Algorithm 4 Execution of tree policy 7: 7T .get_action

Input: Tree policy 7 using classifiers { f'} C (F — {left,right}), context x.
Letv < T.root.
while v is an internal node of 7 do
v+ v.f"(z)
return ¢ < label(v), the action label of v.

A Additional Notation

Throughout the appendices, we will use all notation from Section 2, without further recap, as
well as some additional notation presented below. For a policy 7, define V(7) = Ag(m) =
E(z,0)~DEa~r(|z) [£(a)] to be its expected loss. We will use the notations V'(7) and Ao(7) in-
terchangably throughout the appendix.

For a subset of indices B C [n] and a policy , denote by Vi () = \Tél Y scB %S»I‘:'S;ES (as).

For a general policy class IT C (X — A), we define the h-smoothed regret of an algorithm against
II for a time horizon of T as:
T

T
Reg(T,11,h) £ 3 E[fy(ar)] = T inf () = > Elly(a,)] = T inf V(m,).
t=1 t=1

We will be using the following property of logged data, which has the essential independence struc-
ture to guarantee the quality of the model trained with Train_tree on its induced CSMC examples
using IPS.

Definition 8 (Well-formed logged data). The logged data {(xs, as, Ps(as | xs), s(as)) Yo, is said
to be pmin-well-formed, if it is generated by the following process: (x4, 0s)?_, are drawn iid from
D, action distribution Ps(- | -) depends only on (x4, as, 65/)2,;11, Py(a | ) > pmin forall a € A,
x € X, and s € [n)].

A formal description of the execution of tree policies, i.e. 7.get_action(z), is given in Algo-
rithm 4.

B Proofs of Theorems 6 and 7

In this section, we first prove a key lemma, namely Lemma 9, and use it to show Theorems 6 and 7
in the main text respectively.

B.1 Off-policy optimization guarantees on trees with well-formed logged data

Recall that F is a class of binary classifiers, and D is a distribution over (context, loss) pairs. In
words, this lemma states that, under realizability and the well-formedness property of the logged
data, training using Train_tree based on its induced IPS CSMC examples yields a tree policy that
has a h-smoothed loss competitive with any tree policy in tree class F.

Lemma 9 (Off-policy optimization with tree classes under realizability). Suppose:
1. (F,D)is (h, K)-realizable for h > 0, K = 2P for some D in N.
2. The logged data {(xs, as, Ps(as | zs), ls(as))}o_, is Pmin-well-formed.

In addition, Algorithm 2 is run with dataset S = {(x5,¢5)}_, (a set of CSMC examples induced by
the logged data using IPS; see Section 2 for the definition of ¢,), bandwidth h, discretization level
K, base class F. Then, with probability 1 — 0, the policy T returned is such that:

2
V(Th) < min V(77;)+20\/K log K <ln K |f|>
T'eFx

npminh 6
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Proof of Lemma 9. We will show the following claim: for every node v in T, there exists an event
E, that happens with probability at least 1 — 9|7"|/2k, in which

B BT 4] - _min Bl a]] = El6(T'@)]~E| _min S|
In 2n/{;(|]:| In Qn'{sﬂ}-\
<
- |TV| i n/pminh n/pminh ’ (2)

where |77 is the total number of nodes in subtree 7" (including internal nodes and leaves), and

n = log 7 is the number of examples for training at each level of 7. As T is a complete binary tree

with K — 1 internal nodes and K leaves,| 77| = 2K — 1. To see why it completes the proof, we set
v to be the root of 7. In this case, we get that with probability 1 — dI71/2x > 1 — 4,

on' K| F| oan' K| F|
In 5 In 5

E [¢,(T(2))] — E | min E[¢,(a) | x]] <K -1) |8

a€ Ak

n/pminh nlpminh

Observing that as range(7’) = Ak for all 7' in Fg, we have that E [minge .4, E[¢y(a) | z]]
ming e r, B B[l (T"(2)) | 2]] = minger, V(Tx). In conjunction with the fact that 537
n' < n, we get that

ININ

16\/K210gK1n2"{§f' . 8K log K In 25171

E[¢n(T (z))] — min E[6,(7T"(2))] < A N Pminh

T'eFk

2nK|F
8K log K In 2nK171

— > 1 the lemma statement is trivially true, as
NPminh 2

The lemma follows, because if

8K log K In 2nKIZ1
NPminh

Klo KannK\]:‘ . . . . . K2 log K In 2nK|F|
%, in which case the right hand side is at most 20 %.

the right hand is at least 1, and the left hand side is at most 1; otherwise,

IN

4

Next we turn to show the above claim by induction.

Base case. If v is of depth D — 1, i.e. it is the parent of a pair of leaves 1 £ v.left € Ag
and r 2 v.right € Ay, then ¢'(left) = &(label(1)), ¢’(right) = é&(label(r)). In addition,
range(7") = {label(1),label(r)}. Given a classifier f : X — {left,right} in F, we define its
induced tree policy at node v, 7y : X — Ak, as: my(x) = label(v. f(x)).

Observe that the CSMC examples { (s, Eh)}SeBD_1 (where Bp_;1 = [n’]) can be viewed as in-
duced by a set of pmin-well-formed logged data {(zs, as, Ps(as | @), ls(as))},cp,_, using IPS.
From Lemma 16 in Appendix E, we have that there exists an event E, such that P(E,) > 1 — 9/k,
on which for all f in F,

In|F|+n 22K In|F|+In 22K

+
n/pminh n/pminh

Vg, (Tp) — V(ﬂ'ﬁh)‘ < 3)

We henceforth condition on E;, happening.

Observe that Vi, (774) = Es [¢(f(2))]; As f¥ = argmin » Egv [¢"(f(2))], we have that:

‘A/BD—l(Trfv,h) < ‘A/BDf1 (7 pv.x ) for f* defined in Definition 5. This fact, in conjunction with
Equation (3), gives that

In | 7|+ 255 | F|+In 2k
n/pminh n/pminh

V(ﬂ'fvﬁh) — V(ﬂ'fv,*,h) S 8

Also, by Definition 5, V(mprxp) = E[lp(mps(z))] = E[¢p(label(v.f"*(z)))] =
E [mingerange(7+) E[c(a) | #]]. In addition, by the definition of s, 7% = myv. Therefore,

In|F|+ 22K In|F|+In 22K
+

E[(w(T"(#))] —E | _ min EWWHﬂ}S i —— W Dinh

a€range(T")
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proving the base case.

Inductive case. Suppose that the results holds for all nodes v at level > d + 1. For node v at depth
d, suppose 1 = v.left and r = v.right are its two children at level d+ 1. In this notation, given an
IPS CSMC example (z, ¢) in By, ¢¥(1left) = ¢(T*(x)), ¢’ (right) = &(T*(z)). Given a classifier
f: X — {left,right} in F, and the subtree policies 7+, 7=, we define its induced tree policy at
v, T X = Ak as: mp(z) = TV @) ().

