Supplementary material

Full version. We refer to the full version of this work [18]] (arXiv: 2011.06186) for more general
results and more complete proofs.

Organization. In Appendix [A]we will present problem-dependent bounds that can be computed
from data, where the unknown quantity £* and V* are replaced by some empirical estimates. In
Appendix [B| we will discuss several application areas of our theoretical results. In Appendix we
will present proofs of the theoretical results.

A Estimating the loss-dependent and variance-dependent rates from data

In the remarks following Theorem [T} we comment that full}: data-dependent loss-dependent bounds
can be derived using the empirical “effective loss," P, [¢(hgrm; 2) — infy £(h; 2)] to estimate the
unknown parameter £*. Here we present the full details and some discussion of this approach.

Corollary 3 (estimate of the loss-dependent rate from data). Recall the term L* is P[{(h*; z) —
infy £(h*; z)] and denote L+ =P, [0(hgru; z) — infy £(h; 2)]. Under the conditions of Theorem

setting Cy, = 2logy n + 6, then for any fixed § € (0, %), with probability at least 1 — 2§, we have
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where ¢, ¢y, co are absolute constants.

Remarks. 1) The Blog % /n terms (A.I) and (A.2) are negligible, because r* is at least of order

B?log % /n for most practical applications. This order is unavoidable in traditional “local Rademacher
complexity" analysis and two-sided concentration inequalities.

2) The generalization error bound (A.T) shgzvs that wit}lout knowledge of L*, one can estimate the
order of our loss-dependent rate by using L* = P,[l(herm; z) — infy £(h; z)] as a proxy. Despite
replacing L£* by L*, other quantities in the bound remain unchanged in order.

3) The inequality (A.2) shows that the estimation of L£* is tight.

The proof of Corollary [3|can be found in Appendix [F}

In the remark following Theorem [2] we comment that fully data-dependent variance-dependent
bounds can be derived by employing an empirical estimate to the unknown parameter V*. Here we
present the full details and some discussion of this approach.

Corollary 4 (estimate of the variance-dependent rate from data). Consider the empirical cen-
tered second moment

]ﬁ = Pn |:£(}ALNMP; Z) — Z\Ek))2i| y
where L%, € [—B, B] is the preliminary estimate of L* obtained in the first-stage, 1 is defined in
Strategy|2) and

hawp € arg min P, 4(h; z) — 2 (IG}P’H {(E(h; z) — 2\3)2]) .
H
For any fixed 0 € (0, 1), by performing the moment-penalized estimator in Strategy with probability
at least 1 — 6,
r

. — *
< £ .
E(hmp) < 49 (IGV ’Cn) v B (A.3)

where r* is the fixed point of 16 By (r; Ci)
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Remarks. 1) The subscript “NMP" within hxnp means “negative moment penahzatlon " Note that
hmp may not have good generalization performance, it is only used to compute V* so that we can
evaluate the estimator fyp proposed in Strategy

2) While the fully data-dependent generalization error bound (A.3) provides a way to evaluate

the moment-penalized estimator in Strategy [2|from training data, it seems that V* and V* are not
necessarily of the same order. Therefore, (A.3]) may not be as tight as the original variance-dependent
rate in Theorem 2] One should view (A.3) as a relaxation of the original variance-dependent rate in
Theorem 21

3) We also comment that the “sub-root" assumption in Theorem [2]is not needed here as we do not

discuss the precision of £* It is easy to combine Corollary /4| with the guarantee on E proved in
Appendix [E.2]
The proof of Corollary ] can be found in Appendix [G|

B Application areas of problem-dependent rates

In Section [6| we illustrate the advantages of our problem-dependent rates in “rich" non-parametric
and VC classes, where we use metric entropy conditions of the loss/excess loss class. In practical
applications it is more standard to consider metric entropy conditions of the hypothesis class .
In view of this, we introduce two important settings where the metric entropy on the loss/excess
loss class can be obtained from metric entropy conditions on the hypothesis class 7. Thus, the
improvements illustrated in Section [6]can be directly transferred to these application areas.

