A Appendix: Efficient Low Rank Gaussian Variational Inference for Neural
Networks

A.1 Additional empirical results

In this section we present additional experimental results for vectorized MNIST classification.

400 units 800 units
algorithm test NLL test error rate test NLL test error rate

ELRG-VIK =1 —0.071 + 0.011 1.82 +0.25% —0.070 + 0.014 1.91 £0.27%
ELRG-VIK = 2 —0.057 + 0.005 1.69 4+ 0.14% —0.057 + 0.008 1.69 £+ 0.24%
ELRG-VIK =3 —0.055 + 0.005 1.65 £ 0.15% —0.054 4+ 0.002 1.63 £ 0.12%
ELRG-VIK =4 —0.055 + 0.004 1.65 + 0.14% —0.054 4+ 0.004 1.65+0.11%
ELRG-VIK =5 —0.053 + 0.006 1.54 + 0.18% —0.058 + 0.005 1.68 +£0.17%
NAIVEK =1 —0.130 + 0.116 3.00 £+ 1.82% —0.134 +0.105 2.92 +1.47%
NAIVE K = 2 —0.112 + 0.042 2.82 4+ 0.85% —0.113 4+ 0.028 2.87 £ 0.54%
NAIVE K = 3 —0.130 + 0.038 3.29 £+ 0.83% —0.454 + 0.984 4.91 +£4.97%
NAIVEK =14 —0.163 + 0.060 3.75 £ 0.81% —0.241 4+ 0.106 4.66 +£ 1.23%
K-TIED K = 2 —0.105 + 0.004 2.67+0.16% —0.108 + 0.004 2.61+0.17%
K-TIED K = 3 —0.106 + 0.003 2.69 + 0.15% —0.107 4+ 0.004 2.64 £ 0.18%
K-TIED K = 4 —0.108 + 0.005 2.77 + 0.28% —0.109 4+ 0.002 2.59 + 0.12%
K-TIED K =5 —0.104 + 0.005 2.71 £ 0.15% —0.109 4+ 0.003 2.63 £+ 0.09%

MF-VI ADAM —0.0964 + 0.001 2.51 £+ 0.09% —0.1034 4+ 0.002 2.65 £ 0.03%
ME-VI SGD [3] — 1.82% — 1.99%
SLANG K=1 [31] — 2.00% - —
SLANG K=32 [31] — 1.72% — —

Table 5: Results for ELRG-VI and baselines on vectorized MNIST classification.

A.2 Omitted proofs

Lemma 1. Let 6 ~ N(8|u, Zszl viv) + diagla?]). The forward pass through fully connected
layer Fg(x) can be reparametrized as

Fo(x) = +\fZek]:vk +& O/ Fg2(x2), where e, ~ N(0,1), € ~ N(0,I). (3)

Proof. Fully connected layer. Note that whene ~ N (0,1x) andé ~ A (0,Ip) then Ve+diag[o]é ~
N(0,VVT 4 diaglo?]) where V = [v,va,...,vi]E | [42]. Also VVT = 328 viv]. Sowe
have that
K
VaVe + diag[o]é = \FZ ex vy + diaglo]é ~ N(0, a kav; + diag[o?]). (5)
k=1
We now assume vy, is indexed by ¢ and 7 as it represents the layer weight matrix 6 of shape N;;, X Nyy.
We substitute sample of 0;; = j1;; + Va Z b1 Gk’Uk + 0;;€;; to obtain random variable representing
layer’s output o;:

Nin

05 = Z e’ijxl Zm f{”zy + ka € + Uzjezj (6)
Nin Nip

_ Z \FZ v gy + Z [T + 03 € (7)
=1

= fzekivk €T; +iuwxl+awewxl. )
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It follows that for the output vector o can be written as:
x) +va Zemk ) + Fp (), ©)

where ¢ ~ N(0, diag[o?]). Applying Equation (2) to reparametrize the diagonal component JFy, (x)
yields Equation (3). O
Lemma 2. Let g(8|1A\) = N (O|p, aZkK:l viv] + diag[o?]) and p(0) = N(60/0,71). Then the
divergence D1, (q(0|X)||p(9)) can be calculated as

Dres (a@Mp®) = L[5 (7 “togo2) + &S w2 — At Ll + DO |, @
k2 (a(@N)] o >>—2[Z(Wogad)+7;|vkn2 + 2 I3+ Dltogy 1)), @

d=1

where V. = [v1, vy, ... vi] isa D x K matrix and A = log |Ix + o'V "diag[o?]~1V|.