First, consider the training of classifier f¥ at node v. We note that given logged data with indices
uizl +1Ba = [(H — d — 1)n'] used to learn downstream classifiers in internal nodes of 7; and
7Tz, the CSMC examples { (s, Eh)}s cp, can be viewed as induced by a set of pyiy-well-formed
logged data { (s, as, Ps(as | 2s),£s(as))} e p, using IPS (See Definition 8). Therefore, applying
Lemma 16, we get that there exists an event E such that P(E}) > 1 —/k, on which for all f in F,

~ IHF—FIHM lnF+IHM
Vbd(”fﬁ)“‘/(ﬂﬁh)‘fg e LT 5

4
n/pminh n/pminh ( )

In addition, by inductive hypothesis, we have that there exists two events F; and E,, happening with
probability 1 — I7:19/2x and 1 — 17:16/2k respectively, in which

E {E[Eh(Tl(a:))Hx] —  min E[Eh(a)x]}

a€range(T?)

In|F| + In 22K In|F|+1n 2n' K
Flein 27| ) s

<|7il | 8
h | l| npminh n/pminh

and

EhmmﬂmMﬂ— i Emmm@

a€range(TT)

)
n/pminh nlpminh

In|F|+In 2 K In|F| +1n —Q"C;K
Jr

< Tl ; (6)

holds respectively. We define £, = E! N E; N E,. By union bound, P(E,) > 1 — ITsl/2x. We
henceforth condition on E, happening.

First, we note that by Equation (4) and the optimality of 7 v s, Vi, (v ) < Vi, (mpes 1) for f7*
defined in Definition 5. This fact, in conjunction with Equation (4), gives that

E[0(T"@)] = E [a(T"" @ (@)] = V(xpn) = Vg n)

1mﬂ+m%§+]mﬂ+m¥§
n/pminh n/pminh

)

We have the following inequalities:
E [6(T"7" @) (@))]
= E [El6(T*(2))|e] 1/ (2) = Lett) + E[l(T™(a))la] 1(f** () = right)]

(®)

< E[ min ]E[c(a)|x]]1(f"’*(x)zleft)]—i—E{ min _ Ele(a)|z] T(f¥* () = right)
a€range(T?t) a€range(TT)
In|F|+In2E  In|F|+n 2K
1 ) )
+<‘T | * |Tr|) i n/pminh n/pminh
In|F|+1n 22K Iy |F| 4 In 22K
< E[ min ]E[c(a)|x]]+(7'l|+|7'r|) et s

a€range(TY) n/pminh n/pminh
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where the first inequality is from Equations (5) and (6), the second inequality is from the (h, K)-
realizability assumption.

Therefore, combining Equations (7) and (8), we get

E[6, (T (x))] —E { min E[ﬁh(a)m]]

a€range(TV)

In|F| + In 22K N In | F| + In 20K
n/pminh n/pminh

<A+ |TH+ITD (8

In |F|+ In 2”(;K In|F|+1n 2"(;K
+

=778
| | n/pminh n/pminh

This completes the induction, and proves the claim. O

B.2 Proof of Theorem 6

We first give a formal statement of Theorem 6 in the theorem below.

Theorem 10. Suppose Algorithm 1 is run with greedy parameter €, smoothing parameter h, dis-
cretization scale K, and base hypothesis class F. In addition, suppose (F,D) is (h, K)-realizable.
Then with probability 1 — ¢, it has h-smoothed regret against F, bounded as:

Reg(T, Fou, ) §O<<e+th)T+K " (J?))

/5 /5 1
o 17l /5
Taking € = <1Th6 ) , K = <h21T]:> , we have Reg(T, Foo, h) <O ((T4 In L{;‘/ha) >
n=5

Proof of Theorem 10. We will show that with probability 1 — 4,

Reg(T, Fre.h) < o(eﬂK\/Th. (12Tf§|f>>
€

to see why this completes the proof, we observe that for any policy 7 in F., there is a policy Tx
in F, such that |Tx (z) — 7 (x)| < %: we can take Tk to be a truncation of 7 that only keeps its
top log K levels. In addition, as ¢}, is 1/n-Lipschitz, we have

[t (Tic(2)] < E(T@)] +

This implies that minyc 7, E [(, (T (2))] < minger_ E [(4(T"(z))] + 75 As aresult,

T 1 T OTK | F|
< — = — = (m===1)).
Reg(T,]-"oo,h)_Reg(T,fK,h)+Kh (9<<6+Kh)T+K\/Eh <ln 5 ))

We now come back to the proof of the above claim. First observe that the h-smoothed regret can be
rewritten as:

Reg(T, Fx, h) Z ( [fe(a)] = min V(T,{)) . 9)

Let ;11 denote the tree 7 at the beginning of time step ¢+ 1, which is learned from CSMC examples
{(zs, 53)}221 by Train_tree. Define event

K?log K 2TK
E = {for all time steps ¢ in [T' — 1], V(my1,0) < Tmi]l-'l V(T + 20\/ ogh (ln .7:|) } .
/e K

eht )
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From Lemma 9 with p,;, = ¢, 8’ = %, and a union bound over all ¢ € [T, we get that P(E) > 1—4.

Now, conditioned on event E happening, we conclude the regret bound. We first have the following
upper bound on the algorithm’s instantaneous loss at time ¢, namely E [¢;(a4)]:

E[tt(at)] = (1 =€) - E(z, )~DEamm, 1, () [€:(@)] + €  E(z, 0,)~DEa~v (4)[le(a)]
< V(mp) + e (10)

Therefore, for all t € {2,...,T}, we have

K2log K (1 2TK.7-"|)
“(In

eh(t—1) 5 an

E[¢ <e+ min V(7)) +20
[ t (a’t )} € TIIIéIFn ( h ) \/
We now conclude the regret bound:

T
Reg(Fic, 7000 = 3 (Eltan)) — g V(7))

=1 €Fx
K2log K 2TK |F|
<1 2 |
Fr- ey IR (1, 2T
TK?log K ITK
§1+6T+40~\/ ;g ~<1n 5|f>.
€

where the first inequality uses the fact that E[¢;(a;)] — minycx, V(7;) is at most 1 if ¢ = 1, and

is at most € + 20\/ Ijéo_gff . (ln QTKm) if ¢ > 2, and the second inequality uses the fact that

St \1[ < 24/T. The theorem follows. 0

B.3 Proof of Theorem 7

We first give a formal statement of Theorem 7 below.

Theorem 11. Suppose Algorithm 3 is run with a set of pmin-well-formed logged data
{zs, as, P(ay | o), Et(at)}f 1> set of (bandwidth, discretization) combinations J C [0,1] x 2%,
base hypothesis class F. In addition, suppose (.7-' D) is (h, K)-realizable for all (h,K) € J.
Then, with probability 1 — 6, its returned policy Tt ensures:

Ao(7) < min </\h(7r)+(’)(K\/1nfs"7 «m)).
(h,K)eJ ,meFk

Proof of Theorem 11. For every (h,K) in J, recall that ’Eh’K denotes the policy trained by
CATS_Off at the beginning of iteration ¢ for that (h, K') combination.

