Method/Analysis Worst-Case Error (i.e. EF (%) — F* <)

Minibatch SGD H A o2
Theorem exp( ) + xarkR
Accelerated Minibatch SGD 2
Theorem €xp \F + AMEKR
Local SGD 2 HC? -
Koloskova et al. [12] NIKE T xRz T AZKR2 for B > Q(T log A)
SCAFFOLD e =
. HA + 2 )
Karimireddy et al. [11]] ( B exp( ) + XMKR
Local SGD B2 o
Theorem HRRAAKZRE \/MKR T >\2R2 + ke
Local SGD Lower Bound _AR\ HC? o2 . o2
Theorem mm{A exp("), 3oz } + sarr T mm{A’ W}
Algorithm-Independent . { AVE A2 } ( VX R)
Lower Bound Theorem i g w7 g P\ )t NMER

Table 2: Guarantees under the strongly convex assumptions, with log factors omitted. See (T2) for a
definition and discussion of (.

A Discussion of Local SGD lower bound in strongly convex setting

In the strongly convex case, the lower bound from Theorem [2] nearly matches the upper bound of
Koloskova et al.. Focusing on the case H = B = ¢ = 1 in order to emphasize the role of (,, the
only differences are between a term 1/(K R?) versus 1/(K?R?)—a gap which also exists in the
homogeneous case [23]—and between exp(—AR) 4 (2/(A\?R?) and min{exp(—AR), (2/(A*R?)}.
The latter gap is somewhat more substantial than the convex case, but nevertheless indicates that
the (2 /(A2 R?) rate cannot be improved until the number of rounds of communication is at least the
condition number (or ¢2 is very large).

B Discussion of Karimireddy et al. [11]

We compare our results to Karimireddy et al. [11]], who presented an analysis of the inner/outer
stepsize variant of Section[6|(as FEDAVG, with a different stepsize parametrization—see below) as
well as the novel method SCAFFOLD which incorporates variance reduction.

Karimireddy et al. [11] Theorem V] show that for the inner/outer stepsize updates (I3, with optimal
choice of stepsizes, in the weakly convex case

/3
. HB?  oB  (HZBY' S (B
— F* < _ —.
EF(2)— F* <O < =t ! N (16)

and in the strongly convex case (for R > Q(%))

2 2 2
0* | HC S, G ) -

. N 9 —-AR

EF(z) - F SO(/\B exp( I >+)\SKR+)\2R2+(1 M) SR
But these are loose upper bounds: as discussed in Section[6] the Minibatch SGD guarantees also
apply to the inner/outer variant (by using 7iper = 0). The Minibatch SGD guarantees (14) and
(T3] can therefor be viewed also as guarantees on the inner/outer variant (i.e. Karimireddy et als
FEDAVG) that improve over and in several ways: (a) they avoid the the third terms in
and (T7); (b) they improve the fourth terms by a factor of /S and S respectively; and (c) they avoid
the requirement R > H/\.

Karimireddy et al.[s presentation actually uses a different step-size parametrization that does not
allow for 7ipper = 0: they use 1; = 7ipper and 1g = Nouger /Minner- We prefer the presentation using
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Ninner A0d Nouter in order to emphasize the relationship with Minibatch SGD and in order to explicitly
allow 7imer = 0. But in any case, even using their parametrization, 7; = 7inner could be taken
arbitrarily close to zero making the deviation from Minibatch SGD arbitrarily small. Indeed, the
Karimireddy et al./s bounds @[) and are obtained when 7;nner is already so small that the
algorithm is essentially equivalent to Minibatch SGD.

But|Karimireddy et al.’s main contribution was the presentation of SCAFFOLD, which incorporates
machine-specific control iterates that reduce the inter-machine variances. For SCAFFOLD, [11,
Theorem VII] show that in the weakly convex casd'}

HBQ+ oB +M<f oGV M
R ' VSKR HSR HSVEKR]’

and in the strongly convex case (for R > max{ £, 4 })

M¢? A S o?
EF(¢#) — F* <O |\ B? * —ming =, — R | + ——— | . 19
) = ( ( +5>'H2)eXp< mm{H’M} )+)\SKR (19
These guarantees are also obtained when 7inner 1S SO close to zero that this is essentially a minibatch
method, in this case “Minibatch SAGA” [cf.[7].

EF(3) — F* <O ( (18)

Although SCAFFOLD is aimed specifically at the setting where a subset of machines are used in
each round (i.e. S < M), let us first check whether it provides benefits in our “standard” setting
(introduced in Sections [2), where all machines are used each round (i.e. S = M). In this case, the
SCAFFOLD bounds and may improve over the loose upper bounds and (T7), but this
is only due to the looseness in these upper bounds. The SCAFFOLD upper bounds (for S = M) do
not actually improve over the Minibatch SGD guarantees of Theorem [I] and only include additional
terms (see Tables E]and @ That is, the SCAFFOLD upper bounds, when S = M, are valid also
for FEDAVG (since as discussed above, Minibatch SGD gurantees are valid also for FEDAVG) and
so do not show a benefit in the setting where all machines are used each round. This is perhaps not
surprising, since in this setting there is no need to reduce inter-machine variance, and so no benefit
from variance reduction.

Let us turn then to the setting of Section [7} where only a random subset of S < M machines are
used in each iteration, and for which SCAFFOLD was developed. In this setting, SCAFFOLD
does show a benefit in some regimes. Let us focus on the weakly convex case and compare the
SCAFFOLD guarantee (I8)) with the Minibatch SGD guarantee (I4). We can verify that, e.g. when
o =0 and {, = HB, SCAFFOLD improves over Minibatch SGD if % < % < %, and S < M,

but the SCAFFOLD guarantee is worse then Minibatch SGD if % < %. More generally, the

2
SCAFFOLD guarantee is worse than Minibatch SGD if ¢ = 0 and 2 < % min(1, %) Also
for strongly convex objectives, SCAFFOLD improves over Minibatch SGD in some regimes but
the guarantee (19) is worse than Minibatch SGD in other regimes. Care is required to map out the
precise regimes and how they depend on the various problem parameters.

C Proof of Theorem [1]

In this Appendix, we prove Theorem [T} starting with an analysis of Minibatch SGD, and proceeding
to analyze Accelerated Minibatch SGD.