Supervised learning with Lipchitz continuous cost. In supervised learning, the data z is a feature-
label pair (z,y), and the loss £(h; z) is of the form

Uh; z) = Ly (R(2),y),
where /g, is a fixed cost function that is Lg,—Lipchitz continuous with respect to its first argu-
ment, namely, Lipchitz with parameter L. For hypothesis classes characterized by metric entropy
conditions, properties are preserved because

log N (g, 0 H, La(P,)) < logN( JH, La(P)).

Note that L, only depends on the cost function and is usually of constant order. Our theory naturally
applies to supervised learning problems where the cost function is Lipchitz continuous and not
strongly-convex (for example, the ¢; cost, the hinge cost, the ramp cost, etc.).

Counterfactual risk minimization. Denote € X the feature and ¢ € T the treatment (e.g. 7 =
{0, 1} in binary treatment experimental design), and ¢(x, t) the unknown cost function. A hypothesis
(policy) h is a map from X’ x T to [0, 1] such that )}, h(x,t) = 1. Thus, a hypothesis (policy)
essentially maps features to a distribution over treatments. We consider the standard formulation
of “learning with logged bandit feedback," dubbed “counterfactual risk minimization" [[15]: a batch
of samples {(z;, t;, ¢;)}_, are obtained by applying a known policy hg, so that ¢; is sampled from
ho(z;, ) and one can only observe the cost ¢; associated with ¢;. We write z = (x, ¢, ¢) and let
Ci

i z) ho(w;,t;)
be the “constructed loss" using importance sampling. It is straightforward to show that the population
risk P¢(h; z) is equal to the expected cost of policy h, so determining good policies requires one to

minimize the generalization error & (il) It is usually convenient to obtain metric entropy condition
of the loss/excess loss class by using the linearity structure of (B.I). In particular, from the Cauchy-
Schwartz inequality we can prove that

1OgN(€a Lo Ha LQ(]Pn)) S IOgN(ryi7 Ha L4(]Pn))7 (BZ)

n

h(zi, t;), (B.1)

c(z,t)
ho (w,t)

the samples rather than the worst-case parameters. A systematical challenge in counterfactual risk

where v,, := {/P, {( )4} only depends on the functions ¢, hq in the given problem, and
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minimization is that the worst-case boundedness parameter, supy, , [£(h; 2)|, is typically very large,
since the inverse probability term m in (B.1) is typically large in the worst case.

C Proof of Proposition

Given any 7g € (0, R, take 7, = 2Fr, k= 1,--- , [log, %] Note that [log, £] < log, 2

To ro ’
We use a union bound to establish that supp s <,.(P — Pp)f < 1(r;0) holds for all these 7
simultaneously: V4§ € (0, 1), with probability at least 1 — 4,

0 R
sup (P—Pn)f S w <Tk, 10g2R> s k= 17 s ’710g2 7‘0—‘ .

T(f)<rk

For any fixed f € F, if T(f) < ro is false, then let k be the non-negative integer such that

2Frg < T(f) < 2K*+1rq, we further know that 7, = 25+1ry < 2T°(f). Therefore, with probability
atleast 1 — 6,

P-P)f<  swp  (P—P,)f
FEFT(f)<Trk+1

1)
e
( log, R)

)
<y <2T(f)§ 10g2R> .
2 7o

Therefore, with probability at least 1 — §, Vf € F, either T(f) < rg or

(P—P)f <o (2T(f); 10g§2R> .

2 rg

This completes the proof. ]

D Proof of Theorem

Let F be the excess loss class in (3.2). Clearly, its members f are uniformly bounded in [-2B, 2B].
Let T'(f) = P[f?]. Define f by f(2) = £(hgrm; 2) — £(h*;2),V2 € Z.