Define events

By = {¥(h.K) € 7.t € [T = 1), V(T415) < _min V(7))
K2?log K ATK |F||J|
+20\/ - -<1n : }

].T
LTt > V(T

t=1

[M]=
[eX]

By = {V(h,K) e IVt e [T,

Nl

t=1

T
1 hK In QT\J\ 1 4T(|SJ|
< -
a s T Z V ’h pmlnhT pminhT }

t=1




From Lemma 9 in Appendix E and union bound, we know that P(F;) > 1 — g; from Lemma 16,

item 1 and union bound over all (h, K) € J, we getthat P(Ey) > 1— g. Defineevent E £ F1NE,.
By union bound, P(E) > 1 — ¢. We henceforth condition on event £ happening.

We denote ghK) & LS AT (@), g(hK) & &S0 VTS, o(hK) 2

4T|
641n . Using this notation, and by the definition of Es, for all (h,K)in J,

Pminh

Specifically,
g(h, K) < §(h, K) + v/§(h, K)o (h, K) + o(h, K), (12)

In addition, from the elementary fact that A < B+ C VA= A< B+ C?+ CVB, we have
9(h, K) < g(h, K) + /50 K)o (h, K) + 30(h, K). (13)

By the optimality of h, K, for all (h, K) in 7,

G(h, K) + 1/ g(h, K)o (h,K) + 30(h, K) < §(h, K) + \/§(h, K)o (h, K) 4 30(h, K). (14)

Therefore, we have the following set of inequalities for every h € H and K € K:
9(h, K) < §(h, K) +1/§(h, K)o (h, K) + 30 (h, K)
< g(h, K) + /§(h, K)o (h, K) 4 30(h, K)
< g(h, K) 4+ 3v/g(h, K)o (h, K) + 60 (h, K) (15)

where the first inequality uses Equation (12); the second inequality is from Equation (14), the third
inequality again uses Equation (12) and algebra.

We claim that g(h, K) < g(h, K) + 9y/0(h, K), because If o(h, ) > 1, the statement is trivially
true as g(h, K') < 1; otherwise, 60 (h, K) < 61/0(h, K), and the RHS of the above inequality is at
most g(h, K) + (3 +6)+/c(h, K) < g(h, K) + 9\/o(h, K).

Rephrasing the above inequality using our previous notation, we have:

1 & WK 1 & hK In 4271
F VT < 2 D V(TS + 72 —a (16)
t:l min

Meanwhile, observe that by the definition of E;, we can bound % ZtT,l V(ﬂgf{h) as follows:

K’logK (| 4TK |F||J
—ZV min (E)+T<1+Z44\/ 8 (m |5” |>>

pmm ht

1 K2logK [, ATK|F||J]|
< .
TnennK V(Tw) + = Tt 88\/ PR <ln 5 (17)

where the first inequality uses the simple fact that V(%’f;LK) < 1; the second inequality uses the
algebraic fact that 3" 7 < 2VT.

Combining Equations (1 6) and (17), along with some algebra, we get:

1 K2logK (. ATK|F||7| In L7
- ) < .
Z V(T in V(Ty) + 7 + 88\/ T (ln 5 + 72 o hT

, K2log K ATK |F| ||
< 1 1 .
< i V() + 60\/ DoninhT (n 5

The theorem follows by recognizing that the left hand side is EV (%) = EXo(7), where # is drawn
S o NT

uniformly at random from {7;th} . O
s =1
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C CATS with adaptive bandwidth

As can be seen from Theorem 6, CATS obtains smoothed regret guarantees with respect to a fixed
value of h; in practice, as different loss function have different smoothness properties, it would be
useful to develop an algorithm that has performance competitive with 73, for all 7 in Fo, and all
h in (0, 1] simultaneously. In this section, we develop a variant of CATS, namely Algorithm 5, that
has such guarantees. Specifically, with appropriate tuning of its greedy parameters, it achieves the
following type of high-probability regret guarantee for some function R in terms of bandwidth h,
number of discretized actions K, base class F, time horizon 71"

Vh € [0,1] . Reg(T, Foo, h) < R(h, K, |F|,T),
under the realizability assumptions stated in Definition 5.

At a high level, Algorithm 5 follows the same outline of Algorithm 1: it has an e-greedy action
selection step (lines 4 to 5) and has a tree training step (lines 6 to 8). A crucial difference between

Algorithm 5 and Algorithm 1 is that, it now maintains |#| policies {7,"}, _,, over time as opposed
to only one; to this end, it accumulates || CSMC datasets {{(xs, &y }2_1 }} e After generating
- e

policies { 7"}, - it sElects 7, using structural risk minimization [55] (line 9). This choice of f

ensures that the expected loss of ’Ehffi,, is competitive with all 7;%’5. Finally, we remark that the set
of bandwidth # acts as a covering of the [0, 1] interval; as we will see, setting 7 to be a fine grid as
in Algorithm 5 ensures that for any 7 in Fg, and every h in [0, 1], there exists a h’ in H such that
the optimal 7y, has expected loss close to that of 7.

Algorithm 5 CATS with adaptive bandwidth

Input: Greedy parameter ¢, number of discretized actions K = 20 base class F.
1: Let H = {h € {7, 75z, --,1} : h > 55 } be the set of bandwidths in consideration.
2: Let m; be an arbitrary policy in Fg.
3: fort=1,2,...,T do

4:  Define policy Pi(a | ) := (1 — e)m(alz) + €.
5:  Observe context x4, select action a; ~ Py(- | z¢), observe cost £¢(ay).
6: forallhin?—l(sio o (5

~h (s moot ai|i/K .
7: C?(Z/K) — Wﬂt(at) for all 4.
8: Let 7" «+ Train_tree({(zs, 6?)}221).

-~ n n 874 n n st

9:  Let hy € argming, (V}(’Y}Zh) + 44/ Kl lj_;lil g RS lf;lil s ) and let 1 =

hy
Ty

We next present a theorem on the regret guarantee of Algorithm 5.

Theorem 12. Suppose Algorithm 5 is run with greedy parameter €, number of discretized actions
K, and base class F. In addition, suppose (F, D) satisfies the (h, K)-realizability assumption for
all h € (0,1). Then with probability 1 — ¢, it has uniform h-smoothed regret bounded as:

) K?log K- T+ (In 151)

Lo
xn) Tt eh

Vh € [0,1]. Reg(T, Foo,h) < O | (e +

1/5 1/5
n EL
Specifically, by taking € = <1T‘5> , K = (ITF> , we have
n =5

7]

~ Z
vhe[oal]-Reg(Tafooah)<O<l]:L (T41116) ) .



Before going into the proof of the theorem, we remark that the only difference between the above
regret guarantee of Algorithm 5 and that of CATS (Theorem 6) is that, the order of / is different (%

versus ,13%). This can be seen as a price we pay for adaptivity: Algorithm 5 sets K independent of
h, whereas CATS can set K that depends on h.

