Appendix

Theorem [I is proved Section [A, and Theorem [2 is proved Section [B] Section [C]is dedicated to
stating and proving an upper bound on the regret of UCBF in higher dimension. Lemmas used in
those Sections are proved in Section E First, let us state the following Lemma, which controls the
fluctuations of m within an interval.

Lemma 2. Let a € [0, 1] be such that m(a) = M + aL/K for some o > 0. Moreover, let k be such
that a € Ij. Then

max m(a') < M + (a+ (a V1)) =

a’ €l ?’
and ( )
V2)\ L
in m(a’) > M - g) 2
Iin m(a’) > M + (a 5 ) I

Similarly, let a € [0, 1] be such that m(a) = M — a£, where o > 0. Moreover, let k be such that
a € Iy. Then

min m(a’) > M — (a + (a V1)) L

a’ €l ?’
and ( )
aV?2 L
N<M-[(a- —.
maem(@) <M — (0= 52 )

A Proof of Theorem 1]

To prove Theorem [T, we show that the regret Ry can be decomposed as the sum of a discretization
error term and of a term corresponding to the regret of pulling a game of finite bandit with K arms.
To do so, we introduce further notations.

Recall that for k = 1,..., K, my = Kfaelk m(a)da is the mean payment for pulling an arm
uniformly in interval Ij,. In order to avoid cumbersome notations for reordering the intervals, we
assume henceforth (without loss of generality) that {ms}, ., - ; is a decreasing sequence.

If we knew the sequence {1y, }, ..« 5 but not the reward of the arms m(a;), a reasonable strategy
would be to pull all arms in the fraction p of the best intervals, and no arm in the remaining intervals.
If all intervals contained the same number of arms N/ K, we would pull all arms in the interval Iy, I,
up to I¢, where f = |pK |, and we would pull the remaining arms randomly in .. Note however
that since the arms are randomly distributed, the number of arms in each interval varies. Thus, a good
strategy if we knew the sequence {my}, ., Would consist in pulling all arms in the intervals I,

I, up to If, where fis such that Ny + .. + Nf <T<Ny{+.+ Nf+1’ and pull the remaining arms

inl fi1- We call this strategy "oracle strategy for the discrete problem", and we denote it ¢?. Recall
that we denote by ¢* (¢) the arm pulled at time ¢ by the oracle strategy, and by ¢(t) the arm pulled at
time ¢t by UCBF.

We decompose R as follows :

RT = Z m(a¢*(t)) — m(a¢(t))
t=1..T t=1..T
= m(a¢*(t)) — m(a¢a(t)) + m(a¢d(t)) — m(a¢(t)).
t=1..T t=1..T t=1..T t=1..T

Let R(Td) = > mlag-1)) — D mlagag). By definition, Rgi) is the regret of the oracle stratgey
t=1..T =1.T
for the discrete problem, and corresponds to a discretization error. We bound this term in Section

Let R(TFMAB) = > m(agap) — > mlag)) be the regret of our strategy against the oracle
T

strategy for the discrete problem. R(TFMAB) corresponds to the regret of the corresponding finite

K -armed bandit problem. A bound on this term is obtained in Section
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A.1 Bound on the discretization error Rg,fl ) and proof of Lemma

To bound the discretization error Rgfl ), we begin by controlling the deviation of fand mg from their
theoretical counterparts f and M.
Lemma 3. With probability at least 1 — de” ¥, we have |f— f| < 1. On this event,

AL/K and my,, € [M —8L/K,M + L/K].

mf—M‘

IN

Then, we define M = m(ag«(r)) and control its deviation from M.

Lemma 4. Assume that p € (1/K,1 — 1/K). Then, with probability at least 1 — 2™ %2, we have
M — M| < LK.

We show later that with high probability, ¢* and ¢? may only differ on arms 4 such that m(a;) €
[M —16L/K, M + L/K]. The following lemma controls the number of those arms.

N1/3

Lemma 5. Assume that K < N?/3. Then, with probability at least 1 — 2e~ "3,
16L L 32LQN
) i)E|\M—— M <
{remten e o= e ] < 55
Using Lemmas we control the discretization cost Rgfl ) on the following event. Let

£, = {|f— 1< 1} N {|J\7—M| < L/K}

o {222}

K

/
Note that under the assumptions of Lemmas EE, P(&)>1- Ge K — 267$ by Lemma EE

Moreover on &, [m; — M| < 4L/K andmy, , € [M —8L/K,M + L/K].

2
Lemma 6. On the event &,, Rgfl) < 384%#-

Lemmal|l]follows from Lemma|3] Lemma 4] Lemmal5]and Lemma 6]

A.2 Bound on the regret of the discrete problem R(TFMAB)

We bound R(TFMAB) on a favourable event, on which both the number of arms in each interval and
the payment obtained by pulling those arms do not deviate too much from their expected value.
Under Assumption|[L, E [N;] = N/K forall k = 1, ..., K. The following Lemmas provides a high
probability bound on i IglaXK|Nk — N/K|.

Lemma 7. Assume that K < N?/3 /4. Then,

N N N1/3
P N, ——=|>— | <2Ke 3 .
<ke?11?.),(l<}‘ K|~ 2K> - c

Now, we show that on an event of large probability, for k = 1, ..., K and s < (Ny A T), my(s) does

not deviate of my by more that \/log(T'/d)/2s.

Let k € {1,..., K'} be such that N}, > 0. For s < ny(T'), we denote by 7 (s) the s-th armed pulled

in interval I, by UCBF. With these notations, for all s = 1, ..., ng(T"), m(s) is defined by UCBF as

mk(s) =% Y Ynu(i). Wedefine similarly 7, (s) for s € [ng(T')+1, Ni] by selecting uniformly
t=i=1,...,s

at random without replacement the remaining arms in Iy, and let my,(s) = 2 >y, ) for

t=i=1 s

s = np(T) + 1, ..., Ny, and 4 (0) = 0.
Lemma 8.

P (Elk €{1,.., K}, s < (NyAT) : |fug(s) — mu| > bg(W) < 2KG.

13



Then, we define

a= {ene™e o)}

N log(T'/5)
— < g/ =177 .
N {k—Q.K s:1..(r11/kAT) {'mk m(s)] < 2s

Combining Lemmaand Lemma we find that when K < N?2/3/4,

/
P(&) >1-2Ke 5 — 2K,

(FMAB) .

Now, we decompose R, in the following way. Recall that

FMAB
Rgp ) = Z m(agac) — Z m(ag))-
t=1..T t=1..T

Recall that gbd pulls all arms in the interval Iy, ..., I, and pull the remaining arms in the interval 17 1.
In the following, we denote ®¢(T') the set of arm pulled by ¢¢ at time 7. Thus,

Y mlagip) =Y Y m >, mia).

t=1...T k= 1“f a; €Iy aleéd(T)ﬁIfurl

The number of arms pulled by ¢¢ is equal to T, and we can write

> mlagay) = Y. > (m M)+ > (m(a;) — M) +TM. (5)

t=1...T k= 1__f a; €Iy aiE<I>d(T)ﬂIf,+1

On the other hand, we decompose the total payment obtained by ¢ as the sum of the payment obtained
by pulling arms also selected by ¢ (i.e. arms in I, ..., Iyand Iy 1N ®4(T)), and the sum of payment

for pulling arms that were not selected by qbd (i.e. armsin Iy 41 N ®4(T) and in Ifio, ..., It). Recall
that ®(T) is the set of arms pulled by UCBF at time 7.

doomlagw) =Y. > mla)+ > m(a;)

t=1...T k=1..F a:i€lxN®(T) a1611+1ﬂ11>(T)ﬂ<1>d(T)
- > —mlag) [ = | DD Y —mlag)
ai€l;,NO(T)ND4(T) k=f+2..K ai€lxN®(T)

Again, T  arms are pulled by ¢, and we can write

> mlagey) = Y. > (mlai) - M)+ > (m(a;) — M)

t=1...T k=1..F ai€lpN®(T) a; €1, NS(T)N®L(T)
- > (M —m(a;)) = ) > (M —m(a;)) +TM.
ai€l;,NO(T)ND4(T) k=f+2..K ai€IxN2(T)

(6)

Subtracting equation (6)) from equation (5)), we find that

RYMAP = NN (mai) — M) + 3 (m(a;) — M)

k=1..f a;elyn®(T) ai €15, ,NOH(T)NG(T)
+ > (M —m(a:)+ > (M —m(a)).
a;€l;,  N®(T)NS4(T) k=f+2..K ai€lxN®(T)
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We write

Rj,, = > (m(a;) — M) + > (M — m(a;)),

a; €1;, ,N®HT)ND(T) a;€1;,,N®(T)NPL(T)

Ropt = Z Z (m(az) - M) )

k=1..f a;€I,N®(T)

Rsubopt = Z Z (M - m(az)) .

k:f+2..K a; €I,NP(T)

f+1
and

The decomposition REFFMAB) =Ropt + R Fi1 + Rsubopt show that three phenomenons contribute
to the regret of ¢ on the discrete problem. The side effect term R 41 can easily be bounded : there
are most 1.5N/K arms in If+1’ and so there are at most 1.5N/K terms in Rf+1' On the event
€ [M —8L/K,M + L/K]. Using Lemma E, we see that for each arm a; € I;

ga, mf+1 f+17
< 24N/K?2.