For a fixed o € (0,4B%), Denote C,, = 2log, %2 ® . Then from Proposition [1| we know with
probability at least 1 — g, either T'( f ) <rgor

) .8 .S
(P—P,)f < <2T(f); bg"@) = (2T(f); C) : (D.1)

2 7o
We denote the events o7 = {T'(f) < ro} and «% = {inequality (D.I) holds true}, then we have

Prob(«7) + Prob(##;) > 1 — g

Consider the event 7. From the surrogate property of 1, we have

Prob (dl A {(IP’ ~P)f < $(2r; Cis

To

)}) > Prob(e)) — N > Prob() —

Combine the events <7 and <75, we have

Prob ({(1@ —P,)f < w(zT(f) V 2r; 05) }) > Prob (<7 ) — g + Prob(a#) > 1 — 4.
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From the property of ERM we have P, f < 0, so with probability at least 1 — 4,

lheon) < (F = F.)f < 0(20(0) v 2ras - ) 02)

From now to the end of this proof, we will prove the generalization error bound on the event
o/ = {the inequality holds true}, (D.3)

whose measure is at least 1 — . Define § by §(z) = l(hgrm; 2) — infy £(h; 2),Vz € Z. Let
T(9) = P[g%]. We have f(z) = g(2) — (£(h*; 2) — infy £(h; 2)), V2 so that

P(f?) < 2P[§%) + 2P[(6(h"; 2) — inf £(h; 2))’]
< 2P[§%] + 4BL* < 4P[g*] v 8BL*.

That is,
T(f) < 47(§) v 8BL*. (D.4)
From (D.2) and (D.4) we have
. 0
Pj— L = &(hgrm) < ¥ (ST(g) VI6BL" v 2r; ) . (D.5)
o
Since §(z) € [0,2B] for all z, we have T'(§) < 2BPg. From this fact and (D.3) we obtain
T(g) < 2BPg
)
<92B (L* ) <8T(g) V16BL* V 2r; 0))
ro

b
—2BL* + 2By <8T(g) V16BL* V 2ro; C) .

To
Whether BL* is less than 2B <8T(Q) V16BL* V 2rg; CL), or BL* is greater or equal to
)

2By <8T(§)) V16BL* V 2rp; C%o)’ the above inequality always implies that

T(§) <3BL* V6B (ST(g) V 16BL* V 2r¢; C(S)
0

< 3BL*V 6By (ST(g); g) V 6B (IGBE* V 2r; g) . (D.6)

Let r* be the fixed point of 6 B (87; Cin ). From the definition of fixed points whether 2B.L*V 70 < r*
or 2BL* V 72 > r*, we always have

)
6By <1GB£* V 2r: ) <r*voBLrv L.
Cr, 4
Combine the above inequality with (D.6), we have
R . o, O v\, TO
T(§) <3BL' V6B (8T(g); 5 | Vv .
To

From the above inequality and again the definition of fixed points, it is straightforward to prove that

T(§) < 3BL* V1™V %0.

Combining the above inequality with (D.4), we have

T(f) <12BL* V4r* V ry.
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From the above inequality and (D.2) we have

E(hgrm) < (P —P,)f < 4 (243.0* V 81V 2rg; c?> (D.7)

which implies that

A~ 6 5
& (hgrm) < 9 <24BC*; Cro) Vo (8r* V 270; 07«()) )

Recall that r* is the fixed point of 6 By (8r; CL) Since r* V 2 > r*, from the definition of fixed
0
points we have
1) To
6BY(8r* V2ro; —) <r* Vv —.
P (8r T0; Cro) <7V

So we finally obtain

7 5 r* To
E(h < 24BL*, Vo=V —.
(hera) < 9 ( ’ Cm) 6B ' 24B
Recall that the generalization error bound holds true on the event .27 defined in (D.3]), whose measure
is at least 1 — §. This completes the proof. ]

E Proof of Theorem 2]

The main goal of this subsection is to prove Theorem[2] We first prove Theorem [5(the bound (5.2)

in the main paper), a guarantee for the second-stage moment penalized estimator hyp. In order to
prove Theorem 2] we then combine Theorem [5| with a guarantee for the first-stage empirical risk
minimization (ERM) estimator.

E.1 Analysis for the second-stage moment-penalized estimator

Theorem 5 (variance-dependent rate of the second-stage estimator). Given arbitrary preliminary
estimate L%, € [—B, B], the generalization error of the moment-penalized estimator hyp in Strategy

2is bounded by
j )
& (he) < 20 ( [V V(L5 = L5 v C) :

with probability at least 1 — 0, where cq is an absolute constant and r* is the fixed point of
168 (r; &-).