Proof sketch. By standard analysis on structural risk minimization [see e.g. 55], and union bound,
it can be shown that with probability 1 — §/2, for all time steps ¢ in [T] and all h € H,

Kin T
V(T < VITh) + O\ =

On the other hand, from Lemma 9 and union bound over all time steps ¢ in [T], we have that with
probability 1 — §/2,

K?log K - (1n 1)
eht

V(TH) < min V(Ti) + 0

Combining the above two inequalities, we have that with probability 1 — 6, for all h in H,

T|F|
K2 IOgK . (hl T)

hy < .
V(Ten,) < in V(Tx) + O o

By the setting of H, we can guarantee that the above also implies that the equation above holds for
all h € (0, 1] (see [37, Lemma 20] for a detailed argument). By standard regret analysis of e-greedy
exploration, this implies that for all & € (0, 1],

r | K?logK - (n T2 K210g K - T+ (1n 27
=0|er+

N——

Reg(T, Fx,h) < eT+0O

il o) < Tt ; eht eh
We conclude the first item, by the above inequality, and observing that for any tree policy in Fo,
there exists a tree policy in F that has extra h-smoothed expected loss at most ﬁ

The second item follows directly by the settings of €, K and algebra. O

D Algorithms for general policy classes

In this section, we generalize CATS and propose two algorithms, namely Algorithms 6 and 7, that
works with general policy classes II. On one hand, the two algorithms presented in this section
may not be computationally efficient in general, because off-policy optimization w.r.t IT can be
computationally intractable; on the other hand, they have similar regret guarantees as CATS and
Algorithm 5 while being able to handle policy classes beyond trees.

We first present Algorithm 6, an algorithm that naturally generalizes the e-greedy algorithm [e.g.
39] in the discrete action space setting to the continuous action space setting. It has two input
parameters: a bandwidth parameter h, and a parameter ¢ € [0, 1] that controls the exploration-
exploitation tradeoff.

As we will see, given bandwidth parameter h, the algorithm provides a h-smoothed regret guarantee.
Furthermore, if € is large, the algorithm explores more, and learns more on the loss function at each
round; in contrast, a choice of small € lets the algorithm focuses more on exploitation, i.e. utilizing
the learned policy more extensively.

The algorithm proceeds in rounds. At round ¢, it generates a stochastic policy F; that is a mixture of
7,5, and the uniform distribution, where the mixture weights are (1 — €) and e respectively. Based
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Algorithm 6 Smoothed e-greedy algorithm with general policy classes

1: Input: Greedy parameter €, smoothing parameter h, policy class II.

: Let 7 be an arbitrary policy in II.

:fort=1,2,...do

Define policy P;(a|z) := (1 — €)m p(al|z) + €.

Observe context z;, select action a; ~ Py(-|x+), observe loss £¢(az).
Find 7, < argmin, . Vi (), where

Vi) o= 132 M) )

SANEAR

on this policy, the algorithm selects an action a; ~ P;(-|x¢). After action a; is taken, the algorithm
observes its loss incurred ¢;(a;) and add the tuple (z¢, at, Pi(as | @), £:(at)) into the interaction

log. Then, it uses the interaction log collected up to round ¢ to build policy loss estimators V;(7y,)
for every policy 7 in II, which serves a proxy of mp’s expected loss Ap (7). Then, it finds policy

711 that minimizes Vt(ﬂh). The rationale is that, as V;(7,) concentrates around Ay, () for all m,
741 will also approximately minimize Ay (-) among all policies in II.

We have the following theorem that characterizes the h-smoothed regret of Algorithm 6.

Theorem 13. Suppose Algorithm 6 is run with greedy parameter €, smoothing parameter h and
policy class I1. Then with probability 1 — 0, it has h-smoothed regret bounded as:

Reg(T,11,h) < O <eT+ \/1}; <1n|H| +ln§>> .
€

1
. . In|l|+In 1\ 3
Furthermore, setting e = min <1, (%)

~ T? 1 g T 1
< — — — . — .
Reg(T,1,h) < O (( ; (ln|H +ln6>) + \/h (lnH| +In 5))

The above theorem gives a regret bound or order (%21n|1'[|) , which is similar to the

), we have that

Wl

1
(TQK In |H|) % regret bound by e-greedy algorithms obtained in the discrete K -action setting [See
e.g. 39]. Intuitively, % characterizes the difficulty of obtaining a h-smoothed regret guarantee, which
serves as the counterpart of the action set size in the discrete action setting.

The most computationally expensive step of Algorithm 6 is line 6, where we find the policy =
in II that has the smallest IPS loss V;(7). As discussed in Section 2, if II consists of policies

that takes actions in the discrete set {i/K}f:Ol, the policy optimization problem can be cast as a
CSMC problem, where heuristic algorithms that perform approximate ERM abound; indeed, the
Train_tree procedure in CATS can be viewed as one such algorithm.

Proof of Theorem 13. We let m, = argmin, . V(m,) denote the optimal policy in IT after h-
smoothing. In this notation, recall that the ~-smoothed regret can be written as:

T
Reg(IL, T, 1) = > (B [tr(ar)] = V(men)) - (18)

t=1

. In 2710 In 2710
Vilmn) = V(ﬂ-h)’ =8 teli i tdi '
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Define event

E = forall tin [T] and all 7 in IT,




Using Lemma 16 with 6’ = % forevery t = 1,2,...,T, pmin = €, along with union bound over
all ¢’s in [T, we get that P(E) > 1 — §. We condition on event E happening in the sequel. We
first provide an excess loss bound for policy 7 . At time step ¢ + 1, w1, iS an empirical risk
minimizer, therefore:

Ve(mer.n) < Vi(man)- (19)
Hence,
R In 2Tgn\ n 2T6|H\
%4 <V 8
(meg1.0) < Vi(mpa,n) + o o
X 1 2710 I 2701
3 5
sV (ﬂ-* n+8 teh teh
o 27| 1 2710
<V 16 0 0
< Vimon) + teh teh '’

where the first inequality is from the definition of E, and 7; € II; the second inequality is from
Equation (19); the third inequality is from the definition of E, and 7, € II;

‘We now claim that

1 27101
V() < V(mon) + 24 ——=—. (20)
27 |11|
This is from a standard case analysis, and the simple fact that V (w41, h) < 1' if I = 1 the

. . . In 221HI 2Tl In In 2L
inequality is trivial; otherwise, 161/ — 7 +8 o (16+8)\/ o —2 \/ P

We now conclude the regret bound. We first have the following upper bound on the algorithm’s
instantaneous loss Ef;(a;):

E[li(ar)] = (1 = €E(z, 00y~ DEamrm, 1, (o0) [l(a)] + €E(z, 0,)~ DEanv(a)[le(a)]
<V(mn) + e 20D

Combining Equations (18), (20), (21), along with algebra, we have:

Reg(IL, T, h) Z (e+V(men) = V(mun))

t=1

T 1 27101

<el+1 244 —2—

<€l + +; )

Tl 2T\H\
<el'+1+48
eh

The theorem follows. O

We next present Algorithm 7, which achieves h-smoothed regret guarantees against II for all h in
(0, 1] simultaneously. It has the following key differences from Algorithm 6:

1. Instead of working with a fixed bandwidth h, it works with a set of bandwidths H that
provides a covering of the set of bandwidths (0, 1] we compete with.