Im(a;) — M| < 16L/K. Thus,on & N &, R,
Now, we say that an interval [ is sub-optimal if m; < Mg q and is optimal if my, > m 7

R%FMAB) - R 41 1s the sum of a term Ropt, induced by the remaining arms in the optimal in-

tervals, and a term Rgypopt, induced by pulls of arms in sub-optimal intervals. The following Lemma
will be used to control those terms.

For two intervals I, I; such that mj; > m;, we provide a bound on the number of arms drawn in I;
given that there are still arms available in the better interval I,. For two intervals k,1 € {1, ..., K }2,
we denote henceforth Ay, ; = my — my.
Lemma9. Letk € {1,..., K}. On the event &, N {ny(T) < Ny}, a.s. for all intervals I; such that
Ak,l > 0, nl(T) < w.

k,l
To bound the regret Ry, p0pt, We take advantage of the fact that every slightly sub-optimal interval k
cannot be selected more than Ny, times. This is done in the following lemma.

Lemma 10. On the event £, N &y,

600L2QN

Rsubopt < K2

+ 384 1og(T/0)KQ (logo(K/L) V 1).

While R,yp0pt corresponds to the regret of pulling sub-optimal arms, and is bounded using classical
bandit arguments, R,,; corresponds to the regret of not having pulled optimal arms. We first control
the number of optimal arms that have not been pulled. The arguments used to prove Lemma[I0]can
be used to control the number of arms pulled in sub-optimal intervals, which is equal to the number
of non-zero terms in R,p;.

Lemma 11. On &, N &, the number of arms pulled in sub-optimal intervals by UCBF is bounded by
30Q(LN/K +log(T/5)K?/L).

This number is equal to the number of optimal arms that have not been pulled, and thus to the number
of non-zero terms in R,,;. Note that this number is at least of order N/ KV K 2 while Rg:i ) + Rgubopt
is of the order N/K? V K . Thus, bounding each term in R, by 1 will likely lead to sub-optimal
bounds on the regret R7. In the next Lemma, we characterise intervals whose arms have all been
pulled by UCBF. Note that those intervals do not contributes to 2.

Lemma 12. Let A = 354/ % V 1. At time T, on the event £, N &y, all arms in intervals

Iy, such that my, > M + AL/K have been pulled.

Using Lemmas|[11]and[12] we can finally control R,:.

Lemma 13. On event £, N &y,

2

LN
Ropt < 60AQ (K2 + 1og(T/5)K>
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To conclude, note that for the choice § = N=4/3 and K = [ N'/31og(N)~2/3] > (1 = p A p)~1,

Nlog(N)~2log(pN7/3) [ Tlog(N)~1
A< 1< —— V1.
< 35\/ NI v1<35 3L \

Moreover K =2 = [N'/31og(N)~2/3]=2 < 4 (N1/3 1og(1\f)—2/3)’2 since N'/3log(N)~2/3 > 2.
Thus, on the event £, N &,

log(N)~1
Rope < 2100Q (4L2N1/310g(N)4/3+7/3log(N)1/3N1/3) %\/1
Roubopt < 2400L2QNY31og(N)Y? + 896QN/3 log(N)'/3 (logy(N/L) V 1)
Rj,, < 96N?log(N)*/?
Ry < 1536QLN'/3log(N)"3.

Thus, on £, N &, we find that
Ry < CN'Y31og(N)*/3,

or equivalently that
Ry < C(T/p)"/*1og(T/p)*"*

for some constant C' depending only on L and Q. Note that K < N?2/3 /4 as soon as N > 30.
Using the Lemmas [3, 4, [5, [7 and 8, we find that the event £, N &, occurs with probability at least
1 — 62N P1os(N)Y ) _ 9o=N'2/38 _ 9e=N'?/3N1/310g(N)=2/3 — 2N~1 > 1 — 12(N~1 v
e_N1/3/3).

B Proof of Theorem 2|

Before proving Theorem |Z, we recall that under Assumption E, the set of covariates (ay, ...,ay) =
(1/N,...,1) is deterministic. We prove Theoremby studying reward that are independent Bernoulli
variables : under Assumption[d] y; ~ Bernoulli(m(a;)) fori = 1,.., N. Ateach time ¢, a strategy ¢
selects which arm ¢(t) to pull based on the past observations (¢(1), Y (1), ---, @(t — 1), Yg(t—1))- For
t=1,....,T,let H¢ = (a1, Y1, ..., at, Yt )

Let mg and m; be two payoff functions. We denote by P, the distribution of H7 when the payoff
function is mg, and P; the distribution of H7 when the payoff function is m;. Moreover, let Z be
any event o (Hr)-measurable. According to Bretagnolle-Huber inequality (see, e.g., Theorem 14.2
in [Lattimore and Szepesvari, 2020])

Po(2) + P1(2) > 1 exp (~KL(Po, P1)).

Let us sketch the proof of Theorem 2| In a first time, we design two payoff functions mq and m; that
satisfy Assumptions [2]and [3]and differ on a small number of arms. Then, we bound their Kullblack-
Leibler divergence. Finally, we define an event Z which is favorable for m4 and unfavorable for my,
and we provide lower bounds for Rz on Z under Py and on Z under P;.

‘We will henceforth assume that

V 811.

N >
“ (pA1=p)3(LAN0.5)2

In order to define mg and my, we introduce the following notations. Let v € (20N ~2/3,0.5] to

be defined later, and let L = L A 0.5 and § = a(NEz)’l/‘g. Now, define o = 1 — p — 26 and
21 = 1 —p+26. The inequality 25 < p A (1 — p) ensures that 0 < 2o < 1 —p < 21 < 1. Moreover,
L(zgV1—x1) <1/2and Lé < 1/4. We define mg and m; as follows.
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1/2 — L(zg — ) if z € [0, 20)

( [

1/2 — L(z — o) ifx € [z, 0 + 9)

mol(z) = 1/2—L(1-p—2x) ifx € [xg+6,1—p)

0 1/2+ Lz—(1-p) ifze[l—pl—p+3d)
1/2+L(:L’1 x) ifre[l-p+d,z1)
1/24 Lz — 1) ifx € [zq,1]

Define similarly

I/Qflz(ngx) ifz €[0,x0)
1/2 4 L(z — o) if z € [z, x0+ 9)

m(z) = 1/2+ L(1-p—2x) ife € fzg+96,1—p)

! 1/2— Lz —(1—p)) ifze[l—pl—p+0d)
1/2—[:/(331—3:) ifre[l-p+4dx1)
1/2+ L(x — x1) ifz € [xy,1]

The functions mg and m; are bounded in [0, 1], piecewise linear. They differ only on [z, z1], and
are such that

min {A: A({z : mo(z) > A}) <p} =min{A: A({z: mi(z) > A}) <p} =1/2.

Under hypotesis[5] the T = pN best arms for the payoff function myg are in [1 — p, 1] N {20}, while
the T = pN best arms for the payoff function m; are in [z1,1] N [z, 1 — p)].

Lemma 14. The payoff functions my and my satisfy Assumptions[2and

Next, we bound the Kullback-Leibler divergence between Py and P;.

Lemma 15. For the functions mg and m, defined above,

KL(Py,Py) < 70.40°.

We define Z as the following event :

Z= > ljear)y = N6 -2

a;€lzo,1—p]

Because of Assumption|[5, there are between [2N§] and [2N 4] arms in (zg, 1 — p). Under Py, the
arms in (zq, 1 — p) are sub-optimal, so Z is disadvantageous. On the contrary, under P, all arms in
(w0, 1 — p) are optimal under m, and so Z is disadvantageous. We provide a more detailed statement
in the following lemma.