Proof. We denote the dimension of parameters associated with the layer as D and the posterior rank
as K. Assuming that vy, are D x 1 vectors we denote Zle vkv,;r = VV', where V is a matrix of
shape D x K. Let a2 denote the vector of variances of shape D x 1.

K

DN (p, > viv) + diaglo?])||N(0,71p)) = (10)
k=1

DN | =

K K 2
1
[log [7I| — log ‘a E ViVE + diag[aQ]’ + ;tr {a E Vive + diag[az]} + ”':”2 - D}
k=1 k=1

Y

1 H#ll
=3 Dlog~y — log’ ’;vkv,C + diaglo ‘ Z ||Vk||2 Z 2 IRz } (12)
1 ||M||
=5 _D logy — log |aVV " + diag[o?]| 4+ — Z [vels + Z 242 } (13)
_ 1y oy . 2 T, 21-1 [ 2 2 ||I4H2
=5 D(log~y — 1) — log |diag[o®]|| Ik + oV ' diagle®]” V| + 5 Z IVilly + Z
) =1
(14)
1 S L el
=5 [D(log’y -1 leoga —log|Ix + oV "diag[g?] "' V| + — Z Ivels + Z 2}
(15)
! (o T dialo?]1 sl
- 2[D(10g~y—1)+i2_;(7 —logo?) —log|Ix + oV 'diagle?]"'V|+ — ZH Kl + }
(16)
where we used Determinant Law | X + AB| = |X|[I + BX'A]. O

Lemma 3. Denote the true and approximate posterior p(0|D) = N (0|u,,%,) and q(0|p,V ,0?) =
N@O|p, By = VV T +021). Assume that ., V., 02 = argming, 5, 52 L(pu, V,0%), rank(V) = K
and \1 > Xy > ... > Ap are decreasing eigenvalues of the posterior covariance %, with
corresponding orthonormal eigenvectors uy,us,...,up. Then By« = Z1gk§l{ /\kuku;r +

2. T 2 1 —1y—1
ZK+1§ing*uiui where 0 = (5% Zk+1§i§D>‘i )

We first derive helper lemmas.
Lemma 4. Assume that posterior p(0|D) = N (0|p,,X,) and q(0) = N (0|pq, By). If p*, X% =
argmax,, s L(pq, Xq) then p* = p,.

15



Proof. Recall that
Dr1(q(0lpqg, Eq)|[p(0]D)) = log p(D) — L (g, X)), (17)
and

1 b))
D (N (1, 1) [N (2. B2)) = 5 108‘2%+tr(25121)+(ﬂ2—ul)Tzil(Mz—ul)—D . (18)

Setting % to 0 and solving for p, gives pg = pp. O

We now investigate the properties of function:

1 1 o
O(z1,22,...,TK) :zlogEZxk—?Zlogxk, (19)
k=1 k=1

assuming that x > 0, representing the gap in Jensen’s inequality. Due to symmetry we have
that ®(x1,29,...,2x) = ®(o(x1),0(x2),...,0(xk)) for any permutation o. Thus to describe
monotonicity of ® it is enough to focus on first argument.

. . . . 1 K .
Lemma 5. ®(x,x3,...,2x) is an increasing function for v > Y ks Tk and decreasing

function for v < Zszz Tk

Proof. Denote 7 = L S| x;, We have that

o 171 1
%(a:,xg,...,mk)—g[%—;] (20)
It follows that
_ 0P
T>I = %(ac,xg,...,xk)>0, 2D
0P
< I = %(ac,xg,...,xk)<0. (22)

(23)

Note thatwe have 2 > & <= (1— )z > 2 S0 sy = Klo > LS00 o <= 2>

K .
ﬁ Zk,ZQ . Thus we obtain

1 & 0P

x>K_1;xk — a—x(m,xg,...,xk)>0, (24)
K

1 0P
x<K_1kZ_2xk — a(x,xg,...,xk)<0. (25)
O
Lemma 6. Suppose ©1 < x3 < x3 < ... < xp and M,N are K element array of
distinct increasing indices from {1,2,...,D}. Let ®(x1,x2,...,0K5) = log%ZkGM T —
+ Y wen logxy.  If there exists j ¢ M and l,r € M such that v, < x; < w,, then
Q(zppy, 2y - - Tuk)) > Plargminyg S(zypy, TN - - - ZN(k]))- 1t follows that the mini-

mizer M* = argmin; ®(x iy, Tarq2)s - - - > Taa(k)) has to contain contiguous block of ’s.

Proof. Suppose that there exists j ¢ M and [, € M such that 2; < z; < z,. Assume that
T < 2 > ki ken Tr- Without loss of generality assume that x /(1) < @5, i.e. | = M[1]. Based
on Lemma 5 it follows that ® (2, zrs79), - - ., Tar[x]) 18 a decreasing function of x for x € [z /717, 2]
Hence replacing M [1] with j decreases the value of ®.