2. Instead of finding a policy 7 that minimizes Vt(wh) for a fixed h, the algorithm first finds
a minimizer of Vt(ﬂh) for every h € H (namely 711 5), and selects ;11 among the set
{m11.0} hey Using a structural risk minimization [55] procedure (line 9). Specifically,
the choice of k1 ensures that the expected loss of 7; 1 ,,, has competitive performance
compared with those of the 7}’s, for all 7 in II and all h in H. Here, the bandwidth-

In |[IT)+1n 822 In|IIj+1n 822 | . .
dependent penalty term P(¢, h) = 24/ al ‘tthn = g3l Itthn 2 is crucial, as it accounts

for the different concentration rates from V}(wHL p) to V(w41 p) form different values of
h.
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Theorem 14. Suppose Algorithm 7 is run with greedy parameter ¢ and policy class 11. Then with
probability 1 — 6, the algorithm has smoothed regret guarantee simultaneously for all h € (0, 1]:

Reg(T, 11, h) §(§<6T+\/1;L- <1n|H|+ln(1S>>.
€

N
Furthermore, setting € = min <1, (%) ’ ) we have that for all h € (0,1]:

(72 (in 11| +1n 1))
Reg(T,I,h) < O
eg( ) Th

Before proving the theorem, we make two important remarks:

1. Theorem 12 of [37] shows that a combination of Corral [4] with EXP4 [6], using an appro-
priate tuning of learning rate, can obtain a uniform-h-smoothed regret of the same order,

. 2/3 5 . . . L . .
ie. O (TIX/HEHI%) However, their algorithm requires explicit enumeration of policies
from policy class II; in contrast, our algorithm can be reduced to a sequence of policy
optimization problems, which can admit much more efficient implementations.

2/3
2. The above uniform-A-smoothed regret rate in terms of h and 7', i.e. O qu is unim-

provable in general, and is therefore Pareto optimal. This can be seen from the following
result from [37, Theorem 11]: there exists a continuous-action CB problem with action
space [0, 1], constants ¢, To > 0, such that for any algorithm and any T' > T, there ex-

ist two bandwidths h; = ©(1) and hy = 0(1)'” such that Reg(T,1I, hy) > T?? or

Vhi
Reg(T, 11, hg) > ng. As aresult, for any o > 0, designing an algorithm that obtains a

2_q
uniform-h-smoothed-regret guarantee of order O (T“"l or order O
2

is impos-

sible. This result is perhaps surprising, as it shows that an e-greedy algorithm, well known
to have suboptimal regret guarantees in the discrete action CB setting, possesses certain
optimality properties in the continuous action CB setting, with appropriate modifications.

Proof sketch. By standard analysis on structural risk minimization [see e.g. 55], it can be shown that
with high probability, for all h € H:

e
V(Wt+1,ht+1) < glelll_%VOTh) +0 teh

By the setting of # = {h € {3z, 725,...,1} : h > 5=}, we can show that that the above guar-
antee implies that the equation above holds for all h € (O 1]; see [37, Lemma 20] for a detailed
proof.

By standard regret analysis of e-greedy algorithms and the above upper bound on the instantenous
loss of 71,4, ,, We get that

T In T|H\ In T
Reg(T,IL k) < €T + O Z teh =0T +4|T ehé

The second item follows directly by the setting of € and algebra. O

subject to T — oo.
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Algorithm 7 A Pareto-optimal adaptive-h algorithm

1: Input: Greedy parameter ¢, policy class II.

2: LetH = {h € {ﬁ, %, el 1} th> %} be the set of bandwidths in consideration.
3: Let ; be an arbitrary policy in I1, and & be an arbitrary number in H.

4: fort=1,2,...,T do

Define policy P;(alx) := (1 — €)mp, (alz) + €.

Observe context x, select action a; ~ P;(+|z;), observe loss £;(ay).

For every h in H, compute 7/, ; € II such that

RSN

Ve(mirp) < min Vi), (22)

where

8:  Select T4 = Wfﬁl, where
hy € argmin (Vt(wgm) + P(t, h)) .
heH
where
8T 8T*

P(t,h) 22
(t,7) teh teh

E Concentration inequalities

We first recall a well-known variant of Freedman’s inequality [24, 8] that is useful to establish our
policy evaluation concentration bounds.

Lemma 15 (See [8], Lemma 2). Suppose X1, ..., X, is a martingale difference sequence adapted
to filtration {B;}"_,, where | X;| < M almost surely. Denote by V,, = Z?Zl E [XJQ | Bj_1]. Then
for any constant § € (0, 1), with probability 1 — 6,

§4,/ann%”+2M1n%”. (23)

Proof. Lemma 2 of [8] states that for any & € (0, 1), with probability 1 — ¢’ - log n,

ZXz' < max (4”ann§1”21n(51’>

i=1

n

>ox

i=1

é
2logn’

" 1 1 2n on
> X; < max (41/Vn1n5/72ln5,> 34\/ann7+2M1n?,

=1

Letting 0" = we have that with probability 1 — /2,

where the second inequality is by algebra and the fact that logn < n. Similarly, by considering
random variable {—X;}"" |, we have that with probability 1 — 6/2,

> Xi>-— <41/Vn1n2:+2M1n2;> ,

i=1

The lemma is concluded by union bound. O
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The above lemma implies the following important concentration result on off-policy evaluation and
optimization. First we set up some notations.

Suppose logged data {(zs,as, Ps(as | z5),€s(as)) : s € [t]} iS pmin-well-formed (recall Def-
inition 8). Define a filtration {BS}ZZO as follows: for all s € {0,1,...,t}, By =
o(x1,a1,01,...,xs,as,ls). A sequence of random variables {Zs}i,=1 is said to be predictable w.r.t.
filtration {Bs}iz1 if Z5 is Bs_1-measurable. Using the above notation, we see that the sequence of
logging policies { P, }'_, is predictable wrt {BS}ZIO. Lastly, recall from Section 2 that & (i/k) =

Smoottnla-l19 ¢, (a,) fori € {0,1,..., K — 1}, and therefore, &/ (m(z,)) = P34, (a,),

Lemma 16. Suppose the setting is described as above. Then,

1. With probability 1 — §', we have that for any sequence of policies {ﬂ's}i:l predictable w.r.t.

t
{BS}SZO’
t t 2t 2t
1~ 1 1 16In2 22
" s S - 7 V s S - V s . 24
LS o) - 13 Vir (tz <w,h>)tpmmh+tpmmh 1

2. Given a finite set of policies 11, with probability 1 — ¢, for all 7 in 1],

In [IT| + In 2 21n|1_I| +In 2
tpminh tpminh .