Lemma 16. Under Py, on Z, Rt > 0.2202N1/3. Under Py, on Z, Ry > 0.2202N1/3,

Since N > 811, we can choose for example o = 0.23. Using (a V b) > (a + b)/2, we see that

max {]P’o (RT > 0.01N1/3) P (RT > 0.01N1/3)} > 0.1.

C Upper bound on the regret in multi-dimensional settings

In this section, we provide an upper bound on the regret of a natural extension of Algorithm UCBF
to d-dimensional covariates. More precisely, we assume that the arms are described by covariates
in the set X = [0, 1] for some d € N*. Similarly to the one-dimensional case, we assume that the
covariates are uniformly distributed in X

Assumption 6. Fori=1,..,N, a; "% Uu([o,1)%).

As in the one dimensional setting, we assume that the mean payoff function is weakly L-Lipschitz
with regard to the Euclidean distance:
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Assumption 7. For all (x,y) € [0,1]¢ x [0, 1]¢,
Im(z) —m(y)| < max {|M —m(z), L[z —yll,}.

Moreover we assume that the mean reward function m : [0, 1]¢ — [0, 1] verifies Assumption (here,
A denotes the Lebesgue measure on [0, 1]%). Then, the UCBF Algorithm can readily be generalized
to this d-dimensional setting, as described in Algorithm [2} The following Theorem bounds the regret
of Algorithm d-UCBF.

Algorithm 2 d-dimensional Upper Confidence Bound for Finite continuum-armed bandits (d-UCBF)

Parameters: K, 0

Initialisation: Divide [0,1]? into K¢ bins By, such that for k € {0,..,K? — 1}, By =
[%1, Bitly .o [%‘i, kdgl), where (k1, ..., kq) denotes the d-ary representation of k. Let
Ng 21{21<¢<N 1{a; € By} be the number of arms in the bin By,. Define the set of bins alive as
the set of bins By, such that Nj, > 2. Pull an arm uniformly at random in each bin alive.

fort = K+ 1,..,7 do

— Select an bin By, that maximizes M (ng(t — 1)) +

log(T'/6)
an (t—l)

where ny(t — 1) is the number of arms pulled from Bj, by the algorithm before time ¢, and
my(ng(t — 1)) is the average reward obtained from those ny (¢ — 1) samples.
— Pull an arm selected uniformly at random among the arms in Bj. Remove this arm from Bj.
If By, is empty, remove By, from the set of alive bins.

end for

among the set of alive bins,

Theorem 3. Under Assumption|6| [7|and 3| there exists a constant Cy, q p 4 depending only on L, Q
2d+2

p and d such that for the choice K = [Nﬁ log(N)fd%Z] and 6 = N~ a¥2,
Ry < Crqpa T log(T) 72
with probability 1 — O(N~1).

The rest of this Section is devoted to proving Theorem 3| To do so, we follow the main lines of the
proof of Theorem[I. Some Lemmas follow readily from results developed in Section[A] and their
proofs are therefore omitted. The remaining Lemmas are proved in Section D.

Let us now prove Theorem[3] As for Theorem|[I] we begin by controlling the fluctuations of the mean
payoff function m within a bin.

Lemma 17. Let a € [0,1]¢ be such that m(a) = M + aL/K for some o > 0. Moreover, let k be
such that a € By,. Then

max m(a’) < M + (a + (aVv \/Zi))

a’€By,

L
K b
and

min m(a’) > M +
a’€By,

( (avzﬂ)> L

04—72 K

Similarly, let a € [0,1]% be such that m(a) = M — a%, where o > 0. Moreover, let k be such that
a € By. Then

, , L

> M — il

Jain m(a’) > M (a + (aV \/E)) )
and

v2vd)\ L

/ < — — L —

e mld@) = M (O‘ 2 ) K

Proof. In the general d-dimensional case, two points in the same bin may be separated by a Euclidean

distance of v/d /K. Using this remark, one can readily adapt the proof of Lemmato prove Lemma
O
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Conversely, we obtain a lower bound on the Lebesgue measure of arms with mean reward close to M.

Lemma 18. There exist a constant ¢, q > 0 depending only on p and d such that for all t € (0, \/&L],

P (m(ar) € [M, M +1)) > c,,,d%

Then, we decompose the regret Ry into the sum of a discretization error, and of the cost of learning
in the corresponding finite K %-armed bandit problem. For k = 0,..., K% — 1, we define m; =
K4 fa eBx m(a)da as the mean payment for pulling an arm uniformly in bin By. In order to avoid
cumbersome notations for reordering the bins, we assume henceforth (without loss of generality) that
{m}y<p<xa_, is a decreasing sequence. Similarly to the one-dimensional case, we denote by o

the strategy pulling all arms in the bin By, Bs, up to B 7 and pulling the remaining arms in B Fi1o

where fis such that N7 + .. + Nf <T<Ni+.+ N?ﬂ' Note that ¢¢ corresponds to the oracle
strategy for the discretized problem. We also denote f = |pK ?|. Recall that we denote by ¢*(t) the

arm pulled at time ¢ by the oracle strategy, and by ¢(t) the arm pulled at time ¢ by UCBF.
Now, decompose R as follows :

Ry = Z m(ag-(1)) — Z m(ag(r))

t=1..T t=1..T

= Y mlag) - m(aga()) + m(agay) — m(ag())-
t=1..T t=1..T t=1..T t=1..T

Again, we denote by R&d ) = > m(ag) — m(aga(y)) the discretization error. Moreover,
t=1..T t=1..T
= > mlagay)) — m(ag(4)) the regret of our strategy against the oracle

) t=1..T t=1..T
strategy for the discrete problem.

we define RSFFMAB)

As in the one-dimensional case, we use the following Lemmas to bound the discretization error Rg,fl ).

Lemma 19. Define ¢ = [c, 4K '] and o = 4QL/c, 4 + 2/Vd x (1 4+ 3/ K1), where c, 4
2

is the constant appearing in Lemmal|l8. With probability at least 1 — 4 exp (— QC%'ZN), we have

| = f| <1+ e Onthis event, m; — M‘ < aVdL/K and ‘mf+1 - M’ < aVdL/K.
Lemma 20. For the constant ¢, g > 0 defined in Lemma
o 2(;27 N
IP(|M7M| < \/&L/K) >1 -2 K %)

The proof of Lemma [20 is obtained by following the lines of the proof of Lemma[4, and applying
LemmalI8 It is therefore omitted.

Lemma 21. With probability at least 1 — 2 exp (—W),

|{z :m(a;) € [M 20vdL M + Lvd

K K

- 40V dLQN
< ©

The proof of Lemma [2T follows from the arguments developed in the proof of Lemma 5, and is
therefore omitted. Note that since L > 1,d > land o > 1 > ¢ 4, 1 — 2exp (—Mzdf(#) >

2
1—2exp (7 20}”("3N).
Lemma 22. Let

g = {IF-sl<1+eyn{iT - m < ViL/K)
N {Hi:m(ai)e [MQOA/&L,MJr\/aL

K K K

H . MEL@N}
On the event &,, Rg:j) < Saszﬂ.
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Combing Lemmas and , we note that P(€,) > 1 — 8exp( 25}’(';’N ). Next, we bound the cost

of learning on the corresponding finite / ?-armed bandit problem. Similarly to the one-dimensional
case, we use the following Lemmas to control this term.

Lemma 23.
N
- Kd

N) < 2Kl Toxd .

>
~ 2K4

P ( max
ke{0,..,K4—-1}

Lemma 24.

P <3k €40, K4~ 11,5 < (Np AT) : [Fin(s) — ma| > bg(T/‘”) < 2K

The proof of Lemma [24] follows closely the proof of Lemmal8] and is therefore omitted.

Now, we define

N 3N
= N — —
& {k_(),.OKdl{ kE {QKd’ 2Kd} }}
log(T/§
ﬂ{ N n {|mk7’ﬁk(5)|§ og(/)}}
k=0,..,K%—1 s=1..(NxAT) 2s

Combining Lemma[23]and Lemma (8] we find that
P (&) > 1— 2K toxd — 2K,

For two bins k,1 € {1,..., K}?, we denote henceforth Ay ; = my, — my.

Lemma 25. Let k € {1,..., K}. On the event & N {ny(T) < N}, a.s. for all bins By such that
Apy > 0,y (T) < 2oall/),

k,l

The proof of Lemma 25 can be obtained by following the lines of the proof of Lemma[7, and is
therefore omitted.