C.1 Minibatch SGD for heterogeneous objectives

For the proof, we will use the following standard property of convex functions:
Lemma 1 (Co-Coercivity of the Gradient). For any H-smooth and convex F', and any x, and y,
IVF(x) = VF@)|* < H(VF(z) = VF(y), 2 ~ ),

and

IVF () = VE()|I* < 2H(F(x) = F(y) — (VF(y), © — y)).

"This is different than the bound stated as [T1, Theorem III], but is what was proven [[L1, Theorem VII,
Appendix E].
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Also note the following result from Stich [21]], which is useful for optimizing the step-sizes.
Lemma 2 (Stich [21]], Lemma 3). Consider non-negative sequences{r;};>o and {s;}i>0, which
satisfy:

rey1 < (1 —amy)ry — bygsy + en?, (20)

for non-negative step-sizes n; < é, Vt, for a parameter d > a, d > 0. Then there exist a choice of
step-sizes 1y and averaging weights wy, such that:

T

aTl 36¢
— < 32d - — 21
;swt—l—arm_l_ roexp[ 2d]+aT’ 21

Sfor Wy = ZtT:o Wi.

Finally we can prove the following result for Minibatch SGD in this setting.

Theorem 5. Under the convex assumptions, the average of the iterates of Minibatch SGD guarantees
for a universal constant c,

HB? o.B
<c- +c- .
R MKR

Under the strongly convex assumptions, a weighted average of its iterates guarantees

HA AR o2
<L p— _ . * .
EF(z)—F*<c- 3 exp{ 5 } +c 5y

Proof. By the A-strong convexity of F', where A\ might be equal to zero:

2

M K
1 m .
Elz1 — o[ = E||z; — i Z va(xt;zt ) —at (22)
m=1k=1
= E|la; — 2*||° — 2B (VF(zy), 7 — z*)
K 2
+n?E KMZ;W 22| (23)
< (1= Mp)E[a; — 2*||* — 2n,E[F (2;) — F*]
| MK 2
2 N
+ nPE m;;Vf(xt,zt ' - (24)




By the H-smoothness of f(-;z), we can bound the final term with
2

M Vf(%;zzn’k)

2

)

M K
% Z Z |:Vf(.’1,‘t7 Ztm,k) _ Vf(.’II*, Z;m,k) + Vf(.’ll*, Z;n,k)i|

2

1 MK
KM 2 Z[Vﬂxt; 7™*) - Vf(x*;zln’k)]

IN
Ep
M=
1
e
<
~
&
S
<
=
&*
Ji\z
3
=

(25)

(26)

27)

(28)

(29)

(30)
€29

(32)

(33)

(34)

(35)

(36)

(37)

AH & 202
= K;;E[ﬂxt;zr”w = f@* ) = (V@ ), @ -] +
202
=4HE[F - F -
[F () ]+ MK
Where, for the third inequality we used Lemma Plugging this back into (24)), then for 7; < ﬁ,
%12 * (12 * 27730—32«
Ellzesr — ™" < (1= Ane)Ellz — 27| = 20 (1 = 2Hne )E[F (2¢) — F*+ — ==,
2202
< (1 — Mp)E|lz; — 2*||* — nE[F(x,) — F* s
<( ne)Ellze — 27" — ndE[F (22) ]+ VK
1 2 1 2 27]t0'2
E[F —F < —=X)E|zy —z*||" — —E —z* =,
Pl = < (5= A)Bllos =17 = 2 Bl - o1 + 0
Now we look at A = 0 and A > 0 separately.
Convex case (A = 0): Choose a constant step-size,
. 1 BVMK
=n=ming —, ——— ».
Nt n 4H7 0'*\/T
Then the averaged iterate Tp = % Zf: 1 Ty satisfies:
1k
EF(Tr) - F* < > EF(x) - F*,
t=1
R
1 1 9 1 9 2no?
< = _E ok _E K *
< 7 2y Blles ="l = CBlen —oIf+ T2,
lzo — a*|* | 2no?
nR MK’
{4H32 . B } 20.B
< max R ,
R MKR MKR

AHB?  30.B
< + :
R MKR
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Strongly convex case (A > 0): Rewriting (31,

" « " 2 203
Bllzi1 — | < (1= An)Elle; — o*|* — mEF(z:) - F*] + F2x, (39)
MK
we note that it satisfies the conditions for Lemma 2] for the specific assignment:
re = Ela; - 2*|, s; = E[F(x:) - F], (40)
A bele= 2% y_um T-R (41)
a=XAb=lc=—rr d=4H, T=R.

Thus using Lemma[2] and applying Jensen’s inequality we can guarantee the following convergence
rate for the averaged iterate &p = ﬁ Zf: L Wi,

E[F(2r) — F*] < 128H||zo — 2*||” exp [—;ﬂ + AE(;ER, (42)
using step-size 7, and w; given by,
if R< %, m=£7 wy = (1= Any) 0,
ifR>%andt<to, nt:£7 wy = 0,
ifR>%cmdt2to, mzm, wy = (K +t—to)?,
where k = 8 and t, = [£]. We conclude by observing that HB? < H&. O

C.2  Accelerated Minibatch SGD for heterogeneous objectives

We first recall some classical results from Ghadimi and Lan [8, [9] for accelerated variants of
minibatch SGD. These results are for minimizing F'(z) := E.p f(x, z) where F is H-smooth and
A(> 0)-strongly convex. The algorithms use unbiased stochastic gradients {g; }+c[ry, i.e., for all £,

E [g:(z)] = VF(x) which have bounded variance for all z, i.e., E||g:(z) — VF(z)|* < 2.
First consider the AC-SA algorithm Ghadimi and Lan [c.f., Sec 3.1, 8]), with step-size parameters
{a¢}i>1 and {7y }i>1 8t a1 =1, o4 € (0,1) for any ¢ > 2 and ; > 0 for any ¢ > 1. The algorithm
maintains three intertwined sequences {z;}, {z{}, and {z7*?}, updated as follows:

1. Set the initial points 257 = 29 € X and t = 1;

2. Set x;nd _ (—o)(A i) a9 + ar[(I—as) ptye]

yer(—a)x Te=1 T Ty Fa-adr Ti=1s

3. Call the stochastic oracle to get the gradient g; at the point x/"%;
. 2
4. Setw, = argmin,ex {aullgr, @)+ 3|ed = 2]+ [(1 = @) + Flllzes — ) };
5. Setay? = apwy + (1 — ag)zy?
6. Sett <t -+ 1and go to step 1.

We have the following (almost optimal) convergence rate for strongly convex functions using AC-SA
(see, Sec 3.1 in [8]]).