(25)

Vilm) = V(m)| < 4

Proof. For the first item, we define X, = %Slrs)ﬁ (as). In this notation, + 3% _, & (my(zs)) =
% 22:1 X,. Observe that
Ts h(as | xs)
ZohiBs 1280y (g
Pufas [+

= B, )~ Bas (oo s (as) = V(s p)- (26)
Let Z; = Xy — E[X, | Bs—1] = Xs — V(ms). It can be seen that {Zs}';:1 is a martingale
difference sequence adapted to filtration {Bs}i:o-
Let M = s» along with the facts that Ps(as | £5) > pmin, and
Tsn(as | zs) € [0, +] with probability 1, we get that | Z, ()| < M with probability 1.
We now show an upper bound on the conditional variance of Z:

E[Z: | Bs1] E[XZ]Bsi]

E[X; | Bs—1] = E(q, 0.)~DEa,~P,(-|2.)

Ts,h as‘xs

(me/ )NDaqu (-lzs) as ‘ Ts

g
[

as\xs

= LG ED
_(m'“’g”f’l/[ou Pya]ay)z @l S()d]

Ts h(a | xs)
B A / DT " ajxs ls(a)da
(wale)~D Jio,1) Ps(a | xs) s.n(alzs)ts(a)

< E
(xs,8s)~D as~Ps ( |zs)

V(Ws,h)
pminh .

< E 1
" (zs,6s)~D pminh

’ / 7T37h(a|xs)£s(a) da =
[0,1]

where the first inequality uses the fact that ¢;(as) € [0,1], and the second inequality uses the
facts that 7,(a | @5) € [0, 1], and Py(as | 5) > pmin. Consequently, >0 E [Z2 | B,_1] <
s 2otV (Tn):
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1
hpmin

Applying Lemma 15 on Z,’s, withn = ¢, M = ,0 = ¢’, we have that with probability 1 — §’:

t

S () = 3 Viman)

s=1

2t

t 2t

lnf, 2111*,

<4 <§ V(7rs7h)> a1
s=1

pminh pminh

The first item now follows from dividing both sides of the above inequality by ¢.

We now use the first item to show the second item. Fix a 7 in II. We take {7, }’_, such that 7, =

for all s. By the previous item, we have that with probability 1 — %,
t t t 2|10t 2|10t

1 h 1 ln 7 2 hl 7

" C s - V <4 - V ) ]

t Sz::lcs (ﬂ-(x )) 92::1 (ﬂ-h) B <t 92::1 (ﬂ-h)> 7(/‘pmin h N tpmin h

21|t 21t
In v 21n 57
B tpmin h tpmin h

We conclude the item by taking a union bound on all 7 in II. O

F Experimental Details

Of the six datasets five were selected randomly from OpenML with the criterion of having millions
of samples with unique regression values. These include wisconsin, cpu.act, auto_price,
black_friday (customer purchases on black Friday) and zurich_delay (Zurich public trans-
port delay data). We also included a synthetic dataset, namely ds, which was created by linear
regression of standard gaussians with additive noise.

Our main comparator is the discretized e-greedy algorithm dLinear in Vowpal Wabbit which by
default uses the doubly robust approach [22] for policy evaluation and optimization. This method
reduces to cost-sensitive one-against-all multi-class classification which has computational com-
plexity linear w.r.t number of discrete actions. Our other comparator is dTree, the discretized filter
tree which is equivalent to CATS without smoothing, i.e. with zero bandwidth. For all the approaches
we used € = 0.05 and a parameter free update rule based on coin betting [46].

We implemented CATS in Vowpal Wabbit. The details of the implementation are explained in the
next section.

G CATS implementation with O(log K') time per example

In this section, we present the details of our online implementation of CATS that has O(log K') time
cost per example. Our implementation can be generalized to the setting where the action space A
is a continuous interval in R; for simplicity of presentation, we focus on A = [0, 1] in this section.
Before going into the details, we introduce some additional notation.

Recall that K = 27 is the discretization level; the corresponding discretized action space is defined
as A = {0, %, e %} We will consider choices of bandwidth A in Hy = {Q’i NS [K}},
our algorithm can be easily generalized to other values of h’s, by modifying the tree initialization
procedure. For a bandwidth h in H i, define an auxiliary parameter m# = log, (K - h), which is an

integer. It can be easily seen that i = om” /K.

G.1 Build tree: initialization of tree policy

We now describe a procedure Build_tree, namely Algorithm 9, that provides essential initialization
of our tree policy 7. First, Build_tree assigns a unique id for each node v in the tree 7 through
traversing the tree in a top-down fashion. It also supplies the action labels of all K leaves. The
nodes’ id’s are assigned such that within the same level, the id’s are increasing from left to right.
Furthermore, it initializes the online binary CSMC base learners in all its internal nodes. To ensure
O(log K) time cost of the tree learning algorithm, we disallow actions in Ak N[0, h] and Ax N[1—
h, 1] to be taken by the tree policy. To this end, two classifiers in nodes v°*-1ef and vorly-right gre

set to fixed classifiers f v = Jeft and f VTR =y ght, both of which are read-only.
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Algorithm 8 Train_tree with no data partitioning

. Input: K = 2P, F, training data {(x, cs)}7_; with ¢5 € RE
: for level d from D — 1 down to O do
for nodes v at level d do

For each (x4, ¢s) define binary cost ¢! with

Sl

ci(left) = c4(v.left.get_action(xy))
cl(right) = cs(v.right.get_action(zs)).

5: Train ¥ € Fon S" = {(zs,¢!) : s € [n],c¥(left) # ¢! (right)}:

¥ €argminEgv [¢'(f(2))]-
fer

6: Return tree 7 with { ¥} as node classifiers.

Algorithm 9 Build tree
Input: Tree 7 with depth D, m# {Initialize a tree policy 7 with K = 2% leaves by assigning id’s

to each node; in addition, initialize the nodes such that the leftmost and rightmost 2" Jeaves are
unreachable }
Output: Initialized tree policy T
T .root.id + 0
forleveldin {0,...,D — 1} do
for nodes v at level d of 7 do
Initialize the online CSMC base learner at v
v.left.id =2 x v.id +1
v.right.id =2 x v.id 4 2
for nodes v at level D of T do
Set label(v) « (v.id — (2P — 1))/K.
Set vorlyTight (o be the node v with v.id = 20-™" =1 _ 1 and let {7 = right.

only left

Set vo1V-1eft (o be the node v with v.id = 2P~™" — 2 and let f¥ = left.

To see why the above restriction helps with ensuring O(log K) time cost per example, we now recall
the definition of the IPS CSMC example (x;, ¢;) generated by log data (zy, at, £ (at), Pi(a; | x¢))
in CATS. We first show that ¢; has a simple structure: if a is in Ax N [k, 1 — h], we have a concise
formula of ¢;(a):

Li(at) B
Gi(a) = { 2PPladz) la = at| <, 27)
0, otherwise.