Proof of Theorem[5;: the proof of Theorem [5|consist of four parts.

Part I: use v to upper bound localized empirical processes

Lemma 1 (bound on localized empirical processes). Given a fixed 61 € (0, 1), let (1) be the
fixed point of 16 By (r; 1) where 1 is defined in Strategy Then with probability at least 1 — 61, for
all r > 0,
sup (P—P,)f <o (rVvri(d);d1). (E.1)
Plf2]<r

Proof of Lemma Recall that F is the excess loss class in @42]) Clearly, its members _f are
uniformly bounded in [-2B, 2B]. When P[f?] < r, we have P[f*] < 4B?r. From Lemma 4| (the

two-sided version of its second inequality), with probability at least 1 — &,

sup ‘(IP’ — Pn)f2|
P[f2]<r

2rlog &  18B%log &
AR {2 Pl <)+ 2B o X
n n
2rlog & 18B%log &
<16BR,{f : P[f?] <7} +2By/ f‘” + ng51,
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where the last inequality follows from the Lipchitz contraction property of Rademahcer complexity
(see, e.g., [10, Theorem 7]), and the fact that for all f1, fo € F, |f2(2)— f3(2)| < 4B|f1(2) — f2(2)].

We conclude that with probability at least 1 — 2,

sup (P —Py,)f?| < s, (1), (E.2)
Pf2]<r

18B2? log =

T 10, 3
where @5, (r) := 16BR,{f : P[f?] <r} + QBW"F n

Denote 5 (91) the fixed point of 45, (r) (the fixed point must exist as 4, (1) is a non-decreasing,
non-negative and bounded function). From (E:2)) and the fact that 5 (1) is the fixed point of 4¢s, (r),

if r > r3(01), then with probability at least 1 — %1,
T
sup |(P—Pn)f?| < 7. (E.3)
P[f2]<r
(E-3) implies that with probability at least 1 — 4, for all 7 > 73(51), P[f?] < r implies that
)
Pn[f?] < Jr < 2r (E4)

Again from the two-sided version of the second inequality in Lemmafd] we know that with probability
at least 1 — &L
2 9

) 2r10g§§ QBlog%
sup |(P—Pp)f| < 4R {f: P[f*] <r}+ -+ -
P[f2]<r " K

Combining the above inequality and (E-4) using a union bound, we know that with probability at
least 1 — %1 - %1 =1—06y,if r > r3(41), then

9 2rlog6§ 9Blog5§
sup (P—Pp)f <4R,{f :P[f7] <r}+ =+ -
Plf2]<r n n
2rlog &  9Blog &
AR LS Bl < 2 [ TR R (ES5)

Recall that the 1) function satisfies that Vr > 0,

2rlog & 9Blog &
AR, {f  Palf?] < 27} + 1 - a4y - 0 < ah(r; 0y).

From this fact and (E-3)), we see that with probability at least 1 — d1, for all r > 0,

sup (P—P,)f <o (rVri(d);d1). (E.6)
P[f2]<r

From (E-6), in order to prove the result (E-I)) in Lemma T] we only need to prove that
7“;(61) < Tf(él) E.7)

Assume this is not true, i.e. r3 (1) > 77(01). Since 77 (d1) is the fixed point of 16 By (r; d1), from
the definition of fixed points we have

r3(61) > 16B1(r3(61); 01).
From the definitions of 1 and s, , for all > 77 (d1),
45, (r) < 16B(r; 01).
From the above two inequalities and 73 (1) > 77 (1), we have

r5(01) > 16By(r5(81);61) > 4ps, (r5(01)). (E.8)

From the fact that r3(d;) is the fixed point of 4¢5,, we have
4ps, (r3(01)) = r3(01)- (E.9)
The above two inequalities (E-8) and (EJ9) result in a contradiction. So the assumption 75 (d1) >
r}(01) is false. Therefore 75(01) < 3 (1), and this completes the proof of Lemma O
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Part II: a “uniform localized convergence' argument with data-dependent measurement.

Based on Lemma [I] we will modify the proof of Proposition [I] to obtain a “uniform localized
convergence" argument with the data-dependent “measurement" functional P, [f?].