Now assume 2; > 7 > i rear k- Without loss of generality assume that @ py(x] > 2, i.e.
r = MIK]. Again based on Lemma 5 it follows that ®(z, 2], ..., Tak]) is an increasing
function of x for x € [x/(x), ¥;]. Hence replacing M[K] with j decreases the value of . O
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Derivation of Lemma 3. We employ similar techniques as [42] (compare Equation (4) from [42]
with the Equation below to see the difference in optimized objective). As variational posterior mean
Hq is exact by Lemma 4 we need to minimize D 1, (N (0|py, VV'T + 0*1)[|N (B|pp, Bp)) wort. V
and o2, We have that

D (N @y, VV T +0D [N (Bpp, £p)) x —log|[VV T + o?I|+t(E,H(VV T +0°1)). (26)
The gradient of D 1, (N (0|, VV T + 021)|[|N (0], ) wort. Vis:

O (N Oy, VVT + DN Ol 5,))
ov

Setting the above gradient to zero results in:

V=(VV' 4+ DE V. (28)

—(VV 4+’ 'V + 2V, (27)

We denote the precision matrix A, := X7 1. We will denote A\ eigenvalues of X, and py, eigenvalues
of A,. We have that the eigenvalues of precision and covariance corresponding to the same eigenvector

(assuming orthonormality) are pairwise inverses of each other p;, = )\i
We follow by applying SVD decomposition to V to obtain:
V =ULW', (29)

where U is a d X k matrix with orthonormal columns, L is k£ x k diagonal matrix and W is of shape
d x k and also has orthonormal columns. We now have that by reexpressing Equation (28):

ULW' = (ULW ' (ULW )" 4 ¢’T)A,ULW ', (30)
which yields:
ULW' = (ULW 'WLU' + ¢’ T)A,ULW ' (31)
and:
ULW' = (UL’U" + ¢°T)A,ULW ', (32)
We now multiply by WL~! on the right to obtain
U = (UL2U" +¢’T)A,U. (33)
We now analyze matrix UL2UT + ¢21. We denote U = [u1, us, ..., ug]. First we note that:
K
ULPUT =) 3w (34)
We also consider orthonormal compliment of U with basis Ux 441, Ux—p+2, ..., up. Note that
forn € {1,2,..., K} we have:
K
(ULUT + ¢’Tu, = UL?U T u, + 0u, = Y Grweuf u, + 0*u, = (17, + 0”)u,. (35)
k=1

We also have that forn € {D — K +1,d— K +2,...,D}
K

(UL*UT 4 ¢’ I)u,, = UL2U "u,, + oy, = Zl,ﬁkukugun +o%u, = c%u,. (36)
k=1
Asuj,ug,...,ug, Uk 41, 0K +42,...,0p form an orthonormal basis, we can represent the matrix
UL2UT +o?1 as:
K D
ULUT +0°T=> (7, + o2 wuy + > o iy (37)
k=1 k=K+1
Note that uy, us, ..., g, Ux 41, Ux42,...,1p are eigenvectors of UL2UT + oI by Equation

(35). Thus we can derive the inverse of UL2U " + ¢21 as:

(UL2UT + 021) ZZQ o Supu) + Z ukuk (38)
k= K+1
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We now substitute the above equation into Equation (33) to obtain:

[le Supu) + Z L {|u. (39)
hert1 O
Consider column u,, of U. We have that:
1
{Z 2 +o 2ukuk + Z }un = muw (40)

k= K+1

It follows that the columns of U, u,, have to be orthonormal eigenvectors of A,,. Additionally we
obtain the dependence between eigenvalues pi, of Ay, and [,,,,. Based on Equation (40) we have that
Pn = + ——. Tt follows that 2, = 1 —o2=\, —

Now we consider the solutions VVT + o2 which have to be of the form:
VVT 462 I=ULW (ULW )T 4 o1 = UL?U" 4 ¢°L (41)
We eigendecompose X, = 25:1 )\krkr,—'; such that ry are orthonormal vectors. It follows that

columns of U have to be in the set r{,ro,...,ry. We denote K-element set S of the selected indices
of the columns. We have that

VVT 4021 = Z()\k — o2 rkrk + Z o rkrk = Z )\krkrk + Z o rkrk (42)
kes kes k¢S

We now evaluate Dy, (N(0|u,, VVT + 021)||IN(6|p,, E,)) as a function of V and o2 at the
potential solutions VV' T + o1 = 3, o Agrir) + Ykes o?ryr):