. . . . FMAB
As in the one-dimensional case, we write ng ) = Ropt + R T Ryupopt, Where

Ry, = Z (m(a;) — M) + Z (M —m(ay)),

a;€EB N®(T)ND(T) a; EB N (T)NP4(T)

Ropt = Z Z (m(az) - M) ’

k=1..f a;€B,ND(T)

Roubopt = ) > (M —m(a;)).

k=f+2..Kd—1 a;€BxN®(T)

FH1
and

The term R 41 can easily be bounded : there are most 1.5N/K 4 arms in B Fi1s and so there are at
most 1.5N/ K¢ terms in R;, . Ontheevent &, ms,, € [M — aVdL/K, M + av/dL/K]. Using
Lemma E we see that for each arm a; € B m(a;) — M| < 20[\/&L/K. Thus, on &, N &,

frr
R;,, <3aVdLN/K*.

The following Lemmas help us bound the terms Rgyp0p: and Rop;.
Lemma 26. On the event £, N &y,

N K%log(T/6)logy(K/av/dL
Rsubopt < 120@2(1_[/2@ <[(2 + g( /O)é2di22( / )) .

Lemma 27. On &, N &, the number of arms pulled in sub-optimal bins by UCBF is bounded by
6aVALQN/K + 2410g(T /) K 1Q/(a/dL).
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Lemma 28. Let

d+2
A= \/ ATQRT108(T/0) | 6001 ey

NepqLd
At time T, on the event £, N &y, all bins By, such that my, > M + A\/EL/K have died.

Combining Lemmas [26] 27)and 28] we prove the following result.
Lemma 29. On event £, N &y,

N log(T/§)K*

2
Ropt S 30cAdL Q <I{2 + W
The proof of Lemma [29]is similar to that of Lemma|[I3] and is therefore omitted.

Thus, on the event £, N &,

N log(T/5)log,(K/av/dL)K*
Rr < (33aAdL?Q + 1280%dLQ) <K2+ 0g(T/9) Oigt(iLQ/a\/a ) )

2
The event £, NE}p, happens with probability larger than 1—8 exp( 26;’('31\[ )—2K9% exp(— X 2K%6.

10Kd)_
For the choice K = [Ndflr2 log(N)_d%ﬂ and § = N~ a7,

P(E,NE) > 1-—8exp (—2012)7de%2 1og(N)ﬁ) — (N7 4 1)¢1og(N) T exp (_Nd%z log(N) &2 /10)

—(2d+2)

F2(N T2 log(N) a2 + 1)IN e
> 1-0O(N7h.

Note that for this choice of K, A is bounded by a constant depending on «, @), L and ¢, 4. Then,
&, N &y, there exists a constant C' depending on d, L, () and p such that

S42d 16g(N) log(N)(Nﬁ 1og(]\f)#22 +1)¢

_d_ 4 (d+2)2
Ry < C | N#2log(N)a+ + 2dI2

This concludes the proof of Theorem 3]

D Proofs of auxiliary Lemmas

D.1 Proof of Lemmalf2

Recall that a € I, and o > 0 is such that m(a) = M + oL/K. By Assumption 2, we see that for
any a’ € Iy,

(M +aL/K)—m(a)| < max{aL/K,L/K},
SO
m(a) < M+ (a+(aV1)L/K.
This yield the first part of the Lemma. To obtain the second part, note that Assumption 2]also implies
|m(a’) — (M +aL/K)| < max{|m(a’) — M|, L/K}.

Thus,

m(a’) > M+ aL/K —max{|m(a’) — M|, L/K}. (8)
If /m(a’) — M| > L/K, then equation (8) implies

m(a') > M+aL/K — (m(a')— M).
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Thus,
2m(a’) > 2M +aL/K
and

ma) > M+%L/K.

Since [m(a’) — M| =m(a’) — M = aL/(2K), |m(a’) — M| > L/K implies o > 2. On the other
hand, if |m(a’) — M| < L/K, equation|8|implies
m(a') > M+aL/K—L/K
(a—1)L
> M+ ——"—.
=z + K
Since m(a’) — M < |m(a’) — M|, the assumption |m(a’) — M| < L/K implies that o < 2.

To summarise, when v < 2 we necessarily have |m(a’)—M| < L/K,and m(a’) > M+(a—1)L/K.
On the contrary, when «« > 2 we necessarily have |m(a’)— M| > L/K,and m(a’) > M +aL/(2K).

This writes
vV2\ L
m(a’) > M+ (a— a) —.

Using the same arguments, we can prove similar bounds for the case m(a) = M — aL/K.

D.2 Proof of Lemma/[3]

Recall that f = |pK |, and fis such that Ny + .. + Nf <T<N;+.+ Nf+1' By definition,

Ni+ ..+ Nyy = Y lygenu.ur,_y Where 1y cru.ur,_,) are independant Bernoulli
1<i<N ' :

random variables of parameter % Using Hoeffding’s inequality, we find that

P Z ﬂ{aiellu..ulf,l} T K > i < e k2.

1<i<N
Now, by definition, f = |TK/N|,and so fN/K < T. Thus,

P(Ny+.+ Ny >T) < e xe. 9)

This shows that with high probability, N; + .. + Ny_; < T, which implies that f — 1 < f + 1.
Using again Hoeffding’s inequality, we find that

+ 2)N N o
d % N Z ]l{aieflU..UIf+2} > ? < e kKZ,
1<i<N
By definition of f, (f + 1)N/K > T. Thus,
P(Ni 4.+ Npypy >T) < e 2 10

This shows that with high probability, 7' < Ny + .. + N9, and thus f + 2 > f Combining
equations and (10), we find that with probability larger than 1 — 27, If—fl<1

In a second time, we prove that my € [M — L/K, M + L/K|. To do so, we first show that there
are at least [pK| intervals k such that mj; > M — L/K, or equivalently that there are at most
|(1 — p)K| intervals k such that m;, < M — L/K. Indeed, for all k such that mj, < M — L/K,
there exists a € I, such that m(a) < M — L/K. Using Lemma2] we see that Va € I, m(a) < M.
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By definition of p, there can be at most | (1 — p) K | such intervals. Therefore, there are at least [pK]
intervals & such that my, > M — L/K. Since f < |pK |, this implies that my > M — L/K. Similar
arguments show that my < M + L/K.

We conclude by noting that since my > M — L/K, Lemma E implies mingey, 1, m(a) >
M —2L/K. We define a = argmax{m(a) : a € Up~¢I}}. The continuity of m implies that

m(a) > M —2L/K. Letk > f be such that a € I;.. Then, Lemmaimplies thatm; > M —4L/K.
Since myy1 = maxy> ¢ My, this implies in particular my > M — 4L /K. Similar arguments can

be used to show that m o > M — 8L/K and that m;_; < M + 4L/K. Thus, when |f — f| <1,

we find that my € [M — 4L/K, M +4L/K],and my, | € [M —8L/K,M + L/K].

D.3 Proof of Lemmal4]

Recall that M = m(ag«(ry), where T' = pN and ¢* is a permutation such that {m(ag-(i)) }1<i<n i
a decreasing sequence. Thus, M is the T-th largest payment for the arms with covariates {a1, ..., an }.
To bound its deviation from its expected value M, we note that for all ¢ > 0, {]\//.7 > M+ t} implies

{ > Lm(a)zmsty > T}- Since T' = Np = NP (m(a1) > M),
1<i<N

P (J\/l\z M+t) <P > Wmgayzmsny > NP(m(ar) > M)
1<i<N

<P > (masareny —P(mlar) > M +1)) > NP (m(a1) € [M, M +1))
1<i<N

Using Hoeffding’s equality, we find that
P (1\7 > M+ t) < exp (72NIP’ (m(a1) € [M, M + t))2) .

For the choice t = L/K, it implies that

P (M > M + L/K) < exp (72NIP’ (m(ay) € [M, M + L/K))Z) .

Next, we obtain a lower bound on P (m(ay) € [M, M + L/K)). Note that either max{m(a) :
a€cl0,1]} <M+ L/K,and P(m(a;) € [ M,M+L/K)) =P(m(a1) >M)=p>1/K, or
max{m(a):a €[0,1]} > M + L/K.