Lemma 3. (Ghadimi and Lan [8)], Proposition 9) Let £*9 be computed by T steps of AC-SA using
stochastic gradients of variance o2, then for a universal constant c,

H||zo — 2*|° N o2
C-——F——— t¢C —.
- T2 AT
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It can be adapted to the weakly convex case by noting that, if F'(z) := F(x) + Slzo — x||? for any
A, o, and 2* = arg min F'(x) then,

rnyin]E {F(y)} <E [F(I*) + %Hmo - 13*1 )

)

= “B[F(e*)] < B [uin P3| + §le0 —a*IF

= E[F(z) - F(z")] <E [F(m) — min F(y)} + %on — *|)?,Va.

This also holds if we optimize the right hand side w.r.t. A. In other words, a guarantee for the strongly
convex case, can be converted to the weakly convex case, by regularizing with %Hmo —a* ||2 with
optimal value of \. This gives the following result,

Lemma 4. Let &9 be computed by T steps of AC-SA on the regularized objective F(z) = F(z) +
m |w — 20||% where the stochastic gradients have variance o2, then for a constant c
0—¢

.. Hllzo — a2 o Illzo— 27|
< e s

This is minimax optimal for weakly convex functions. Next we consider the multi-stage accelerated
SGD algorithm Ghadimi and Lan [c.f., Sec 3,9] which uses the above AC-SA algorithm. Let pg € X,
have bounded sub-optimality F'(py) — F(z*) < A, thenfork = 1,2, ...,

1. Run Ny, iterations of the generic AC-SA by using xo = px_1, {@ }¢>1, and {~; };>1, with
relevant definitions as follows,

2H 12802
M= (ma"{“v A’3AA2—<k+1>}]’

2 4oy,

at:t_’_lafyt:t(t_’_l)v

A0'2 1/2
- °H ~
$r = max | 24, [3A2—<k—1>Nk(Nk T 1)(Ny + 2)] ’

2. Setpy, = x'}\,gk where x(}é’k is the solution obtained in the previous step.

We have following optimal rate for strongly convex functions for this algorithm,

Lemma 5. (Ghadimi and Lan [9], Proposition 7) Let £*9 be computed by T steps of multi-stage
AC-SA using stochastic gradients of variance o?, then for a universal constant c,

E[F(2) — F(z*)] < c-Aexp [—\/ZT

Theorem 6. Under the convex assumptions, performing AC-SA on the regularized objective ﬁ‘(x) =
F(z)+ Wﬁ |z||? guarantees for a universal constant c

0.2

+C'ﬁ.

HB? ocB
EF(z)—F*<c- +c- .
) - R? MKR

Under the strongly convex assumptions, the multi-stage AC-SA algorithm guarantees

0_2

©NMKR'

Proof. In order to use the previous lemmas, first note that the stochastic gradient at time ¢ at point
is given by 1 fo:l sz1 Vf(x; 2t ), where 2!, ~%%d D™ for all machines. Fortunately,
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its still an unbiased gradient estimate, i.e., E [MK Z 1 Zk 1 Vf(x; 2, k)} = VF(x) since the

iterates on each machine are sampled i.i.d. Its variance is given by,
2

M K
Z > Vw2l ) - VF(x) (43)
m=1 k=1
1 ME 2
= 27 2 2 E|VI(@ial i) — VEu (@) (44)
m=1 k=1
1 M K
2
< PR 220 @)
m=1k=1
2
o
= 46
WK (46)
Plugging this into Lemmas 4 and [5]completes the proof. O
D Proof of Theorem
Consider the following function F : R* — R:
1 1
F(z) = 5(Fi(@) + Pa(w) = 5 (Eoiopr fz52") + Eozpe f (23 2%)) (47)

The distribution 2 ~ D! is described by 2* = (1, z) for 2 ~ N(0,0?). Similarly, 22 ~ D? is
specified by 22 = (2,2) for 2 ~ N(0,0?). The lower bound construction will be based on just
two functions. For M > 2 machines, we simply assign the first | M /2] machines F and the next
| M /2] machines F5. This diminishes the lower bound by at most a (M — 1)/M factor. Therefore,
we continue with the case M = 2.

Following Woodworth et al. [23]], we define the local functions F} and F5 via the auxiliary function
H

glarwy,ws.2) = S =)’ + 5 ( 2 - \/\/;) + (B ml) 4T @

G(l’l,QCQ,ng) :]Ezg(xl,.TQ,CL'g,Z) (49)

where ¢ > 0 and ;1 € [\, £] are parameters to be determined later, and where [z], := max{z, 0}.
Then, we define

La?
f@;(1,2)) = g(@1, 22,23, 2) + == + G4 (50)
Az?
f(x:(2,2)) :9(I1,$2,$372)+7 — Gy 61V
for a parameter L € [\, H] to be determined later. Therefore,
L 2
Fi(z) =Eaop f(a;2") :G($1,$2,9€3)+%+C*$4 (52)
2 Aot
Fy(z) = E2upe f(2;27) = G(21, 02, 23) + - = Ceg (53)

It is clear from inspection that both F} and F5, and consequently F', are H-smooth and A-strongly
convex. Furthermore, the variance of the gradients is bounded by o for both D! and D?.

It is clear that (G attains its minimum of zero at [c, %, 0] so VG (c, ‘/\/ﬁﬁc, O) = 0, and thus
VF(C,\/EC7O,O) VG( Ve ,0) + (C* C*)e4=0 (54)
vVH "VH 2 2

From now on, we use x* = {c, \/%67 0, O} to denote the minimizer of F', which has norm

¥ = (1 n %)CZ < 2¢? (55)
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We can therefore ensure ||z*||> < B? by choosing ¢? < %2. Furthermore, the initial suboptimality

F(0,0,0,0) — F* = pc? (56)
Therefore, we can ensure F'(0,0,0,0) — F* < A by choosing ¢? < %. We conclude by showing
that for this objective, (? bounded by

1 2
5 D IVE @) = VR = [VA@E)) = ¢ (57)
m=1

Therefore, this objective has the desired level of heterogeneity.

Therefore, we have shown that the objective satisfies all of the necessary conditions for the lower
bound. All that remains is to lower bound the error of Local SGD with a constant stepsize 7 applied
to this function.