Observe that ¢, is a piecewise constant function over Ak N[k, 1 —h] with at most 3 pieces: [0, a; —h]
(if az > h), [max(0,a; — h),min(1,a; + h)], and [a; + h,1] (if a; < 1 — h). The IPS cost
¢4 (a1) the nonzero value in ¢, Ay, =

max(0, Z4=M1 | the minimum a € A such that ¢ (a) = ¢*; amax = min(EZL, o]y

the maximum a € Ak such that & (a) = c*.

vector ¢; can be summarized by three numbers: ¢* =

We remark that ¢, may not be a piecewise constant function globally over Ay . This is because

in general, Et(a) = e‘(a‘})jf?;:r;(;"‘a) = vol([afei;fsfk)fi](g[g,alfj)g-gz(at\a:t)’ where VO](-) denotes the

Lebesgue measure. Therefore, if, say a; is in [0, k], the induced IPS cost function ¢; can take many
possible positive values for a in region [0, k], depending on the value of vol([a — h, a+h] N[0, 1]). It
turns out that enforcing the piecewise constant structure of the cost vector (as is done by restricting
the CSMC vectors to only consider entries in a in Ag N [h,1 — A]) is vital to achieve O(log K)
per-example time cost, as we will see next.

27



Algorithm 10 Online_train_tree with O(log K') time cost per example

Input: Tree policy 7, context x, cost vector ¢ implicitly represented by actions @iy, Gmax in Axk
and cost ¢* in Ry, such that for all a € Ak, é(a) = ¢* if a € [amin, Gmax), and é(a) = 0
otherwise.

Output: Updated tree policy 7.

I: « < leaf corresponding to action an,;y, B < leaf corresponding to action G, ax
2: a.cost < ¢*, B.cost « ¢’
3: ap +— «a, BD — 5
4: for level d from D down to 1 do
5. if ag.parent # [4.parent then
6: Sa — {aa, Ba}
7:  else
8: Sq — {aa};
9: fornodesv € S, do
10: u < v.parent {Goal: update the online learner in u, the parent of v}
11: ifu c {vonly,left7 vonly,right} then
12: continue; {No updates on vo*1V-1ef% ap( yonly-right}
13: w < the sibling of node v. {Create cost vector ¢*}
14: w.cost < Return_cost(w, ag, 54)
15: if v=uleft then
16: c*(left) + v.cost, c*(right) < w.cost {v is the left child of u}
17: else
18: c*(left) + w.cost, c*(right) < v.cost {v is the right child of u}
19: u.learn(f", (z, ")) {Update the online CSMC base learner in u}
20: u.cost + c*(f*(x)) {Compute ¢(7"(x)) for training in nodes of higher level }

21:  «ag_1 + ag.parent {Compute the ancestors of a, 3 to a level up}
22:  B4—1 ¢ Bq.parent

Algorithm 11 Return_cost

Input: Tree node w; Tree nodes « and 3, which are the ancestors of « and 3, respectively, at the
same level of w.
ifw.id < a.id or w.id > $.id then
return 0
else if .id < w.id < (.id then
return c*
else if w.id = «.id then
return o.cost
else if w.id = 3.id then
return [.cost

G.2 Online_train_tree: online update of tree policy

In our implementation, to maximize data-efficiency, we will implement a more practical variant of
Train_tree, namely Algorithm 8; the difference between it and Train_tree is that, instead of
partitioning the input data to train each level separately, we use the full input data to train nodes at
all levels.

The tree policy training algorithm, namely Online train tree (Algorithm 10), is an online im-
plementation of Algorithm 8. It is used by CATS (in its line 7) to process the IPS CSMC example
generated at every round ¢, to obtain an updated tree policy. It receives a IPS CSMC example
(z,¢) as input, represented by context x, and Gin, Gmax, ¢* (representing ¢, as discussed in the
previous section), and a tree T trained over previous CSMC examples .S; specifically, (x4, ¢:)’s in
CATS are its valid inputs. Here we assume that the input 7 is such that for every node v, its stored
classifier f is an approximation of argmin ;¢ z E(, )~s[c’(f(7))] (recall the definition of ¢” in
Algorithm 8). Online train tree updates the input 7 with (x, ¢), such that it approximates the
output of Train_tree over S U {(z, é)}, that is, for every node v, its stored classifier f7 is an ap-
proximation of argmin ;. z E(, )~ s0U{(x,8)} [¢" (f(2))]. Our online implementation replaces line 7
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of CATS with 7 < Online_train_tree(7, (z¢,¢;)), with the goal of ensuring the updated T after
round ¢ closely approximates Train tree(K, F,{(xs,és)}L_4).

The tree policy update proceeds in a bottom-up fashion. Given two leaves of the tree «, 3 that
correspond to actions @i, @max, We use them as “seeds” to “climb up” the tree, reaching nodes
that need updating. Specifically, for every level d € [D], we maintain g and (4 that correspond to
the ancestors of « and 3, respectively, at that level.

As discussed in the main text, for a given node v, if ¢'(left) = ¢'(right), there is no need to
update the online CSMC learner at v, because f; 1, the ERM at node v at time ¢ + 1, will be
equal to f. From Lemma 17 below, it turns out that it suffices to only update the CSMC online
learners in ag’s and S4’s at levels d € {0,..., D — 1}. In addition, to update an internal node v,
one needs to obtain ¢¥(1left) and ¢’(right), which corresponds to costs of the action routed by its
left and right subtrees, i.e. ¢(77*f*(z)) and ¢(7V**8"*(x)). To ensure computational efficiency,
Algorithm 10 calls a carefully-designed subprocedure, namely Return_cost (Algorithm 11), that
given any node v at level d, returns the cost ¢(7(x)) in constant time, provided that oy, 34, the
ancestors of a, 3 at the level d, have been identified. We refer the reader to Claim 18 for a proof of
correctness of Return_cost. Upon receiving binary CSMC example (x, ¢¥), the CSMC oracle at
node v gets updated using an incremental update rule (such as stochastic gradient descent) on (z, ¢¥)
atline 19 of Online_train_tree, which we assume takes O(1) time (where the O(-) notation here
is only with respect to the discretization level K). Specifically, our implementation of CATS in
Vowpal Wabbit uses base CSMC learners that performs a reduction from classification to online
least-squares regression to approximate ERM: at every node, its corresponding base learner learns
to predict the cost of going to the left and right branch respectively, and the learned classifier takes
the branch with lower predicted cost. Furthermore, we use a parameter-free gradient update rule [46]
to implement our online least square regression procedure. As a result, in our implementation, the
time costs of each base learner’s prediction and update are both O(d), where d is dimension of the
context space.

We finally remark that in line 12 of Algorithm 10, we skip updates on nodes v°*¥-'¢ft and

vorly-right enguring that the tree policy never outputs actions in Ax N[0, k] or Ax N [1 — h,1].

G.2.1 Proof of correctness of Online_train_tree

We now prove that Algorithm 10 does not miss updating nodes that needs updates, i.e. the nodes
u such that ¢*(left) # c*(right); recall that *(left) = &(7****(z)) and ®(right) =
E(Tu.right (.T))

Lemma 17. For every internal node uwin T, if ¢*(left) # ¢*(right), then Algorithm 10 updates
u with binary cost-sensitive example (x,c"). Consequently, Online_train_tree (Algorithm 10)
faithfully implements Train_tree (Algorithm 2) in an online fashion.