In this case, choose a(’) € argmax, {m(a)} (a!?) exists since m is continuous and defined on

a compact set). Note that m(a*)) > M + L/K. Since m is continuous and A({a : m(a) <
M?}) > 0 (because of Assumption [3and the fact that p < 1), {a : m(a) = M} # (. Define
a® = argmin,{|a — a™M| : m(a) = M}, and assume without loss of generality that o) < a(?).
Since m is continuous, m(a(")) > M + L/K and m(a®) = M, we see that {a € [a™"),a(?)] :
m(a) = M + L/K} # (. Define finally a®® = max{a : a < a® ,m(a) = M + L/K}. By
construction, for all a € [a®),a®), m(a) € [M, M + L/K). Using Assumption |Z, we find that
a® —a®@| > 1/K. Thus, P (m(a;) € [M,M + L/K) > P (m(a1) € [a®,a?]) > 1/K.

Putting things together, we find that
P(M=M+L/K) < exp(-2N/K?).

Using similar arguments, we can show that P (]\//.7 <M - L/K) <exp (-2N/K?).

D.4 Proof of Lemmal[3

In order to prove Lemmal[3] we first state the following result.
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Lemma 30. Let B be a Borel set of measure A\(B) > N~—2/3 and Ng be the number of arms in B.

Then,
P <NB — A(B)N| > )\(B)N4/3> < 90~

Proof. Recall that Ng = > 1,,c5, where 1,,e5 Z-'fl;&dBernoulli()\(B)). Applying Bernstein’s
1<i<N

inequality, we find that

2
¢ 2ZX(B)N+2t/3

IN

P(|Ng — A(B)N| > 1)
N1/

]P’(NB— AB)N| > \/A(B N4/3) < 2N
O

Now, we use Lemma [30 for B = {z: m(z) € [M — 16L/K, M + L/K]}. By Assumption [3,
A{z:m(x) € [M —16L/K,M + L/K]}) < 16LQ/K. When K < N2/3, the inequality QL >
1 implies that K < 16LQN?/3, and \/16LQN*/3/K < 16LQN/K. This proves Lemma

D.5 Proof of Lemmal/6]

Non-zero terms in Réfl ) correspond to pairs of arms (7, 7) such that i is pulled by ¢ but not by ¢*,

and j is pulled by ¢* but not by ¢?. If an arm i is pulled by ¢, it belongs to an interval k such that
my > My On the event &4,
i, >M—-8L/K.
Using Lemma|2] we find that
m(a;) > M —16L/K.
On the other hand, if ¢ is not pulled by ¢*, it must be such that m(a;) < M. On the event &g, this
implies that m(a;) < M + L/K. Since there are at most 32LQN arms in [M —16L/K, M + L/K]

on the event &,, there are at most 32LI§) N arms that are selected by qu and not by ¢*, and thus at

32LQN (d)
K

most non-zero terms in R,

Now, each of these terms corresponds to the cost of pulling an arm i selected by ¢¢ but not by ¢*,
instead of an arm j selected by ¢* but not by ¢?. Assume that m f1 2 M. Then, using Lemma IE’

we see that if 7 is selected by ¢, m(a;) > M — L/K. Moreover, if j is not selected by ¢, it belongs
to an interval I}, such that m;, < mi - Oné&,, msy1 < M+ L/K. Thus, m(a;) < M +2L/K,

and m(a;) — m(a;) < 3L/K. On the other hand, if m;, , < M, then according to Lemmal%'for all
i selected by ¢4, m(a;) > M —2 ((M —mj )V L/K), while for j not selected by ¢?, m(a;) <
mj (M —mj,)/2V L/K. Thus,m(a;) —m(a;) < 3/2 ((M —mp)V 2L/K) < 12L/K.

To conclude, on the event &£, there are at most % non-zero terms in Rg,fi ), and each of them is
bounded by 12L /K. Thus,
32Q LN
RY < 612( 12L/K

D.6 Proof of Lemmal(7]
Note that for k € {1,..., K'}, Iy is a Borel set of measure 1/K > N~2/3. Using Lemma , we find

that
N|_ N?3 _N1/3
(v~ |2 7o) < 2
2K1/2 _ N1/8
(‘Nk_’ﬂ( N1/3> s T

Since K < N?/3/4,2K'/?/N'/3 < 1. A union bound for k = 1, ..., K yields the result.
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D.7 Proof of Lemmal§|

Recall that a; ~ U([0,1]), and thus ail{ai € I} ~ U(Iy). Since the arms ay, (5) are selected
uniformly at random among the arms in I, they are independent from one another, and uniformly
distributed on .

For k € 1,..., K and for n € [0, N], we denote by PP,, the probability measure obtained by condi-
tioning on the event N, = n (this event has a strictly positive probability because A(Iy) € (0, 1)).
Note that for any s € [1,7], E,[yr, (s)] = mx. Using Hoeffding’s inequality, we find that for any
n € [1,N]and any s € [1, n]

1 [log(T'/4) —log(T/5) _ 20
P, gzym(i)_mkz T 9s <2 % :?

1<i<s

The inequality |7 (0) — my| < oo also holds, since we defined 7(0) = 0, and thus the inequality
above is also verified for n = 0. Using a union bound for s = 0, ..., (n A T'), we find that for all
n=20,..,N,

Pn<as<(nAT);|mk(s)—mk|> bg(;”‘”) < Mgz&.

We integrate over the different values of n and find that

P <E|S < (.N']€ /\T) : |T/f\Lk(S) —mk\ > log(;;/d)> < 20.

Finally, a union bound for k = 1, ..., K yields

P(er{l,...,K},sS(Nk/\T):|ﬁzk(s)—mk2 H) < 2KG.

D.8 Proof of Lemmal9]

First, note that on &, all intervals are non-empty. By definition of Algorithm UCBF, at least one arm
is pulled in each interval. To bound the number of arms pulled in interval I;, assume that time ¢ > K
is such that the arm ¢(t) is selected in ;. Since there are arms available in I}, at time 7', there are
arms available in [ at time ¢ < 7. If UCBF pulls an arm in [; instead of an arm in I}, we must have

log(T/4)
Qle(t — 1)

log(7/6)

My (nk(t —1)) + 2t — 1)

<my(m(t—1)) +

On the event &, this implies that

log(T/9)
< —_—.
MRS T o 1)
Straightforward calculations show that
2log(T'/§
1)
k,l

Thus n;(T) < (% Vv 1) +1< % since AZ ; < 1andlog(T/d) > 1.
k,l k,l ’
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D.9 Proof of Lemma

By Lemma |3, on the event &,, m

rewards lower than m P+

Let So = {k: (M —my) € [L/K,10L/K]}, S = {k : (M —my) € (10L/K,16L/K]}, and
forn > 2 define S, = {k : (M —my,) € [2""2L/K,2"3L/K }. Note that for n > log,(K/L) —
2, S, is empty since m is bounded by 1.

ji1 € [M —8L/K,M + L/K]|. We group intervals with mean
, into the following subsets.

Using Lemma@], we note that for alll € Sg and all a € I},

|m(a) — M| < 20L/K.
Using Assumption we conclude that |Sp| < 20LQ). On &,, there are at most 1.5N/K arms in each
interval, so the number of arms in intervals in Sy is at most 30LQN/K. Moreover for all [ € Sy
and all a; € I, (M —m(a;)) < 20L/K. Thus, the arms pulled from intervals in Sy contributes to
Rsupopt by at most 20L/ K x 30LQN/K = 600L2QN/K?>.

Similarly, for alll € S§; and all a € I},

m(a) — M| < 32L/K.

Using Assumption E, we conclude that |S;| < 32LQ. Moreover, by definition of f, there exists a
interval I, with my > mz such that ng(T') < Nj. Since Ay ; > My, —my > M —-8L/K —
(M —10L/K) > 2L/K forall | € S, we use Lemma|9and find that
31og(T/5) K2

Thus, the number of arms pulled in S; is at most 3log(7/6)K?/(4L?) x 32LQ =
2410g(T/8)K?Q/L. Since each arm in S; has a payment larger than M — 32L/K, the arms
pulled from intervals in S; contributes t0 Rgupopr by at most 241og(T/6)K2Q/L x 32L/K <
768log(T/0)KQ.

Finally, note that forn > 2 and [ € S,,, Ag; > (2""2 —8)L/K > 2"*'L /K. Using Lemma@], we
find that (/) )

3log(T/6) K

) S “panaags

Applying Lemma |Z, we see that each arm a; € I; verifies m(a;) > M — 2" L/K. Using
Assumption we find that |S,,| < 2"t*QL. Thus,

600L2QN
Rsubopt < TQQ + 768 log(T/(S)KQ
log, (K/L)—2 s 3 log(T/5)K2 on+4r,

" n; L T
600L2QN

< TR 768 log(T/0) KQ +192(10g(T/6)QK (loga (K/T) — 3))
600L2QN

< ST 192008(T/6)KQ (logy(K/L) +1).