Lemma 6. For u < 2L, then Local SGD with any constant stepsize n < % applied to F and F»
after being initialized at zero results in T4 such that

(L+wii _ G(L+p) (L—p K\’
4 = 1642 . (1 — pm) l{ﬁﬁ%}ﬂ{(lﬂuﬂ)f(ﬁ%}

Proof. Since the coordinates of F} and F5 are completely decoupled, the behavior of the fourth
coordinate of the iterates can be analyzed separately from the others.

Let a:,(cl) denote the fourth coordinate of machine 1°s iterate at the kth iteration of round r, and

similarly for z page (%) The local SGD dynamics give

sc,(fz, = ngi ( G+ MCC(2)) = % + (1= pm) (xgz’ i:) (59)

and 24 = % (xg)R + x(2) ) = xo, r+1. Unravelling this recursion, we have that

$0r+1*$82+1 ‘()2’)”+1_2<_L+<1_M) wm-; (1—LTI) ffo,r+f

1
(60)
Furthermore, if < i then (1 — Ln) > 0, so if xp, > 0 then

Tort1 2 2&* - % +(1- U)K(x;’r - C*) o (; -(1- WI)K> (61)

21 2u
Finally, since z¢ o = 0 > 0, the condition x¢ ,, > 0 will hold throughout optimization, so
C*
= — —(1-— 62
Ty > 2u L (1 —pn)™ (62)
Therefore, if n < % and (1 — ,m]) < T then
(L+wi  G(L+p) (L—p x)’
> —(1— 63
R T 7 — (1 —pm) (63)
This completes the proof. O

We now prove the theorem:

Theorem 2. For any M, K, and R there exist objectives in four dimensions such that Local SGD
initialized at zero and using any fixed stepsize n will have suboptimality at least

N (mB2 (HEBY'Y?\  (H*BY B
EF(z)— F Zc-<m1n{ = R2/3 + KB R + TRE

. N 6AR H(; . Ho? o2
EF(z)—F*>c- (mm{Aexp<—> )\2;2 } —i—mln{A, /\2K2R2} + /\MKR)

under the convex and strongly convex assumptions (for H > 16\), respectively.
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Proof. Since the four different coordinates are completely decoupled from each other, it suffices to
analyze each coordinate separately.

In the course of proving [Theorem 3|23]], Woodworth et al.| prove that

EG(‘%M-%??‘%?)) - G(Ca f\//i;a0>
2 2

KR
puc? (1 — pm) fic Hn’o

= 2 +7ﬂ{n>ﬂ}+ 18432 Hn<z Y > wis

(64)

Furthermore, by Lemma [6)]

(L4 N3 (Lt (L= K\’
T 2 e Uz ) Y Hammrstzey 69

Therefore, choosing L = 4

H+ 2\
EF(2) — F* = EG(&1, &2, &3) — G(c, \/\/’jﬁc,()) + Jg @2 (66)
2 KR 2 252
pe* (1 — pm) pe Hr
= 2 T Y2y T R4z o< e ke

G (H +2p) H—2u K
- 3242 ( H = (L= pm) ) ]l{nﬁ%}]l{(lf#n)l(ﬁ%} (67)

Stochastic terms

First, we will show a lower bound in terms of o2 using solely the first three terms of (67). Consider
three cases:

Caseln > %: In this case, from the second term of (67) we see that
2
EF(i) — F* > % (68)
Case 2 om K 7 <n< %: In this case, the third term of shows
Hn?0?
EF(z) — F* > 69
() = 18432 (69)
where we recalled that ; < £ 16501 = KR K = > TKER K = This is non-decreasing in 7, so for any 7
Ho?
EF(3)—F*> ————— 70
() = 737282 K2 R? (70)
Case3n < = and n< s R: In this case, from the first term of (67),
201 _ KR 2(1 - L \EE 2

Combination: Combining these three cases, we conclude that for any
2 2 2 2 2
N " .| e Ho e . [ pe Ho
EF(z)—-F* > LA i, ~o s 72
() = mm{ 2 37282 K2R 4 } mm{ 3 372812 K2 R? } 72)

This lower bound holds for any stepsize, and any p € [)\, 16] and regardless of (.. In the strongly

convex case, we recall that F'(0) — F(z*) = pc?, therefore, we choose 11 = A, and ¢? = £ so the
lower bound reads (for a universal constant [3)

. “ . Ho?
EF(z)—F* >0 mln{A, )\QKUQRZ} (73)
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To conclude, it is well known that any first-order method which accesses at most M K R stochastic

2
gradients with variance o2 for a A-strongly convex objective will suffer error at least Bx37kE in the
worst case [[17]. Therefore, the strongly convex lower bound is

R . . Ho? o?
EF(z) — F* > - ming A, IR +B.)\MKR (74)

2 _ B?
- 2

1/3
2 2
In the convex case, we recall that [|z*||* < 2¢?, so we choose ¢ Hg )

N and set m = (W
so the lower bound reads

(Ho>BY)

K2/3R2/3

To conclude, it is well known that any first-order method which accesses at most M K R stochastic
gradients with variance o2 for a convex objective with ||z*|| < B will suffer error at least 3 \/%
in the worst case [[17]. Therefore, the convex lower bound is

(H o’B 4) oB

EF(3) - F* >3- (75)

EF (@) F* > -

Heterogeneity terms

Next, we consider solely the first, second, and fourth terms of in order to show a lower bound
with respect to .. Again, we consider three cases:

Caseln > %: Again, in this case, from the second term of (67) we see that
2

EF(#) - F* > F- W)
Case2n < % and (1 — /m)K > 4 ;{2“ : In this case, from the first term of (67)), we have
2 1— KR
EF(3) — F* > % (78)
2 R
pe 2
>—11—- = 79
2 < H) (79)
2 o\
ue 4u 1\ %
el Ry 80
= (0-50-0)7) )
2
e 4R
> B exp - 22 81
2 ( 7 ) 81)

Case3n < Z and (1 — ,un)K < %: In this case, from the first and fourth terms of (67)), we
have

2 2 2
X « < HC kr | G(H+2p) (H—2p K
EF(3) — F* > " (1— —(1- 2
(2) 2 5 (L= )™+ 32 i (1 —pn) (82)
Suppose that (1 — )™ > Z224 — L then
2 2 R
pe KR _ K¢ 2p 1
B a- >0 (122 =
5 (L—pum)™ " 2 = ( i 4R> (83)
Then, if R > ﬁ,then
R o B;I;R
2 2 2 m 2
% KR  HC 3p pe 6 1Yo pe 6uR
Ladiyg > (1-2) > ((1-—L(1-= > et
(1= pm) —2< H>—2<( H( e))) —2eXp(H
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Otherwise, if R < g, then