DN @y, VV' + 1IN (0, By))

x log |E,| — log | Z ATy A+ Z olryry |+ tr(Ap(Z Aerpry + Z olrpry ). (43)
kES k¢S keS k¢S

Since log | Y- g MTRTL + Y pag 0°rhry | = Y e glog A + (D — [S]) log o it follows that
2Dk (BN (1p, VV T + DIV (0|11, By)) =
=log|S,| = Y log Ay — (D — |S)logo® + tr(Ap (> Neryry + > o’rrf)) =D (44)

keS keS k¢S

=log|¥,| — Z log A\, — (D — |S]) logo? + tr(z MeApriry + Z o?Ayriri) — D (45)
keS keS k¢S

=log|¥,| — Zlog M — (D —S|)logo? + Ztr (Meprrrry ) + Ztr (o?prrpry ) — D (46)
kes kes k¢S

=log|¥,| — Z log A\, — (D — |S]) logo? + Z tr(r, ) + Z o?pptr(r)ry) — D 47
kes kes k¢S

=log|X,| — Zlog M — (D —|S]) log o? + |S| + o2 Zpk - D, (48)
kes k¢S

where we have used cyclic property of trace, orthonormality of {ry }£_, and the fact that p A, = 1.
We now define

£(8,0%) =1log |8y = > log\p — (D — [S])logo® + 0 Y A +[S| =D, (49

kesS k¢S
and calculate
af(S,0? _ 1
— => N - (D- D —[8))—- (50)
k¢S
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Solving for an extremum gives 0> = (D%ISI > kgs A1) ~! being the harmonic mean of not selected

eigenvalues. We substitute this o2 into the definition of f(S, o?) to get

1
£(S) =log|E,| — > "log A, — (D — ISI)log(D_i'S| SN IS+ (D - |S) - D.
kes k¢S
(51)

Note that log [X,| = 31 cglog Ak + 32425 log Ax so that log [X,| — 32y cglog Ak = 3242 g log A
Thus we further have that

1 1\
f(S):Zlog)\k—(DflSl)log(mZAkl) . (52)
k¢S k¢S

We apply further transformations to f(S) to get

1 —1y—1
F(8) =Y log\x — (D — 1S tog( 5757 >N (53)
k¢S k¢S
1 _ 1 _
=D = IS p5—rg 2_log X + (D = [S)log == D A (54)
Bl it Bt
1 _ 1 _
k¢S k¢S

Lastly we substitute A, = py, to obtain:
1 1
h(S) = (D —15])|log =——= — > 1 . 56
(8) = (D~ |>[ogD|S|k¢ZSpk Dswzsogpk} (56)

Note that the expression log D%‘Sl Zkgspk — D%‘Sl Zk¢s log py. is positive based on Jensen’s

inequality. Now we need to optimize f(S) w.r.t. the index set S. The solution is to set .S having
indices of K smallest eigenvalues pj, of precision matrix A,,.

To see this note that additionally we have a requirement on selected py, that 02 = ZD 7|Szlk and
k¢S
A = pik > o2 so that e < %’“E‘STP"“ meaning that the selected py has to be less than average over

not selected py,. It also follows that the largest py, has to be discarded. Based on Lemma 6 we have
that D — K largest py have to be discarded leaving indices of K smallest py, being selected to set .S.
Since p, = % K indices of largest )\, have to be selected to set S.

O

A.3 Computational cost

Here present detailed comparison of computational costs and provide explanations.

Algorithm Time Memory
MAP O(N;n Nout|1B]) O(Nowt| B)
naive mean-field O(N;nNout|B|) O(NinNout|B|)
mean-field (LRT) O(2N; Nowt|B|) O(2Nout|B|)
naive low-rank O(N2 N3, + NinNout|B) O(N;» Nout|B))
efficient low-rank | O(K?3 + (K + 2)N;;yNowt|B|) | O((K + 2)Nout|B|)
full rank O(N2 N2, + N2, N2,.|B|) O(NoutNin|B|)

Table 6: Computational cost to update A; per layer.

Note that the above computational cost refers to forward pass through the network and calculating
complexity penalty for corresponding layer (similar analysis can be done for backpropagation and
would yield the same costs). We also do not discuss biases separately as they can by augmented
with observations by extending the inputs. We discuss the memory usage we need to incur while
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constructing dynamical computational graph. There is additional cost to store the parameters, for

instance O(NZ2,N2,,) in the case of Gaussian variational posterior with full covariance matrix.

