
0= grvnod (v + o, (0 =€) + g12(V/Cgrav + Cgrv/nooiy, )
0 = gav/nood (v + o, (0" = €)) + g12(V/Cgrs¥ + Cgrsv/nooiy, )
0= \[C\/TTO(g? (915 (¢ — oo — Cotvy) + (910 + 919) @) + g59150) — gotbdb
0= (915 — 1)vnoop(y + aiv, (0 = ¢)) + 912(\ﬁ918¢ + {g13v/no0i, )
0= \[C\/TTO(QB (915 (C¥ — M — Coty,) + g108) + g109130 + G159168) — Gr7Ye
0 = v/Cgog1200¢ + v/no (920° (v + o, (' — €)) + 91203, (956 — Cgrain,))
0= v/Cg1ag15v/n0d (o, (C— ') — %) + 9189 (v¢ + o, (— o+ on' + Cg12))
0= g15(9129(C = n) + ¢(v/Cgrv/no — 1) (v + o, (0 = €))) + ¢ (v + o, (" =€)
0= gsv/nod” (v + o, (0" = €)) + 912 (VCgr790 + Voot (9160 — grsoiy, )
0= g139(v¢ + v, (= (o + 1’ + C912)) — (V/Cgrgrsy/no + ¥) (v + aiv, (' =€)
0= g12(vCa1s¥ + vno (v + g15(n — ) + o, (1" + ¢ (913 — 1)) — vVno (v + o, (' = €))
0=g12019%(C = 1) — d(911 — V/Cgrg1avno) (v + oiv, (n' =€) + (1949 (o, (¢ — ') =)
0= g1 (g120(¢ — ) + &(v/Cgrv/mo — 1) (v + o, (0" = €))) — Corg13¢ (v + o, (0 = €))
= —/Cgrgi5vnod (v + o, (0 =€) + 94 (v + o, (= Co + n' + Cg12)) + Cgrg12¢007y,
0= vn09(¢(91 + g6) 913 + g168) (v + o, (' — ¢)) + gm(\ﬁglﬂl@ + CV/nociv, (9166 — Cg130iw, )
0 = g6 (9129(¢ — ) + ¢(v/Carv/no — 1) (v + o, (0" = €))) + 91 (9129(¢ — m)
+V/Cgrv/nod (v + o, (0 = <))
0= VCgogr12v0¢ + /o (956 (70 + o, (6(n' =€) + Cgr2)) + Cgr (910 (v + oiv, (' = €))
+ 960 (v + o, (0 = €)) — Cgr20i,))
0= guat(—(C = M) (915%(C — n) + g198) — V/CV/nod(v + aiv, (n' =€)
(97(915(C¥ — ¥ — (o, ) + g108) + g59150) + gr06(g129(n — €)
— o(VCgrv/no = 1) (v + o, (1 = ()))
0= g15(g120° (= (¢ = 0)*) = Voo (v + o, (0" =€) (97 (¢ — mp — Coty) + g50))
+ g106(g120(n — €) — d(v/Cgrv/no — 1) (v + o, (n' = €))) + Cgsqnavrd (v + ot (' =€)
0 = Cgr0g12% — 910912 + ¥V Cg7g10v/M06 + 7/ Cg2915v/n0d — ¢/ 2 grgrov/modaiy,
— ¢*2gagisv/modaiv, + V/C(grg10 + 92015) Voo oty + Cgage (i, (C —1') =)
— g30(v + i, (0 =€)
0= ¢(gsv (v9 + v, (= Co + o1’ + Cgr2)) — /(o (v + o, (0 =€) (97 (925 (G — m9p — Cory)
+ (910 + 919)®) + 929159) ) + Cq1 (gadp (v + Tiv, (n=¢)) - Cglzdévg)
+¢gat (960 (v + o, (0 = €)) — Cqrzow,)
0= g6 (912" (= (¢ = )*) = Vo (v + o, (0" = €)) (97 (C¥ = m¢p = Caiv,) + g59))
+ ¢ (g1 (g1200(n — O) + VCgrv/mod (o, (C — 1) — 7)) + VCor192vmod (o, (C — 1) — 7))
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+ 936 (9129 (n — ¢) — d(V/Cgrv/no — 1) (v + aiv, (' = €))) (S266ah)
0 = V/¢( = 7Cg14915v/n0Yd + Y1g1ag15v/M0vd — Yg10914/M00” — Ygogi5v/M0d” — Ygrag10y/N0d

+7¢g14915Vn060y, + P gr1ag15V/novdoty, — (2 gragisv/nodoi,

— Voo oy, (914 (915 (C¥ =m0 — (o, ) + 9100) + 9109140 + gogis8) — (Ngragisy/notbdoiy,