2 2 R 2 2
ue KR . JC 1 uc ue 6uR
—(1-— > (1—-— ) >— > - 85
2(’“7)—2( 2R>—4—46Xp< H) (83)
Therefore, when (1 — pun)™ > HEQ“ - 2=
2
EF(3) — F* > % exp <—6“If> (86)
. K H-2u
On the other hand, if (1 — un)” < =7 — ﬁ, then
A C(H +2) (H =2 K\
EF — > —(1— 87
() T i (1 — pn) (87)
2(H +2 12
> M - (88)
322 4R
HC2
e U 89
= 5122R? (89)
Combination: Combining these three cases, we conclude that
2 2
N * .| pe 6uR H(;
EF (&) — F* > mln{4 exp (— I ), I (90)
*) 2 _ 2 _ A
In the strongly convex case, we recall that '(0) — F'(z*) = uc?, so we choose 4 = A and ¢* = §

so that the objective satisfies the strongly convex assumptions. Now, the lower bound reads (for a
universal constant 3)

. . . 6AR H(?
EF(z)—F* >0 mm{AeXp<—H>, 512)\21%2} On

In the convex case, we recall that [|2* |2 < 2¢?, so we choose ¢* = £ so that the convex assumptions

2 p2 2\ 1/3
are satisfied. We now have two options, if R < H CQB , then we pick p = (Tg—%z) so that the

lower bound reads

) i} (HCEB4)1/3 6§f/3R1/3
HEpt)'
>3- (RQ/?’) exp(—6) (93)
H¢2BY)'?
>p - (RQ/?’) 94)
: H?B? : H
On the other hand, if R > s then we pick p = g% so the lower bound reads
HB? (2 HB?
) — F* > B .mi 2 U 3.
EF(z)—-F* >0 mm{ = H} 8 7 (95)
Consequently,
/3
N fHB (HEBY)
EF(z)— F zﬂ-mm{ I ( R2/3) (96)
Combining these with the stochastic terms completes the proof. O
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E Proof of Theorem

We prove the theorem with the help of several technical lemmas.

Lemma 7. For any stepsize 1y < 10%
_ * 1 _ * 1 _ * 30 m
E[F(z.) - F*] < (77 —A)Enxt—x = L — ot 22 EjEnm P
t t

Proof. This lemma and its proof are nearly identical to [Lemma 8 [12]]. We include a proof here in
order to keep the paper self-contained.

Letzi11 = 37 Zm 1 x3" be the average of the machines’ local iterates at time ¢. Then,

2

M
_ * _ 7 m * m
Bllrs —+ I = Ela, ~ 7 5 VA~ | i Z V(@A) —  Fo ()
o7

Beginning with the first term of (97):
2
Ty — — Z VE,(z) —
1 ’ 2n M
— * (12 m t ~ * m

=E||lz, — «*||° + nfE MT;VF,”(% )| - ﬁmzzlEm —a*, VE. (") (98)

We can bound the second term of (98) with:

2
Z VE,, 7n

2 2

M M
1 1 i}
< 27E| 5 > VE.(a]") = VE(Z1)|| + 207E i > VE.(Z) = VEa(z")| (99
m=1 m=1
M2
< N E|VE]) = V(@) + 207E|VF(#:) - VF (") (100)
m=1
2H2772 M _ 112 _ *
<=5 ;Enw — 2||* + AH?E[F (z,) — F(2"))] (101)
For the third term of (98):
2
hilld Z]E Ty — 2%, Vi (z))
m=1
M M
2 2
- _% STE (@] —a*, VB (a}) + % STE (@ — 31, VEn(a})) (102)
m=1 m=1
M
277t m * A m * 12
< S B{Baal) ~ Fnle) ¢ Gl 1
M
2 H
il E{Fm(:ﬂf‘) —Fm(xt)—l—x:”—xtﬂ (103)
M 2
M
* )\ = * H =
< -2 [Fla) - F") + o= 21| 4 T Y ol - (104
m=1
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Finally, for the second term of (97)

2

i \

M
Z ("3 2{") — VER(z3")

E|[Vf (2} 2") = VEu(a")|”
1

3
Il

I
\;*: z\sm
M:

B

IN

M2

3
)l

+E||V (2" 2") = VEn (2"

32 )
< Tz O [HPEla = | + 2HE[F, (7)) — Fu(a')] + 02,
m=1
377t2 - 2 m o= 2 B . )
< S5 3 [H2Elle — &l + 2HE[F(3,) — F(e*)] + 02,
m=1

Combining all these results back into (97), we have

) . e Hyp45HXME L
El7e1 — o> < (1= Ap)Elj@, — | + 202 S glgm g,

M

m=1

2 = * 3”?03
+ (10Hn; — 2n)E[F(Z¢) — F(2™)] + M

2Hn, &
< (1= Mm)E[z, — o*|* + Wt Z Ellz" — 2]

m=1

3n?o?
— nE[F(z) - F(a")] + =27

where for the final line we used that 1, <

Lemma 8. Ifsup, .||V F,(z) — VF(z) H2 < (2, then for any fixed stepsize 1
| M
m = 12 s
7 > Bl - z]* < 3Ko®n® + 6K>°¢?
m=1

Similarly, the decreasing stepsize 1y = m for any a

1 M

m = 12 =
17 2 Bllaf = 2|” < 3Ko*niy + 6K2Cn;

m=1

Proof. By Jensen’s inequality

M
1
_ 2 2
Ellz" = zl]” < 37 > Ellzy — o

n=1

25

E|Vf (2 2") = V(@622 +E|V (@5 2") = V(@52

<1 H Rearranging completes the proof.