D.10 Proof of Lemma[11]

Along the lines of the proof of Lemma|[I0} we have proved that on &, N &, the number of arms in Sy
is bounded by 30QQ LN/ K and that the number of arms pulled from intervals in S; is bounded by
2410g(T/8)K?Q/ L. Thus,

log, (K/L)—1 log, (K/L)—1

30QLN  24log(T/6)K?Q 3log(T/6) K>
Y. 2wl < 7 Y IS Ty
n=0 ILeS, n=2
30QLN  24log(T/6)K2Q ' & 12100(T/6)Q K2
< + + 12088 /0)01 "
K L 2 L
. 30QLN |, 30log(T/8)K*Q
= UK L
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Thus, the number of arms pulled from sub-optimal intervals is bounded by 30Q(LN/K +
log(T/6)K?/L).

D.11 Proof of Lemmal[12]

Before proving Lemmal[IZ2, let us introduce further notations. For any two intervals I;, and I; such

that mjy, > m;, define Ny, ;) = > Ny, and npp, () = > n;(T)
Jj=h Jj=h

We prove Lemmaby contradiction. Assume that there is an interval I;, such that my, > M+AL/K
and n(T) < Ny. By continuity of m, there exists a € [0, 1] such that m(a) = M + AL/(4K), and
by Lemma[2|there exists an interval I; that contains a such that m; € [M+AL/(8K), M+AL/(2K))].

Note that since A > 33, on the event £, m; > mg and [ < f.

By definition of f, we have T > N[1 = Ny -1y + N[z 7 On the other hand, T' = ny; ;_1)(T) +
np,k)(T). Since Njy ;1) > nyy ;—17(T') on the event {ny(T") < Ny}, we necessarily have Nyjq <
ny, k) (T) = ny 5(T) + ”[f+1,1q( )-
We obtain a contradiction by proving that on &, N &, N {nk(T) < Ni},
Nug =m0 M) > 470,00 (1)
In words, we prove that the number of sub-optimal arms pulled is strictly smaller than the number of

remaining optimal arms, and obtain a contradiction.

To obtain a lower bound on N[l 7 ﬂ(T), we note that for all h € [, f], App > Agy >
AL/(2K). Using Lemmal[9] we see that of the event &, N &, N {ny(T) < Ni}
(T) < 310g(T/5) 3log(T'/0) 12K2 10g(T/§)
n(1) < .
A (AL/(2K)) (AL)”

On the event &, each interval contains at least N/(2K) arms. Thus,

N  12K?log(T/6)
Nh nh(T) Z oK (AL)2 .
Let NV}, 7 denote the number of intervals Iy, for 1 € [, 7 and leta € Il be such that m(a(M)) =
M+AL/(4K). Leta® = arg MiN . (q)=
that oV < a®. Let a® = maz{a € [aM,a?] : m(a ) M + AL/(4K)}. All interval h such
that I;, C [a®,a®] have mean reward in [M + 4L/K, M + AL/(4K)]. On the event &,, those
intervals belong to [/, f] Using Assumptlon we find that L|a® —a® |VAL/K > (A—16)L/(4K),
and so |a?) —a®| > (A~ 16)/(4K) > A/(8K) (since A > 32). The number of intervals of size

1/K in [a®, a(?)] is therefore at least A/8 — 1. Thus Nuj = A/8—1,and
A N 12KZ%1log(T/6)

Since A > 32, A/8 — 1 > 3A/32. Thus

3A 12K2log(T/6)
Nep=mun 233 (2}( (AL)? '

To obtain an upper bound on Nf11, K] (T), we divide the intervals f + 1, ..., K into subsets. Let
So={l:M—m € [-4L/K,AL/K]}, and forn > 0letS, = {l : M —m; € [AL/K x
2"~ AL/K % 2"]}. Since m; < M +4L/K, we see that {f +1,..., K} C L>J05n-

27



Forall h € Sy, Apy > (A—4)L/K > TAL/(8K) since A > 32. Similarly, for all n > 0 and all
heS, Ay >AL/(K(1+2"1)) > AL/(2" ' K). Using Lemma|§, we find that on the event
EaNE N {np(T) < Ni},

192K 2 log(T/9) 3log T/5)
miv(T) < 1Sl + DS

n>1

Using Lemmalg and Assumption |3 l_ we find that |Sy| < 2ALQ and that for any n > 0, |S,| <
2"+1 ALQ. This implies that

384QK?log(T/6) Z 481og(T/5) QK>

(1) = 49AL AL2n

"f+1,K]
n>1

48K?log(T/6)Q [ 8 1
< —ar |\wtXm

n>1
56 K2 log(T/6)Q
- AL

Note that we necessarily have QL > 1. Thus, for the choice A = 354/ % V 1, we find
that Ny, 5 —ny (T) > N1 K] (T"), which is impossible. We conclude that all intervals Ij, with a

mean reward larger than AL /K have been killed.
D.12 Proof of Lemma 13|

We have shown in Lemma.that the number of non-zero terms in R, is bounded by 30Q(LN/K +
log(T'/¢ )K 2/L). Moreover, in Lemma | we have shown that those non-zero terms correspond to
arms a; in intervals [j such that m; < M + AL/K. By Assumptlon[ their payments m(a;) are
such that m(a;) < M + 2AL/K, so each non zero term is bounded by 2AL /K. Thus, we find that

LN log(T/8)K?
Rops < 300Q ( — + Og(éa)> x 2ALJK

D.13 Proof of Lemma|[14]

The functions m( and m, are piecewise linear with slopes Land —L. Since L = L A 1/2 < L,
Assumption[2]is satisfied.

On the other hand, for € € (0, L§),

A{z: mo(z) — 05/ <el) = A ([mo —¢/L,x0+ e/i]) A ([1 —p—e/L1-p+ e/i])
+A ([531 — G/Z/,{I?l + E/.Z/])
6¢/L = 6e x (1/LV 2) < Qe.

For e > L4,

A({x:mo(z) —0.5] <e}) = A ([xo —¢/L,x; +€/E]) = — 20+ 2¢/L
40 +2¢/L < 6e x (1/LV 2) < Qe.

Thus, m satisfies Assumption The same holds for m;.
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D.14 Proof of Lemma[13]

Recall that ®(T") = {¢(1), ..., »(T') }. We bound the Kullback-Leibler divergence between Py and
P, (see, e.g., Lemma 15.1 in [Lattimore and Szepesvari, 2020]):

KL(Py,Py) = Z Eo [Licor)] KL(P', PY")
i=1,...,N
< > KL, PY)
i=1,...,N
where K L(PY",P}*) denotes the Kullback-Leibler divergence of the distribution of the reward y;
under mg and m;. For p, ¢ € (0, 1), we denote by kl(p, ¢) the Kullback-Leibler divergence between

two Bernoulli of means p and g. Since the variables y; are Bernoulli random variable of parameter
m(a;), we find that

KL(Po,P1) < > kl(mo(ai),m(as))
i=1,...,N

< ) Kl(mo(as),ma(a;)).

a; E[zo,x1]

By definition of mg and m;, for all a; € [zq,z1], [0.5 — mo(a;)| = |0.5 — my(a;)| < 6L < 1/4.
Easy calculations show that for e € [—1/2,1/2],

1—€ 1+c¢ 9
< .
kl( 5 5 )46

Using Assumption [5|and the definition of mq and m;, we find that

[N6] i\ 2
KL(Py,P;) < 42%4(2LN>
4L
< 6N2 x (N5 +1)%.

Now, since @ > 20N ~2/3 and L=2/3 > 0.5-/3, N§ = N2/3aL~%/3 > 31, and thus (N6 + 1)* <
(N6)® (1 +1/31)% < 1.1 (N6)®. Thus,

70.412
N2

KL(Py,Py) < x (N§)® < 70.40°.

D.15 Proof of Lemma[16]

Under Py, we can see that all arms in (zg, 1 — p) are sub-optimal. By construction, all optimal arms
have a payment higher than 1/2. Thus,

Ry > > (;—mo(ai)> 1{i € ®(T)}.

a;€(zo,1—p)

There are at least | N0 | arms in [xg, 2o + J), and at least | NJ] arms in [zg + J, 1 — p]. We use
the change of variables k = ¢ — [2gN] and k = [(1 — p)N| — i to sum over the indices of the
sub-optimal arms. We find that

IN§|—1, =

Ry > > %]l{([on1 +k) e ®(T)}
k=0
oIk L
+kz S (L =p)N k) € &(T)}.
=0
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On Z, at least | N§| — 2 arms are pulled in (2,1 — p), so easy calculations lead to

[0.5NG§]—2  ~
kL

2L Lo 5N6&| —1)([0.5N6] —2)

- N 2 '

We have shown in Lemma 15 that N§ > 31, so (|0.5N6] — 1)([0.5N5] —2) > 272(N§)2(1 —
4/31)(1 — 6/31). Thus,

(N&)2L

Rr > 27%(1-4/31)(1—-8/31) >272(1—4/31)(1 — 6/31) L1 /32 N1/3,

Since L < 1/2, this implies

Rr > 0.22a2NY/5.