Lemma 2 (a “uniform localized convergence' argument with the data-dependent ‘“measure-
ment'" functional). Given a fixed 61 € (0, 1), let 71(01) be the fixed point of 16 By (r; 61) where )

is defined in Strategy Then with probability at least 1 — 2 (log2 %) 01, forall f € F
either P[f?] < r%(61), or

P-P,)f < w(41P’n [£7; 61>. (E.10)

Proof of Lemma from the definition of ¢ and the fact that r7(d;) is the fixed point of
2log &
16B1)(r; 61), we know that r] (61) > W% > 0. Take ro = r7(d1).

Take R = 4B2 V 1y to be a uniform upper bound for Pf?, and take 7, = 2¥rg, k = 1,--- , [log, %]
Note that [log, %] < log, %. We use the union bound to establish that supps2<,. (P — P) f <
(r;6,) holds for all {r;,} simultaneously: with probability at least 1 — log, 226,

To

R
sup (B—PB,)f < (reid), k=1,---, {mgz } .
Plf2]<ry To

For any fixed f € F, if P[f?] < g is false, let k be the non-negative integer such that 2¥r, <
Plg(h; 2)?] < 281, We further have that 7, = 2¥*1ry < 2P[f2]. Therefore, with probability
at leastl — log, %61,

Pf<P,f+ sup P-P,)f
FEFPIf2<riia

S Puf +(res;01) (E.11)

By (E-2) we know that with probability at least 1 — &,

sup (P[f%] — Palf?)) <
P[f2]<r

=3

for all » > r( (here we have used the fact 7o = r§(d1) > r3(d1), which is the result (E.7) in the proof
of Lemma. From the union bound, with probability at least 1—(log, 22 +1)5; > 1—2(log, %)51,

70

the condition 7411 > P[f?] > 7, will imply

1 1

Pn[f?] > P[f?] - s > yRlaat

SO

Tht1 < 4Pn[f2]'

Combining this result with (E.T1)), we have that for all f such that T'(f) > r(, with probability at
least 1 — 2(log, 22)4y,

To

Pf <Pnf+1(res1;01)

<Puf+ w<4IP’n[f2};51>.

We conclude that with probability at least 1 — 2(log, %)51, forall f € F, either P[f?] < ri(d1), or

(PP, < w(4Pn[f2];51>.

This completes the proof of Lemma 2] O
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Part III: specify the moment-penalized estimator and its error bound. We specify the moment-
penalized estimator to be

hap = argn%{in {Pnf(h; z) + 1/)(16Pn[(€(h; 2) — L)%; 51) } ) (E.12)

Define f by f(z) = £(hwp; z) — L(h*; 2),Vz € Z, We define the event
o = {P[f*] <ri (@)},

and event .
o = {the inequality (E-I0) holds true at f}.

Lemma 2] has proven that

2 *
Prob(«/ ) + Prob(a) > 1 — 2 <log2 W) 51

r1(01)
Consider the event «7; where P[f2] < r¥(8;) holds true. Due to the surrogate property of 1,
Prob (o 1 {(B—P.)f < 9(r7(61);61) } ) > Prob(a) — b1.

Combining events 4 and %, we conclude that with probability at least 1 —

2 <log2 %ﬁ)@) + ) 51, we have

(IP’—IP’n)f<w<4Pn[f2] Vrf(al);(sl). (E.13)

Denote w(h; z) = £(h; z) — L. Then f(2) = w(hyp; 2) — w(h*; 2),Vz € Z, and we have that
4P, (7] < 8P, [w(hup; 2)°] + 8P [w(h; 2)°]
< 16P, [w(hmp; 2)?] V 16P, [w(h*; 2)?].