(105)

(106)

(107)

(108)

(109)

(110)

(111)



|2, which we do now:

Therefore, it suffices to bound E||z* — a2}
2
Bl — |
<E Hx:n—l -z = m—l(VF(fvl”_l) - VF(I?—l))
m m n n 2

+ 1 (VF (2 ) = VEu(2}2y) = VF (2o ) + VE, (27) || + n7- 100, (112)
: 1 m n m n 2
< ;r;%(l + ,Y)Eth—l — L1 — nt—l(VF(xt—l) - VF(ﬂﬁt—l)) H

m m n n 2
+(1 +”Y)77t2—1EHVF(It—1) = VFy (i) — VF(z}_) +VFn($t—1)|| +n;_100,

(113)
. 1 m n 12
< inf (142 )@ = Bl — a4 a2 0%
m m 2
+(1+ 7)77:5271EHVF(%71) - VFm(xtfl)H
n n 2
+(1+ 7)77t271EHVF(xt71) - VFn(xtfl)H
= 2(L+ )0 E(VF (2} ) = VEp(2y), VF(zi) = VE,(27_,)) (114)

For the third inequality we used Lemma [I] Therefore,

1 M M
7 O S Bl —ap?

m=1n=1
1 X 1 2
<5 > inf (1 + ) (1= A )E||2i™y — af o ||” +mioi0m, + 200+ y)nii &P
oo v>0 vy

(115)

We will unroll this recurrence, using that = = z3! for all m, n where t; is the most recent time that
the iterates were synchronized, so t — to < K — 1. Taking v = K — 1, we have

M M t—1 t—1
1 - 1
T 2o D Bl =2 = D (nfe® + 20+ )nic?) [ (1 + 7)(1 =) (116)
m=1n=1 i=to Jj=i+1

t—1 t—1
<> (mio® +2K0:¢) [ (1 + K1_1> (1= An;) (117)

i=to j=i+1

t—1 K-1 t—-1
- 1
< § (nfo® +2Kn??) <1+K_ 1) || (1—An;) (118)
Jj=i+1

1=to
t—1 t—1

<3(c”+2K%) Y nf [ (=) (119)

i=to  j=i+1

For a constant stepsize 7,

1 M M B t—1
17 2o DBl —af” <3(0® +2KC%) Y o (120)
m=1n=1 i=tg
< 3K (0% +2K%)n? (121)
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For decreasing stepsize 1, = m

1 MM a +] -1
WZ;Z;E”% — | < 3(0® + 2K Z H T i F1 (122)
m=1n= i=to Jj=i+1
(a+i)(a+i+1)
+2K n? 123
=3(’ ¢ Zzto (a+t)(a+t+1) (123)
= 3(c + 2K %) Z 2 N1 (124)
i=to 771 1777,
t—1 2
<3(0% +2KC%) S 2 77:7;1 (125)
1=tg i
=3K(o® +2K%)n;_, (126)
O

Theorem 3. When sup, +; E%ZIHVF,”(JJ) —VF(z)|* < (2% an average of the Local SGD
iterates guarantees under the convex and strongly convex assumptions, respectively
H B2 HE2BYHYY? Ho2B4)'/? B
EF(3) — F* < c- L HEB) T HAB) | o :
KR R2/3 K1/3R2/3 MKR

H2B? HEZ  Ho? H o2
EF(3) — F* < c- og( 2+ K <),
@) -F'<c (HKR+ NKERE ()\QR? * AQKR2) °g< » R) * AMKR)

Proof. By Lemma for any m; < i

_ N 1 N 30*
BIF(@) — 771 < (7= A)Blles =l = Bl - o[+ S+ ZEnmt—xt &
t
127)
By Lemmal(8] when 1, = 7 is constant then
1 < mo_ = |2 2,2 2,272
17 O Bl — @|* < 3Kon? + 650 (128)
m=1
and when n; = m
1 M mo = 2 2 2 272 2
17 O Ellaf = mill” < 3Ko*niy + 6Ky, (129)
m=1
We now consider the convex and strongly convex cases separately:
Convex case: In the convex case, we use a constant stepsize 7, so
E[F(z,) - F”]
1 . N 1 .- N 30*
< Bz o) - CEllE 2|+ 7 Z El|z, — 2| (130)
1 1 3
< SE|3 — 2*|)? — “E|Tegr — 27| + 2! o 6HKo2n? + 12H K22 (131)
Ui Ui
Therefore, by the convexity of F'
| kR | kR
E|F| —= T, | — F*| < — E[F(zy) — F* 132
(KR t_f”) = KR ; (@) = F7] (132)
B? 302 2,2 =
< * K2 252 133
SUER T M n¢ (133)
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Choosing

1 BYM B2 \Y3 B2 \?
7 = min , , N == (134)
10H’ ¢,/KR \HK?0? HEK?2(?

then ensures

KR =2 >4\ 1/3 2154\1/3
1 10HB2 13(H¢*B 7(Ho*B 40.B
E\F(—=> 2| F (HEBY + ( ) i (135)
KR & KR R2/3 K1/3R2/3 MKR
Strongly convex case: In the strongly convex case, we take the stepsize 1, = m for

a = 20H /X which ensures 7, < In addition, we define weights w; = (a + t) and define

IOH
1 KR
=S w (136)
w t=1
where W = 31w, > LK R(a + K R). By the convexity of F,
EF(z) — F*
1 KR
<7 > (a+t)EF(z) — F* (137)
t=1
Ma+1)(a+2)B o2 2H a—|—t m
< T WZ — ZEH z — (138)
Ma+1)(a+2)B2 602KR 6HKo?+ 12HK2(? && )
< t 139
< TG oar " t;(w i (139)
Ma+1)(a+2)B2 60°KR 6HKo?+ 12HK2(?
< - 1+1 K 14
< i oar * i (1+log(a+ KR)) (140)
132H2B? 12H(?  6Ho? 13H 602
< 1 KR 2 141
= MKR(10H/X+ KR) < Rzt A?KR?) ( P > ke 04D

Note that in the strongly convex case, it is likely possible to achieve a first term scaling with
exp(—K R) using a method similar to Lemma [2 However, the recurrence we derived here has a
different form, and it is difficult to determine the correct stepsize and weighting schedule to achieve
linear convergence. O

F Details of Experiments

The training set of MNIST (60,000 examples) was divided by digit into ten groups of equal size
n = 6,000 (which required discarding some examples from the more common digits). PCA was
used to reduce the dimensionality to 100, but no other preprocessing was used.

Then, for each of the 25 combinations (z,5) for even ¢ and odd j, a binary classification “task”
was created, i.e. classifying even (+1) versus odd (—1). These tasks were arbitrarily labelled task
1,2,...,25.

For each p € [0.0,0.2,0.4, 0.6, 0.8, 1.0], machine m was assigned data composed of p - 2n random
examples from task m, and (1 — p) - 2n random examples from a mixture of all the tasks.

Local and Minibatch SGD were then used to optimize the logistic loss for each of the six described
local datasets. The constant stepsize was tuned (from a log-scale grid of 10 points ranging from
e %, ...,¢e" for Minibatch SGD, and a log-scale grid of 10 points ranging from e=%,... ¢! for
Local SGD) for each value of p, K, and R individually, and the average loss over four runs is reported
for the best stepsize for each point in the plot. That is, each point in the plot represents the best

possible performance of the algorithm for that p, K, and R specifically.