On the other hand, all arms in (z, 1 —p) are optimal for the payoff function m4. Since all sub-optimal
arms have a payment at most 1/2, under Py,

Re >z 0 (i) - g )1 e

a;€[zo,1-p]

Applying the argument developed previously, we find that

IN6J-1, 7

Rr > Z W]l {(k+ [zoN]) € ©(T)}
k=0
[N(SJ

+27]1{ 1—p)N —k) € ®(T)}.

On Z, at most | N§| — 2 arms are pulled in (29,1 — p). Under Assumption E there are at least
LZN d] — 2 arms in (zg, 1 — p). All of these arms are optimal for the payoff function m;. Thus, on
Z, the number of sub-optimal arms pulled is at least [2N§] — 2 — (| N§] — 2) > | N§]. Thus,

[0.5N8]—1, = = _2 o

kL _ L 272(N§)2L
> > = BNS—1)> 0 g - ,
Ry > 2 > > H(0.5N8 = 2)(0.5N8 — 1) > == (1 - 4/31)(1 — 2/31)

We use L < 1/2 to find that Rp > 0.2502N/3,

D.16 Proof of Lemmali§

By definition of M,
P(m(a1) € [M,M +1t)) P(m(a1) > M) —P(m(a1) > M +1)

= p—P(m(a1) > M+1t).

To provide an upper bound on P (m(aq) > M +t), we use gaussian isoperimetric inequalities
(see, e.g., Chapter 5.1 in [[Vershynin, 2018]). Those results can readily be extended to random
variable uniformly distributed on the unit cube. To do so, we introduce a random normal variable
2= (21,..-,2q) ~ N(0, I4), and we denote by F the c.d.f. of a z;. Moreover, we introduce a new
payment function

m: (21, ., 2d) = m(F(z1), ..., F(zq)).
It is easy to see that m(z) and m(a;) have the same distribution. Thus, by definition of p,

P(m(ay) € [M,M +1t)) =p—P(in(z) > M +1). (11)
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Next, we show that m verifies a weak Lipschitz Assumption. Indeed, for any z = (21, ..., 24) € R4,
and 2’ = (2}, ..., 2}}) € R%, by definition of m

[m(z) —m(z')]| Im (F(z1), ... F(24)) = m (F(21), ..., F(2q))|
|M —(2)| V L|[(F(21), .., F(2a)) = (F(21), -, F(29))l
where the last equation follows from Assumption 2. Now, the gaussian c.d.f. F is Lipschitz
continuous, with Lipschitz constant equal to (27r)*1/ 2, Thus,

IN

[i(z) = ()| < M —i()| V(L x (2m) 72|z = 2']12)

Thus, for all z € R? such that m(z) > M + t and all 2’ € R? such that 7 (z') < M, necessarily

|z —2'||2 > vV2nrt/L.

Let us denote by B the set of Borel sets of R?, and by d(z, A) the Euclidean distance between a point
z € R% and a set A € B. Moreover, let us denote by A = {z € R% : () < M} the sub-level set of
level M of the function /7. By definition of M, we have P(A) < 1 — p. Moreover, the results above

show that {z € R?: i (2) > M +t} C {z € RY:d(z,A) > +/2nt/L}. This implies that
P((z) > M+t) < P (d(z,A) > \/27rt/L)

< sup P (d(z,B) > \/ﬂt/L) . (12)

T BeB:P(B)<1—p

By Theorem 5.2.1 in [Vershynin, 2018], P (d(z7 B) > 27t/ L) is maximized under the constraint
P(B) < 1 — p when B is a half space of gaussian measure 1 — p. This is the case, for example, when
B={zeR?: (z|e;) > F~1(p)} and e; = (1,0, ...,0) is the first vector of the canonical basis of
R%. Then,

{z - d(Z,B) > mt/L} - {z = (21, 2a) 21 < F(p) — \/ﬁt/L} .
Then, Equation (12) implies
P(i(x) > M+1) < P(n<F\(p)—V2rt/L)
- F (F_l(p) - \/%t/L) . (13)
Combining Equations and (13)), we find that
P(m(a) € [M,M+1)) > p-F(F'(p) - V2mt/L)
= F(F7'(p) = F (F'(p) - V2mt/L) .

Using the c.d.f. of the normal distribution, we find that

(m(ar) € [ ) o L
P(m(ay) € [ M,M +t > / e 2 dz (14)
F=1(p)—V2Zmt/L V2T
> %e—w—l(mgmum? . (15)

We recall that ¢ /L < \/&, and conclude that

t _
P (m(a1) € [M, M +1)) > ze " Hp)—vErd)?/2.

D.17 Proof of Lemma[19]

Recall that e = [K dilcp,d]. Similarly to the one-dimensional case, we begin by proving that
f > f — e. Since this inequality becomes trivial if ¢ > f, we assume that ¢ < f. Recall
that f = [pK?|, and f is such that Ny + .. + NfA <T < Ny + ..+ Nf-s-l' By definition,
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Ni+ .+ Np_e = Lia,eBu..uB; .y Where 1y, ep,0.uB,_,} are independent Bernoulli
1<i<N

random variables of parameter J;;f. Using Hoeffding’s inequality, we see that for all ¢ > 0,

(f—¢eN 2t2
P Z LtaieBiu B,y — g — 21 < expl|l—— .
1<i<N K N
Choosing t = eN/K® > ¢, 4N/K, we see that
(f — E)N eN 202,dN
P Z L(a;eBi0.0B; .} — TRd > d < exp|— ;]{2 .
1<i<N
Now, by definition, f = |TK9/N |, and so fN/K? < T. Thus,
2c12) N
P(N1+..+Nf_e >T) < exp|— KLQ . (16)

This shows that with high probability, N; + .. + Ny_. < T, which implies that f — ¢ < f—i— 1.

2 ~
Similarly, we can show that with probability at least 1 — exp (— QC‘I’ﬁN ), f+e+1> f. Thus, with

2 .
probability larger than 1 — 2 exp (— 20}”(";]\[), f—fl<l+e

In a second time, we prove that m € [M — Lv/d/K, M + L\Vd/K].

We first show that there are at least [pK ] bins k such that m;, > M — L\/d/K, or equivalently
that there are at most | (1 — p)K?| bins k such that m;, < M — L\/d/K. Indeed, for all k such that
my < M — Lv/d/K, there exists a € By, such that m(a) < M — Lv/d/K. Using Lemmalz, we
see that Va € By, m(a) < M. By definition of M, there can be at most [ (1 — p)K?| such bins.
Therefore, there are at least [pK®] bins k such that my, > M — Lv/d/K. Since f < |pK?], this
implies that my > M — L\/ﬁ/K. Similar arguments show that my < M + L\/ﬁ/K.

Now, recall that « = 4QL/c, 4+ 2/vVd x (1+3/K* ). We show that mf_._» < M +aLVd/K.
Note that by Assumptionand by definition of M, max,{m(a)} < M + LV/d. Then, if /K > 1,
Mp_ca < M+ alvd /K is automatically verified. We therefore restrict our attention to the case

a/K < 1. Now, we show that there are at least € + 2 bins By, such that my, € [my, M + aLV/d/K].
Applying Lemma 8] and Assumption 3] we find that

A ({a s m(a) € [M + 2LVd/K, M + aL\/&/(zK)]})
=) ({a :m(a) € [M, M +o¢L\/a/(2K)}}) - ({a :m(a) € [M, M + 2L\/(§/K]})
> acy gVd/(2K) — 2QLVd/K = ¢, 4(1 + 3/K4™).

Using Lemma E, we see that all arms a such that m(a) € [M + 2LVd/K, M + aLVd/(2K)]
belongs to bins By, such that my, € [M + Lv/d/K, M + aL+/d/K]. Thus, the number of bins with
mean reward in [M + Lv/d/K, M + aLvVd/K] is at least ¢, 4 (1 + 3/K971) x K9. By definition
of ¢, this number is larger than € + 2. This proves that there are at least € + 2 bins By, such that
my € [mg, M + aLVd/K],somj_o < M + aLVd/K. Therefore, m < M + aLv/d/K and

2
mz, <M+ aL\/d/ K with probability larger than 1 — 2 exp (f 2CP’dN>.