From the above conclusion and (EI3) we obtain with probability at least 1 —
(10g2 85 V?Z;I)(éll + 1) (513

E(hp) + Pol(h*; 2) < Ppl(hyp; z) + (AP, [f2] V 75 (01); 61)
< P (hp; 2) + 0 <16Pn [w(hap; 2)2] V 16P, [w(h*; 2)%] V 15 (61); 51)

< P, (hwp; 2) + ¥ <16]P’n [w(hyp; z)2]51> +¢ (16]P’n [w(h*; 2)?] V 5 (1); 51> . (E.14)

From the definition (E12) of p, we have

P,Lé(ﬁMp; 2)+ 1 (16Pn[w(isz; 2)?); 51> <P l(h*;2)+ 9 (IGPn[w(h*; 2)%; 51) (E.15)

Therefore, with probability at least 1 — 2 (log2 % + 1) 01,
1

& (hyp) < Ppl(hyp; 2) + 1 (mpn [w(hap; 2)2]; 51) + 9 (161[% [w(h*; 2)] V ri(6y); 51> — P l(h*;2)
= arg;nin {Pné(h; z) + (16}P’n[w(h; 2)); 51> } —P,l(h*;2) + (16]P’ [w(h*; 2)°] V ri(d1);

)
< w(IGPn[w(h*;z)Q];(ﬁ) w(IGPn[w(h ]V ri(é) ,61)
<

+
29 (16]P’n [w(h™; 2)*] V r](01); )
(E.16)
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where the first inequality is due to (E-T4) and the second inequality is due to (EI3).

From Bernstein’s inequality at the single element h*, for any fixed do € (0, 1), with probability at
least 1 — 9,

2P[w(h*; 2)?] log % 4B?log %
n + n
682 log %

n

P, [w(h*; 2)?] < Plw(h*; 2)?] + 2B\/
< 2P[w(h*; 2)?] +

Therefore, we conclude that with probability at least 1 — 2 (log2 % + 1) 61 — 62,
1

&(hap) < 20 (161[»,1 [w(h*; 2)] V r(6y) V %2; 51)

9682 log 2 2
<2 <<S2P[w(h*; 2)? + Og‘*Q) Vri(6y) v %; 51> . (E.17)

n

Part IV: final steps.
From the definition of ¢ and the fact that r} (d) is the fixed point of 16 By (r; d; ), we know that

144B%log 3+

1(61) > E.18
r1(01) = i (E.18)
Denote C, := 4logy, n + 10 > 4log, and take
0

then we have
8B2 V QTT (51)

41
%82 T (o)

&n
6 < 41 —— . 4+6
+ —max{ 82 14dlogs’ " T }
< max{4log,n,10} < C,,

SO

8B2 V 27'*(53) >
21og, — 13 4L 3} 5 <
< 2T (5) =

| 9

Set r* = r}(01) and take 5 = £. From (E-I7), we obtain that with probability at least 1 — 6, the
generalization error of hp is upper bounded by

7Cn

144 B2 log 82 B2 log 4 .
£ > 2 285 Combine

n -

4
8 () < 29 (c [P[w(h*; vty leoga} )

: ) , (E.20)

where c is an absolute constant. From (E-I8) we have r}(d;) >
this fact with the inequality (E:20), we obtain that

& (hwp) < 24 (c [Pl(£(h*;2) = L5)?] V] 6)

Oﬂ,
* * * *\2 6
<20 (co [V*VIEV( S,—LO)];C— ) (E.21)
where ¢ is an absolute constant. This completes the proof of Theorem [3] ]

E.2 Analysis of the first-stage ERM estimator

After proving Theorem the remaining part needed to prove Theoremis to bound (L%, — L§)*—the
error of the first-stage ERM estimator.
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The remaining steps in the proof of Theorem[2; We will give a guarantee on the first-stage ERM
estimator, and combine this guarantee with Theorem [5]to prove Theorem 2] Recall that Pg is the

empirical distribution of the “auxiliary” data set. Denote hggm € arg ming, Pg/(h; 2).