Finally, we computed the value of (2 as a function of p by using Newton’s method to compute a very
accurate estimate of the minimizer, and then explicitly calculating ¢?(p) at that point.
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G Proof of Theoremd

For this lower bound, the gradients will always be noiseless, so we simply define the expectation of
the local functions. Furthermore, we will construct just two local functions F and F5. For the case
M > 2, Fy will be assigned to the first | M /2] machines, and F5 to the next | M /2] machines. If
there is an odd number of machines, we simply assign the last machine F3(z) = 3 ||z||?, which will
reduce the lower bound by a factor of at most % Therefore, we proceed by focusing on the case
M =2.

We define the following H-smooth and \-strongly convex functions on R? for even d:

1
F(z) = 5(F1(2) + Fa(x)) (142)
d/2—1

H— ) A
Fi(z) = — 23 — 20z, + Bai + ; (2211 — 22)” | + 5||1:H2 (143)
/2
H— ) A
Fa(z) = —5— D (wai —wi1)? | + §||1?H2 (144)

i=1
Here, 8 and C' are constants which will be chosen later.

These functions are identical to ones used by Woodworth and Srebro [24] to prove lower bounds for
finite sum optimization, and are very similar both to classic work by Nesterov [[18] on lower bounds
and to more closely related work by Arjevani and Shamir [1]]. |Arjevani and Shamiralso prove lower
bounds for distributed optimization algorithms, but their slightly different construction made it more
difficult to tune (2, which is necessary for our lower bound.

These functions have the following important property: let Ej, = span{e, ..., ex} be the set of
vectors whose k + 1, ..., d coordinates are all zero, then for all x;, € Ey for even k

VFi(zk) € Frgyr and VFy(zk) € By (145)
and for x, € FEy for odd k

VFi(xy) € Eg and VFy(xy) € Egy1 (146)

For algorithms whose iterates, for example, remain in the span of previous gradients, the only way
to access the next coordinate is to query the gradient of one of the two functions—F3 if the next
coordinate is odd, and F5 if the next coordinate is even. Since each machine will only have access to
one of the two functions throughout each round of communication, this means that each round of
communication can only unlock a single new coordinate. We now formalize this.

Following Carmon et al. []], we define:

Definition 2 (Distributed zero-respecting algorithm). For a vector v, let supp(v) =
{ie{1,...,d} : v; #0}. We say that an optimization algorithm is distributed zero-respecting
if for all t and m, the tth query on the mth machine, x7" satisfies

supp(e}") € (Jsuwpp(VFT20 )0 | U supp(VF(@52")

s<t m/#m s<m,, (t,m’)

where T, (t, m') is the most recent time before t when machines m and m' communicated with each
other.

This definition captures a very wide variety of distributed optimization algorithms, including mini-
batch SGD, accelerated minibatch SGD, local SGD, coordinate descent methods, and many more.
Algorithms which are not distributed zero-respecting are those whose iterates have components in
directions about which the algorithm has no information, meaning that in some sense, it is just “wild
guessing.” Using techniques similar to Woodworth and Srebro [Theorem 7[24]] and Carmon et al. [3]],
it should be possible to extend this lower bound beyond distributed zero-respecting algorithms to
arbitrary randomized algorithms.

We now argue that the progress of distributed zero-respecting algorithms is controlled by the number
of rounds of communication, R, regardless of K:
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Lemma 9. Let & be the output after R rounds of communication of a distributed zero-respecting
algorithm optimizing F = 1(Fy 4+ F») as defined in (142). Then,

supp(z;") € Er

Proof. The definition of a zero-respecting algorithm requires that every machine’s initial iterate
xg" = 0. We will now prove the Lemma by induction on the round of communication.

As a base case, for the first iteration of the first round of communication:

(A — H)C

VFi(a}) = VFi(0) = =

e1€F  and  VE(23)=VE0)=0c Ey, (147)
Therefore, by the distributed zero-respecting property, x4 € E; and 23 € E,. Furthermore, for all
y1 € E1, VFi(y1) € Eq and for all yg € Ey, VF>(yo) € Ep. Therefore, further gradient queries
on each machine will not change the set of coordinates that the distributed zero-respecting property
allows to be non-zero. We conclude that x} € E; and 27 € Ej for all ¢ until machines 1 and 2
communicate with each other.

Now suppose that after r — 1 rounds of communication, x}, z? € E,_1. If r is even, then VFy (z}) €

FE,_1 and VFz(xt) € FE.. Furthermore, additional gradient computations within the rth round of
communication will not expand the set of coordinates that the distributed zero-respecting property
will allow to be non-zero. Therefore, both machines’ coordinates will remain in F,. until the end of
the rth round of communication. A similar argument can be made for odd r. O

Now, we will compute the minimizer of F'. We note that by the definition of F; and F5,

H — )\ 2 2 d 2 >\ 2
F(x) = 16 x] —2Cx; + By + Z(CCZ —ri_1)” | + §||1’H (148)
i=2

Calculating the gradient of F', we see that * = arg min, F'(x) must satisfy

8\ .
C= (2 + 7 )\> — T3
8\ * *
0 = (2 + H,>\> $i+1 — .’I}i71 vie{z"wd,l} (149)

ES .

Let g be the smaller solution of the quadratic equation

8\ )
That is,
4N 1622 8\
-1 - 151
¢=1+7— ¢M>AP+H—A (151)
4N H—- )\
14f{_”x<1 L+ =5 ) (152)
2 H—\
-1 <1 1+2M> (153)
(1— 14—HA>(1+ 1+—%ﬁ>
1+ H22
=y__2 (154)
1+ 52 +1
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Leta =4/1+ £2 A 50 that ¢ = o +1 , and define 8 = 1 — ¢. Then it is straightforward to confirm
that

d
2t =CY qe (155)

satisfies all of the conditions (149), and is thus the minimizer of F'. This point has value

*\ 02(H_A) 2 2d 2 d 21—2 8)‘ d 21
Fa )—16<q =20+ B¢+ (1-q) Zq +H7_AZq (156)
1=2 1=1
C2(H — \ d 8A <~
— (16 ) <_1 _'_Bqu + (1 _q)2zq21 2 + ZE Zq21> (157)
=1 1=1
8\ . . 4
( 1+ (1 q2d+H /\Zq”‘lﬂﬁ) (158)
=1
2 8A (q(1—¢*)  ¢(1—¢*7)
( L+ (1= )™ + 7 7t g (159)
1— 2 1— 2d 2 1— 2d
( L4 2d+( qq) (<1(1_;12)+11(1_qq2 )>> (160)
= ( 1+(1—-q)* + (1 -1 — ) (161)
- 02 H -\
_ 4 56 (162)