+ (gr0g14v/M0¢> 0y, + Cgogis/nod’ oy, + (gragioy/nod oy, + \/5919181/@(7 + o, (1 =€)

+V/Cgegista (v + o, (' = €)) — P gragisiboiv,) + g7 (16 + o, (6 (0 — €) + Cgr2)) (S266ai)
0 = 791699 — 7¢*? grg153/mod + 7/ Cngrgisy/motd — 1/ Cgrgion/mod” — 1/ Cg5915/m06°

— 1V Cgrg19vm09” + ¢ grgisn/modoiv, — P ngrgisv/movéoiy, + ¢ grgroy/mod’ oy,

+ ¢ gsgisvnod’ o, + ¢ grgiov/nod’ oiy, + ¢ grgisv/novdoty, — ¢ grgis/nodo,

+ ¢n' oy, (g16v0 — \[C\/7TO(97 (915 (Ctp — o — CU\Q/V2) + (910 + 919)®) + g59150))

+ Cg191390 (v + v, (0 =€) + Cg6g139d (v + Tiv, (0 — €)) — Cgr2g13%0w, — Cg16¥¢° Ty,

+ Cgr20160¢07y, (S266aj)

After some straightforward algebra, one can eliminatg;adixcept forg; andg;», which satisfy coupled polynomial equations.
Those equations can be shown to be identical to (S66) by invoking the change of variables,

(= ) )
gr=" H%Tz, and g = y+og, 0" ¢ T (S267)

In terms of the related variables debPned in €gn.|(S89), the Efois given by,
_ Ve 20pn(C” 277)+_¢_C2¢ " +1) " Py . VP )

b 200 2" A 22 R+ 12 g o7
Van b+ ¢ Cat e VPR P At (B unt g2
; 7 , 2 : S268
* PR Tl 2 R 242 gR (5268)
="T/r" Ex" noy,, (S269)
whereT3 is given in eqn.[(S65).
S6.6 Higy
HlOl = Eg(XaP7 X7 E)Q(X;PaXaE) (8270)
= E No(x; P)No(x; P)T + K(x, X;P)K(X, X; P) 'Y (X,e) 'Y (X,e) K(X, X; P) ' K(X,x; P)
+ K(x, X;P)K(X, X; P) "' No(X) " No(X)K(X, X; P) ' K(X,X; P) ¢
" No(x; P)No(X; P)K(X,X;P) 1K(X,x;P)" No(x;P)No(X;P)K(X,X;P) 1K(X,x;P) (S271)

- 2
vog,n+ vExp + Etr K(X,X;P)"H(XTX + yan—wl?f(wl)'r)TF)K(X,X;P)—1K(X,x;P)K(x,X;P)

(S272)
= Hioo, (8273)
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+ K(x, X;P)K(X,X; P) INo(X) " No(X)K(X, X; P) 1K (X,x;P)

= Eg(x;P,X,g)g(x;P,X,ér)
E No(x; P)No(x; P)T + K(x,;P)K(X,X;P)"1Y(X,8) Y(X,e)K(X,X; P) 1K (X,x;P)

$

" 2N0(x;P)NO(X;P)K(X,X;P)‘lK(X,x;P)
#

E No(x; P)No(x; P)T + K(x,:P)K(X,X:P) ' XTXK(X,X;P) *K(X,x;P)
+ K(x, X;P)K(X,X; P) INo(X) " No(X)K(X, X; P)"1K(X,x;P)

$

" 2N0(x;P)NO(X;P)K(X,X;P)_lK(X,x;P)

S6.8 Hii

Hlll = Eg(X;P,X,€)§(X;P7X,€)

= E No(X; P)No(x;P)" + K(x,;P)K(X,X;P) 1V (X,e) "Y(X,e)K(X,X; P) 1K (X,x; P)
+ K(X, X;P)K(X,X; P) INo(X) " No(X)K(X, X; P)"1K(X,x;P)

2
vow,n+ vEz + B3 + vE33

$

" 2No(x; P)No(X; P)K(X,X; P)"1K(X,x; P)
#

= E No(X; P)No(x; P) " + K(x,;P)K(X,X; P) XX X + o?n1In)K(X, X; P)*K(X,x; P)
+ K(X, X;P)K(X,X; P) INo(X) " No(X)K(X, X; P)"1K(X,x;P)

$

" 2N0(x;P)NO(X;P)K(X,X;P)_lK(X,x;P)

_ 2
= vow,n+ vExn+ Bz + Ezp + vEs3

S6.9 Combining results: asymptotic variance terms

Summarizing the above result, we have,

which using eqn] (S18) gives,
B=1+ Ex+ E4

= FE,

= FE,

= Es

= E5+ Eg

= vog,n+ vEyp + B+ vEqp
= 1/0'6\/27]4' vEs + E71 + vE7,
= 1/0'6\,27]4' vE> + F3p + vE3s