From Part I in the proof of Theoreml 51 Vo € ( ) with probability at least 1 — 4,

1)
supl(F = Po)f| < w(15%0) < v (18% - ).
F Cn
Since v is sub-root with respect to its first argument, we have
VAB% 5) (i) e
n < n — ,
482 - Ve 16B
where r* is the fixed point of 16 Bt (r; Ci) So we have proved that ¢)(4B%; 2 &) < f . Therefore,

s

sup [(P —Py,) f| <
]:

oo

Because fLERM € argming, Py £(h; z) and Ps £ (hgry; 2) = L3, we have
— L§ = (Psl(heru; 2) — Psil(h*; 2)) + (Psrb(h*; z) — PU(R™; 2))
< P t(h*; 2) — PUK; 2) < sup (B — P,) ],
F
and
gz — ES = (PS’E(}ALERMQ Z)) — ]}DE(EERM; Z)) + (PE(IAIERM; Z) — Pg(h*, Z))
> Pgrl(herm; 2)) — PU(hern; 2) > — Sl}P |(P—Pn)f|

Hence we have

*

(L3~ £3)* < (sup (B~ B)fI)? < g7

Combine this result with (E:21)), we have that V§ € (0, 3), with probability 1 — 24,

éa(iLMP) § 2’1/) (Cl (V* \/’l"*) N C(j)

crfo ) velord)

617’

< R e
_2¢ (cﬂ/ 7Cn) \ 8Ba

where ¢; = max{cy, 16} is an absolute constant, and the last inequality follows from the fact that
Clr > r* and the definition of fixed points. This completes the proof of Theoreml ]

F Proof of Corollary 3]

From the definitions, we know that £* = P[{(h*;z) — infy £(R*; 2)], L+ =P, [(heru; 2) —
infy £(h; 2)] and PL(h*; 2) < PL(hgrym; 2). As a result, we have

L — L% =PUh*; 2) — Ppl(hgrm; 2) — (P — B)linf £(h )
< (P —Pp)l(hgrm; 2) — (P — Pr)[inf ¢(h; 2)]
= (P_Pn)f+ (P_Pn)[e(h*,z) —1%f€(h,z)], (Fl)

where f is defined by f(z) = £(hgrym; z) — £(h*; 2),Vz € Z.
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We take 79 = %2 in Theorem , and denote C,, := C,,, = 2log, n + 6. From (D.7) in the proof of
Theorem [T} on the event 7 defined in (D-3) (whose measure is at least 1 — §),

2B% §

& (hrm) < (P —Po)f < w(4BL V8"V =——; =), (F2)

Since 3BL* V r* Vv f—: > r*, from the definition of fixed points we have

¢ * * B2 6
P—-P,)f < (8 (33/: VotV 4n) )

o

3BL*vr*v B px B
< dn < — — _ F3
= 6B =5 Y68 oam (E.3)

This result holds together with the result of Theorem |1|on the event .27

The random variable ¢(h*; z) — infy £(h; z) is uniformly bounded by [0, 2B]. From Bernstein’s
inequality and the fact Var[¢(h*; z) — infy £(h; z)] < 2BL*, with probability at least 1 — 4,

4BL*log2 2Blog2 * Blog 2
< ([1BE loas  2Blogs L' 3Blogg gy
n n 4 n

o5 = o/ U {inequality (F4) holds true},

whose measure is at least 1 — 2. On the event <73, from inequalities (FI) (E3) (F4), it is straightfor-
ward to show that

(P—P,)[l(h*;z) — i%fﬁ(h; 2)]

Consider the event

-~ 3 r* 4Blog%
*_Lx L ZLF _ - -9
L £_4£ +GB+ —

which implies

—~ 2r* 16Blog 2
L*<A4L* —9 F.5
< + 35 + - (E5)
From this result and (F2), it is straightforward to show that
A -~ * c¢Blog?2
g(hERM) S 1/} (CB,&*, ) \Y o \Y ﬂ,
Ch n n
where c is an absolute constant.
We also have
L* — £* =P, l(herm) — PUR; 2) — (P — P) [inf £(h; 2)]
< (P = P)U(R":2) — (B — P)inf €(: )]
= (P, —P)[¢(h*;2) — i%fé(h; z)].
From this result and (F.4)), on the event .73,
—~ 3Blog 2
i< 2pry 501085 (F.6)
4 n
Combine (E3) and we obtain
—~ r* Blog2 * Blog?2
<o (vovZBa) <oy (v v 2280
B n B n
where c¢; and ¢y are absolute constants. This completes the proof. |
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G Proof of Corollary {4