8)\q

For the third equality, we used that (T30) implies (1 — ¢)? = . For the fifth inequality, we used

2
that 225 = (=9)" This solution has norm
q

* . 2 21_ 2q 1_q ) < q202 _02(a_1)2 <04612
J2*|? CZ C o SigT 1 Sq (163)
Furthermore,
. . C%(H — )
F(0) - F) = ~Flat) = Y (164)
Finally, we evaluate the degree of heterogeneity:
2 1 2 % (12 *\ 12 *\ (12
=5 D IVEIF = VR @I = IVF ()] (165)
m=1
(H-\2|| & o |
= T QE(I;Z — ‘T;i—l)(S% — 627;_1) + H — )\.Z‘* (166)
d/2 2 2
(H —))? . 4 41
= R (= Qp—— 14 ——— 1
T ; |t ) ) el (167)
/2
C2(H = N2 A [ 4o (H=5X)% | (H +3))°
BT Z[q -7 <HA>2} (1%
(H + 3>\)2 * 12
< 1
< 16 [l (169)
2 2
< aC (fééi 3X) (170)

With this, we are ready to prove the lower bound.
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Theorem 4. For any M, K, and R, there exist two quadratic objectives satisfying the convex and
strongly convex assumptions (for H > T\) such that the output of any distributed zero-respecting
algorithm will have suboptimality in the convex and strongly convex case respectively,

. " . Cf HB? oB
F&)-F Zc<m1n{HR2, T2 + EE)

- x AGZ AV 8RVA o?
F(z)-F 20<m1n{H2, \/ﬁ}exp<— Wizt > +)\MKR>'

Proof. By Lemmal9] the output of the algorithm & € Er. Furthermore, since F is A-strongly convex,
F(z)—F*> 3|2 — 2*||%. Therefore,

. . . w2

F(O) _ F*x — 4qC2(H-)) (171
16
> Z ¢ (172)
1=R+1
_ 8>\q(q2 — ¢*?)
T H-NI-@) a7
1 — o)2(g2R _ g2d
_( q)l(q it ) (174)
—q
(=g -
- e (175)
2R _ 2d
- (176)
Q

For the third equahty we used that @]} implies 8/\‘1/\ = (1 — ¢)?. For the final equality, we used

that ¢ = 21, Taking d > R + 21“(1/q) ensures that ¢2¢ < % SO

9 2R
F(#) - F* _ ¢*f (“m)
= 2a

177
F(0) — F* 2 77
Therefore,
F(0)—F
1 ( (2)(16 ) N %
R<—— £ = F(@)—F">e¢ (178)
1+ :2;)
Using the fact that In(1 4+ ) < x and solving the above inequality on R for ¢, we conclude that
F(0)— F* 2R
F(&)—-F* > 0) exp| — (179)
2a a—1

In order to satisfy the strongly convex assumptions, we recall from (T70) and (I64) that we must
choose C' such that

aC?(H + 3))? < aC?H? 5

<
64 - 16 G (180)
qC*(H - )\) _C°’H
< <
16 - 16 ~ A (181)
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2

Therefore, we choose C? = 16 min{ %} meaning that

aHZ?
F(0)— F* 2R
F(z)—F*> ——— - 182
(m) - 2 eXp( al) (182)
. ¢?
min< ==, A
aH’ 2
_{H}exp(_ R) (183)
2c a—1

S JAC VA 8VAR
Z ITIIH{LI27 Nﬁ} exp <_\/ﬁ> (184)

For the convex case, we note that in order to satisfy the convex assumptions, we must choose C' such
that

2 2 2772
aC?(H + 3X) <aCH <

2
185
64 - 16 — G (185)
2
ac” < B? (186)
4
We therefore choose C? = 4 min{ a%; , %2 } Returning to (T79), this means
F(0) — F* 2R
F@)—F"> —~———— — 187
@) - > O (- 2 (187
qC?(H — \) 2R
_ _ 188
20 P\ Ta-1 (188)
¢ B?
q(H —X\) min{ o %} 8VAR
> : exp| ———=— (189)
Sa VH
. (¢} HB? 8VAR
> — —_ 190
= qmm{ 16020 1602 [ P\~ H (190)
From here, we use that H > 7\ implies a > 2s0 ¢ > 1/3, so
R . [ AZ AB? 8VAR
F(&)-F Zmln{48H2, 8 [P - (191)
Finally, this holds for any A > 0, so it holds, in particular, for A = ﬁ thus

(192)

- [ ¢ HB?
F(./L')_F 2C'H11D{HR2?R2

Finally, it is well known that any first-order method which accesses at most M K R stochastic
2

gradients with variance o2 for a A-strongly convex objective will suffer error at least 3 a7k in the

worst case for a universal constant § [17]. Similarly, any first-order method which accesses at most

M K R stochastic gradients with variance o for a convex objective with ||z*|| < B will suffer error

at least 8 \/J(CIBTR in the worst case for a universal constant 3 [17]. O

H Proof of Corollary I

Corollary 1. Accelerated Minibatch SGD is optimal when (, > HB in the convex case, and is
optimal up to log factors when ¢2 > H3/? / V' in the strongly convex case.

Proof. In the convex case, Theorem E] ensures Accelerated Minibatch SGD converges at a rate
proportional to
HB? B
= (193)
R MKR
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The lower bound for convex functions in Theorem [ precisely matches this whenever

HB® [ ¢ HB?
Rz ™M HR R?

} = («>HB (194)

For the strongly convex case, Theorem I]ensures convergence at a rate porportional to

VAR o2
A — 1
exp< /T +)\MKR (195)
The lower bound is given by
mind 268 AVAL o SEVAY o (196)
a2 vm (P T vE AMKR

When ¢2 > H?/? /\/), this reduces to
A 2 2
ﬁeXp(—gR\/X> +-7 :Aexp<—m—l ﬁ) + 7 (197)

NGz VI | T OMKR JE Vo) T MMKR

Comparing this with (T93)), we see that the R needed to guarantee error € using Theorem|I]is larger
than the minimum possible R, as lower bounded by (I97), by at most a log factor.
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