Proof. With the notations defined in Online_train_tree (Algorithm 10), denote by « (resp. [3) the
leaf with action label @i, (r€Sp. amax)- It can be seen from the description of Online train tree
that if node u is an ancestor of « or 3, the base CSMC learner in u will get updated. We now show
that if ¢*(left) # c*(right), u must be an ancestor of either « or /3, which will let us conclude
that all nodes u with ¢*(1left) # c*(right) will be updated.

We will prove the above statement’s contrapositive: if neither « nor J is a child of u, then
c*(left) = c*(right). Indeed, suppose u is at level d, and denote by g and 3, the ancestors
of a, 3 at level d respectively. Then, it must be the case that u # o4 and u # 34. From the first two
items of Claim 18 below, we have that ¢(a) must agree unanimously for all actions « in range(7T™).
Now, because both ¢*(1left) and ¢*(right) take values in range(7™), they must also be equal.

In addition, from the last item in Claim 18 below, along with the description of
Online_train_tree’s lines 16 and 18, if node u gets updated, the 1eft (resp. right) entry of the
binary cost vector ¢*(left) (resp. ¢*(right)) takes value as u.left.cost (resp. u.right.cost),
which is ¢(T*1%*%(z)) (resp. ¢(T™*%€"(z))). Therefore the binary CSMC example u receives is
indeed (z, ¢*). This completes the proof of the lemma. O

Claim 18. For every level d € [D), denote by ag and 4 the ancestor of «, (3 at level d in T
respectively. Then, for node v at level d:
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1. Ifv.id < ag.id or v.id > (4.id, then for all a € range(T"), é(a) = 0.
2. If ag.id < v.id < B4.14, then for all a € range(T"), é(a) = c*.

3. If v.cost is available, it must equal ¢(T7(z)); in addition, Return_cost(v, oy, Bq) re-
turns ¢(TV (x)) correctly.

Proof. Tt can be seen that for every node u at level d, range(7™) spans a separate contiguous subin-
terval of [0, 1]. Specifically, for every u at level d, define interval

wid— (29 —-1) wid+1— (29— 1))
L, = ) )

24 24
we have range(7") = range(7) N I, and all I,,’s are disjoint for u’s at level d.

For the first item, suppose v.id < «ag4.id, i.e. v is to the left of ay. In this case, all elements of
range(7") must be less than ap,in, and therefore for all a € range(77), ¢(a) = 0. A similar
reasoning applies to the case when v.id > f(4.id.

For the second item, suppose ag.id < v.id < (4.id, i.e. v is in the middle of a4 and 4. In this
case, all elements of range(7") must be within the interval [ain, Gmax], therefore, by the definition
Of Gmin and amax, we have that for all a € range(77), ¢'(a) = c*.

For the last item, we consider two cases.

1. If v # aq4 and v # f34, then from the first two items we have just shown, we can decide the
value of ¢'(T7(x)) directly by comparison with the id’s of « and 3, which is consistent
with the implementation of Return_cost; also note that in this case, v.cost gets assigned
to Return_cost(v, ag, 34), which also equals ¢ (77 (x)).

2. Otherwise, v. = a4 or v. = 4. In this case, Return_cost returns the stored cost of v,
i.e. v.cost. It suffices to show that cvg.cost (resp. (4.cost), is indeed &(T %4(x)) (resp.
&(TP4(x))), which we show by induction:

Base case. In the case when d = D, ap.cost = a.cost (resp. Sp.cost = [.cost)
is directly calculated in line 2 of Algorithm 10, and is indeed é(label(«r)) = ¢"(«) (resp.
é(label(B)) = ¢"(3)), and is equal to c*.

Inductive case. Suppose for level d + 1, Return_cost(u, ®g41, Ba+1) returns c(7%(x))
correctly for win {441, B4+1}- Now consider a node v at level d, which is either «4 or .
By inductive hypothesis, and the correctness of Return_cost on the costs of non-ancestors
of a,3 in the last item, for both v.1eft and v.right, their costs ¢ (left) = &(TV1°f* (1))
and ¢’(right) = &(T7*8% (1)) are calculated correctly by Return_cost. Hence, the
cost calculated by Return_cost on node v, v.cost, at line 20 in Online_train tree,
equals ¢’ (f¥(z)) = &(T"/ @) (z)) = &TV(x)). This completes the induction.

The proof of the last item is complete. O

G.3 Proof of Theorem 4

We are now ready to prove the time complexity guarantee of CATS, i.e. Theorem 4 in the main body.

Proof of Theorem 4. From Lemma 17, we see that Online_train tree faithfully implements
Train_tree in an online fashion. As other steps of CATS are intact, the online implementation
of CATS faithfully implements the original CATS.

Moreover, consider the operations of CATS at every time step:

1. Predict 7 (z): this takes O(D) = O(log K) time as can be directly seen from Algorithm 4.
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2. Generate e-greedy action distribution, take action, create (z;, ¢;) implicitly by representing

¢t a8 (@min, Gmax, ¢*): these steps take (1) time as they are based on manipulations of
piecewise constant density with at most 3 pieces.

3. Online train tree(T, (z,¢:)): this takes O(D) = O(log K) time, because at each
of the D levels, there are at most 2 nodes to be updated, and for every such node,
Return_cost takes O(1) time to retrieve the costs of both subtrees.

In summary, the total time cost of CATS at every time step is O(log K). O
H Additional Experimental Results

Additional figures comparing running times of CATS against dLinear and dTree for the rest of the
datasets are shown in Figures 3-7.
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Figure 3: Training time of CATS (blue bar) w.r.t: (left) bandwidth (k) with a fixed discretization scale K = 213;
(middle) discretization scale (1/K) with a fixed h = 1/4; (right) discretization scale (1/K) with a fixed
h = 1/4, compared against dLinear (orange bar) and dTree (green bar), in the cpu_act dataset.
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Figure 4: Training time of CATS (blue bar) w.r.t: (left) bandwidth (h) with a fixed discretization scale K = 213,
(middle) discretization scale (1/K) with a fixed h = 1/4; (right) discretization scale (1/K) with a fixed
h = 1/4, compared against dLinear (orange bar) and dTree (green bar), in the zurich_delay dataset.
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Figure 5: Training time of CATS (blue bar) w.r.t: (left) bandwidth (k) with a fixed discretization scale K = 2'3;
(middle) discretization scale (1/K) with a fixed h = 1/4; (right) discretization scale (1/K) with a fixed
h = 1/4, compared against dLinear (orange bar) and dTree (green bar), in the wisconsin dataset.
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Figure 6: Training time of CATS (blue bar) w.r.t: (left) bandwidth (k) with a fixed discretization scale K = 213,
(middle) discretization scale (1/K) with a fixed h = 1/4; (right) discretization scale (1/K) with a fixed
h = 1/4, compared against dLinear (orange bar) and dTree (green bar), in the black_friday dataset.
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Figure 7: Training time of CATS (blue bar) w.r.t: (left) bandwidth (k) with a fixed discretization scale K = 213,
(middle) discretization scale (1/K) with a fixed h = 1/4; (right) discretization scale (1/K) with a fixed
h = 1/4, compared against dLinear (orange bar) and dTree (green bar), in the aut o_price dataset.
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