Define fNMp by fNMp( )= E(fLNMp, z)—L(h*;2),Vz € Z,andw(h; z) = L(h;z) — Z%. In the proof
of Theorem E[, the result (E-I6) and the specification of ¢; in (E.T9) show that with probability at
least 1 —

& (hwp) < 20 (16Pn[w(h*; 22V ¥ C‘f) : (G.1)

We also refer to another implication of the proof of Theorem 5} Note that the proof of the result (E-I3))
does not depends on any property of the estimator e By the repeating the lines between (E-12))
and (E13) for the estimator hamp, and use the specification of 4, in (E19), it is straightforward to
show that with probability at least 1 — g,

(P —Py,) faup < ¢ (4Pn[f13Mp] Vot C(j) - (G.2)

We continue the proof on the event

o/ := {the inequalities (G.2) and (G.I) hold true},
whose measure is at least 1 — ¢.

From the definition of BNMP,

P, (hxup; 2) — 21 (16Pn[w(iLNMP; 2)%; g) < P l(R*;2) — 20 <16Pn[w(h*; 2)%; C‘S) .

"’ "(G.3)
Therefore, we have
S
20 (161@ (b )] C)

<2y <16P [w (hNMPa ’C('$> + P l(h —-P f(hNMP, 2)

=21 (16Pn[w(’3NMPa 2) + PO(h*; 2) — £(hnwps 2)] + (Pr, — P)[E(R"; 2) — £(hnwp; 2)]

<2y (16P o onee: 2) C(f) + (P = Po) frp

<2 (16Pn[w<iLNMP,z> b ) 1y (41@ el o ) G4)

where the first inequality is due to (G.3)), the second inequality is due to the fact that h* minimizes
the population risk; and the last inequality is due to (G.2).

Note that
4Py, [fI\ZIMP] < Spn[w(iLNME 2)%] + 8Py [w(h*; 2)?]
< 16P, [w(hnwp; 2)%] V 16P,, [w(h*; 2)?].
From the above inequality and (G.4)), we have

2 (16Pn[w<h*;z>2]; C‘5>

(G.5)

Whether P, [w(h*; z)2] < 16P,, [w(hxwp; 2)2] or Py, [w(h*; 2)2] > 16P, [w(hnwp; 2)2], the inequal-
ity (G.3) always implies

" (16Pn[w(h*;z)2]; g) <29 (16Pn[w(iLNMP;z)2]; C‘f) =2 (16)//\*; C‘f) . (G6)

n
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(Note that V* :=P,, [w(hxmp; 2)2].) We conclude that with probability at least 1 — 4,

& (hp) < 20 (16Pn[w(h*;z)2] Vvt c(f)

- (16P"[w<h*5 9%} o)V o >

= 0 r*
<4y (16V*; — | V —
< (1675 5 ) v i
where the first inequality is due to (G.I) and the last inequality is due to (G.6). This completes the
proof. ]

H Auxiliary lemmas

Lemma 3 (Dudley’s integral bound, [14]]). Given r > 0 and a class F that consists of functions
defined on Z,

VT
mn{fG}"]P’n[ﬂ] ST} §51I1>f0 {450+12/ \/10gN(E;]:7L2(Pn))d€}

n

Lemma 4 (Talagrand’s concentration inequality for empirical processes, [2]). Let F be a class
of functions that map Z into | By, Bs|. Assume that there is some r > 0 such that for every f € F,
Var[f(z;)] < r. Then, for every § € (0, 1), with probability at least 1 — 6,

2rlog & log £
sup(P—P,)f < 3RF + ﬁ+(32—31) g(;’
fer n n

and with probability at least 1 — 0,

[2rlog2 9 log 2
sup(P—P,)f < 4R, F + %8s (B2 — By) s,
fer n 2 n

Moreover, the same results hold for the quantity sup¢c (P, — P) f.

Lemma 5 (Bernstein’s inequality). Ler X1, --- , X, be real-valued, independent, mean-zero ran-
dom variables and suppose that for some constants o, B > 0,

1 & k!
— 3 EIX;[F < So®BM? k=23,
n — 2

Then, V6 € (0, 1), with probability at least 1 — §

202log2 Blog?2
x| <288 2085 (H.1)
n n

n
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