K2
Similarly, we can show that mz > M — aLv/d/K and mf_, > M — aLv/d/K with probability

2
larger than 1 — 2 exp (f QC%ZN) )
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D.18 Proof of Lemma[22]

Non-zero terms in Rgij ) correspond to pairs of arms (7, 7) such that i is pulled by ¢ but not by ¢*,
and j is pulled by ¢* but not by ¢¢. If an arm i is pulled by ¢¢, it belongs to a bin k such that

my > Mf, - On the event &4, miiq > M — ax/&L/K. Using LemmaM we find that

m(a;) > M —2aVdL/K.

On the other hand, if 7 is not pulled by ¢*, it must be such that m(a;) < M. On the event &,, this
implies that m(a;) < M++/dL/K. Since there are at most M?LQN arms in [M —2av/dL/K, M+

VdL /K] on the event &, there are at most M# arms that are selected by (;Sd and not by ¢*,

40/ dLQN
K

and thus at most non-zero terms in Rg,fi ),

Similarly to the one-dimensional case, the cost of pulling an arm 7 selected by ¢? but not by ¢*, instead
of an arm j selected by ¢* but not by ¢%, is bounded by 2|M —my, |V 2VdL/K < 2av/dL/K.

To conclude, on the event £, there are at most W# non-zero terms in Rgi ), and each of them is
bounded by 20/dL/K. Thus,
2 2
Rg:i) < S8a dQL N '
K2

D.19 Proof of Lemma 23

Note that for k € {1, ..., K'}, By, is a Borel set of measure 1/K“. Applying Bernstein’s inequality,
we find that for all ¢ > 0,

N ;ﬁz
P (‘Nk _ ﬁ > t) < Qe 2K~ 4N+2t/3
Choosing t = K ~%N/2, we find that
N N __N
P(|% - e 2 35a) < 2T

A union bound for k = 1, ..., K% yields the result.

D.20 Proof of Lemma [26]

fr1 €M - aVdL/K, M + a/dL/K]. We group bins with

ower than m #, , into the following subsets.

By LemmaEQ, on the event &, m
3 P

mean réwar

Let Sp = {k L (M —my,) € [~aVdL/K, 204\/EL/K]}, and for n > 1 define

S, = {k: (M —my) € [2"aVdL/K, 2"+1a\/EL/K]}. Note that for n. > log, (K /(av/dL)), S,
is empty since m is bounded by 1.

Using Lemma E, we note that for all | € Sy and all @ € By, |m(a) — M| < 4av/dL/K. Using
Assumption E, we conclude that |Sp| < 4o/ dALQK* 1. On &,, there are at most 1.5N/K® arms
in each bin, so the number of arms in bins in Sy is at most 6av/dLQN /K. Moreover for all ] € S

and all a; € By, (M —m(a;)) < 4a/dL/K. Thus, the arms pulled from bins in Sy contributes to
Rsubopt by at most 24a2dQL*N/K?.

Similarly, foralln > 1,alll € S, and all a € By, |m(a)— M| < 2”“0[\/&L/K. Using Assumption
we conclude that |S,| < 2"+ a/dLQK?~'. Moreover, by definition of f, there exists a bin By,
withmy, > my, | suchthatng(T) < Ny. Since Ay > 2"av/dL/K —aVdL/K > 2" 'av/dL/K
foralll € S,,, we use Lemma and find that
31og(T/5)K?
m(T) < 92n—202124 "
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Thus,

log, (K /aV/dL)
240%dL?QN : 3 o g1 3log(T/6)K? 2"tlan/dL
Roubopr < ——7——+ =1 2V AQLIT x 920224 K
2402dL2QN
< O‘TQ +96QK % log(T/6) log, (K /av/dL).

D.21 Proof of Lemma[27]

Using the notations and results established along the proof of Lemma[26] we find that

log, (K /a/dL) log, (K /av/dL)

n _ 31og(T/6) K?
Z Z ne(T) < 6a\/ELQN/K+ Z 2 ‘”‘Qa\/gQLKd ' x 22n—(2(){2[)12d
n=0 BreS, n=1
d+1
< 6avaLQN/K + PAsT/OKTQ
avdL

D.22 Proof of Lemma[28

As in the one-dimensional case, we use the following notations : for any two bins B, and B

k=h k=h
contradiction. We assume that there exists a bin By, such that my, > M+ Av/dL/K and ny(T) < Ny,

and define h such that my, € arg max;{m; : m; < M + Av/dL/(2K)}. Then, the arguments used
to prove Lemma 12{show that we necessarily have N, & <1y, 5 (T)+ Ny Kl (T"). We obtain a

contradiction by proving that on &, N &, N {nk(T) < N},

such that mj, > my, define Ny, ;) = Z N, and np, ) (T') = Z ng(T). We prove Lemma|§by

Ning) = 2 (1) > g gy (T)-

To obtain a lower bound on N[h A~ " ﬂ(T)’ we note that for all [ € [h, f] Agp > App >

AVdL/(2K). Using Lemma@ we see that of the event £, N &, N {ni(T) < Ny}
3 log(T/(S) 3log(T'/0) 12K2 log(T'/9)

)= AL (Af L/(2K)) - (ava L)

On the event &, each bin contains at least N/2K 4 arms. Thus,

N 12K210g(T/5)
Np —nn(T) >
T (var)’

The following reasoning helps us obtain a lower bound on the number of bins B; for € [h, f], denoted
by /\f[h Ak First, recall that on &,, mg <M+ a\/gL/K. Now, any arm a such that m(a) € [M +

2av/dL/ K, M+ Av/dL/4AK] belongs to a bin B; such that m; € [M +av/dL/K, M+ AvdL/2K).
By definition of h, this bin B; is such that [ € [h, f].

Next, we use LemmaEto lower bound A ({a :m(a) € [M 4 2aVdL/K, M + A\fL/élK]})

We have assumed that there exists a bin with mean reward larger than M + AvdL/K, so we
necessarily have A/K < 1. Using Assumption |: 3 and Lemma[ we find that for the constant ¢, 4
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appearing in Lemmal|I§]
A ({a :m(a) € [M + 2aVdL/K, M + A\/EL/4K]})

—\ ({a :m(a) € [M, M + A\/EL/4K]}) — A ({a :m(a) € [M, M + 2a\/&L/K]})
> c,,,d‘i—f —20VdQL/K.

By definition of A, we have A > 16aQL/c, 4, and thus ¢, 4AVd/(4K) — 20/dQL/K >
¢p.aAVd/(8K). Now, all arms in {a : m(a) € [M + 2a\fL/K M + AVdL/4K]} belongs
to bins in [h, f] Since each of those bins have volume K ~¢, we find that /\f[h 7 2 Cpd AIK d=1
and

N AcyaVdK [ N 12K?log(T/6)
— d 2
8 2K ( 4 \/&L)

To obtain an upper bound on Nfi1 K] (T), we divide the bins f+1,..., K into subsets. Let So =

{1:M—my € [-aVdL/K,AVdL/K}, andforn>OletSl—{l M —my € [AVAL/K x
21 AVAL/K x 2"} Since m ¢ < M+ aVdL/K,weseethat {f +1,... K} C gOS

Forall | € So, Ay > (A —a)VdL/K > 15AVdL/(16K) since A > 16a. Using LemmaE
and Assumption[ we find that |Sy| < 2AVALQK 1. Similarly, for alln > Oand alll € S,

Ay > AVAL(1 + 2" 1) /K > AVAL2" 'K, and |S,| < AVdAQL2" K1, Using Lemma
lweﬁndthaton the event £, N &, N {nk(T) < N},

768 K91Qlog(T/6) i1 prd—13K?1og(T/6)
n[f+1,K}(T) = 225\fAL +ZAQ\[L2 K A2d1,22n—2

- 28 K*1Qlog(T/9)
- ALVd

Recall that we necessarily have QL > 1, and that ¢, ¢ < 1. Thus, for the choice

s 472Q K2 1og(T'/0)
n NepqLd

n>1

V 16aQL/cp g,

we find that N[h,f] —

with a mean reward larger than M + Av/dL /K have been emptied.

ny, 7(T) >0 g (T), which is impossible. We conclude that all bins B;
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