First, MAP estimation needs to store layer’s output size N,,; numbers for every element in batch B
and during forward pass it multiplies every parameter through corresponding input to the layer x;
giving time cost N;;, Nyy,¢. This cost is multiplied by the number of elements in batch |B|. There is
additional time cost proportional to N;, N, to estimate e.g. Ly regularization.

Next, naive mean-field needs to perform the same computational effort as MAP, but it additionally
needs to sample and store |B| sampled weights of dimension N;, N,,:. Sampling weights costs
NinNoyt|B| in both memory and time (sampling through reparametrization).

Local Reparametrization Trick improves upon naive mean-field as it requires sampling noise of shape
|B| Nowz- It requires two forward passes to obtain means and variances of preactivations.

Naive reparametrization for low-rank plus diagonal Gaussian variational posterior requires to store
|B| X NipNoyt samples and perform forward pass of cost |B| X N;, Noyt. There is additional cost
N3 N3, incoming from estimating log determinant for complexity penalty.

Efficient low-rank requires sampling noise of shape K and performing K additional forward passes.
We additionally need to add the cost of performing Local Reparametrization Trick. Using Lemma 2
allows to reduce the cost of calculating log determinant in complexity penalty to K3.

A.4 Local reparametrization for convolutional neural networks

We analyze a convolutional layer. We adopt the notation from Supplementary Material A.2.
We denote input channel as C;,, and output channel as C,,;. We have that w?Cin:Cout .=

Va Y| eukid:CinCour 4 i3:Cin,Cout ¢id:Cin-Cout where i, j run over coordinates of kernel. For
clarity we drop the forward pass associated with mean g, i.e. consider § ~ N ()0, « Zle viv) +
diag[o®]). We have that for the output og out agsociated with patch p and output channel C,,y:

oCout = Z Z w9 Cin:Cout 115:Cin 57)
Cin (i,§)€p
K
- Z Z [\@Zewij,cm,cm‘,txij,cm +O.ij.,Cm,theij,Cin,Cout]xij,Cin (58)
Cin (i,j)€p k=1
K
= \/az Z Z ekvzj70in,Co'utl,'l:jacrin + Z Z 513:Cin Cout ¢i3.Cin,Cout i§,Cin (59)
Cin (3,j)€p k=1 Cin (i,5)€P
K
= \/az €x Z Z v]icj,cm,camxij,cin + Z Z 15:Cin-Cout ¢ij:Cin Cout 1i3:Cin (60))
k=1 Cin (ij)ep Cin (i,4)€p

So similarly as in the case of the linear layer we can write output o as
K
0=1aY eFy, (x)+ Fy(x). (61)
k=1

where ¥ ~ N (0, diag[o?]). The difference between fully connected and concolutional layer is that
Fy(x) cannot be reparametrized as LRT given by Equation (2) cannot be applied to convolutional
layer [46] (since outputs for different patches p are not independent due to sharing weights). Applying
LRT to Fy(x) can be treated as a rough approximation, but we did not find it to cause divergence.

A.5 Experimental details

For toy experiment summarized in Figure 1 we run optimization for 30000 steps with learning rate
0.001 using ADAM optimizer. We initialize the diag[o?] with e~'? We use 200 data points for an
update of parameters A (whole data set D). We use 500 variational samples to estimate statistics. We
average the results over 30 random initializations and report corresponding error bars.
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For vectorized MNIST classificaation with MLP summarized in Table 2 we estimate test statistics
using 1000 variational samples. We do not employ data augmentation in this experiment. We
normalize data set using empirical mean and standard deviation. We intitialize the layers mean

sampling from N (0, 4/ W) We initialize the diag[o?] with e~'2 and initialize vectors v by

sampling from A(0, 0.5,/ x—x—). We average the results over 10 random initializations and
report corresponding error bars.

For LeNet classification experiment summarized in Table 3 we run optimization for 500 epochs (MAP
50) using batch size of 512, ADAM optimizer and learning rate 0.001 and one variational sample.
For LeNet architecture we set log prior variance of units to —5. We use 500 variational samples to
estimate test statistics. We normalize data sets using empirical mean and standard deviation. We do
not employ data augmentation in this experiment. We average the results over 5 random initializations
and report corresponding error bars.

For experiments with modern CNNs summarized in Table 4 we run optimization for 200 epochs
(50 more than [35]). We run optimization using ADAM optimizer with learning rate 0.001 for first
100 epochs, then 0.0003 for remaining 100 epochs. We use one variational sample during training.
We set log prior variance of units to —1 and initialize diag[o?] with e =20 . We normalize data sets
using empirical mean and standard deviation and employ data augmentation for these experiments:
random padding followed by flipping left/right (except SVHN). We average the results over 5 random
initializations and report corresponding error bars.

21