_ 2
vow,n+ vExp + Ez + E3zp + vEzs,
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- 2t
Ve = Hioo" Hooo
= vog,n+ vExp+ Enn+ vEp" Es
= BEn" By vDo)7
=7/r+2n/n" 1" (/" 1)2 " v/
=7y/m" B" vIy/1{
Vx = Hoiwo " Hooo
= Es" E,
= 0% n+172/1" 9%)
= ¢B(n" m2)?/(7" d(r" T2)?)
Vi = Hoo1 " Hooo
=0
Vex = Hi10" Hoio" Hioo + Hooo
= vog,n+ vExp+ Exp+ vEx" Es" (vog,n+ vEx + B+ vEp)+ Ey
= Ep" Enn" Es+ Eq+ v(Esz" Er)
=1" (%72/7'&/0" /" (/T " 2m /i + 1) " Vi

+v oo, mt(oa,n" 0%)"‘ 070)_71*‘ 04, (5 JTE" " Ex" (In" Ep" nog 2))&
="/t o/t Vx v v ooy, mt(oa,m" O+ )+ oa, (s /2" Th)
=" /" B" Vp " Vx + vTy/(ym)?
V1 = Hio1" Hoor" Hioo + Hooo
= vog,n+ vExp+ En+ vEn" Es" (vog,n+ vEx + B+ vEp)+ Ey
=0
Vxv = Howr " Hoor" Hoio + Hooo
= Es+ Eg" E " Es+ Ey

= Fp
= afeR /(1" #9)
= o?Vx /B
Vex1 = 1/06\,2n+ VEy + FE31+ E3p + vE33" (Es+ Eg)" (1/06\,277+ vEy» + E71 + vE7)
" (vog,n+ vExp+ Es+ vEs3)+ E4+ Es+ vog,n+ vExp+ Enn+ vEnR" E,
= FEa" Ep

012 " 71/7'12" 1" V.

Therefore, we have established the main result, Theprém S3.
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S7 Proof of Corollary|]]

S7.1 Bias is non-increasing

In terms of the auxiliary variables and# debned in eqn[ (S89), the coupled equations debniagdr,, eqn.[(S4R), simplify
to

0= 9m" A+ oy, (R (Con+ (+ o)+ (n” 1)+ Q) (S282)

0=(n" ¢n)(va((rn+n)+ (p(+1)+ (pr(r+1)of,. (S283)
Eliminating# from these equations gives,

Co(r+1) (1" Mo, 7 R(Cor+ d(y+ M+ O+ ofy, (R (Cor+ C+ on)+ O+ ¢
= (Gt ) (2 (Com + C+ )+ Q) R+ ofy, (72 (Cor+ C+ dn') + ()
Specializing to the random feature kernej(, = 0), the equation becomes,
(R2 (G + C+ ) + Q) (2 (Copa + (+ @) + () = " V(PR (2 +1) . (5285)

In the ridgeless limit;y = 0, and the guartic equation factorizes into the product of two quadratic polynomials. The root of these
equations that respects the conditions of Le@na lis gi\éen by

T mwr (O nw)? " APw

(S284)

2 ; (S286)
2w
wherew = maxX ¢, 4}. Next, recall from Theorefn|1 thdt = 73/72 = (1 + +r2)? so that
0B 20B Y2 0%
=t ()= 2 (Lt )= 287
o n08¢( 2) no( fz)w (5287)
To show tha®B/dn, ! 0, we show thafl + =:r2)o& 0 and thatd+, /9y & 0. First of all,
" n 2n 2
1++ =1+ ¢" nw+ (C + le) 4¢w (8288)
20w
non 2 2
_ (2wt () + (G w) " ACPw (5289)
0 %
wom 2 2% 402
g 2w+ CHw)?+ - (C+ )" A% (5290)
0 2w 0
" 2 2,0 " 2 2 2
() A 4@“(2C Quw?+ ([ p)? " & o o (S291)
w
where we used the relation& ¢ which was proved in26]. As for the derivative, note thdt# /0y = 0 if ¢ < ¢ and otherwise,
Or | " (2wt CE )+ (CHw)? AP (5292)
o 0 2w (C+ nw)za 4¢%w
" " 2 2 2
o 2wt G )P+ (CH )2 4w (5203)
2w (C+ nw)?" ACPw
+ 2" 420" AC(n" 2+ + 2" 42
(CH+ 2™ 4wy a0(n™ QuP+  (C+ nw)? ™ 4w (s294)

2,2 (CH+ )2 A%
&0. (S295)

Therefore we have shown that 5B
|

22 2
o O (S296)

i.e. the biasB is monotonically decreasing.
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S7.2 Behavior near the interpolation boundary

From inspection of the expressions in Theofgm 1, the bias and variance terms depemagidr, through four ratiosr, /74,
5 /71, 4/7% andr{ /2. In the ridgelessy = 0) limit, these ratios can all be expressed in terms,dfy using eqns| (S§7),

(589).[(S89) and (S285).
We examine the behavior near the interpolation thereshaldy by taking the limit from both directions. It is straightforward
algebraic substitution to show that for< ),

E:é:l : . C(+1) T2 _ ((2+1)° ) S297
™7 G T (0" YRR+ (0" D)R(CR+ ) ( )

From eqn.[(S286), we see thatis bnite whenp = ¢ so that the terms in eqr. (S397) obey,

, , 1 1 2 , 1 1 2
2 = z = l = —_— 2 =
Pl 0(1), 2 O i @) P (S298)
Turning now to the case af > 1, similar algebraic substitutions yield,

2 -4 (S299)
Tl = . = .
7 Cn B Yt e+1)+3m+2 + (n B A+ 0" Dl + PR ) (5300}
71 C(CR(FH(9" )+ +2)+ n5(o" ¥)+ 1)
T ((+1) W GCh(r+1)
—= = S301
2T R DRt (R(RtD* (530D
T__ ((tD)? Rkt Q) (S302)

7 RO Q((rtn) (Rt +
We can isolate the pole &t= v by examining the relevant functions #f. In particular, substituting the soluti86) gives,

0
72 _ (CH+me)?" 4P9+2(" (" nd
g = S303
e R (5303)

which is evidently bPnite whea = ) and,

Nret e ° ex (S304)
CR(R242)+ 0 (C+n9) (C+nd)2" AZo+(C+ n)?" 4%

whose denominator is a sum of non-negative terms that only vanishes If andn = ¢, i.e. the activation function is linear.
Therefore, we bPnd fop > 1) the same behavior as fgr< «, namely,

, , 1 1 2 , 1 1 2
T2 _ T2 _ 1 _ T2 _
—-—===01), =0 —/— , =0 —/(—— . S305
oo W 4 " 4 " (3305)
Altogether, we conclude that @s) 1,
1 1 2 1 1 2
B=0(1), Ww=0(1), W=0(1), Vkxi=0(1), Vx =0 PR Vex1 = O PR (S306)

i.e. the only divergent terms ai&x andVpyx .
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Figure S3: The multivariate variance decomposition3|.[ Following the setup of Fi(_ﬂl, panel (a) depicts the decomposition
with a Venn diagram and panel (b) shows plots of the individual terms as functions of the overparameterizatiqn natidhe

total variance is partitioned into three terms in a sequential manner, breaking the symmetry of the random variables and failir
to account for their interactions. Since it is those interactions that cause the divergences (see garollary 1), itis not possible
unambiguously attribute the divergences to a univariate source of variance, despite the the observedEgileemitiE ;..

S8 The Bias-Variance Decomposition of dOAscetial. [35]

While bPnalizing this manuscript, we became aware of a related v@&tkHat similarly proposes and calculates a multivariate
variance decomposition in order to examine the origins of double descent. Their approach is sequential in nature, brst debni
Evoise to be the (expected) variance conditional®mand X, thengy,;; to be the remaining variance conditional &n and Pnally
Esampto be the remaining variance. In terms of our Pne-grained decomposition, their expressions read,

Bgias= B, Bnt= VW + Vpx , BEsamp= Vx , Buoise= Voxt + Vx_ .+ Vpr + V. (S307)

Fig.(a) illustrates their decomposition in terms of a Venn diagram and Hig. S3(b) shows how the components of the
decomposition behave as the number of random features varies, similarly tp|Figg. 1)and S2. Note that their total bias a
total variance agree with ours, and that their decomposition also resolves the two separate divergent terms at the interpolat
threshold (sincé&yise cONtainslpx andEpi; containsVpx ). However, because their decomposition is not fully multivariate,
the resulting areas do not necessarily possess the interpretations one might expect from the names Onoise variance," Oinitializ:
variance," and Osampling variance." For example, the divergeiiggdhultimately comes from the contribution &b x; ,

which vanishes when you ensemble over initial parameters, for example. This strong dependence on the parameters does
seem like a desirable property of a quantity designed to measure the variance due to noise. Similarly, the divegggnce of
can be eliminated by ensembling (bagging) over different training samples, which also seems like a undesirable property
Oinitialization variance." The underlying reason for these inconsistent interpretations is that the divergences ultimately arise fro
theinteraction termsVpx andVpx , but these interactions are not captured in their decomposition.
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